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In this paper we present ideas that are used to define an accurate algorithm for computing the singular value
decomposition of two-by-two triangular matrices and for proving the appropriate accuracy bounds. The an-
gle formulas, originally proposed by Voevodin, are modified to become relatively accurate in floating point
arithmetics. The rounding error analysis uses natural assumptions which fully comply with the IEEE floating
point standards. A subtle analysis is used to express the final errors as functions of errors of some beginning or
intermediate quantities. This enables to prove much sharper final error bounds, especially in the case when the
initial matrix is nearly diagonal.
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1 Introduction

Recently, Drmac and Veseli¢ have proposed a compound SVD solver [3, 4] for general matrices, which is both
efficient and accurate. Their algorithm first prepares the initial matrix for the iteration by using one or two QR
factorizations and after that one-sided Jacobi algorithm is applied to the obtained triangular matrix. Although
excellent in many aspects, their second phase of the algorithm has three minor drawbacks. First, it destroys the
triangular structure obtained after the first phase. Second, it destroys frequently noticed almost diagonality of
the triangular matrix. Finally, the stopping of the algorithm is expensive and based on data (which are tiny but)
computed with large relative errors.

Kogbetliantz algorithm [13, 14] can also be used in the second phase, instead of the one-sided Jacobi. Under
special pivot strategies [7, 10], it will not essentially destroy the triangular matrix structure. In addition, it will just
further diagonalize an almost diagonal triangular matrix. And final stopping of the process will be cheap and safe.
Many other excellent features, like convergence properties [5, 8, 16, 9], a posterior computation of right (or left)
singular vectors [2], paralellizing and blocking of the algorithm [11], are shared with the one-sided Jacobi method.
However, the main drawbacks of Kogbetliantz are speed slowdown caused by the left-hand transformations and
lack of the accuracy proof. The first problem can be partly solved in the context of parallelizing the algorithm (see
[10, 11]). The accuracy issue is the subject of our recent research [12]. Here we address the main subproblem:
accuracy of a singular value decomposition algorithm for 2 x 2 triangular matrices.

This problem is not quite a new one. The routine «LASV2 from LAPACK, the known library of linear algebra
subroutines, can be used to compute SVD of triangular 2 x 2 matrices. Another algorithm for the same problem
[1], which uses 2 x 2 reflectors instead of rotations, can be used too. The accuracy of the latter algorithm is
proved in [15]. Our approach is based on Voevodin formulas [17] which are modified to be relatively accurate.

This report is organized as follows. In Section 1 we introduce the modified algorithm based of Voevodin
formulas. In Section 2, we present assumptions that are used in the accuracy proof. In Section 3, we briefly
present the essential accuracy bounds for the new algorithm and compare them with the bounds obtained for the
algorithm used in *LASV2.
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2 Modified Voevodin Algorithm

Here we present the formulas for the rotation angles and for the transformation of the diagonal elements when
computing SVD of a triangular matrix of order two. As is known (see [17, 7, 6, 11]), for each of the cases, the
upper-triangular matrix and the lower-triangular matrix, there exist two pairs formulas.

We start with the case of an upper-triangular 2 x 2 matrix 7" whose non-zero elements are denoted by f, g and
h. A single Kogbetliantz step diagonalizes T through the orthogonal transformation

L f 0] Co  Sp f g cp =Sy | o7
T_{Oh'}_{—s@ Cop 0 h Sy Cy ml AL

Here c,, s, ¢y and s, denote cos(y), sin(yp), cos(¢)) and sin(1)), respectively. We shall also use ¢,, and ¢, for
tan(y) and tan(z)), respectively. There are several formulas for computing ¢, s,, ¢, and sy, If the right-hand
transformation is applied to 7" as first, we obtain (using the notation from [6, 11]) the UR (Upper-triangular, Right
transformation first) algorithm. If the left transformation is applied first, we obtain the UL algorithm.

UL UR
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The formulas in boxes are used for computing ¢, sy, ¢,, s,,. The formulas for f” and ¢’ hold with both, UR and
UL algorithms.

If T is lower-triangular, a single Kogbetliantz step takes form

c 0 e s f 0 ¢y —Sy | _ T
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Transposing this equation, one can invoke the above formulas and obtain (see [6, 11]),

LL LR
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The formulas show that the non-negativity (positivity) of f and g implies the non-negativity (positivity) of f’ and
g'. Therefore, we recommend and in further exposition assume that the non-negativity of the diagonal elements
are assured before the iteration begins.

As is shown in [12], it is always possible to chose between UR and UL (LR and LL) algorithms to achieve
that cy, sy, ¢y, Sy, f' and ¢’ are computed with small relative error. This is the basis of the accuracy proof for
the serial and modulus Kogbetliantz method. Here, we briefly describe the modified accurate algorithm.

Modified Algorithm:
e If Aisupper-triangular and f > h, then UL algorithm is used
e If Aisupper-triangular and f < h, then UR algorithm is used

e If Aislower-triangular and f > h, then LR algorithm is used

e If Aislower-triangular and f < h, then LU algorithm is used

In [12], we have further refined the above formulas to avoid overflows caused by finite arithmetic.
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3 Rounding Error Analysis Assumptions

Since almost all today’s computers comply with the IEEE standard, we shall assume that the unit round-off u
satisfies

ue {2—237 2—24’ 2—527 2—537 2—64} . (1)

Here 2723 corresponds to the unit round-off for single precision with mode other than rounding to the nearest.

Usually, in single precision computation, the default for many compilers is rounding to nearest, i.e. u = 2724

(in double precision u = 2753). The case u = 2% corresponds to the extended precision computation. If

computation is made in double precision, one can just insert 2753 (or 2-52) for u in the final estimates. If the

computation is performed in quadruple precision arithmetic, one can add further terms in the set defined by (1).
To make the analysis easier to read, we have used in [12] the following notation

Esubscript. @ quantity bounded in modulus by u,
€subscript. @ quantity bounded in modulus by a multiple of u.

We have used the standard model of machine arithmetic. The floating point results for the basic operation o and
for the square root are given by

fllaob) = (aob)(1+¢e), |¢|]<u, oe{+,—,%,/}, e=¢(a,b,0) and
filVa) = \/6(14-8\/) |5\/‘§11, ey =¢yla),

respectively. In the rounding error analysis, we have frequently used the following auxiliary results.

Lemma3.l If |g| <u,1<i<n,then

n

() JJ(+e) =1+ e, where

i=1
€2 <2.00000012u, |e3| < 3.00000036u, |es] < 4.00000072u,
les| < 5.0000012u, |eg| < 6.0000018u
l€n| < ne(1+0.00000006n), Te < ne<27°.

(i) (L+e)/?=1+4e1/m, |e1/2] <0.500000015(|, |e| <e.
Lemma32 If |e1| <pu, |ez] <ru, then
() (Q+e)l+e)=1+es, les| =ler +ex+ e € < (p+r+27% pru,

].+€1
1+ €2

€1 — €2
14+ e

.. —23 or
(i) < (p+ 7") (1 + 1—2_237“> u,

:1+647 |€4|:

b

1
i 1+e)?=1+es, &|l=——r— e < u
( ) ( 1) 5 |5| :l_’_\/m|1|—1+ 172723.17

Lemma3.3 If sign(z) = sign(y), then
A+a)e+(1+B)y=0+7)(x+y), [l <madfal [5]},

and consequently

T
Tty

I+a)r+y=1+)(z+y), sogn(y)=sgn(a), |v]< la| < af.
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4 Accuracy Results

In the analysis, we have expressed the final rounding errors of c,, s, ¢y, s and ¢ (where f' = ¢ - f, h' = h/q)
via the errors of some auxiliary quantities which are computed earlier in the analysis. In particular, €.; and
€51 are expressed as functions of e, where £ is the tangent (or cotangent) of the double angle in the above
formulas. Similarly, e.. and e,- are expressed as functions of €;, where 2 is tangent (or cotangent) of the second
angle. Here c1 and ¢2 (s1 and s2) are cosines (sines) of angles which are computed as first and as second in the
algorithm. A similar analysis is made for the «LASV2 algorithm. The results are displayed in the tables below.
Since in applications, typically in Kogbetliantz method for n-by-n triangular matrices, most frequently the both
angles will be small, we have added the bounds obtained for the case when the both tangents are smaller than 0.1.

error upper bounds error upper bounds
general | [t1],[#2] < 1/10 general | [t1],[t2] < 1/10
l€c1] 2.82u 2.25u l€c1] | 30.01u 11.53u
les1] | 10.44u 10.28u les1] | 23.01u 20.06 u
leea] | 8.771u 2.871u |€ca| | 20.01u 3.15u
leso] | 14.791Tu 14.791u les2] | 20.01u 17.03u
leg] | 9.4551u 3.312u l€g] 6.0lu 6.0lu
Modified Algorithm xLASV2 Algorithm

We see that somewhat better accuracy bounds are obtained for the new algorithm. The best gain is obtained for
the bound of €.; when both angles are small. This is important since the general Kogbetliantz transformation
will include the transformation of the form =’ = ¢l - = & s1 - . For small off-diagonal elements z, y and small
s1, the error e.; will give the main contribution to the relative error of z’.
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