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Abstract

We determine, for an elliptic curve E£/Q and for all primes p, all the possible torsion groups
E(Qoo.p)tors, Where Qo ¢ is the Zj-extension of Q. We do the same thing for the compositum of
all Z,-extensions of Q.

Introduction

For a prime number p, denote by (O ,, the unique Zj,-extension of QQ, and for a positive integer n,

denote by (0, p the pth layer of Qo p, 1.€. the unique subfield of Q5 such that Gal (Qn,p / Q) ~
Z]p"Z. Recall that the Z-extension of (Q is the unique Galois extension Qng j of Q such that

Gal (Qoojp/Q) ~ D,

where Z), 1s the additive group of the p-adic integers and 1s constructed as follows. Let
G = Gal (Q(¢~)/Q) = lim Gal (Q(¢yrn)/Q) = lim(Z/p"12)* = 7.
n n

Here we know that G = A x I', where I' >~ Zj and A ~ Z/(p — 1)Z for p > 3 and A ~ Z/2Z
(generated by complex conjugation) for p = 2, so we define

Qoo,p = Q(Cpm)ﬁ-

We also see that every layer 1s uniquely determined by

Qn,p — Q(Cp"Jrl)A)

so for p > 3 1t 1s the unique subfield of @(Cpn+1) of degree p" over (. More details and proofs of
these facts about Zy-extensions and Iwasawa theory can be found in [8, Chapter 13].

Iwasawa theory for elliptic curves (see [J]) studies elliptic curves in Zy-extensions, in particular the
growth of the rank and n-Selmer groups in the layers of the Z,-extensions.

We completely solve the problem of determining how the torsion of an elliptic curve defined over
Q grows in the Zy-extensions of Q. These results, interesting in their own right, might also find
applications in other problems in Iwasawa theory for elliptic curves and in general. For exam-
ple, to show that elliptic curves over (Q p are modular for all p, Thorne [7] needed to show that
E(Qoo.pltors = E(Q)tors for two particular elliptic curves.

Main results

Theorem 1. Let E/Q be an elliptic curve. Let p > 5 be a prime number. Then
E(Qoo,p)tors — E(Q)tars-

Theorem 2. E/(Qn 2)10rs is exactly one of the following groups:

Z./NZ., 1 <N <10,0or N =12,
7./27. B 7./2NZ., 1 < N </{4,

and for each group G from the list above there exists an E/Q such that E(Qx 2)tors ~ G.
Theorem 3. E/(Qn 3)10rs is exactly one of the following groups:

Z7./NZ., 1 <N <10,0or N =12,21 or 27,
7./27. B Z7/2NZ., 1 <N <4,

and for each group G from the list above there exists an E /Q such that E(Qxo 3)tors ~ G.
By Mazur’s [6] theorem we see that

{E£(Qoso 2)tors : £/Q elliptic curve} = { E(Q)tors : £/Q elliptic curve},
{E(Quo 3)tors : ££/Q elliptic curve} = {E(Q)tors : £/Q elliptic curve} U {Z/217,7./277} .

However, given a specific £//Q it is not necessarily the case that F (@oo,p)tors = F(Q)ors. In-
deed there are many elliptic curves for which torsion grows from Q to Qo p, and we investigate
this question further. Specifically, for each prime p we find for which groups G there exists in-
finitely many j-invariants j such that there exists an elliptic curve £/Q with j(E) = j and such that

E<@)t01‘s - E(Qoo,p)tors ~ (.

Torsion growth

Theorem 4. Let G be one of the following groups:

Z7./NZ., 3 <N <10, or N =12,
7./27. B 7/2NZ., 1 < N </{4,

There exist infinitely many elliptic curves E /Q with distinct j-invariants such that E(Qxg 2)tors ~ G

and E(Q)zors 2 G.

Theorem 5. There exist infinitely many 7 € Q such that there exists elliptic curve E/Q with j-
invariant 7 and

E(Q)sors = {0} and

Furthermore, there exist infinitely many j € Q such that there exists elliptic curve E/Q with j(E) = j
and

E(@oo,?))tars ~ 7./]27. ® 7./ 27.

EQiors ~Z/3%  and  E(Qug3)ors =~ L/27 & 7,/6L.

Theorem 6. There exist infinitely many 7 € Q such that there exists elliptic curve E/Q with j-
invariant ) and

E(@)tors = {O} and E(QOO,S)IOrs ™~ Z/7Z-

Theorem 7. There exist infinitely many j € Q such that there exists elliptic curve E/Q with j(E) = j
and

E(Q)ors = 7./37 and E(Qoo 3)t0rs > Z/9Z.

Examples of torsion growth

Next table lists elliptic curves of minimal conductor with torsion growth Q — Qx 2.

Cremona label|  F(Q)ors E (Qoo,Q)tors
704d1 {0} 7./ 37,

~ 24a6 7./27, 7./A7.

~ 704al {0} 7./5Z

- 320cl 7./27. 7./67,

- 832f {0} 7./7Z

~ 24a3 7./47, 7./87.

17283 {0} 7./9Z

- 768bl 7./27, 7./10Z

- 30a5 7./67, 7./127.

- 14a5 7./27. 7.)27. & 7.)]27.

- 24a2 7.)27. D 71)27. 7./27 & 7./ AZ

- 14a2 7./67, 7)27 & 1]6Z

- 32a4 7./47, 7./27. & 7./8Z.

Next table lists elliptic curves of minimal conductor with torsion growth Q — Qx 3.

Cremona label | E(Q)tors| £(Qno 3)tors
162b1 7./37. 7./217

- 27a4 7./ 37, 7./277.

~ 324a2 (0} Z/)22.07)27

~ 324al 7./37 | 7.)27. ® 7./6Z

~162b2 {0} L|TZ

- 27a3 7./ 37, 7./9Z,

Compositum

Theorem 8. Let E/Q be an elliptic curve, then

— E(Q)tars-

tors

E{ [ Qwyp

p>H prime
Conjecture 1. Let E/Q be an elliptic curve, then E ( 11 Qm,p> is exactly one of the following
p prime tors

groups:

Z/nZ, 1<n<10ilinc {12,21,27},
2127 ®Z)2nZ, 1 <n <A4.

p prime

For each group G from the list above there exists an E /Q such that E ( 1] QOO’Z?) ~ (@,
tors

Proof of this Conjecture 1s author’s current work.

Main tools

In this work we heavily rely on results of H. B. Daniels, A. Lozano-Robledo, F. Najman and A. V.
Sutherland in [3] and E. Gonzalez-Jimenez and F. Najman in [4]. For all computations author uses
magma [2].
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