ON CYCLIC JACOBI METHODS
FOR THE POSITIVE DEFINITE
GENERALIZED EIGENVALUE PROBLEM

DISSERTATION

zur

Erlangung des Grades eines Dr. rer. nat.
des Fachbereich Mathematik und Informatik
der FERNUNIVERSITAT -~ Gesamthochschule — Hagen

vorgelegt von

Vjeran Hari

aus Zagreb

Hagen 1984



Berichterstatter: Prof. Dr. K. Veselié
Prof. Dr. S. Falk

Tog der miindlichen Priifung: 25. Juni 1984

Contents

Acknowledgement
O.Introduction
1.PRELIMINARIES
1.1l.Generalized Eigenvalue Problem
1.2.Almost Diagonal Pair
2.JACOBI METHOD FOR THE PAIR (A,B)
2.1.A General Jacobi Method
2.2.The Special Jacobi Method
The Case of Real Matrices
The Method of PFalk and Langemeyer
2.3.FPast Scaled Plane Transformations
The Case of Real Matrices
2.4.Global Convergence
3.ASYMPTOTIC CONVERGENCE
3.1.Assumptions and Notation
3.2.Preliminaries
3.3.8imple Eigenvalues
3.4.Multiple Eigenvalues
3.5.Qualitative Analysis and Finite Arithmetic
3.6.Modiried Method
Modified Transformation
Quadratic Convergence
3.7.Numerical Tests
A.The Case of Simple Eigenvalues
B.The Case of Multiple Eigenvalues
Principal Notation
Refereunces

iii

W

13
13

29

35
38
81

45

S8BBILIBES

1
104
107
110



Acknowledgement

I would like to express my thanks to all who have helped
me to complete this thesis.

Pirst of all I would like to thank my supervisor Prof.Dr.
K.Veselié on his help in the choice of subject and on his
valuable suggestions and remarks during the writing of the
thesis. Prof.Dr.K.Veselié was also the supervisor for ny M.S.
thesis on the University of Zagred in 1980. His presence,
eritical observations and discussions were helpful in wmy
introduction to scientific work. Therefore I heartly thank
him for everything.

I also wish to thank Prof.Dr.S.Palk who has accepted to

read and review this thesis.

iii



0. Introduction

In this thesis we study the asymptotic convergence of a

cyclic Jacobi method for the generalized eigenvalue problem
Ax = ABx

where A, B are hermitian matrices such that B is positive
definite. The method is a generalization of the known Jacobi
method for the diagonalization of a hermitian matrix.

Generally, Jacobi methods are not the fastest but there
are situations in which they are wost appropriste. Such situa-
tions are those in which the matrices (to be diagonalized)
have already, in a sense, small off-diagonal elements. A ty-
pical example is the use of Jacobi methods in the subspace
iteration techniques (see [14],[16],(2]).

Historically the first and today the most commonly used
Jacobi method for the real generalized eigenvalue problem
(real means that A and B are real matrices) is the method
proposed by S.Falk and P.Langemeyer in [5], 1960. Six years
later, in her Ph.D.thesis [25], K.Zimmermanu studied another
cyclic Jacobi method for the same problem. In 1979 G.Gose [8]
proposed a more general definition of a Jacobi method for
that problerm.

The convergence of the existing Jacobi methods was studied
to same exteunt in [25] and [8]. In [8] G.Gose proposed the
global convergence under some optimal i.e.non-cyclic pivot
strategies. In [25) K.Zimmermann proved the convergence of

the row- and the column-cyclic Jacobi method provided that



all off-diagonal elewents of the matrix B are sufficiently
small (see Remark 2.10). Note that we use the term "Jacobi
method” for different (Jacobi-like) methods.

The asymptotic convergence has not been investigated theo-
retically, although it is known from the numerical experiments
that it "usually” couverges quadratically. In [25] there is
an estimate, originally used for the global convergence con-
siderations (see [25], Satz 8, page 32 or here Remark 3.12)
which indicates that the quadratic convergence could be expec-
ted provided that all the eigenvalues are distinct.

We see that in the real case the problems of the global
and the quadratic convergence for the cyclic Jacobi method
are still not solved. Another interesting problem concerns

the asyuptotic rate of convergence in the case of multiple

eigenvalues. Since the rate of convergence slows down in the
presence of multiple eigenvalues, as the numerical tests in-
dicate, the problem is how to wodify the method to be quadra-
tically convergent.

In this thesis we consider a Jacobi method for the complex
positive definite generalized eigenvalue problem, which is
a8 generalizetion of the real method discu3sed by K.Zimmermann
in (25) and to which it is reduces if the matrices are resl.
The method is globally convergent under the row- and the
column-cyclic pivot strategy, but this result is not proved
here (see {10]). Here we prove the quadrstic convergence for
the cyclic pivot strategies provided thst the eigenvalues of
the problem are simple. We also prove that iv the case of

multiple eigenvslues the method can be asymptotically modi-

vi

fied in such a way that the quadratic convergence persistg,
The obtained results are applied to both real methods.

The contents is divided ioto three chapters, each chaptep
into several sectionms.

The derivation of the method and the global convergence
results are presented in Chapter 2. Here we slso prove that
the real method considered by K.Zimmermann is simply relateg
to the real method proposed by S.Falk and P.Langemeyer. The
quadratic convergence in the case of simple eigenvalues is
proved in Chapter 3. In Chapter 1 a pair of "almost diagonal™
matrices A and B is investigated. These results are useq
in the quadratic convergence proof of the modified method
which is presented in Section 3.6. Finally, in Section 3.7
we give a brief discussion of a pumerical investigation of
the asymptotic convergence.

The major contributions of this thesis car be found in
Chapter 2, Chapter 3 and Section 1.2. They concern the deri-
vation of a new complex Jacobi method and its asymptotic
convergence investigation. The closely related result from
Section 1.2 dealing with almost diagonal matrices A and B
is a generalization of the known result due to J.H.Wilkinson
(23]. In the resl camse we mention the relation between the
two real methods which is proved in Section 2.3. It enables
us to formulate the convergence results for the most common
Jacobi method due to S.Falk and P.Langemeyer.

The thesis has been written in 1983 during the author’s
stay with his supervisor Prof.Dr.K.Veselié at the Fernuniver-

sitét in Hagen.
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1.PRELIMINARIES

1.1.Generalized Eigenvalue Problem

The generalized eigenvalue problem reads
Ax = ABx, x # O. (1.1.1)

Here A, B are given square matrices of order un . The vec-
tor x is called eigenvector and the number 2 the corres-

ponding eigenvalue of the matrix pair (A,B).
Two pairs (A,B) and (Al,Bl) are called equivalent if

A, = PAQ, B, = PBQ (1.1.2)

for some nonsingular matrices P, Q. The substitution

x = Qy transforms (1.1.1) into

Ay =2Byy, ¥ #O.

Thus, equivalent matrix pairs have the same eigenvalues and
simply related eigenvectors.

In this thesis we deal only with hermitian matrices A, B
such that B 1is positive definite. In this case a pair
Q, P=Q* exists such that both matrices Al and Bl from
(1.1.2) sre diagonal. The :columns of the matrix Q represent
8 basis of the eigenvectors of the pair (A,B) . The diagona-~
lity of the matrix Q*BQ means that the basis of the eigen-
vectors can be chosen to be B-orthogonal.

It is obvious that all eigenvalues of the pair (A,B)
l1ie in the interval [—)4,)4] with

a0l (1.1.3)
(Bxlx)

= BaEX
x40



where ( |) denotes the usual scalar pmduct in €% . The

number B will be called the spectral radius of the pair

(A,B) and denoted by spr(A,B).

The notational conventions used in this thesis are quite
siwilar to those in [22). However, thexle ere some differen-
ces and the reader is refered to the list of principal no-
tations on page 107 .

In the sequel the letters A, B denote herwitian matri-
ces of order mn, such that B is positive definite. If not
specified otherwise the term pair denotes the pair (A,B).

1.2.Almost Diagonal Pair

nge we investigate the structure of "almost disgonal”
pair (A,B) in the case of multiple eigenvalues. We genera-
lize the known result of J.H.Wilkinson [23] on almost diago-
val hermitian matrices to the case of the matrix pair (A,B).

Let A = ('1:]) , Ba= (bi:j) and assume

by =byy = e =b =1, (1.2.1)
811 % 85 3~ > A, (1.2.2)
and
11-)2-...]81> }3141'”’ -182> o
Y = e = A (1.2.3)
8p-1*1 sy ’
2

where 2< p<un. Note that p=1 in the relstion (1.2.3)
corresponds to the trivial case A = ).IB.

For each i«1,..,p
0y = 8;-85 1, 8,=0 (1.2.4)
is the multiplicity of 295. + counted as a root of the

characteristic polynomial det (AB-A). According to the
relation (1.2.3) set

36, = :;L'!: I)ei- ‘ASJI, l¢isp, (1.2.5)
Ity
§=min dj (1.2.6)
Asisp
and
ci.D1+Ei=A—).siB, lé¢iqp, (1.2.7)
where

Di = disg (Ci) = diag (all—)s.bll""'abn"xsibnn) N
1

In the sequel K-} denotes the Buclidean vector or matrix
norm, while l!'ll2 denotes the spectral norm. Rote that th;
spectral norm is induced by the Euclidean vector norm. The
Euclidean matrix norm is sometimes called the Schur, Probenius
or Hilbert—Schwidt wora. )

In the thesis we frequently use the partition

AEll""llp B B11“'Blp

: FE I (1.2.8)
“pl - App Bpl - Bpp

A=

where the submatrices A“ and Bii have order ny

(1¢14¢P); Dy being defined by (1.2.4) .



1.1.Lemma. Let A, B be such that the relations (1.2.1) Using the relations (1.2.5) and (1.°2.12) we obtain

st ; - 2 | - - - N
end (1.2.2) hold. In addition assume ; Iajj )Sil z lek lsil “a.j.j )‘ski 5
llEil!2<Ji, 1¢i¢<p, (1.2.9) >3maxfd”.,d"5-d 5
i’ 'k k
where E, , Ji and p are as io (1.2.7), (1.2.5) and > 2wax {Ji’ &) 2 Zé‘i \
.2, ively. Then the inequalities ' . .
(1.2.3), respectively en the ineq JeS., kti, (1.2.13)
15 2 :
A —)\siBiiH < ——-E llAiJ. -XsiBijll ’ i hence S, S, = @ for every is+k. Therefore U S; has
B i
1 exactly 0y + 05 + .. *o, = elements from S, hence the
i 1.2.10 . .
lsisp ( ) sets Sl. SE"" . Sp give a partition of S . Now the relatioms
hold, where the submatrices Aij , Bij are as in (1.2.8). In (1.2.2), (1.2.3) and (1.2.13) imply that
the relati 1.2.10) the Euclidean norm can be replaced b .
elation ( ) i P y Si={si-1*1'si—1+2""'si}’ lsig¢p.
the spectral norm. i
(i) (i) In order to prove the inequalities (1.2.10) we partition

be !

‘, the watrix C; in sccordance with (1.2.8). Set c; = (cgl:':)) ,

Proof. Let i€ {1,2,..,p} and let ¥ ,...,y'nl
the eigenvalues of C; . Applying the perturbation theorem . (i)

) ! where cjk are the corresponding blocks of C.. Let
for the eigenvalues of hermitean matrices (See [22], Sec. | 2
! €3 1€n 4 eee 4 € be the columns of the identity matrix I
2.44 , or [14], Sec.1.6) to C; and D, we obtain ! 1'72>* " 4 n» @and

i let the permutation matrices P. be defined by their columns

i
(i) - - ! .
byt - (a:jj'?‘sin s lleg -5, = NE,, | as follows :
1¢j¢n. (1.2.11) [1,, i=1
Since Ci has rank n-npy there are exactly ny eigen- . Pi = f [esi—l"’l' esi_1+2"“'esi’el’egw-,esi_l,esi_,_l,...,esp],‘
(1) : . ‘s :
values f;j which are zero. Therefore the inequalities l 2¢i ¢p-1
(1.2.11) and (1.2.9) imply that .
( pLy [es 1+1”"'es €75 e s € 1), i=p.
p- P -
la. -2y | < & (1.2.12) P
Jd i Consequently we find
holds for at least n; values of j. Let S; be the set C(:‘L) G
: ii i
of 8ll indices j (1< j<n) for which the inequality ! p; C, P = , lsisp, (1.2.14)
>
(1.2.12) holds. Then 8 ;¢ S = {1,2,..,n} (1sig¢p) and ; 6y Ky
each Si has at least n, elements. where
4 5



(cfi) .,cgg)], i1

1570
(i) (1) (D)
Gi= [cil ”"’Ci,i-l’ci.i+1""'cip]' 2¢isDp,
(i) (1) .
[cpl ,...,cp_lp]. i=p. (1.2.15)

Let tgi), je S>S; denote the eigenvalues of K, .

Applying the perturbation theorem, now to Ki and its diago-

nal psrt diag(Ki) , we obtain

Itags=2g) ~e) ¢k, - atee®i,

jes~s; . (1.2.16)

Since the spectral norm of a principal subwatrix is not

larger than the spectral norm of the whole matrix we have
. > _
Ik - aiag(K; M, € llPi(Ci—Di)Piﬂa =
= B, . (1.2.17)

In (1.2.17) the invariance proverty of the spectrsl norm
has been used. Using the inequalities (1.2.16), (1.2.17),

(1.2.13) and (1.2.9) we obtairn

e > lagsg =gl - Egl, > 265 - &5 = &y,
jes s, .

Thus, Ki is invertible and

-1 1 1 i
“Ki "2 -—————(T)—l < —d—_-, l<i<p. (1.2.18)

l‘§~ J
Since
1 6. kM| cld) 6 1 o
Tli b8 11 i

(1) _ s -1
Cii ~Giki6y 0

0 Ky
we can use the 3ylvester’s invertia theorem (see [14],
sec.1.5) or the simpole rank argument to conclude that

(i) _ =14
Cii’ = G,K{ 67 . (1.2.19)

Let lrﬂg denote the spectral or Euclidean mstrix norm,

then the relations (1.2.19) and (1.2.18) imply

(1) -1 -1
esd lIg ¢ liG k7 lla,ﬂci‘ug < Ik] Hzﬂcillgn(;;ug

RN TR
< &.Jciug,
i

hence the inequalities (1.2.10) follow from the relation
(1.2.15). =

For an arbitrary matrix C = (ci.) set

h]
S(C) = fic-diag(C)ll = {Z.Zlcijlz]l/z ’

o4 a4
and for the pair (A,B) set ot

e = [s2 + s2(m)]Y72. (1.2.20)

By the Cauchy—Schwartz inequality and the definition

(1.2.20) we have '

llF.iil2 < NEill = S(A-AS’B)

1
< Vﬁ +)§i-c S Vﬁ *PZ €, l<isc<p. (1.2.21)

From (1.2.21) we see that Lemma 1.1 holds provided the as-
sumption (1.2.9) is replaced by any of the following condi-

tions:

$ .
“Ei" <9, leisgp,




max hEN, < d .
tsisp i"2

a

in .
R LRI

3

max ﬂEﬁii <d. g <

Asi¢p '

S

or simply by

Vl ;’ﬁ?ﬁ < d

where u = spr (A,B) .

Under the assumptions of Lemmz 1.1 it makes sense to

define

N

< [ L L a2 )12
et

and similarly <(B).
If the conditions (1.2.1) and (1.2.2) of Lemma 1.1 are not

gsatisfied, define
D = diag (l/Vbll,.n,l/vbnn) (1.2.22)

and comsider the pair (DAD,DBD). It is equivalent to the
pair (A,B) and for the matrix DBD the equalities (1.2.1)
hold..Ir (1.2.2.) is still not satisfied for the matrix DAD
then there exists a permutation metrix P such that the con-
ditions (1.2.1) and (1.2.2) simultaneously hold for
(P*DADP,P*DBDP). Since the latter pair is equivalent to the
pair (A,B) we can set

S(4A,B) = [ S2(DAD) + S2(DBD) )M/ (1.2.23)
and

v (A,B) = [T2(P*DADP) + v2(P*DBDP)) /2. (1.2.28)
Note that 7T(A,B) 1is well defined and does not depend on
the ordering of the eigenvalues. The definitions of g and

S(A,B) imply 3(A.B) =g provided that b, =1, 1<€i<n.

If p=n then the blocks 4., B;; (1<£is<p) have order
one, hence <x{A,B) = §(A,B). If p=1 we can set <T(A,B)=0C.
but this cese is excluded by the assumption (1.2.3). From the

definitions (1.2.23) and (1.2.24) we have
v(A,B) ¢ S(A,B).

Theorem 1.2. ILet A,B be hermitian matrices such that

B is positive definite and let 61, E D be as in

i’
(1.2.5), (1.2.7) and (1.2.22) respectively. If

UDE; DI, < &, 1ei<p, (1.2.25)

then there is a permutation matrix P such that for the ma-
trices A = P’DADP, B’ = P*DBDP partitioned as in (1.2.8).

the following inequalities hold

P
Nz, =ag BI I ¢ =) flaz. -2, B )2
11 s; 11 Ji% 13 Xs:i_ igh
1<is<p. (1.2.26)

Moreover, if r,& and *(A,B) are such that the relatioms

(1.1.%), (1.2.6) and (1.2.24) hold then

»

L 302 ¢ [ Aapil. 2.2

it

. .y ]
811 2 85p % - 2 8y,

hold, where A’ = (a{d). For i=1,2,..,n we have b;;=1 and

fear -'xsiB') -diag(A™- xsia')nz .

[Retd
= {iP*DE; DPIl, = | DE; DIf,, < 5'1 .

Therefore Lemma 1.1. cen be applied to the pair (A’,B") to

obtain the inequalities (1.2.26) . To prove the inequality



(1.2.27) we use the Cauchy—Schwartz inequality and the fact

= . W
thet u = ?s?si')" ie have

, . pne 2 s 42 llns 1l
“Aij")‘siBij” < (1 ”si)("“ij" +IlBiJ.n )
s (1 +}12)(HA;J.I|2+HB].'_3H‘?), 1<ij<p.  (1.2.28)

Since A°,B° are hermitien matrices the relations

(1.2.26), (1.2.28) and (1.2.28) yield

2 X
. . 1 s w2 . pe
hags-2g Bigh ¢ 232 ) CHAf g0 v Um0 «
i
2
< lz'cirL +(4,B), 1sisp. (1.2.29)

Since A‘i>J‘ (1s1is<p) the inequalities (1.2.26) and
(1.2.29) imply
T .
23 g, -2, sl _i_ze(A B)Z”A g Byl ¢

i=q i=4

¢! G sty ) w2(a, B)ZZ CUag 02 + 1B 50°) -

ity =4
. [(1+)‘ 2) <3, B8R,
hence (1.2.27) is proved. =
The assumption (1.2.25) of Theorem 1.2. can be replaced by
any of the following conditions:
lDE; DIl < Ji , lsigp,
max ||DE; Dllz < d,

45;!"

max |IDE; DIl < £,
12isp i
S(A,B) ¢ min——2—

AN weT

Si
or simply

lo

Y1 +)AZS(A,B) <d, (1.2.30)

1.3.Corollary. Let the assumption (1.2.30) hold. Then

there is an ordering of the eigenvalues such that

2£ laii/bii - }i' 2 s [ *)la)TQ(A,B)/J]a <
L1 +p®) s%a,B)/532 . (1.2.31)

Proof: Note that the diagonal elements of A’ from Theo-
rem 1.2 are aii/bii (modulo permutations) and bg_i =1
(1<i%op). Tnerefore (1.2.31) follows directly from

(1.2.27). =»

From Corollary 1.3 we see that arr/brr approximetes }r
(1sr «n) with the error of order 'tz(A,B), In addition
we see from (1.2.26) that the local accuracy of an approxima-
tion arr/brr depends on Ji (10cal separation of the ap-
propriate eigenvalue ksi) and on WA J-XaiB].'_J!le
(Asjsp, J+i).

" Theorem 1.2 reveals the structure of an almost diagonal
pair (A,B). This structure becomes apparent when S(A,B)«d,
If * = T(A,B) then the appropriate disgonal blocks in A’
and B° are proportional up to the order 12 » the constents
of proportic n’ality being the eigenvalues. "

This structure plays an important role in the asymptotic
convergence of the Jacobi methods for the generalized eigen-
value problem (see Chapter 3).

1.3. Remark. If B = I then B = I end A" =P*AP,
In this case the inequalities (1.2.26) and (1.2.27) reduce to

1
Ay, -o. 1 ZHAIJ , 1l<i<p (1.2.32)

nj
81 95
w

11



and
Iy

»

dg‘;i\A;i—)\siIniﬂ‘? < T; Al ¢ -f-é , (1.2.33)
respectively. Tn [23'] Wilkinson has proved a slight modifi-
cation of (1.7.32). Namely, in[23] enly § and ¢ = S(4)
have been used, so that th: assumptionm (1.2.9) reduces to
S(A) < & and the result reduces to (1.2.32) if Ji is re-
placed by ¢ .

Later van Kempen {13), using the result of Wilkinson

(23] has proved the inequality (1.2.33).

12

2. JACOBI METHOD FOR THE PAIR (A,B)

2.1. A General Jacobi Method

Here we define a Jacobi method for the pair (A,B). The
method is a generalization of a mwethod defined by Gose in [8]
to the complex A and B. Pollowing Gose’s lines in (8], we
define a general Jacobi method as follows:

1° Take positive constants e, E with O<egE and a
diagonal matrix D, so that sll diagonal elements of D;BDo

lie in the interval [e,E). Then set

(@) * (1) >
A = D‘:’ADo , B = DoBDo .

(2.1,1)
2° For each K=1,2,0.

(a) select the pivot pair (L{,m), 1¢l{<mgn, according
to a given pivot strategy;

(b) determine a nonsingular elewentary plane matrix Fk
so that the ({,m)-elements of F;A(k)rk and F;B(k)l?k are
zero and the diagonal elements of F’;B(k)l’k lie in the in-
terval [e,EJ;

(¢) set

: K+l X
A(k#1) P;'A‘(k)rk‘ p(1) | prp(0p . (2.1.2)

An elementary plane matrix F = (fi,j) differs from the

jdentity metrix only on the positions (£,), ({m), (m,?)

and (w,m) . The matrix




js called the (£,m)-restriction of F.

The choice of (¢,m) in 2°(a) for any k=1,2,.. is
called & pivot strategy and the pair (£,m) is called the

pivot pair. We consider only the cyclic pivot strategies, in

which each seguence of
¥ - %n (0-1) (2.1.3)

successive pairs (¢{,m) coutsins all pairs (i,3), 1lsi<jso.
Two most common cyclic pivot strategies are the row- and the
column-cyclic pivot strategy. In the row-cyclic pivot stra-

tegy the pivot pair (¢,2) ruos through the sequence
(1,2), (1,3), w, (1,0), (2,3), o, (2,0), w,(n-1,0)

and continues in a cyclic wey. The coluwn-cyclic pivot stra-
tegy is defined in the same way by the segquence

1,2), (1,3, (2,3), ., (1,0), (2,0), «, (n-1,n).
Accordingly, we shall also write

(= i(x), u=mn(x. (2.1.4)

In the s:quel we shall call the transformation
(A(k),B(k)) — (A(k”‘),Bc‘Hl)) the k’th step of a method.
Also, the letters { snd m shall be exclusively used for
the pivot indices of the k'th step.

Note that the diagonal matrix D in the relation (2.1.1)
can be taken real with positive disgonal elements. The choice
of the constants e, E is arbitrary (except for the condition
O<e<E). The requirement C<e prevents the diagonal ele-
ments of B(k) to accumulate at zero and the existence of

an upper bound E ensures their moderate size. The choice

14

e = E, especially e = E =1 simplifies the construction
of the algorithms (see Sec.2.2) .
Iu the relation (2.1.2) the elementary plane matrix P

is chosen to setisfy the three conditioms :

b((k;l) -c, (2.1.5)

a(el:l) -0 (2.1.6)
and

b(l‘;+1) ’ b(m!:l) € (e, E]. (2.1.7)

The existence of Fp is easy to prove. Infact, the
(£,m)-restrictions of A(k) and B(k) are hermitian matri-
ces such that fi(k) is positive definite. Therefore there
is a 2=2 wmatrix ﬁk such that 1"; A(k) f’k and 1?; B(k) Fk
are diagonal matrices. If the condition (2.1.7) does not
hold for the latter matrix then ik can be postmultiplied
by a suitable 2-2 disgonal wmatrix so that (2.1.7) holds.

A special case of elementary pleue matrices Pk are
complex rotations Bk for which

cos @y e**¥ gin Px
L :
-e K aing, cos ¢y
where o, and ¢, are real sc;lars (angles). Complex ro-
tations are widely used in numericel linear algebra. The
reason can be seen from the following result.
2.1. Proposition. Every unitery metrix U of order two

can be represented by any of the following forms :

15




,

cos ¢ e sing et ; 2 cos ¢ ei“simp ei% Vb}(
() - | - P2 |V .
~e ™50 cose el j cosy 1 e_msimy cosy e%m
Vo
eid cos ¢ eipsinv 5 (2.1.10)
a1 £ where 6y ,6, are real, ¢,V efo ,'é'] and
1% e TiP sing cosy
. lblml o
siny = — s xs[O,E). (2.1.11)
e*™ cos @ e)“5 sin ¢ ¢ "o
(531) U= o . In addition the equality
- elﬂ sing elu cos ¢ (e =P)
Jcos¢ cosy +e sing siny|= cosyY (2.1.12)
where : 1 holds.
&= fho-e, p=p - | Proof: The existence of a nonsingular ¥ for which
and b (2.1.9) nholds is obvicus. Let
o« +a” =P +p” (mod 2 . \ io
; t ,
. R % [og
Proof: Note that (iii) implies (i) and (ii). Since (iii) D= A (2.1.13)
PTS ~n cos i’m 3
is obviously equivalent to 0*0 - 12 = UU*, Proposition 1 e vbnm
2.1 is proved. ® i where ¥ is as in (2.1.11), b, @eod by, as in

The following theorem is a generalization of a result (2.1.9) and & ,6, are chosen so that the disgonal ele-

5 A1 sy
of Gose [8) to complex matrices. ments of FD are real and positive.

an_y
2.2. Theorem. Let For the nonsingular wmatrix FD there is an upper trian-

gular matrix i‘ with positive diagonal elements and an

bll blm ~
B= (2.1.8) i unitary matrix U such that
b b ~oa ~ ~
we o P07l <70 . (2.1.18)

be an arbitrary 2+ hermitisn positive definite watrix. The
. . By the assertion (i) of Proposition 2.1 we can set
general nonsingular 2-2 matrix f satisfying

by O T - ’
(2.1.9) , o

gy
==}
=
1

has the form
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cos ¥, e 1lsin ¥, ei‘sl G
—e 1%l gin ¥y cosyy 0 eif2
x,22>0, (2.1.15)
Ad justing (Bl and [52 if necessary we can assume that
qox
v1e (-3, 3] Set

- 0*V0.

<

V. ®Bd (2.1.16)

’
The relations (2.1.16), (2.1.14) and (2.1.9) iwply
V o (F0)*B(I0) - (FDL)*B(FDHY) .
= f)—l*(f‘*ﬁf‘)f)“l = coS?'[ 12 .

hence using again (2.1.16) we obtain

~
~ AN a

=
V - V0" « cos®y 00* - cos®y I,= V. (2.1.17)

From the relations (2.1.16), (2.1.17), (2.1.15) and
(2.1.8) we obtain

cosax 1 x  0{lY, bl X y

cos y z Blm boall © z
or in components

coazx = x2 bl(

0 =x(yby+zb,.)

(2.1.18)
coezz' = (3, +2b, )7+ (3b, +2b Je2-=
= | l2b +zzb + 22Re(yb, )
AN L Y %%w -
Since x>0 we have
b
x = L cos ¢, y = -2 L0 (2.1.19)
Vo D¢

18

Since 2>0 we obtain from (2.1.18), (2.1.19) and
(2.1.11)

2 2 2 2 1b,1°
cos“y = Iyl by, + 2°by - 225 L8
bge
2 Ly 2 2
=2 by 1—____.b s = z by cos"Y,
{({ "om

hence the inequality 2z >0 implies

Z =

1 (2.1.20)
b bmm
The equalities (2.1.19), (2.1.20) end (2.1.11) imply

ixo
y= - o _ .2 sin\‘,

(2.1.21)
vbmm bl( V b((

where
o5 = arg (blm) .

Next we calculate the elements of 70 . By the equali-
ties (2.1.19), (2.1.21) and (2.1.15) we have

('I'O)u - e1Pl(x cosy) -y 1M siny;) =

ifa
Vg

The choice of 0'( and o, idplies

(cos Yy, cosy+ ei(azd(l) sinv, siny) .

35 a5-1
(Tu)ll = (FD )ll >0

hence
(70) 1 [cospy cosy + ei(dz-dl)sinwl sinyl.

144 W,;

Using the equalities (2.1.19) end (2.1.21) we obtain
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(i’ﬁ)ym = eiﬂz(x eiul sio vy, + ycosxyl) =

ei(dlq»ﬁg)
= ————= {siny, cosg-e

Vore

L) gog v eing).

Since

jcosyq cosy + o120 g5, Y1 sing[e +

+|siny, cosy - oi®e-o1) cosy, sinﬂ2 =1,

-~ kL4
we can define y € lO, 5] so that

10¢
el

o

0, - L cosg, (T0),,=-sing ,
u

where

« = arg ((F0),.) .

From the relations (2.1.15) and (2.1.20) we obtain

~a -i(»1-01)

(m)mt = _—e——ﬁ’:—-— siny, ,
mm

nn ip

() L

= cos -
T

The choice tor @, , 6 implies (T0) n > O, and since

m w
cos Yy 20 we have 35, = 0. Therefore we have
{-—L__— cos g o' sin ¢
~n b,
L (2.1.22)

- o M1 -P1)gin ¥y cos ¥y

2
Vou,

Setting
oy =3 Y,20
1 1 1
Y =|1y1|' N =
gcl—ﬂl + 77, \V1<O

20

the form (2.1.10) is obtained from the relations (2.1.14),
(2.1.13) and (2.1.22).

To prove the equality (2.1.12) we apply the determinant
to the wmatrix equalities (2.1.9) and (2.1.1G). We have

. b/, b’ b, b’ 1
|det P2 K Do _ £ o ____
det B bz( bum cos“ Y

and

bl b’ :
|det f‘]e = BB cosg cosy + o @ —n)sinfsinﬁz.—-lr
(¢ Pmm cos ¥

hence (2.1.12) is obtained by equating the expressions on

the right hand sides. m
Set
n=¥Y-¢,
where ¢ and Wy are such that the relatioms (2.1.10) and
(2.1.12) hold. Then we have
cosy & cosg@cosy +sin¢siny= cosn,

hence
Nl <y,
2.3. Remark. In the real case we have |7l = y. Namely,
Gose has proved in [8] that in the real case
1 cos ¢ sin @ YS;(
.1 Vo, (21.2%)
cos ¥ % - sin(f+Y) cos(§+y) Yb;m
b,
mm

where

sin '{( -~ __Dp . =
vbll bmliw
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From Theorem 2.2 we see that the principal part of each

~

Fk , namely the matrix

iog .
cos e Xgin
1 ?k ‘Pk]

cos ¥y |- g Pk gin ¢ cos ¢y J

is actually determined from the matrices Bkz(k)ﬁk and

ﬁkﬁ(k)ﬁk , where D = dias( V;\)B s fﬁ’\). Therefore, the
-1 ({4 P

requirement e = E

is not "esentially" restrictive.

2.2. The Special Jacobi Method

Here we derive the algorithm of a Jacobi method for the

pair (.;A,B) provided that two additional requirements are
met. The first is \

e = E - 1 (2-2.1)

and it implies (see (2.1.1))
Do = diag(-l—. 1—,..., ——1—-).
PR T
In addition, the conditions (2.2.1) and (2.1.7) iwmply
o) J 1, 1<i¢n, x21. (2.2.2)

The second requirement reads

(x) (x)
i 20 fon20, k21,

22

so that the ({,m)-restriction of the looked-for transforma-

tion is given by (see (2.1.10) and (2.1.11))

ok .
ﬁ 1 cos Vk e s1in (’k
3 1{ k2l g
1 h{l’,m/‘ —e 18k siny, cos y
k21, (2.2.3)

where @, "|’k€[ 0, %] Now we compute F, explicitly;

the subscript k is omitted for simplicity. The metrix F

can be obtained (cf.[25]) as aproduct

F = R DR,® (2.2.8)

where ﬁl' ﬁz are complex rotations, while f), ; are dia-
gonal matrices — :p being also unitary.

-~

Let A_ = (a;'j), B, - (b;-‘:j) , i,jete,my, 1¢r<3,

T

where
. sy n o - Ay na
A1 = Hl ARl Bl 2 RIDRI
iy - 0y B - 055
- a® A A , Apa -
Ay = Ry LRy By = RHB Ry
s, [ N L Thqn h
A = A3o B’ - 334:

and note that

~

A

~

- P*AF, B - FBF.

’

The matrix ﬁl is determined frow the requirement

b}m = 0. Thus ﬁl ig the Jacobi (complex) rotatiom
cos (-%) elpl sin(—- %5]

-e~1P1 sin(f JK') cos (- -E) J

(2.2.5)

where
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Py = arg (b,m).

Setting
Dy = x eifl R x20 , (2.2.6)
we obtaiun
1 1
b“ = 1l+x, bmmxl-x.

In order to have §2 = 12 , set

1
- th
Da 1 g (2.2.7)

Vl—x
Using the relations (2.2.5), (2.2.6) and (2.2.7), we obtain

after a siwple calculstion

al( B —

2 1(“:: * agy +u>

l+x 2
a +
“ﬁm - - (.___.__“ oo _ U) (2.2.8)
1-x 2
> ify (amm-a“ . \
a5 = + iv}|
R ' 2 )
where
u+iv = e 1P By o u,v real . (2.2.9)

Note that B3 = I, gince R2 is unitary. For the matrix
§2 we assume the form

cos (04- %) e1%1 sin(9+ %\}

Ry = (2.2.10)
-1 sin(0+ {-) cos{94+ %)

24

The natural requirement for 4 and oy is azm

choice makes ﬁz the Jacobi notation. From (2.2.8) direetly

=0, This

follows
2)ag |
[{
tg 2(%+%) J-——-——m-e z .,
Bl

(2.2.11)
a

-8
L arg(-&z—g- +iv) + (1-0)%
where o € {1,—1\ . Now ¢ is determined from the reguirement
b X
- ™ -p L =
2 1 1 >
It iwmplies
1, apn =8¢ 2 0

O = (2-2-12)
-1, L T

The choice (2.2.12) for & and the choice -% <3< -E
are fundamental for the global convergence proof of the me-
thod (see (10]) . The choice for ¥ is also important for the
quadratic convergence proof (see Chapter 3).
Using the identity
tg 29 = -1/tg(29+ %)

we obtain from (2.2.11), (2.2.12), (2.2.8) and (2.2.9)

v 28 -t h%ﬁ)x -
g -
K&mm_ B ¥ ravifix®

<35

. (2.2.13)

L ]
&l

-~

Note that 2 = Ry DR, "disgonalizes" the positive defi-

nite matrix B. By Theorem 2.2 and (2.2.6) we see that
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ioe | (_io,
cos ¢ e sing ‘8

3 = | ’ (2.2.18)
1-x"|_g-if siny cosy L e*m
holds. By the relations (2.2.5), (2.2.6), (2.2.7) and

(2.2.10), after a simple calculation we obtain
(i)u = FLE %\ﬁ:—x (c-3) + e'i(o‘l—nl) fl_:x(0¢s)],
-
(i)lm’ ﬁ -}-[ei’(l i-x (c+s) - ¥y (c-3) ],
- 2
* (2219

(2)‘1 = Ei? %[e-ipl 1=x (c-8) - o M yTix (c+s)],

(2)m= rlx? —;{eidl—nl)m(us) + ﬁ:f(c—s)],

" where c=cos?¥, s=sind. Cowmparing the matrix elements from

the relation (2.2.14) with those from the relation (2.2.15) we

obtain
2cos’p = 1 +xsin2d + W:;Z cos 29 cos(xy-fy)
2 sinzq- 1-xsin29 - Vit;z cos29 cos(x;~f;)
2 coszxy- 1-xsin2% + \[1-?—? cos 29 cos(sy-p;) (2.226)
2 sina\v- 1+x8in29 - Vl——l? cos 29 cos(x,-B;)
and

o1 =[i=x (c-8) + ot (P1-71) s (c+8)]/ (2 cosq)
e ({172 (c-s) + ¢ X 17D ix(c48) )/ (2 cony)

ei¥eifm eipl[e'i(ol'“l)ﬁ;(cm) -f1i+x (e-8)]/ (2 sing)
i1 | g i API- DL (crs) -Yi-x (c-8)]/ (2 siny)

(2.2.17)

After a simple calculation we obtain from the

26

equalities (2.2.17)

o eiﬁl . >
L e — s1n2§-x-iVl-
2 cosysinzf[ X" cos 29 cos(ﬂl-(}l)]
~ip e'ipl . ‘r‘z
e Ve = _ _i{sin2%+x+i¥f1-x
2 cos¢ siny [ cos 29 °°5(°"1‘Dl)]
(2.2.18)
Setting
o15¢
¢ =

e-lom

and using the relations (2.2.4) and (2.2.14) we obtain the
matrix R in the form (2.2.3) where s Yyo %, and 6,
ere as in (2.2.16) and (2.2.18). From the relationg
(2.2.16) and (2.2.18) we see that ouly cos2d, gi, 59 and
COS(N1~(31) are needed in the computation of %,

If b, =0 (i.e. x=0) then fp, = arg (®,) is not
defined. In this case we take fb; = arg(a, ), so that the
method reduces to the usual Jacobi method for the hermitian
watrix A (ct.(6],[19)).

We define now the special Jacobi wethod for the pair

(A,B) as follows:
1° set
(6Y) (1)
A =DOADO, B 'DOBDO
where D = diag ( l/Vbn,.... 1/ VBnn) .
2° Por k= 1,2, ..
(8) select the pivot peir ({,m) according to g given
pivot strategy ;

(b) deterrine the nonsingular elementary matrix Fy

27
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such that

COS @y ¥ sin Py

W.ﬂ,
4
o
1
who

- e 1Pk gip Yy o cos Yy

where
2cos‘2<pk = 1+b, sin28, +t, cos 2%, cos ¥y »
o <35,
2c0521yk = 1-b.sin 23'k +1t, cos 2"1{ cos Xk,
0% \pk < 12 .
: k)
iarg (bs )
o1"k sing, = & = 7 (sin 29y - by + ity cos 29, sinfy) ,
2c08 Yy
. (x
~iarg (b
e gip Yy -E_____m_(sin 29, + by +ity cos 2%, sin fk)
2 cos ¢
and
k) 2 _ (k)
bk-lbgm \ ty =Y1-b, egmagr-ay’,
1 e, >0
d k
Iy = .
-1, ey <0
. k)
uy +iv, = o 1 8T8 (bs“ )-a(}:n) ,
t = 2 vk -Z ey, <L
RIS v R Y
k), (%)
2u- (ol vepg It sy s
A & SN T TR S
Vek* Yk

(note that y, used here is different than Y from (».1.8));
ir b,(l‘;) -0 and ssg) + O then in the zbove formulae

28

replace arg(bgz)) by arg(asx));

< k
if b?;) = 0 and a(tm) =0 then set Py =Wy = =) =0;
it e, = O then set ) = %, unless a(,;i) = bgg) = 0;

(c) perform the transformation

k+1 X) K+l X
AGetl) g (g o p(D) g p(K) p

The Case of Real Matrices

The preseunted technique can be applied to the real case

giving for each k31 the following formulae :

cos (-%) sin (- %) [(1 + bgg))-l/z

-sin(— ':-;) cos(-ﬁ') l'

P, = :
(1- bg‘!:))—l/z

cos ?k sin t;k
= m s (2.2.18)
- (b -
in -gin F‘*"k cos Yy

cos 'z}k = cos 3\(* ¥} (sin 81(";11: cos ),
sin $, = sin 3!(_ ;k(cos Sk * My sinsk), (22199
cos T’k = cos 3k— ;k(sin 19k+;}k cossk),

sin q;k = gin 5k + -;k(cos 0k_;"k Cossk) y
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Ek - (x) (x)
b 1-b
W+ { tm (2.2.20)

(' (1+\[1»b(“))(1+rb(k))

and

2a(k) (a(k) . a(k))b(k)
8% (k) <k>)v"jb(k>

x 2
-rhew. (2.2.21)

Ir ask (k) = 0 we set 3]( =0. If agk) (l}()

and 2a(k) (a(k) + (:))bE:) theu the matrices %) ang
B(k) are proportional hence we set 31:"% , unless
a{k) L (k) L0,

In [(25] K.Ziowermanu has assumed  io the form Rl f)§2
but the above formulae are new.

The method defined by the relations (2.2.18)—(2.2.21) is
the real analogy of the special Jacobi method and it is due
to Zimmermann.

2.8, Proposition. Let §,, ¥ ond 9 (k>1) be
de{ined by the relations (2.2.19)—(2.2.21). Then for k21

min {cos Py, cos?ék} >0, (».2.22)

-1 < tg Py teY, S 1 (2.2.23)
and

tg g tBH = 1 i 9 =T (2.2.28)

Proof: From the relation (2.2.20) it follows that

bE:) — ] - sk;;k is a decreasing and bg:) — lgk\ is

an increasing function on the interval [0,1]. Both functions

are even.
Since |b$:)l <1, k21, and
Q-§30M = 151D, k21,
we have
1-5,7p 215, k21 (2.2.25)
From the relations (2.2.19) and (2.2.25) we obtain
win {cos py, cos P} > (1-1,73,) cos 5, - I;k einskl >
>l§k|(cos‘5k—lsin5k|) 20, %21,
which proves (2.2.22). To prove (2.2.23) we use the rela-
tion (2.2.19). We have
t8 Py tB ¥y = Q- b sney B cor'y ,
Q1 -ikﬁk)zcoszék —'gisinz 3k

k>1,

hence the inequality (2.2.25) implies

T2

s -~ -

-1 < -(—]'—-'_—k:j- ¢ tgeytgY, ¢ l.
s 'gk‘?k)

To prove the assertion (2.2.24) we note that
tE Py tgY = 1 iff
~ o~ N2 2 23 T~ N2 2 2
[(1 =5+ }k]sin 9 -[(1 - Bl +§k]coa 9,

Since (1"3'152*)2 +'§§ >0 we have tg ‘;ktg";k =1 1iff

3\( - t% , and since by the definition (2.2.21) 3k>—£-,

Proposition 2.4 is proved . m

31




The Method of Falk and Langemeyer

Probably the best know2 and today most commonly used

Jacobi method for the real positive definite generalized

eigenvalue protlem is due to S.Falk and P.Langemeyer {see [5)).

In that method the matrix F = (f(k)) satisfies the condi~
tions (2.1.5), (2.1.6) and (instead of (2.1.7))

£ 1.2 , (2.2.26)

This choice 8&ssures a zitnle algorithn and a decrease in the
operation count. The 2lement:z rfg) and fé%) are determi-

ned from the requirements

a0 L 2000000 | (g, 00030y, 00 (0 () g
5 - AP KD D o
(2.2.27)
Eliminating the nonlinear term oune obtains
(see [43,{14),1])
(%) (x)
©_ S L0 3
T = —== R 2.2.28
ﬁm yﬂk) ml v(k) ( )
where v(k) satisfies the quadratic equatiou
;(k) s(k)t(k) (2.2.29)

In the relstions (2.2.28) and (2.2.29) ggk), 5§85 ang

§(k) are defined as follows :

k k
(x) aS() °$m)
gl = det ’
k k
3e

[ (x (x) |
(k) a!gm) allﬂ
Sa det

o o)

[0 0]
() o
§em = det

C

The two solutions of the equation (2.2.29) are

v, = L oen D[ 11 Y52 4 at I O 223w

+

By the relation (2.2.3C) and by the positive definiteness

of ﬁ(k) we have

(532 4 at(p 0

(x)
-»s:%;:)[as*? o - s
nm

(x) (k)
. 4 ﬁ— a(k)
u b(x) (x b(k) {m

u - a(k)
bé: (k)b(k) ¢S m

( (k)
- fm/ | 5 o, (2.2.32)

(k)42
Sm)
k
p{E el

hence the solutiom of the equation (2.2.29) are real.

The choice of the solution is determined from the require-

ment

C < det B « 2 (2.2.33)
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which yields

9 <, « Jom [0 (B PO ]
(2.2.34)
1 39 .0 then $(F . OEOAE) | in this

case we set sgn@E:)) = sgn(§(,,k)) provided that g(}‘) + 0.

Therefore we have 9(k) = sgn (g(lk)).‘kik){gk) hence the
formulae (2.2.28) yield

O \/b,f,:)/bg‘) ;2o __‘ﬁ();)/bgg) . (2.2.35)

1r ;g:) = S(Lk) - 39‘) = 0 the formulae (2.2.35) are also

used (except for the case agg) =0 = bs,:) when we set

rﬁ:) =0 fl(.’;) ).

 2.5. Remark. Suppose that det F = 0 i.e. fg:)fg‘:) =1.
Using the formulae (2.2.28) and the inequality (2.2.32) we
obtain (g(tf))2+4;(t“)§£k) = 0. Using again (2.2.32) we ob-
tain g(!:) = O and also K(tk) = ng) = 0. The latter con-
dition, means the proportionality of the matrices Z(k) and
ALY .  Since in this case the formulae (2.2.28) do not exist
we see that the relations (2.2.28) and (2.2.35) imply (2.2.33).

2(©) 3(x)

and are proportional

In the special case when
the choice (2.2.35) is not uniquely determined by the require-
ment (2.2.33). Note tha;t the replacement of signs in (2.2.35)
leads to another solution. In (2] and {1] it is suggested in

this case to take IE:) =0 and fi(mk?) = 'bs:)/ b(:g - .

-

- 2.6. Proposition. Let ;\, B be 2»2 symmetric matrices

such that B is positive definite and let F be a real 2»2

matrix satisfying the following three conditions:

(i) thediagonal elements of P are units,

(ii) the matrices F*AF and F*BF are diagonal,

(iii) O<det F < 2.
Then the matrix F is uniequely defined by the relations
(2.2.28), (2.2.30) and (2.2.34) (if the upper suffix k is
neglected).

Proof : Denmote by f'l'm, f;: and £, ,
lutions of the equations (2.2.27) determined by v, and v_

r;e the two so-

from (2.2.31), respectively. Since
V. = _gltm
the relation (2.2.28) implies

-

- +
fow=1/2 mt

+
o me? ’1/flm'

hence we have

£, £ 1

tmot T v L+
flm‘tmc
So far the conditions (i) and (ii) have been used. Since
the condition (iii) is equivalent to ~l<¢ fonfne <1 we

see that only the + solution satisfies (iii). m

In the sequel we shall refer to the method defined by
(2.2.28), (2.2.30), (2.2.34) and (2.2.35) as to the method
due to S.Falk and P.Langemeyer.

2.3. Fagt Scaled Plane Trangformations

In {15) an idea due to W.M.Gentleman (see [?7])) was used in
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order to economize the operatbnal.count in the similarity
transformstions with plane rotstions. A similar economization
is possible here, too. We illustrate it on the special Jacobi
method.
We have the sequences
AV @ e 43) (@,

3 e

1 2 1 2)
B, 3@ e B3 pia S

where Pl,Fz,n. are plane transformatiomns from (2.2.3). The
(accumulated) tresosformation is

PO Lpp = P Vr k.
From the formulse for cos@, and cosy, wesee that

min {rl((k). r‘g:)po , k21,

hence we can write

P~ T4, , k21,
where’
[ (x) ,.(X)
1 Lin /tun
B () /,(x) ’
x) ;. (k
| Tme /ru 1
[ ()
2, 0
a, = , kzl.
B 0 £(¥)
L mm

For k=1,2,.. we write
o) wnpy = DKy, DD 1
gk . D(k)TkD(k)—l

~ ~ ~ (e )~
() T ey = p(k ”Tk ,

36

and form new sequences of matrices

u() L pl)-1,0p(k)-1  y(x) | p(k)-1p0k) p(x)-1

Then we have
’.T‘(k) = Tln(l)-lD(2)T2D(2)-1D(B)Ta.uﬁ(k-l)n(k)’TkD(k)‘l -

(k)-1,(k+1) (k+1)-1
= B0 150,08, (T D D D =

- (k+1)-1
= FIFZ...F‘(D -
« p(Rplkel)-1 sy

u(e+1) | p(k+1)-1, (e+1) p(k+2)-1 _

= plk+1)=1, q#,(X%) (k+1)-1
=D AkaA TkAkD =
= D(k)—IT;D(k)M(k)D(k)TkD(k)-]‘ -
- wuOF . wsa,
and also
NOD Ly (OF s,
Thus, the sequences H(k), N(k), T(k) are obtained by the
algorithm
CTINE SRR ¢ SNUAC) JVIC DIRCD R (S NP €2
-
; (K)m p(k)-1 (k+1) _ (%)
Tk = D TkD R D =D Ay
(k+1) _ ma(k) (k+1) _ Fan (K5
{H = M T, N = TN T K31
F(k+1) _ g7
(T =T Tk'
The {-part of the algorithm which carries the main part
of the operational count is obviously less expensive as the
previous method. In fact this new slgorithm is a sort of &

complex generalization of the algorithm of S.Falk and P.Lange-

meyer. Note that
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ik - , k21.

> 1

In order to skip the first normalization (A,B) — (A(l),B(l))‘

we can set M(l) = A, N(I) = B and
1) . p - qieg (1B 1/\0_)
o 8 112 on’

The matrix D(k) is actually not needed in the process since
it cen be easily computed from the diagonal of N(X) . The
pairs (A(k),B(k)) and (M(k),N(k)) are for each k21
equivalent heuce the eigenvalues are ultimately obtained from
"~ the limit matrices M(°°) and N(°°). The eigenvectors are

obtained from T(”) and N(m).

The Case of Real Matrices

Here we prove that the Jacobi method due to K.Zimmermann
and the Jacobi method due to S.Falk and P.Langemeyer are sim-
ply related.

2.7. Theorew. Let A, B be symmetric matrices such that
B is positive definite and let the sequences «A(k{B(k)),kal)
and «A(kXB(ky),k;I) be generated by the method due to K.
Zimmermann end by the method due to S.Falk and P.Langemeyer,
respectively. If the corresvonding pivot strategies are the
same then

A0 p(x), ()6 s _ pl)gle¥p(k) yy gy
(2.3.1)

wheres each 9(k) is a diagonal matrix with positive diago-
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nal elements.

k :
p{k) _ diag (1/ 1¥ S V4 ng ), k31, (2.3.2)

where bgg) (1¢1i<n) are the diagonal elements of B(k):
We prove the relation (2.3.1) by induction with respect

to k. For k=1 we have
(1 _ (1)
A = DOADO, B = DOBD
ARy 31 _ 5,

o

where
D, = disg (1/Yoy7,.,1/\b_ ) .
Thus D) - D, end (2.3.1) holds for k=1.
Suppose that the relstion (2.3.1) holds for a fixed Kk
(k21) . We shall prove that then it holds for lk+l.
The k th step of the two processes are described by the

following equalities:
(k+1) o+ L¥) (x+1) _ o+ k)
A -r A9, B -7 Ep

A(k+1):_ F{:A(k)'l?i, B(‘Hl)f- F:I‘k)’l?' (2.3.3)

’

where F, and Fi are defined by the relatiouns
(2.2.18)—(2.2.21) and by the relstions (2.2.26), (2.2.28),
(2.2.30), (2.2.348), (2.2.35), respectively. Define the elemen-

tary plane matrix B, by its (£,m)-restriction

cos P 0
N T
k k)42 ’
- (bzm ) ~
0 cosy)

where ;k and ‘;k are as in (2.2.19). Then

39



e = Dby - (2.3.8)
where
1 sin$k/cos$k
Ty = . (2.3.5)
~sin{n]/cosfék 1
The relatiow (2.3.3) and (2.3.4) imply
(k+1) _ cp(R)\ y#pe 2 (K) 7 (k)
A (DY A )T AT T(DYA ), (2.3.6)

where %k is defined by

1 b:ky sin ?y'k ]

~ a A A k -~

Tk - D(k)TkD(k)_la S}(), sinq’;k b" COS\Pk i (2.3.w
bgg)'cosﬁk

In (2.%3.7) we have used the relations (2.3.5) and (2.3.2).
By the assertion (2.2.22) of Proposition 2.4 the matrix
D(k)Ak ig diagonal with positive diagonal elements. Since
the relation (2.3.6) holds with B(k*l),B(k)' instead of

A(kﬂ')'A(k)' it suffices to prove

T, = P (2.3.8)
By the relstion (2.2.33) and by the assertion (2.2.23) of
Proposition 2.4 we have !

0 < det P < 2, 0 < det &"k‘ 2. (2.3.9)

The equality (2.3.8) will follow directly from the rela-
tion (2.3.9) and Proposition 2.6 if we prove

~

(1) det T, = 2  iff  det F =2
and
(ii) T = Fp if det T, = det Fy = 2.
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To prove (i) we use the following chain of equivalent

conditions :

det Ty =2 @ tgP tEY,=1 & q‘)ka.".a

[ (%) k
agl aém)
& det =0 e
k) k
“bs( brgm)
[ (k) k)
a0 H®)
L4 det =0 &
k) k)
bbgl brgm)

(k) o (k)- .
@ Lo fpy = -1 e det By o= 2.

Here we bhave used: the relation (2.3.7), the assertion
(2.2.24) of Proposition 2.4, the relation (2.2.21), the in-
duction hypothesis (2.3.1) and the definition (2.2.35) of
P{c , respectively.

To prove (ii) we use the definition (2.2.35) and the re-

lations (2.2.19), (2.3.7) in the case ak =3 . We obtain

Y
sin §, = cos ‘le and sin q’k = cos §,  hence it follows
Ty =Fp . =

In conclusion, if the fast scaled transformations are
used then the Jacobi method due to K.Zimmermann reduces to

the method of S.Falk and P.Langemeyer.

2.4. Global Convergence

Here we present the global convergence results concerning
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the Jacobi methods defined in Section 2.1 and 3ection 2.2.

In order to keep this thesis within reasonable length we give
here only the main results and omit the proofs. They can be
found in [10].

A Jacodbi method is globally convergent if the obtained
sequences (A(k)), (B(k)) are convergent for every initial
pair (A4, B), and the limit matrices are diagonal.

2.8. Theorem, Let e, E be real numbers such that
O<e ¢<E. Let the sequence ((A(k),B<k)), k21) be generated
by a genersl Jacobi method defined by e, E and the row- or

the column-cyclic pivot strategy. Denote
k
f( ). max{ff(llé)l . lf&:)%, k21,
where rsl(‘), rg) are the elements of the transformation

watrix P, satisfyiog the equalities (2.1.2). If
lim inr £(K) 3y o (2.5.1)
k- 00

then

11w s(a(®) 53Xy o

¥hoe
where S(-,-) 1is defined by the relation (1.2.23), In addi-
tiom, if

12
lin bj(_:) =d5;, léién

then there is an ordering of the eigenvalues for which

. (k) .
lim ay 'Aidii' lgign.

kveo

Proof: The proof of Theorem 2.8 can be found in [10].

The proof is based on gome new results concerning the con-

vergence of cyclic Jacobi-like processes (see [11]).w
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2.9. Corollary. The row- and the column-cyclic special Ja-
cobi method is globally convergent. For each initial pair

(A,B) there is an ordering of the eigenvalues such that
: (k)
%_::.2 A = diag (A, .. Ay . (2.2.2)

Proof: The proof follows from Theorem 2.7 and the fact
that Egb(lkm)= 0 (see [10]). m

To see that the condition (2.4.1) is not superfluous con-

sider the simple case: B = I,. Then (2.4.1) reads
k X
IS‘ ) . ffm) = cos Py >V, k2k , (2.4.3)

where ko is a positive integer and v a real positive num-
ber. In (6] G.E.Forsythe and P.Henrici have proved that
(2.4,3) is a sufficient and necessary condition for the glo-
bal convergence of the row- and the column-cyclic Jacobi me~
thod for hermitian matrices.

2.10. Remark. In the real case Theorem 2.8.can be applied
to a row—or/and column-cyclic general Jacobi method defined
by G.Gose (8] or in the special case to the Jacobi method due
to K.Zimmermann (see relations (2.2.18)—(2.2.21)). In conclu-
sion,. the method due to K.Zimmermann is globally convergent
(see [10)).

In (25]) K.Zimmermann proved that

110 5(AC%) 30y Lo provided aNt(1+¢)¥ 1¢ 2"(N‘n*1)’

koo

where t = s2(8(1))(1 1‘S(B(l)))Z(Z’N-l) .

2.11. Remark. Unfortunately Theorem 2.8 cannct be directly

apolied to the method of S.Palk and P.Langemeyer since the

existence of the constsnts e,E such that O<e 5b§);)sE
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(1<i¢n, k21) holds has not yet been proved. However,
using Theorem 2.7 and the global convergence of the Jacobi

method due to K.Zimmermann we have

bgk) agk)
ii “33 ii 733
and
agk) i
SCRE T |
ii

where 2A,,..,A is an ordering of the eigenvalues depending

n
on the initial pair (A,B). Note that the first two equali-

ties are equivalent to
lin sa(®) p(dy _ o

(see the definition of S(:,-) in (1.2.23)).

44

3. ASYMPTOTIC CONVERGENCE

3.1. Assumptions and Notation

To Chapter 3 we study the asymptotic convergence of the
special Jacobi method derived in Section 2.2. The central re-
sult is presented in Section 3.3 where the quadratic conver-
gence of the cyclic method is proved in the case of simple
eigenvalues. In Section 3.4 we present some unew estimates
obtained in the case of multiple eigenvalues. In Section 3.5
we use a qualitative analysis of the algorithm in the case
of multiple eigenvalues to show that the quadratic convergen-
ce cannot be proved in the general case. In Section 3.6 we
show that the method can be asymptotically modified tc be al-
ways quadratically convergent. Finally in Section 3.8 we pre-
sent the results of the numerical investigation of the asymp-
totic convergence.

Throughout this chapter we use the following notationm:
k
O e P L MUl

X = VA0, 3 = /00, t {12,

() _ () ck_{l’ o> 0

b=max ’ e, = -8
ASkeN k 7 “om o 1, e <0 !

o1 ers (b%))"(tlfn) = u +iv,
F, - R{Wp(RIp{kIe) |
R e ) T

Here N 1is defimed by (2.1.3) while S(,') and 7T(-, ) are
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as in (1.2.23) and (1.2.24) . Note that Ty 1is defined only
for elmost diagonal pairs. The ({,m)-restriction of F, has

the form

cos @y ei%k gin Py
# o1 , (3.1.2)
ty s !
-o 1Pk sinvyy  cosy, J
where t, is defined by (3.1.1) and
2<:osatpk = 1+b, sin29) +t) cos 2% .cos ¥y, ‘(’kﬁf_o,%)
ZCosz\yk = 1-by sin 29, +t, cos 29 cos ¥, Vke[o,-;-)
el sing, =
= iazg(bsg))[ in 2%, -b, -i t, cos 29, siny, 1/(2cosy,)
e 810 2V =By -1 Ty cos ¥y sinyy ¥
e-ipksin\yk =

: k)
e-lﬂl‘S(bSm )[sin 28, +b, +1 &, cos 29 sing V(2 cosqy )

(3.1.3)
holds. Here the angles Sk and Ok are determined from
Yk
tg §y = 22—, -Z <Kk R (3.1.4)
lekl
and
tg ZS‘k =0y 5
Vek+l;vk tk
bl 2
-5 ‘\9k ¢ (3.1.5)

In the relations (3.1.3)—(%.1.5) the notaticn frowm
(3.1.1) has been uvsed.
If b, =0 and 8 = O then the k'th step is skipped,

i.e.weset 3 -y =0. Ire -0 then 3=y . If

46

SRR

Sl

R

e

ey

b =0 end & %0 then arg(b(k)) in the relation (3.1.3)
is replaced by arg(asm)) » So that u, =& , v, =0,
In this case the formulae agbove are reduced to the formulae
for the standard Jacobi algorithm for the matrix K(k).

Let ((A(k),B(k)),k 21) Dbe the sequence of pairs genera-
ted by a cyclic special Jacobi method when applied to a pair

(A,B) . If
‘]‘-3;2 Ck = O (301.6)

and if an integer r,?1 and a constant c°>0 exist such

that

2
é:(r+1)1‘i+1 € coerlhl ’ I'aro i (3.1.7)

then the method is quadratically convergemt on the pair

(A,B) . Here € 1is defined by (3.1.1). From the relations
(%.1.7) and (3.1.6) we see that ¢, reduces quadratically
per cycle provided it is "sufficiently small”. In the case
of a general cyclic pivot strategy it has not been proved
that tbe relation (3.1.6) holds, but still (3.1.7) can be
proved provided €4 is smsall enough. In such a case the re-
lation (3.1.6) is implied by (3.1.7) provided €, is small
enough. Therefore it is essential to find the conditions un-
der‘which (3.1.7) holds. Sueh conditions are called agympto-

tic agssumptions.

In this chapter we shall frequently use the following two

asymptotic assumptions:

S(B(l)) « L (%3.1.8)
2N
and
2\/;—):551 < & (3.1.9)
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where u = spr (A,B) anma ¢ are defined by the relations

(1.1.3} acd (1.2.6) . Throughout this thesis it is assumed
p22 and n23, (3.1.10)

wher: p is the number of distinct eigenvalues (see (1.2.3)).

3.2. Preliminaries

Here we prove some auxiliary results concerning the Jacobi
method defined by the relaticns (3.1.2)-(3.1.5) . The pivot
strategy is arbitrary if not stated otherwise.

3.1. Lemma. Let r Dbe an integer such that r >3 and let

X be 2 nonnegative real number such that

2rx < 1.
Then
(1) Q-x)T g1+ ]-=7§rx
(ii) (l-xe)-r < 1+%§-rx2
(iii) (1+3)" ¢ 1+%rx
(iv) (l-x)-l/es 1+%x.

Proof: (i) Let (1-x)"lax1+ {. Then 3§ = x(1-x)-1$ %x .

Since x<%— and 1§ <-%, we have

A-0TF =< a+0F -
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é 1+ [1 + (I-'—;—lt)q» (_r%lc)Z + ] 2

= 1+_r§__ < 1+—g—-—rx—51+ -l;z-rx.
1"—;1; 1-2rx

The proofs of the other assertions of Lemma 3.1 are ob-
tained in a similar way. In the proof of (iv) one uses the

expansion of the function (l-x)-l/z. n

3.2. Lemma, Let LW bk, &y end P be defined by the
relations (3.1.1) and (3.1.2). Then

£ nel.fe2 2, .2
£y, € max {l,ul’kllz [Ek-2(ak+bk)], k1.
Proof: For k21 set

¢ k) _(x x K
a = (agl)'age)'m’35121'83121’""55:21'35:21’""355))*

(x) (x X k
a” - (%1)’322)"“ 'eﬁﬂl-aﬁuhw'&ﬁﬁpaﬁiv-o-'ai’.f’),

(k) _(x k k T
AT VRPN 0 PO o PR RS SIS 2D

(0 ) (x) (k) (k) 20T
nm ’

fp = \8p 2 82g 2B 100 B i 2 Ol Bt
where al is the transpose of a. Let a(', a®, ag, a;
be the row- &nd the column-vectors built in the same way,
but from the elements of A(k*l).
The transformation

k+1 X
A(*).F;A( )Fk

implies

hd - e "
= Tk ’ [a'$am.l= Ca’ ’am]pk
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hence we obtain

[l moe [

PR LA
ICe;, az21% < WELNS Ufey, ag 12 .
All the off-diagonal elements of A(k) changing in the

k“th step are those contained in the row-vectors aL, a” and

k k :
column-vectors ay, ay , except aém) and ag(‘) which are an-

nihilated. Since l\ﬁ;lla = “f’k\\z we have

20Dy ¢ 62a00y L (nE N2 - 1) (a2 + a2

+ llagll + lagh®) - 282

Kk <
¢ max {1,155} (s2(a()) - 262) . (3.2.1)
The same analysis applies to B(k) » hence we have

s2(80* D)) ¢ maxfa, 18,13 Y(s2(5(%)) -9, (3.2.2)
Since bg) =1 (1$i€n; k31) we have
e2-82(a00) 50Dy | 520, (0, 230Dy
k21. (3.2.3)

Lewma 3.2 follows directly from the relations (3.2.3),
(3.2.1) and (3.2.2). »

3:3. Lemma. Let the assumptions (2.1.8) and (3.1.10) hold,
end let &, by b, gy, X, be as in (3.1.1). Then

1
.88 = 2.4
b< 0.88 55 (3 )
N
) (aE+vd) ¢ 0.877¢2, (3.2.5)
k=4
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32(A(k+1)) SE(A(I))

LB | ¢ xxpex, |23 | ¢

~

2 2
é’k+l el
< 1.754 sa(B(l)) , lsksN, (3.2.6)
2
&

Proof: PFrow the representation P - ng)D(k)ng)cza(k)
(see (3.1.1)) we can conclude that

e 3 < lln(k)\lg =1/(Q-b) = x., k21l. (3.2.7)
Using Lemma 3.2 and the inequality (3.2.7) we have
e2,¢ xld-206ZeuD)e
< xlmealegy ~ 208y 1§ ] - 22 4 6D} ¢ .
e $ xkx‘k-—l"‘xlti -agxkxk_l...xj(a§+b§) £
< 1-»)Fed -2i(a§+b§) , 1Sk<F.(3.2.8)

Jea
Thus

"
2., ¢ Q- Med-2) (24D

and since LYY 2 0 we have -
i (aZ +b2) ¢ %— (1-») el (3.2.9)
k=4

To prove the inequality (3.2.8) we set (%) .s(8(¥Yy3

k21. Then

b < e(k) y k21, (3.2.10)

and the inequality (3.2.2) yields

. (x)
+ — 1. (3.2.11)
e(k 1) <J==ke(“) < — E(“) , k21 3
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By inducticn with respect to k we obtain from (3.2.11)

1
(k+1) < -—L(-)—- , provided k8(1)<1

The assumption (3.1.8) yileds N9(1)< V2/4 , hence

4

y2
RESE _.ﬂ.v_i. < “_*7_\@2LN , lekeN.  (3.2.12)
Vr-eig

The inequalities (3.2.10) imply b < max e(k) , and since

\/“_L_V?. < 0.88
?

the assertion (3.2.4) of Lemma 3.3 follows from (3.2.12).
To prove the inequality (3.2.5), we note that the inequa-
lity (3.2.4) implies 2Nb<1l, hence Lemma 3.1(i) can be

applied to obtain

12

a-v7 g 1+—7—Nb <l+5

] “‘;‘fé <1.756 .  (3.2.13)

7
Now the relation (3.2.5) follows from the inequalities (3.2.9)
and (3.2.132).

Pinally, the inequalities (3.2.6) follow from the rela-
tions (3.2.1), (3.2.2), (3.2.8) and (3.2.13). m

3.4, Leama. Let the assumptions (3.1.8), (3.1.9) and
(3.1.10) hold and let 4 Dbe as in (1.2.6). Then for each
pair of indices (i,j), i1<j, and for each k such that

1<k $N+1 either

jag‘;)-ag)] > 2.564 (3.2.14)
or
!ag‘af) - agit)l < 0.44d, (3.2.15)
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of Lemma 3.3 we have
2
Q+p®ef < 175801 +ped <

1 2
1195482 ¢ 0.4882, 1 ¢kgNa1. (3.2.16)

Prom (3.2.16) we see that the assumption (1.2.30) of Corol~
lary 1.3 is fulfilled for each k satisfying 1< kg N+)
By Corollary 1.3 and by (3.2.16) we have

N
2;le£§) -kﬁ_“)la [+ e2/9R ¢

(0.848)2, 1sxeNe1, (3.2.17)
(x) 2 ()
n

where %Ay77, .., is an ordering of the eigenvalues de-
pending on k. Let 1i<j and 1s=ksN+1. 1Ir 'A(k) 7‘(1!)
then using the definition of & (1.2.6) and the 1nequa11ty

(3.2.17) we obtain
|a§§) (k)‘>n(k) k(k)\ la(k) 1(k)‘ hgk) (J)B)I;

> 38- V2lalP -2 (012 4 21o{0) 5002
> 38 - 0.48d8 3 2.564,

hence (3.2.14) is proved.
Ir ‘xgk) = }(.k) then using (3.2.17) we obtain

15§ - {0} ¢ [a{B) - 204 2 - (0|

a3k

< Ia(k> -R(k)l . ‘)gk) - a§’{)l <

Ve‘a(k) Agk)lz+2la§‘{)—k§“)l2 < o.ad,

hence also the second alternative (3.2.15) is proved. m
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By Leuma 3.4 we see that the set
. \ k
$" = fxefl,2,.,N); aﬁm) (‘}‘)Dzs}

is well defined for each pivot strategy, provided the assump-
tions (3.1.8), (3.1.9) and (3.1.10) hold. In the sequel we
use the notation Z, instead of E s, Tor simplicity.
3.5. Lemma. Let :he assumptions (3‘.3;[.8), (3.1.9) and
(3.1.10) hold and let ¢y, ¥y, ey, J end u be defined by
the relations $3.1.3), (3.1.1), (1.2.6) and 1.1.3). Then

e2
Zsm Wy £ 062(14-)12)--6—

k=4

where w, € ('f’k.‘l'k}, 1<¢x<N. If all the eigenvalues Ay

. ¢
are simple then the sum Z reduces to the usual sum 2; amd
"

(3.2.18)

the constant 0.62 in the inequality (3.2.18) cen be repla-
ced by 0.4852 .

Proof: Using the Cauchy—Schwartz inequality, we obtain
trom (3.1.5)

(k) , o(X)y2
2 4+ (ay, ) >
tg< 29, _é._nn__ y ¢
iR ve Tt S
(x) _(k)y2
4
< +(e2,,2 = )(a,2[+b§), k21, (3.2.19)
ey Tk
To estimate ("2‘)*95:))2 we use the inequality
3 < 2p (3.2.20)

which follows from (3,1.10) and the definitions of d and
p (see (1.2.6) and (1.1.3)). By the inequality (3.2.17) and

the triangle inequality we obtsin

Iaglk) (k)l l(?\(k)+ (k))+( (k) A(k))#(qik) )(k))\$

¢ DE v 1@l - 20 4 (o0 a1y ¢

< 2)4 \/2(3(“) )‘(k))a .,.2(8(1() )(k))? <
£ 2)1+0.MJ 4}4(2.;%0_44) < -%,u, keSS’

The relations (3.1.1), (3.2.14) and (3.2.4) imply

ei > 2.‘56232 . ke S’
2 2
2 2 0.88 0. 44
t, 2 1-Db 31_(_‘__) >1_(___) > 0.97848 ,
k 2N 3 97

(3.2.21)
Inserting the obtained inequalities into {3.2.19) we have

5
LIS
sin229k < tg° 29, ¢ ——-f—}i (a§+bﬁ) &

6.4126 82

2
< 0.85 ]‘-3?}‘—(a§+ v2), kes’. (3.2.22)

From the definitions of sin¢, and siny, (see (3.1.3))

we obtain

2 max {sinzq!k,sinzxyk} £ 1-t, cos 29k cos ¥ + bklsin 2\9kl-

sin® 2% + cos® 29k(siu2[k + bi cos? ) N

1+t cos 29, cos Tx
+ b lein28, 1, k31, (3.2.23)

For keS’ the relations (3.2.22), (3.2.16), (3.1.4) and
(3.1.1) imply

2 2 .2
.2 1+p5, 2 .2 A HT €
sin ZSk £ 0.85 42 (ak+bk) < 0.85 52 _21!. <

< (.187,
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cos2}, > Y1-0.187 = V0.813 > 0.9

sing, < 20k (2 <o 78125 2k
T € leyl ~2.56° ¢ <©- 5

Z1
cos fi > |1-0.781255%-0.84 > 0.93 . (3.5.20)

Using the ivequalities (3.2.24) and (3.2.21) we obtain for
keS’

1 < 1 < 0.54711
1+t cos 20k cos Yy 1+0.989°0.9°0.93

2
a
siue(k + bi cos2 T < 0.6104--3—5- + bﬁ

2
fsin29,) ¢ 0.92p 14T (a2 +b2)
Pk k s ko Tk (3.2.25)

Inserting the inequalities (3.2.25) into (3.2.23) we obtain

2
. .2
2 max {sn'.n2 P> 810 Vx} < 0-54711{0~85 1—;2L(a§ + bi) +

2
a ‘/ 2
* 0.6108 =% s by ] s0.922 ST (2, 42y

xcS’. (3.2.26)

Note that the inequality (3.2.20) implies
2

J.;TL > % . (3.2.27)

By (3.2.26) and (3.2.27) we have
2
2 max {siuchk,sxin2 Yyl & 1—;‘2"—(35 + bi)'
-(0.54711°0.85 + 0.54711°0.6104 + 0.922-§)

2
€ 1813667 144 +00), ket (3.2.28)

If p=n, i.e. if all the eigenvalues )\_i are simple,

[}

then the sssumption (3,1.10) implies
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hence the inequality

2
-I—QL >3 (3.2.29)

holds. By the inequalities (3.2.29) and (3.2.26) we have
2 max {sin2 <pk,s:'m2 Vkl <
2
< -1?*5‘—“5»,},5)(0.54711'0.85+o.5a?n-o.s1oa +

2
+0.922%) < 1.1054-—-&-1;2 (e2+12), x1. (3.2.30)

From the inequalities (3.2.28) and (3.2.30) we obtain

2
0.70684 1—;—5‘— (2+22), p<n

.2 .2
max §sin“ g, ,sin“y, J< R
0.5532 —f‘—lg (a2452), p=n
(3.2.31)
In the case bk-o, ak+0 we have 9k'vk'9k
where
Iad 2 8 .
= e = —— k€S
ANt A €2 T
hence
2 2 1 o\
i I3 xeS’.
wax {sin“¢, , sin \yk}s(z.% 5 ) , ,

Thus, in this case the inequality (3.2.31) also holds.
Lemma 3.5 follows from the inequalities (3.2.31) and
(3.2.5). m
Suppose the assumptions (3.1.9) and (3.1.10) hold. Then
Theorem 1.2 can be applied to (A(I),B(l)) . If in addition
a2 all) 5 2 (3.2.32)
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then the assertions (1.2.26) and (1.2.27) of Theorem 1.2
hold for the partition (1.2.8) of matrices A(l) and B(l).
The problem arises whether this result holds for the whole

cycle.

3-6. Leuma. Let the assumptions (3.1.8), (3.1.9), (3.1.10)
and (3.2.32) nold. If in additionm
Qa2 S5 452,
p+1
where €., g and d are defined by (3.1.1), (1.1.3) and

(3.2.33)

(1.2.6) respectively, then for k=1,2,.,N+41 the estimates

"A;E]:) - )‘s B(k) Z “A(k) ) B(k)“2

13‘
J#
1¢i<p (3.2.38)
and ,
) IadE) - B2 ¢ [(14pPr2/6)2 (3.2.35)
hold. In the estimates (3.2.34) and (3.2.35) )., 6. and

84 1
Ty &re defined by (1.2.3), (1.2.5) and (3.1. 1),reapect1ve1y

snd the matrices (k) B(y) are partioned in accordance with
(1.2.8).

pivot strategy. Therefore the condition (1.2.30) is fulfilled
for all 1<ks<N+l1. By theorem 1.2 for each k (2 ¢k $N+1)
there is & permutation matrix Pk such that the inequalities
(3.2.34) and (3.2.35) hold for the pair (P;A(k)Pk,P;B(k)Pi).
From (3.2.32) we see that Py = In . It remains to prove that
Pe=I, for k=2,3,..,N+1. We prove this by induction.

p(k)

Suppose =1 for a fixed k, 1<¢ksN. Wo shall

prove that then P(K*1) 1, -
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From (3.2.17) we obtain

]af_§> A < "2_.0 446 < 0.312§, 1¢r¢n  (3.2.36)

where 31,.~,) is an ordering of the eigenvalues. Note

n
that in the k“th step only 35}) and aék) change. For

the case ke + Am we have only two possibilities: either

las ) -3 lco.3128  ana 1D oy | £ 026

or
ladf* ) -2glc 03128 ana 1a{EFD) L\,) £ 03128,

(3.2.37)
Any other possibility leads to a contradiction with the

assumption (1.2.3) on the multiplicities of the eigenvalues.
Therefore it is sufficient to prove that the inequalities imn
(3.2.37) do not hold in the case ), # km .

Since the inequalities (3.2.37) and (3.2.36) imply

1 x
l"(hl) (lll()\)hl ‘Am“"’gch )"w‘ ‘h‘("sc)‘ >
> 38 - 0.312d - 0.3128 = 2.3764",

it is sufficient to prove that the conditions ©f Lemma 3.6

imply
laGk ) - a0 < 2,376 4. (3.2.38)
Using the relation (3.1.2) we obtain
(DL ) L (02 - a2y o) + sinyy oE) -
- 2cosgy sinyy Re(e~ 1Pk a(}‘g )/ (2 - bi,) ’

hence
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o667 a0l ¢ L Lonelef) 181}

-(]bi—sinevkl + sina\fk)+
+ (sinewk + ai)]. (3.2.39)
Note that the relation (3.2.21) implies
1/(1-v%) < 1.022 .
Since

sin? Py +sin wyk , sin2 Px abk

bi +3in® Yy » simz:{»k <b12‘

we obtain from (3.2.27) and (3.2.31)

lblet - sinaqkl + sinzyk {

2
‘bﬁ-sineqakl + sinz-\pk < 2°0.907 i—';5— (a§+b§) -
2
1.814 T;f_ (a2 +12)
By the relations (3.2.36) and (3.2.20) we have
|al(,:)\ £+ (k)-krl € p+ 0.3128 £

<p(1 +§--o.312) < sﬂ.

hence

max {la(k)l (k)l}
Finally, by (3.2.27) and (3.2.51) we have
sinzvk + ai < 0.907 1320 52 (a *bk) +
2
41+ 2.2
+ 9—?5—(%4-!)‘() < 1.152%;— (a§+b)2().

Inserting the obtained inequelities into (3.2.39) we

obtain

2
la(k+1) (r)i < 1.022 Lf{—(ai*bi)'

[Zpr.ms + 1.052] <

2 .2
€ 1.022(1.65p +1.152) 1}? Lx ¢
2
< 0.85 1—}5—();“)-512: .
The inequalities (3.2.6) and (3.2.33) imply
(k+1) _ (%) 142 2
laj, ag, | £ 0.85 1.75 el <
< 1.54,
which proves the inequality (3.2.38) and Lemma 3.6. m
w All the results obtained so far have not depended upon
any particular pivot strategy. The following result concerns
i the two special cyclic pivot strategies and does not depend
on any (asymptotic) essumption (cf.[9]).

3.7. Lemma. Let the pairs (A(k),B(k)) and ('A'("),‘ﬁ(k)) y
P k>1, be generated by the row- and the column-cyclic Jacobi
method, respectively. I

~ ~
(A(l),B(l)) - (A(l),B(l)) (5.2.40)

then

(A(rN+1),B(rN+1)) - (x(rN+1)'§(rN+1) ,

21. (3.2.41)
Proof: Ovpviously, it suffices to prove the equality

(3.2.41) for r=1. Set

k+1) * (k) 2Ak+1) 3+ AX)F

! k+1) s {%) 2k+1) e EX)H
B( + - Fké Fk' B -Pkg Fk

From the assumption (3.2.40) we obtain
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AL | Wy (D (M) F(801) 5N (DF(N)

B(D) | pNag(Dp(®) | 3(+1) _g(Mwg()5(0)

where

(k) H(k) ~ ~
P mF,wF, FY.RELF, 1exen.

Lemma 3.7 will be proved if we show that
-
NONEON

Let F(l,m;f’) stand for the elementary plane matrix defi-
ned by the pivot pair ({,m) and its (¢,m)-restriction ¥.
Since we consider only the first cycle of the two cyclic Ja-

cobi processes, we can set
Fo= F?m = F((,m;Fk) s
Po=Fpp = P(LB;F), 1skeN.
Here ({p) and ({,%) are the pivot pairs of the k'th step of
the row— and the column-cyclic process, respectively.
Since the matrices F(i,j,;') and PF(q,r;*) commute pro-

vided {i,j}nl{q,ry =&, we have

(¥) -
B FioFygemFypFog e Fop e Py 1

= F12F13F23F14P24F34“'FlnFZn”‘Fn—lp .
On the other hand

-~

"'(N) - - - -~ - -~ ”~ -~ ”~
B0 = By oFy3FosFy g Fop Py e By Fop e Fry 1

and therefore it is sufficient to prove

Fij = Fijo 1#i<jsn, (3.2.42)
o~

i.e. thet the (i,j)-restrictions of Fij and Fij are

equal. Wo shall prove the relstion (3.2.42) by induction

with respect to n.

For n=2,3 the row- and the column-cyclic pivot strate-
gies coincide, hence the relatior (3.2.82) holds. Assume
that (3.2.42) holds for all starting pairs (A,B) with ma-
trices A, B of order n-1, and let the pair (A(l),B<l))
be such that the matrices A(l),B(l) are of order n.

Let the matrices Py, F(k) . f& and P(k) be defined as
above with respect to the pair (A(l),B(l)). We introduce
a new cyclic Jacobi process defined by the following sequence
of pivot pairs :

1,2),,3),~,(1,0-1),(2,3), - ,(2,n-1), .,

(n-2,n-1),(1,n),(2,n), .. ,(n-1,n) .
According to this cyclic pivot strategy we define the gene—
’ ’

rated watrix pairs (A(k),B(k)) , and the transformation
matrices Fi, F(k)' so that

(k+1)” (x).p- (k+1),  poap(k). .

A = PAYRL, B = P UBYUOR,

A(k)’ - F(k)‘*A(l)P(k)' . B(k)" F(k)'*B(l)F'(k) .

p(¥)- ~FjFjFy, By - FLo.s F(E, W, F),
1sk<N, )
holds.
We prove (3.2.82) in two steps. In the first step we
prove
1¢i<j¢n, (3.2.43)

Fig = Figo

and in the second step we prove

F'

13 ='F’U, 1<i<j¢n. (3.2.44)

Pirst we prove the relstion (3.2.43) . The proof is divi-
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ded in two parts. In the first part we prove by induction
with respect to i that

= P, 1si<jsn-1 (3.2.a5)

Fig = Fiyo
holds. In the second part we prove

P, = Fyp» 1€ifo-1. (3.2.286)

Por i=1 the equalities

Fij

= Fiy» J=i+l,is2, . ,n-1 (3.2.47)
hold. Suppose that (3.2.47) holds for all i satisfying
lsici < n-3. We shall prove that then (3.2.47) holds for
ia io+ 1,
Let ACK) (af_:)) . A(k)' = (a(:s)') (similarly for
B ana By | ana 1et
9,=0, 4q.=q. +n-r, r=1,2,..,n-1. (3.2.48)

By the induction hypoth:sis (with respect to i) and by the
definition (3.2.38) of q;'s we have
(@i +1) | (Qip#d-ip)-
] Ts
b(qi°+1) - b(qio-bl-i&.
) s
ijtlsrssen-1. (3.2.89)
Kote that the relstion (3.2.49) only expresses the fact

thst the trsnsformation Py (11 ‘io) has no iwpact

on the values of af_gi'*l)

Prom the relation (3.2.89) and from the definition of the

b(:si.’l) » i tle¢rsesen-l.

pivot strategies we conclude that (3.2.27) holds for

i=ij +1 . This proves (3.2.45).

To prove the equalities (3.2.46) we note that the (1,n)-

A(N-n-l»2) .

~restrictions of and of A(‘n) are equal. The

same holds for the matrices B(N-2+2)- n pla1) There-
fore, (3.2.46) holds for i=1. Since Fy, cosmutes with
all P, (°F£-s) such that 2 sr <s<n-1 we can conclude
that the (2,n)-restrictions of AND*3)e o4 p(F-1+3).
coincide with the (2,n)-restrictions of ala2) g Bla2) R
respectively. Thus F2n ’Fén . Continuing with these conclu-
sions we prove other equalities in (3.2.46).

To prove (3.2.84) we use the inductiom hypothesis (on n)
which implies

F{d-fij, 1si<jen~l.

Therefore F(N—'“'l)' _'l}'(N—n«yl) and (A(N—n+2),’ B(N-n+2),) -
- (X(N~n+2)'§(ﬂ—n+2)) . Since the last n-1. transformations
of the full cycle are defined (for the both pivot strategies)

by the same order of pivot pairs we have

. ~
Pinapin, lJ¢igsn-1l.

This proves (3.2.84) and completes the proof of Lemma 3.7. m
Note that the proof of Lemma 3.7 spplies to any Jacobi-like
process satisfying the two conditions :
1.The algorithm is defined at each step by the same (uni-

que) rule ;

2.The algorithm uses only the elements of the 2+2 restric-

tions of the iterated wmatrices.

At the end of this section we prove that all obtained re-

sults hold for the real Jacobi method due to K.Zimmermann .
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3.8. Lemma., All the results stated in Lemma 3.3, Lewma
3.4, Ietma 3.5, Lemma 3.6 and Lemma 3.7 hold for the real
Jacobi method defined by the relations (2.2.18)-(2.2.21).

In Lemma 3.5 the relation (3.2.18) can be replaced by
2
4
[ 0.57(1+pu2) }-% ., P<n
sin2 5
£
0.422(1 +)42)-_l P
52

"
=}

where "T’ke{";’k s ;‘,k}.

Proof: The proofs of Lemma 3.3, Lemma 3.4 snd Lgmma 3.7
hold trivially for the real case. To prove Lemma 3.5 we use
(2.2.21), (3.2.19) and (3.2.21) to obtain (3.2.22). For
k€S’ we have

sin2 5‘: £ %—tgegk 3 Q'TSS.Liﬁf. (aﬁ +b€) .

From the definition (2.2.19) of sin $k’ sin\'}"k we obtain
ainzsk < Dsinsk\(l "Ek:ik) + cos§k~l§kl]2
3 (sinzsk + ‘5‘12() [(1 - §k7;k)2 + cose:‘:‘k] <
(29in2§k +2§£, k21,
The' assertion (3.2.4) of Lemma 3.3 and the relation
(3.1.10) iwply

b ¢ b 288 0.8 (N,
2.3 6

Using this result in the estimate obtained from the relation

(2.2.20) we obtain

2 _ 28 _Wf

L +2\[1-bf T 14V1-b2

2%

Dy € > (3.2.50)

el
6+¥35.12

For k€S’ we obtain

< € 0.5031 b2, 1< ksN-1.
. 2x . 2
eindd ¢ 282 L5 (af+ v vo.5031 0
hence the relations (3.2.27) and (3.2.29) imply
2
(0.425+ 5 0.5051) L4 (o + 1)) <
2
sin?e, < so.6491—;§- (s2+12), pen
(0.525+3 0.5031) li;?ﬁ (a2 +12) s
2
¢ 0.881 LA (42,42) =n.
l?&— ap + by pP=n

(3.2.51)

The inequality (3.2.51) and the assertion (3.2.5) of

Lemma 3.3 imply (3.2.50).
To prove Lemma 3.6 it is sufficient to see that (3.2.38)
holds. From the relation (2.2.18) we obtain
k+1 2 2 k
a(u" )—a(};) - yk[(bk-sm Px) n(“) +
+ s:i.nzwk a(:m) - 2cosy singy é:;)]
where y, is defined in (3.1.1). We obtain

|a(“:*1) - asf)l < [mu{lasf)l ' \as:;)\}-
-(Ibi - sin‘??ﬁkl + sinzﬁk) + sin%k + ai]/(l-bZ) .
Using the same estimates as in the proof of Lewne 3.6 (re-
placing Py v Yy by Ték N ";'k , respectively, we prove
(3.2.3%8) for the real method. This proves Lemma 3.7. ®
Note that Lemma 3.7 holds for the method due to S.Falk

and P.Langemeyer .
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3.3. Simple Eigenvalues

Here we prove the quadratic convergence of the special
Jacobi method in the case of simple eigenvalues. Thus, p-=nu,

Ty =6 (k21) and (cf.(1.2.6))

Jd
3.9. Theorem, Let the assumptions (3.1.8), (3.1.9) and
(3.1.10) nold for the pair (A4,B) , and let the sequence of

36\ = ?};}l)\_j-'X.l .

pairs ((A(k),B(k)), k»1) be generated by a cyclic Jacobi me-
thod defined by the relations (3.1.2)—(3.1.5). If the eigen-

values of the pair (A,B) sre simpe then

2
€
Egay € VN1 +42) + . (3.3.1)

Moreover, if the pivot strategy is row- or column~-cyclic then
5 €5

Epay S Y147 — . (3.3.2)
d

Proof: The proof uses the technique developed by J.H.Wil-
kinson in (20].

Pirst we prove that the estimete (3.3.1) holds for an arbi-
trary pivot strategy. Let k (1<k<N) be fixed. Then the
pivot‘ pair ({,m) is also fixed {cr.(2.1.4)). Consider the ele~
wents aE:) » r=k+l,k+2,..,N. Note that aS:"l) =0 and that
ag;) changes at most 2(n-2) times. Let us denote by
Ty Ty, vy (8<2n-4) those values of T for which aS;)
changes in the r th step. For simplicity we set 25 = aszi+1)'

0<€i<¢s, where r =k. Then the relations (3.1.2) and

(3.1.1) ioply

. ivy .
2y = \/yrl( Ocoswr1 + ot d 1snnu)rl)

z, = Vyre(zlcos w;2 + al72) dv2 sintor2 )

zy = Vyrj(3-1°°s wl'_j + afrd) &V3 ain orj )

1<jss, (3.3.3)

.
where wrj y Wn

) ) v | 2t ’ [ ’
j‘i‘fra- "*'rjx jei“r:j t’(r‘_) Prj p’rj3

while a(T§) g a certain off-diagonal element of

A(rj) . From (3.3%.3) it follows
2 st \/y y . a(ri)-sin w <
‘ J) = VIrrs yrj' 1 ril

3
(1~ 2)“*"/2}: 1a(m1)})51n “rl,
t=A

lsjcsa. (3.3.4)
For k»1 set

A L p{) L g0 () g1 ag(all), ..,alk)y

The matrix E(N"l) consists exactly of the elements Zg .
Note that s 1is a function of the pivot pair ({,m) (hence
also of k) and the cyclic pivot strategy under considera-

tion. Frow (3.3.4) we conclude that
‘E(N*l)\ S (l_bz)"('ﬂ-a)(lp(2)“sinu2\+
+ IP(B)Hsin (.\3] + lP(N)Hsin ‘*’N‘) R (3.3.5)

where each matrix P(k) conteins non-zero elements only at

those positions of the £ th and m“th row and column which have
(x)

already been pivot positions. The non-zero elements of P

are certain elements of (k) belonging to the (“th and
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m'th row and column. In (3.3.5) we use the notation
jel = (\cijl) where Ca (cij) is an arbitrary matrix.

By the assertion (3.2.6) of Lemma 3.3 we obtain
NP - 1) ¢ sat®)) ¢
< W7ss s(ay | ackgw. (3.2.6)

By the relation (3.1.10) and from the assertion (ii) of
Leoma 3.1 we obtain

e _ 1/3
(1-62)7(2) ¢ [12) Mo ¢ +‘Z;%-%%) ¢

< (12113 ¢ 1.03. (3.3.7)

Using the relations (3.3.5), (3.3.6), (3.3.7) and Lemma
3.5 we obtain

S(A(N+1)) . “E(N+1)“ - lHE(l‘hl)H\ <

N
1.03\1.754 S(A(l))z lsin w,] ¢

1.36812 s(a(1)). [(N-I)Zsin w2

0.9502 \/N(l p ) S(A(”) (3.3.8)

The same snalysis applies with s(B(l)) and S(B(N+1)) .
Therefore (3.3.1) follows from (3.3.8) and the definition of
g (see (3.1.1), (3.2.3) ama (1.2.3)).

Let us prove the second part of Theorer 3.9. By Lemma 3.7
it suffices to prove (3.3.2) only for the row-cyclic pivot
strategy. Applying the analysis which was used in proving the
equalities (3.3.3) to the row-cyclic pivot strategy, we obtain

for the elements of the first row

7C

02} « ;\/_“*, Tier-Tpy leinwg Hall) |,

28jsn-l.

By the Cguchy—Schwartz inequality we obtain for 2 < j¢n-1
n-4

('ﬂ)‘ < Zl"gii}‘a Z IV ps1 = Tn-1 sin® Yo (3.3.9)

Since a(l v) o , the ivequality (3 3.9) implies

N-4 N4

Z la(n)‘ [ ZZ |a§:2‘]| ]Zyk...yn_lain Y -
(3.3.10)
First we estimate the sum in brackets. Since
a(ijj—l) - a(ii:_,) , 2¢i<jgn
and
|a§§)l= ‘a(k)\ lei<j<m, k21
we have
S5 e Zi a2
jor 14
Zf lal3; 1’12 Z lalinz . (3.3.11)
r J:‘) te2

In order to estimate the last sum on the right-bhand side
of (3.%.11) we use the invariance of the Buclidean norm under

unitary transformations. For 2 +i¢ j-1, 3<j<¢<n we have

a2 a(i-1)] 2
13 e [P
() G-
ij *1J
' 3%“1) 2
< H¢(i‘l)*R(zi'l)*D(i‘l)‘ngl'l)‘ﬂg (i1 -
ij

7



(1 2
- nD(l-l)”.?
(1 1

where the relation (3.1.1) has been used. By (3.2.7) we
obtain
in2 i- i-
‘a(lj)l . ,a(x)l i-l(‘a(ll;j 2, la(ilj 1) 2)
2¢i<j-1, 3<j<n. (3.3.12)

Iterating the inequalities (3.3%.12) for i 22,3, ey j-1 we

obtain
s
1) 2
‘a(ldj ) +;Zz }a(l)l 2 ¢ xlxz...xj_z-la(l)le
34 "
+ Zz X3_1%5 X350 la(l—l)l 3¢j<n,
[t
and since
i-1 P
a(ij ) . (113)' 2¢i<j¢n,
we have

ZZ Ia(i) £ XyXpeme X ZZZ la(l)

3 i R
xlxzn.xn_z»%'sg(A(l)) . (3.3.13)
By (3.3.10), (3.3.11) eand (3.3.13) we have

n-4

(n) ‘ 102, f1 .2
; Ia £ xl"::*xn-272’3"‘7n—1'5's f 5; siny,
(3.3.14)

During the next N-n+l steps the elements of the first

row will interact between themselves. Since

(k+1)| 2 Ia(llf;l)lz < xk(la(lke)l 2, la(f;)\ 2),

2¢l<mén,
which can be obtaived similarly as the inequslity. (3.3.12),

we obtain frow (3.3.14)
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Z ‘a(nu) € X%y q Xy ):la(“)

j'l
< X)X e XY one n-l"a'sa(A(l))Z sina\yk. (3.3.15)

Consider now the matrix pair (A‘()n%,n‘()ni)’ where Agnz ’

B(n) are the submatrices of A(n), B(n) respectively, ob-
n-1

tained on the intersection of the last ©»-1 rows and colummns.
Applying the result (3.3.15) to the pair (Aﬁ?_i,nﬁf_‘g) we

obtain
n
N 1
; l o ) xnxn+1“’nyn_-1“'y2n-3'
1 2(A("))Zsm Yy *

anvt
More gemerally, let g; (Os¢ i €n-1) Dbe defined by
(3.2.48) . Apply the inequality (3.3.15) to the principal
submatrices of A(qi+1) and B(qi’l) , obtained on the inter-

section of the last 0n-i rows and columns. Then we have

N 1)
Z la§+i'J £ 1:‘¥:l...1:N yqi"z“.’qiﬂ'

j-n‘l.
9Giva
Sz(A(ql*l))Z sin Vk s, 08ifmn-3.
2 x=q;e2

Since the assertion (3.2.6) of Lewwa 3.3 iwmplies

SZ(A(qi+1)) € Xy Xq Sa(A(l))
i
we have for i =0,1, . ,0-3

(H+1)
Z! 1+1,j $ X)Xy XyTo +2-7qi+1

r"t Yiea
Sz(A(l))Z gin® vy S
k=q; 2 N
s Qo252 120y ) g5y, <

k=q 2
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Qlﬂ_
< 31.806625%(aA11)) ) Gain?y, . (3.3.16)
oq; V2

Here we have used the relatiomns (3.2.13) and (3.3.7).
Since af]f{lr)]-o we obtein from (3.3.16)

SZ(A(N+1)) . Z'iila(lhl)].? <

(20 Joted i+1,j
a2 TV
s 1.806625XAM) ) ) siny, =
l;o gyl
- 1.80662 2(A11))  siny, . (3.3.17)
ka4
mytn

Using Lemma 3.5 in (3.3.17) we obtain
2
3
s2(a(™1)) ¢ 1.80662 0.4852 (1 + p2) _é% s2a(1)y ¢

2
€ 0.8766 (1 + )aa).%%.szu(l)) . (3.3.18)

Since the whole analysis applies to the matrix B(l) we
conclude that (3.3.18) holds with 52(B(1)) apa s2(8(N+1))
instead of SZ(A(D) and SZ(A(NH')) , respectively. There-

fore we hsve

.2
£2,, ¢ 0.8766 -5% (s2(alD)y 4 s2(8(1)yy ¢

2

£

¢fo-9sVis 2 1)2.

The obtained inequality implies the estimate (3.3.2) hence

Theorer 3.9 is proved. m

The estimates (3.3.1) and (3.3.2) ere quite analogous to
the known estimates for the standard Jacobi method obtained
by J.H.Wilkinmson in [20].

The factor Y1 +/ue which does not appear in the estimate
for the stendard Jacobi method originates from the presence of
the sum a(l]:) #a(m‘;) in the numerstor of the expression for

te 29k (see the proof of Lemma 3.5) . The asymptotic sssuwp-
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tion (3.1.9) is approximately W times stronger than
the assumption in {20].

ir § is very tiny due to a pair of very close eigenvalvues,
then the estimates (3.3.1) and (3.3.2) imply that ENsy 18
not "essentially smaller" then ¢ 1 The following result
implies that in such situations certain off-diagonal elewents
of A(N*l) and B(N+l) are still essentially smaller than €;-

3.10. Corollary. Let the assumptions (3.1.8), (3.1.9),
(3.1.10), (3.2.33) and (3.2.32) hold and let the eigenvalues
of the pair (A,B) be simple. Then for the row—and the co-
lumn-cyclic Jacobi method defined by (3.1.2)~(3.1.5)

n

2
Y Cladi 12 {2y ¢ o.a385 124~ €],
1

Juies

1¢i¢n-1, (3.3.19)
holds where J. is defined by (1.2.5).

affiliation of the diagonal elements to the eigenvalues does
not change. From the proof of Lemma 3.5 we see that (3.2.31)
can be repaced by

Q1 +)42)(a§ + b.i)

0.70684 ., P<n
max {52,55}
sinzwk < ’
0552(1+)¢2)(a$+b§) pP=n
. 3 mu{J?'és} *
xeS’, (3.3.20)

where ay €{¢,,w,} end ¢, is as in (1.2.5). By (3.3.16),
(3.3.20) and (3.2.48) we have
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Z 872012 < 0.90331 s? A1y 0.5e32 1*" Z({mﬁ

jeisa 1+1 kgl
¢ 0.5 '_QL Sz(A(l))Z(ak bk) y» Osisn-2.
1+1
Using the assertion (3.2.5) of Lemma 3.3 we obtain

2
Z, 712 ¢ 0wz 122 2 2UD) | 1ginea,
i

’uM

Since the same inequality holds with b(f.;l) and SE(B(I))
the relation (3.3.19) follows from the definmition of 3%
(see (3.1.1) or (3.2.3). m

Note that the assumption (3.2.32) of Lemma 3.10 s not
essential (cf.Theorem 1.2).

3.11. Corollary. Let A, B be symmetric mstrices such
that B is positive definite and let the sequence
«l(k),B(k)),kkl) be generated by a c¢yclic Jacobi method de-
fined by the relation (2.2.18)-(2.2.21). If the assumptions
(3.1.8), (3.1.9) and (3.1.10) hold then the both assertions
of Theorem 3.9 are valid. If in addition the sssumptions
(3.2.33) and (3.2.32) hold then the inequality (3.3.19) is
also valid. )

Proof: The proofs of Theorem 3.9 and Corollarz 3.10 iﬁ the
case of resl matrices are identical to those in the complex
case. Hgving in mwind Lewmma 3.8 it is possible to decrease the
constants Vﬁﬁi:;ﬁs/f and VT;;E/J in (3.3.1) and (3.3.2)

by the factor C.422/0.4852. m

3.12.Remark. The quadratic convergence-of the row- and the
column—-cyclic real Jacobi method due to K.Zimmermann can be

also proved vsing the estimate of Zimmermann (see [25], Satz
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8, ».3?2), which can be in our notation stated as follows:

n j2

Ener € {[1 r”_l cosa\'} ]1/2+(1+t) N—l}al

323 i
d -
where ¥, . is ‘9‘( from the relation (2.2.21) provided that

i=¢ and j=m. Here

1 1
t= -1( = -1
sl s

hence the assertion (iv) of Lemma 3.1 implies ts—g—b . Using

the assertion (iii) of Lemma 3.1 and the assertion (3.2.6) of

Leoma 3.3 we obteain
(a+0)V-1 < (1+.3.b)"—1 < 1+%N%b -1s %Nbs

« 2B sy ¢ 40687 N e, < 075N, .

On the other hand by a variant of the Bermoulli’s inequali-

ty (cf.[12]) and by the relatioms (3.2.22), (3.2.5) we have

n j-i n 32
n n cos® 3 «9 < ZZ sin? S
B 4 ,u’s ing

2 2
0.85 1 + 4° E 2.2 1+ 2
s—Ti 24 (ak+bk) ¢ 0.1864 -—Jf— £y <

< (0.432\/1 +p El/tf)2 .

 We have proved
2
1

1+ £
the1 § (0.432 y + 0.75 N)
Since all the eigenvalues are separeted we have 2u 2 (n-1) 34

hence Vl +j.2 /8 2 3(n-1)/2 . Therefore we have

Vie2 2
€4a1 4_1_;&_ (0.832+0.25n) €5 .

Since 0.432+0.25n 21, n 23, the obtained result is not

better than that from Corollery 3.11. m
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Using Theorem 3.6 and Corollary 3.11 it is easy to formu-
late the quadratic converzence result for the real wmethod due
to S5.Falk and P.Langemeyer.

3.13.Corollary. Let A, B be symmetric matrices such that

B is positive definite and let the sequence ((A(k),B(k)),kz 1)

be gensrated by a cyclic Jacobi method defined by the relations

(2.2.23), (2.2.25), (2.2.27), (2.2.31) and (2.2.32). Let the
assumptions
1
S(In,B) < 55 °
2VI+}}-S(A,5) < &,

and (3.1.10) nold, where 3(,-) y #+d  are defined by the re-
lations (1.2.23), (1.1.3), (1.2.6), respectively. If the

eigenvalues of the pair (A,B) are simple then

s(a(N1) D)y V‘ﬁ(? ) 5%(a,B) .

Moreovgr, if the pivot strategy is row- or column-cyclic then
(AL gDy !g;§¥1f $2(4,B) .
Proof: The proof is a direct counsequence of Theorem 2.6
and Corollery 3.11. Note that
S(1,,8) = S(D_BD )

where DO-diag(l/@,m,l/ﬁ])- Also S(A(l),B(‘l))-S(A.B)
since A(l)-A, B(l).B. = ’
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3.4, Multiple Eigenvalues

If the eigenvalues of the pair (A,B) are not simple
then generally it is not possible to prove the quadratic
convergence of the special Jacobi method. Even for the row-
cyclic pivot strategy the numerical experiments show an es—
sential slowdown in the reduction of €y Dper cycle. In Sec-
tion 3.5 we show that this slowdown of the assymptotic rate
of convergence is due to the special structure of almost dia-
gonal pairs with multiple eigenvalues (see Sec.1.2). These -
congiderations are used in Section 3.6 where the special Jaco-
bi method is modified to be guadratically convergent.

Here we give a brief description of the obtained estima-
tes in the case of multiple eigenvelues. They concern the
row- and the column-cyclic Jacobi method from Section 2.2.

Set .

M=N -g vy (ng-1)/2, Doy = BEX D3 (3.4.1)
where N,n; and p are defined by (2.1.3), (.2.4) and
(1.2.3), respectively.

3.18.Theorem. Le¥ the assumptions (3.1.8), (3.1.9),
(3.1.10), (3.2.33) and (3.2.32) hold for the pair (A,B) , snd
let the sequence ((A(k).B(k)),k>'l) be generated by the
row- or the column-cyclic Jacobi method defined by (3.1.2)—
(3.1.5). Let Boaxs Ms Eys Tio Ji,s and u be defined by
the relations (%.4.1), (3.1.1), (1.2.5), (1.2.6) and (1.1.3).

Then

. 3 M 2y €
(1) Trey € SY(23D g, (e p )_J_I.Tl

79



. 2

I (N+1) N+l
(iii) Ir 4 and B( +1) are partitioned according
to (1.2.8) then

i a2 4 a2y < 1120 —{_ e

J;t‘ﬁ

leigp-1;

(iv) ‘If By =2 then

el € l§, 1+ﬂ2 £7
d’
Proof: The proof of the assertions (i), (ii) and (iii) is
rather long and sophisticeted, hence we prove here only (iv).
By Lemma 3.6 we see that n_, =2 and the relation (3.2.32)
imply S°c {xe{1,2,..,8); m2t+2}. Tt is obvious that one
can replace A(N*l), A0 in the estimate- (3.3.17) by
B(N+1), B(l)' respectively. Now, one can use Lewma 3.5 to
estimafe the right-hand side of the obtained inequality and
find

2

€5, ¢ 1.80662 512:8111 Yy € 1.80662 €3 Zsln ¥y

A

M!ln 2
> £
¢ 1.80662 &5 O.62(1+)‘2):% €1.12012 (1442 )? ,

which proves (iv). m

Using Lemma 3.8 it can be proved that Theorem 3.1%4 holds
also for the real Jacobi method due to K.Zimmermann. Taking
advantage of the definitions of S(A,B), <(A,B) from the
relations (1.2.23), (1.2.24) respectively, Theorem 3.14 can
be formulated to hold for the Jacobi method due to S.Falk and

P, Langemeyer.

3.5. Qualitative Analysis end Finite Arithmetic

Here we analyse why the quadratic convergence of the epe-
cial Jacobi method fails in the case of multiple eigenvalnes;
We also consider the influence of the multiple eigenvélues on
the accuracy of the computed eigenvalues. w

We use the Landau’s O-symbol. Remember that x=0{y), >;§:
if there exist constants ¢ >0 and 5, such that éxﬁ/Q‘s B,

ne (o, Node
The row—- or the colummn-cyclic Jacobi method is applmed ah

(N

a pair (A(l),B(l)) satisfying the followiung assumptlons:

(1) s(8{1)y « -2-1ﬁ , V1+)42 £y « mini% .V:_L:I}J;

N i 1 i

(i1) a1 5 a5 3 all, oD 2D - w{D
(ﬁi) 01? 3 v )\81 30(1) ’ J = 0(1) H

(iv) (1)) « oey)

(V) agg) = c(tl) ’ agg) = 0(£1)

Here

k X (x (x) (x) (k)
RO ("(i;;))‘(“rs))' B 'Ebid)”(Brs)' k21,
and the partition is such that the asgertions of Lemma 3.6

are valid. The assumptions (i) and (ii) ensure that all the

results obtained in this chapter hold for (A(l),B(l)) . The

assumption (iii) ensures that d and A are not o(e,)

and thet the blocks Ag%) and Bg%) have order 2 3. The
next sssumption prevents thst S(Bs})) = d(ti).

By (i), (ii) and (iii) we see that Lemma 3.6 can be applied

to obtain

81



A0

K k k 2 2
1 = )sls(n) + U0 HEgl)th o(ty) = 0],

11
1¢Xx€N+1 . (3.5.1)
By (i) we can assume that (3.5.1) holds for the first few
cycles, say for k=1,2,..,2N+1. Let us yet consider the as-
sumption (v). From (3.5.1) and from (iv) we have A.S) = 0(e,).

Since (3.3.12) implies

1a{212 4 12§22 ¢ W12, 18312

(la
1 I{z)l 13
we have lale)\ (g)\zac(ei), hence the sssumption (v)
is realistic. The assumption (v) prevents

(2) 2 (2)
that ay% =0’(£1) =853

Let us consider the second step of the row- or the column-

cyclic Jacobi method defined by (3.1.2)—(3.1.5). In the se-
cond step agg) is annihilated, while a(z) (=0) and
a£3) are submitted to change.

3.15.Proposition. Let the assumptions (i)~(v) hold, and
let 5, sod 9, be such that (3.1.4) and (3.1.5) hold. Then

tg fp = 0(e) /0(e2)
tg2d, = 6(ed) /0(eD) .

Proof: From the relation (3.5.1) we obtain

gg) =g 0e2), 1¢3$ny, (3.5.2)

hence

02 - D)oot

oD o) - 2, o) 05

From (3.5.1) we also obdbtain
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hence bgg) =0(£1). By the relation (3.1.1) we have

(2) {2) ,,.(2) 2 2
i = b\Y /b = A b (o
uy +iv, 23" by3 1 15] sl‘ {+ O )

Thus, we obtain

up = g Io{31+ oeD)

2 (3.5.5)
72 = 0(61) .
The relation (3.1.4) implies
tg d, = 2v2/le2\ .
hence, the first assertion of Proposition 3.15 follows from

(3.5.4) and (3.5.3).
The relations (3.1.5), (3.5.2) end (3.5.3) imply

2u, - (agi) + agg)) lb(a)l
e2+4v2v1 b(z)

2151-%13 ). 0(e3) - - 22, |b(2), - 0(61)|b(2)l

VoD + e Vi -6
o) + 0D o)

tge\‘)Z =0,

2
oeHow oD
Proposition 3.15 implies that i2 and 232 can take any
value from (—%, %}. Then the relations (3.1.2) and (3.1.3)

imply that generally
. o(1) o)
P =
o(1)y o(1)

Since a%g) =0 the transformstion formulse obtain
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(3 % (2) @ .
ay5" = (F2)11 8y, + (P2)218 23 = 0(1)0’((1) = O(e 1) .
During the next N-2 steps of the first cycle the contri-

butions to agz) can be either 0(61) {provided thet the

pivot element 1lies in the block A({(l)) or O(Li) . Generally,

we can conclude that agg*l) =0(£1) , hence £N+1=O'(£1) . No-
te that the same analysis applies to the matrix B(].ll) . 1If
ny is larger than three then there are more elements with
chances to remain U(tl) during the whole cycle. If there sre
more multiple eigenvslues then the probability for &y, to
be 0(:.1) is larger. This probebility grows provided the as-
sumption (ii) fails or if the pivot strategy is arbitrary
cyclic.

Suppose £y, = o‘(el), 2N+1’U(‘1) and Ty -O‘(tl).
By Theorem 3.14(i) and (ii) we have TN+l =0 1) .
Tone l-(1')'(51) . By (3.5.1) we have (2}“1) =g

= ) +0’(16), 1<isn;. We see that even if tk is sta—

1t ote3y,y) -

tionary per cycle the disgonal elements approach the corres-
ponding eigenvalues with a rate proportional to ti . Tnis
observetion together with the global convergence theorem sug-
gests that the function

aif (r) - Z\ N1 (DN pyn, (3.5.5)

can be used, together with €.y.4 in the stopping criterion
of the process.

Let us now consider the accuracy of the computed eigenva-
lues if the finite flosting point srithmetic is used. By ep
we denote the basic relative rounding error for the assumed

arithmetic. Ag has been shown by J.H.Wilkingon (see [21] and

[22]) for the standard arithmetic operations
fi(xey) = (xey)(1+q),inl < ep, (3.5.6)

holds, where e¢€{+ -,-,/}. In (3.5.6) f1(x) denotes the
computed (rounded, stored) value of x. The relstive error
of the computed result fl(xey) is » audit depends on
x,y and e.

3.16.Exanple. Solve the following problem: let the rela-
tion (3.5.6) and the assumptions (i)~(iv) hold; make a guali-
tative analysis of the relative errors in the computed values
of tg?&z and tgxz due to the rounding errors.

Solution: Since ag‘%) and 8(323) have been chaunged we

cen assume
1@ -a{2 ), 19yl ¢ eps
f1(a35)) -a§3)(1 “b}) » 1133l < ep -
By (3.5.6) we have
£1(ey) = (£2(a$2)) - (DN A +T) . IRpl s e
- e{Pa +q33) -aP 014y -
- Cop + 2§55 - afPMyQ T -
- ep(1492)
where
(2)

a2
1p = Tp * '1322 11 'ln(h? y.

By (3.5.3) we have e, = 0(8%) hence
no = Olep) + %f—% (1 +0(ep)) = Clep) +°(ep/£i) -
2

= O(ep/ti) .
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Since e, stands in the denominator of the quotients
which determine 1:5232 and tg §, we have

11(tg23,) = tg29,(1+17)

(3.5.7)
£1(tg §5) = tg §o(1 +n")

where
n’ = OCep/ed), 7= Olep/ed), (3.5.8)

provided that the expresions in the numerators have not lar-

ger relative errors then r1(e2). =

Suppose €= 100, ep =10710. By (3.5.7) and (3.5.8)
we can assume that tg232 and tSXg have approximately
four certain decimal digits. Opbserving the formulae (3.1.4)
we can assume that the elements of ?2 also have four cer-
tain decimal digits. Since fl(a(f'})) as a residual of the
equation a(IBB) =0 has small abgolute error we can expect,
sy £1(a{3))-0(1078) .

Therefore, if the algorithm is designed to set the ele-
ments aE:*l) and bggﬂ) zero , it may cause large abso-
lute errors in the watrix elements. This fact can result in
large errors in the computed eigenvalues and eigenvectors
(see [18),(8}), Also, if B is almost singular the errors in
the computed elements of B(k) can cause that B(k) is not
anymore positive definite for large k' s, i.e.the algorithm
fails to work.

To remove this danger we can compute the elements of ik
in a higher precision. If this is not possible' then we have
to compute the elements as":l) and b(l:*l).

Another possibility standing at dispossl is to modify
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the algorithe in such situation as those assumed in Provoosi-
tion 3.15 and Example 3.16. The task of such a progrem should
be to improve both, the asymptotic rate of convergence and
the accuracy of the computed eigenvalues and eigenvectors.

This program is presented in the next section.

3.6. Modified Method

We propose here a modification of the apecisl Jgcodbi me-
thod (here called original method) such thet the quadratic
convergence extends to the case of arbitrary eigenvalues.
Our strategy is the following: in the first stage we let the
original method work. Multiple (or almost multiple) eigenva-
lues sre indicated by the structure described in Section 1.2
and then the modification is used.

The modified method has the form
a(k+1) | B ‘(k)nk , B(e+1) B B(lf)ﬂk , k21,
(3.6.1)
where the elementary plaue matrices B, are defined

below (see the relation (3.6.7)).

Suppose that the pair (A(l),B(l)) is almost diagonal,
i.e. £y« 4§ , where €, snd d ere defined by the rela-
tions (3.1.1) and (1.2.6), respectively. Let ﬁk'Iz*ﬁl': .

k 21 . Then the conditions
MM = 0Cey),  16keB, (3.6.2)

and
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la$:+1)12 + lb‘(:*l)l2 - d(x‘{) , 1sxs N, (3.6.3)

are sufficient to prove that (N+1'U(E§); Indeed by
(3.6.3) and (3.6.2) we have

agg’r) » o’(tf) = bsrr) . ls&rsN-k+1,

hence all the off-diagonal elements of A(N+1) and B(N*l)

are 0(!%).
Suppose H, = F (1< x $«N), where each P, 1is defined
by (3.1.2). Then the condition (3.6.3) trivially holds since
a%‘:ﬂ') 20O m b$:+1) . Unfortunately the condition (3.6.2) is
not always fulfilled. In Section 3.5 it has been shown that
the condition (3.6.2) does mot necessarily hold for those ks
(x)

for which a8, and alg:) converge to the identical eigenvs-
lues. Im such situations we can set Bk’Gk where Gk is a

wodified (elementary plene) tremnsformation.

Modified Transformation

Let ék be 2-2 nonsinguler upper-triangular matrix

satisfying

~x a(k)ﬁ

Gk B Gk = 12
or equivalently

X)-1 _ 2 A
:\ - § 6% . (3.6.4)

Then & simple calculation yields
,/ 2 (k)
. 1 -y bin
6, = . (3.6.5)
1 —bk L
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Setting
cos ¢y = Y1 - bk; . sin@y = by, &y = arg(b(l:)) +,
cosvyy =1, sin\yiao, p,’(:o,
we can rewrite the relation (3.6.5) in the form
cos ¢y oK sinqy
G, = .tl_ . (3.6.6)
k| _gitk sinyy  cosyy

where t:k-VI—bk2 . Let Gk be the elementary plane wmatrix
having ék as its (£,m)-restriction.
We define the transformation of the modified method as
follows
k k
G, if Xkyr,N+1 and (n)-a(”>l<‘
B, - (3.6.7)

Pk otherwise ,

where T, satisfies

2001 +p)e, oy <6 s(a(mM+1)) ¢ L. Ges

From the definitions (3.6.1), (3.6.7) and (3.6.8) of the
modified method we see that it represents a theoretical model
not directly applicable in prexis. However, it can serve for

modelling the quadratically convergr;nt algorithms.

Quadratic Convergence

We prove the quadratic convergence of the modified method

under an arbitrsry cyclic pivot strategy. The asymptotic as-
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sumpticns are

s(a1) < = (3.6.9)

an(1apde, < d (3.6.10)
and

l<p<u, nz3. (3.6.11)

Ve consider the first cycle of the wmodified method when ap-
plied to the pair (A(l),B(l)) ( (A(l),B(l)) is "normalized"
such that the condition (2.2.2) holds) satisfying the asymp-
totic assumptions (3.6.9)—(3.6.11). As already indicated by
the relation (3.6.5) we use the notation (3.1.1) also for the
modified method. Therefore, the quantities such as €10 Tyo
8,» by, b,.. are rélated to the pair (a0 30Xy ptained
by the modified method. Note that the assumptions (3.6.9) and
(3.6.10) imply that r =0 in (3.6.8). From the relation
(3.6.7) it follows that H =G iff lagf;) —ag‘)lcd’ (et.
Remark 3.18).

Set

S” = {k €{1,2,..,N}; lat(n:) -asl;)l < J} .

3,17, Lemma, Let the assumptionms (3.6.9)—(3.6.11) hold
and let the pivot strategy be arbitrary. Then the following
inequalities hold
b < 0.88 35 , (3.6.12)
sy ¢ 1950828010y | 1k sN, (3.6.13)

g2alk*l)y cﬁ+1 S 1.863442 ei , 1¢k<N, (3.6.14)

2
a(u‘;*l)l co.mpo1 L2 2 yes”, (3.6.15)

d‘v Y

In eddition, if

wax{q sy, k¢S”
P> KE€S”,

then "
2
) sin’w, €0.676886 1L g2 (3.6.16)
b k 8

Proof: From the equality (3.6.4) we easily obtain

6412 = 1801, - er =x,, XK€S8”, (3.6.17)

hence the proof of the assertions (3.6.12) and (3.6.13) is
identical to the related proof for the original method from
Lemma 3.3.

Next we prove the assertion (3.6.14).

Let k €S” be such that the inequality ‘/]._:_;éek < &
holds. Note that the assumptions (3.6.9)—(3.6.11) and the
assertion (3.2.6) of Legmma 3.3 imply that the smallest ele-
ment of S” wmeets the above requirement. For such a k and
for each pair i<¢J (cf.Corollary 1.3) either la(k)—a(¥)l< d
or fagg) (k)] >4 holds. In the former case the
elements agi) and &(k) are affiliated to the same eigen-—

k)

value. Consequently, 8,, and aﬁ:) are affiliated to the

same eigenvalue (see the definition of S”), say ). Thenm

Theorem 1.2 implies

A0 (k) , gAE) (3.6.18)

where
2
ner (e ¢ Lra 22 ¢ 1ep2 €2 . (3.6.19)
246 2d

By the equality (3.6.18) we have

ar (kg ~an(X) 3 2endK)A

GeA /G = AGRB TG, + GLE G, -
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e n(k)A . L.
Note that sz“”Gk is hermitian and b$£+l)

the inequalities (3.6.19) and (3.6.17) we obtain

= 0. Using

21205102 < 2 1(62E 006, 12 < 162EX08 12 <
~ 2
s;mggur*kMZS[_LwluLs§]2. (3.6.20)
1-p, 24

Since the inequalities

S‘?(A(k*l)) < 1 SZ(A(k)) - 285 3 2‘ 3(1:+1)’ 2
1-by
and
2y ¢ 1 2ep(K)) - 2
1-DBy

hold (cf.Lemma 3.2) we set
2.2
1 (1+5 )
Vo= o
1-b 4é

end use the relation (3.6.20) to obtain

2 1 2y 2 2,2
Lxa1 Y (1+ve)ey - 2(a + 1) . (3.6.21)

If % &S” then the inequality (3.6.21) also holds (we can set
v = 0 in this cese) provided Vl +)a2tk <d,
We prove by induction with respect to k that

“EL £ 1.863442 ¢4 ,

1+ 2(1(—1)\?62] 1/2
€y € 1

(1-p)k1
1$kSN+1. (3.6.22)
For k=1 the inequalities in (3.6.22) trivially hold.
Note that the relation (3.6.21) also holds for k=1. Suppose
that the relation (2.6.22) holds for 8 k €{1,2,..,N}; then
we prove that it holds for k+l.

The induction hypothesis (3.5.22) ani the assumption

92

(3.6.1C) imply that Vi+p2 e, < 21442 &, <6 holds.
r tx 1

Hence we can use the relation (3.6.21) to obtain

2 2

2 1 2 1+2(k=1)ve ]2 + 2(k-1)¥e§ _2

£ < ..__[1 +ES. EZA41 = €5 ¢
k+1 1-b (l_b)k ) J (1_b)k 1 l

2 2
€ 2 2 1+ 2(k-1)ve
¢ —ag N + 2(k-1)ve ][1 +vE _"'—E_I—l
(1-b) [ 1 1 a»F ,
(3.6.23)
By the assumption (3.6.10) and the definition of
v we have

2.2
2 2. 20492 2 1
2(k-1pvel s 2W0e ¢ n 'Q;fz—"l'l—:; <

1 1
<D (3.6.28)

Using the relations (3.6.248), (3.6.12) and (3.2.13) we obtain

14201063 142k 3 _:gz(l’g_ ad‘g) <

a-mx1 < Qo 16 717

< 1.863482 , (3.6.25)
The relations (3.6.25), (3.6.28), (3.6.12) and (3.6.11) imply

2
1420208 (34 2(k-1)ved) <
(1-b)k1

1 1
< 1.863442(1 *i‘g 1-0’688)<2 ]

hence the inequality (3.6.23) implies

2 2
£ 2 2y 142Kyt 2
—315 (1 +2(k-1 IVES +2veT)= 21ty .
Ers1 a-b) s+ 1 1 (1-bX 1

This proves the first inequality in (3.6.22). The second
inequality follows from thé relation (3.6.25) which holds
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for all 1skg¢N+l. The relation (3.6.22) implies the as-
sertion (3.6.14).
To prove the assertion (3.6.15) we use the relations

(3.6.2C), (3.6.12) and (3.6.14). e obtain

2

{aggd)lsg 1 1+ 5,2[ <
2 1-b 28
2
Y2 6 11+,2 1.863042 €2 ¢
25122 4

2
< 0.7'721—1——}L €2, xes”.

Finally, we prove (3.6.16), From the relations (3.6.14),
(3.6.10), (3.6.11) and (3.6.12) we obtain

22 2
1+\’£§ <1+ (1+,7)7-1.863042 €
(1-b) uée

1.6 1.863m2 1 1+o.1N§65.

5.12 4 4n
Using these inequalities in the relation (3.6.21) we obtain

. (eouesd) , o
£2 . ¢ €2 -2) (2412 .
N+l (l—b)N 1 g &y bk

By the assertion (iii) of Lemma 3.1 and the assumption

(3.6.11) we have

N
(1 +0.1365 2%«) < 1+%N~0.136521ﬁ <1+-§-O.1565= 1.091,

hence it follows

g(ai+b$) ¢ 31.754-1.001¢§ £0.957¢5 . (3.6.27)

Suppose k&€S” . Then the relations (3.6.5), (3.6.6) and

(3.2.27) imply

o

If ¥ ¢S” then the relation (3.2.31) is used. Note that
the assumptions (3.6.10), (3.6.11) imply the assumptiouns
(3.1.9), (3.1.10). ¥e conclude that the inequality (3.2.31)
holds for 81l 1$ kx<N hence the assertion (3.6.11) follows

from the inequalities (3.6.27) and (3.2.31). m

3.18. Remark. The relation (3.6.14) and the assumptions
(3.6.10), (3.6.11) imply

(1 +)‘2)€§ s (1 +}42)1.86’4£§ < }.8642%(?1 <

2 1.864 ¢2
< 1.esaJ—2< 2 To2 § 1SkSN+1,
4n %6 !

Following the proof of Legmma 3.4 we obtain that for all
i<j end 1=k <N+l either ]agg) - a?i()) < 0.052d or
]agl;) - ap;)l > 2.9488  holds . Therefore the elements a(l‘;)

and ag.f are affilisted to the same eigenvalue iff
xe€s”. m

3.19. Theorem. Let the assumptions (3.6.9)—(3.6.11) hold
and let the sequence ((A(k),B(k)),k >1) be generated by the

modified Jacobi method defined by the relations (3.6.1),
(3.6.7) and (3.6.8) . If the pivot strategy is arbitrary cy-

clic then

2
¢, . € 2.525VN (1 +/.2)id}_ )

N+1

Proof: The proof resembles the proof of Theorem 3.9 hence
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we use the some notation. By an analysis, similar to thst

in the proof of Theorem 3.9 we obtain
~ (rj) i\’j in @ )
\/yrj (13_1 cos wr'j 8 e si r, .
1<j¢s (3.6.28)

where for j=1,2,..,s

{?;.30 V;J}v rj € S"

~
) .er

T
i?rj’ ‘Yral v Ty ¢S
\“;.J, p;-dy ‘al’.ja -{s;j} v I‘J € S”
VJG

tdr:,’ Pr,’j’ -arj, -ﬂrj} ’ 1‘3 ¢ S” .

a{*3) 35 en off-diagonal element of A®3) ang

= .1/(1—b33) . By definition =z = aﬁ:*l) where {,m,k

Here

Ir
3 o4
are fixed. Note that z,40 iwplies k€ S™. By the as-

gsertion (3.6.15) of Leuma 3.17 we have

2
12g1 = 18{&*V} s o.721 13, kes”. (3.6.29)

From the relation (3.6.28) we obtain

Izdlsvyr "’71- Az )+ Z \ﬁ la(ri)ﬂsinm,ik

s -v9)” 3/2(12(} Zla(ri)l lBinw, l)

‘e

1s3ss.. (3.6.30)

At the end of the full cycle the off-diagonal part
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g(N+1) of a(N+D) consist exactly of the elements zg -

Note that rg is the suffix of the last transformation in
the first cycle which changed the element st the position

(t,m) . Trerefore the relation (3.6.3C) implies

IEC D) € (16202 (27 4 5 gn ) o
e+ 1M gin o ) (3.6.31)
where P(k) s are as in the proof of Theorem 3. 9, end
2’ = (ziJ) is hermitian matrix having zeros on the diagonal
and zt’m = a?:l) o l<m, in its upper triangle. Writing
(cf.(3.4.1)) M=N-ny(n;-1)/2 - ... - np(np—l)/z we obtain
from the reletion (3.6.29)

2
Kiz°1i =uZ'll £ VZ(N—M) Q.7721 —]%-"—‘— i. (5.6.53)

Since the nonzero elements of P(k) are some off-diagonal
elements or A(Y) » the assertion (3.6.1%4) of Lemma 3.17

jmplies

g . 420N ¢ s(a®))y ¢ ¢ ¢ VTlBo3AR2 £
2¢ksN. (3.6.34)

Using Lemma 3.1(ii) and the relations (3.6.11), (3.6.12) we
obtain (cf.the relation (3.3.7))
(l_bz)-(n—2) < [(l_bZ)-—NJI/n < (1 +'Z%”N'b2)1/3 P
/ 2\1/3
< (1 +%§-—%;—3§5-) < 1.623. (3.6.35)
Using the inequalities (%.6.33), (3.6.34), (3.6.35) and
(3.6.16) in the inequality (3.6.31) we obtain
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s(ANeL)y gV ey (N ¢

2 N
< 1.023 (0.7721V3N 1—}L €2+ VI.863u82¢,) Isine ) €

[

2 hd
[1.023 1.092VN 1—‘:5#— af ¢ 1.863442 €, (NZ Si"e“';/zjf
. §

N

2
< 1.023(1.092 +V1.863842 O.676h46VN —1—:-}"‘_ ef) <

2
2.26567\[5-17’;"—-:% . (3.6.36)

"

The above analysis applies to the matrix B(l) with

2°=0. The assertion (3.6.13) of Lemma 3.17 implies
HPMON ¢ 58y «VigsasB)), 2eken,

hence we have

s(a(M*1)y ¢ 1.023V1.7S¢S(B(1))(NZsinewk)l/e <

keq

V >
€ 1.023 \/1.754 0.676s46 _N(_?_Q e, s(8{1)) ¢
r1+ 2 2
s LaasiasVRlis 2 (3.6.37)

Using the relations (3.6.36), (3.6.37) and the definition

of N, We finally obtain
tyey (s2(alF+1)y | g2(p(N+1)y1/2

2
< 2.525\/_2{71—‘:,5-5% ,

which proves Theorem 3.19. ®

Global Convergence

3:20. Theorem. The row- and the column-cyclic modified
Jacobi method defined by the relations (3.6.1), (3.6.7) and
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(3.6.8) is globally convergent.

original (i.e.specisl Jacobi) method converges. Therefore
there is an integer Ty 1 (depending on the initial pair
(A,B)) such that the inequalities (3.6.8) hold. At this point
the modification switches on hence we can use Theorem 3.19

and the relations (3.6.8), (3.6.10) to obtain

\IE u(1 ’)Ae)crﬂﬂ
T £

£

S(pe1)Na1 € 2:525°5 rN+1 S
2.525V2
¢ TN § 09y TRT, -

Thus €.y, — 0, r— oo . Using the assertion (3.6.14)
of Lewma 3,17 in connection with the r“th cycle as r—» oo o
we obtain € — O, k-—o. Since b](_l;) =1 (1si¢n, k21),
the diagonal eleuments agg) converge to the appropriate

eigenvalues. =

In the case of real matrices the quadratically couvergent

modifications can be defined in a similar way.

3.7. Numerical Tests

Here we briefly discuss the results of a numerical investi-
gation of the asymptotic convergence of the special Jgcobi me-
thod from Section 2.2. We also describe some preliminary re-
sults concerning the modified method from Section 3.6. We do

not describe the algorithms in detsails ; we rather discuss
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the phenomena.

The tests were performed on the IBM-1C1C computer of the
Fernuniversitét-Gesamthochschule in Hagen and on the Hewlett-
Packard System 1000 of the Institut Ruder BoSkovié in Zagreb.
The algorithms are writtem in the progranaing language
FORTRAN IV (REAL+8) using the floating point srithmetic with
the machine precision ep = 10716 |

The iterated hermitian matrices A<k), B(k) are stored
in two n~n arrays. The real (imaginary) part of each matrix
is stored in the upper (strictly lower resp.) triangle of the
corresponding array. The initial matrices A, B are generated

by the following three meodes:

* *
1 AaGrDGr, B'GrGr'
r3 *
2 A:Fr«'-Fr' BGGI‘G!"
3 A, B are read from the input file.

Here Gr . Fr denote the matrices whose elements are ge-
nerated by a procedure generating random numbers and D de-
notes a disgonal matrix whose diagonal elements are read from
the input file. We use the first mode when the asymptotic
behaviour of the algorithmse is investigated. The second mode
is vsed for obtaining édditional information concerning the
average namber of cycles (sweeps) needed for a diegonalization.
A lot of work has been devoted to increase efficiency and
reliability of the algorithms. Past scaled tremsfermations
are used except for the diagonal elements of A(k) which
are updated after each step ss if the normal trensfermations

were used. Several useful devices due to H.Rutishauser (see
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(17) or [24] Contribution IL/1) and P.J.Eberlein (see [3]
or {24] Countribution II/17) are applied. In modelling a
quadretically convergent algorithm based on the modified me-
thod from Section 3.6 difficulties arrise in making decision
when (i.e.in what sweep) and where (at what pivot pair) to
implement the modified transformation. Every misuse of the
modified transforwation is paid by an increase in the total
number of sweeps needed to reach the stopping criterion. We
use a sequence of tests (enclosed in a loop) which taekes
into account the current stage of the diagonalization and
the estimates from Section 2.2. Although & foolproof crite-
rion for implementing the modification is still lacking the
experimental results confirm that in certain situations an
essential improvement in the asymptotic convergence can be
obtained. Iustead of using the (expensive for computation)
quantities S(A(k)), S(B(k)), £y, in the algorithm we use
§(A(k)), §(B(k)), ?k , respectively. The latter quantities
denote the sums of the absolute velues of the off-diegonal
entries of the appropriate arrays. The stopping criterion for
the both algorithms is the same: either if no transformation
is performed during one full sweep or A{ruu( lo-a'lo—p naxlagg“l)[
holds for an r (1€r<20) then the process is stopped.
.Comparative tests were made on over a hundred matrix
pairs. Approximately one half of the watrices were generated
by the mode 1, the other half by the mode 2. The order of wa-

trices varied from five to forty. In the asymptotic behaviour

of the algorithms we distinguish two cases.
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. e 3.29. ple., T i A,B i
A. The Case of Simple Eigenvalues 20. Exauple te pair (A,B) is generated by the mode

1 with the diagonal matrix

In this case the modified method coincides with the ori- D = diag(1000,800,500,200,10,-300,-600,-1200) .

ginal method (i.e.the special Jacobi method). Only if the The output for the both algorithms is the following:
i 1 distributed i lust f i
eigenvalues are distributed in clusters of very small size ORDER OF MATRICES - 8
(pathologically closed eigenvalues) then the two algorithus 1 NUMBER OF SW .7
i diff t .
give different results NUMBER OF STEPS = 178

Th b f ded h th t ite~

e number of sweeps needed to reac e 8 opping crite CAU-TIME = 0.4933 SEC (central arithmetic unit time)
rion depends on the magnitude of El and on the distribu-
tion of the eigenvalues. Usually, after ErN+1 reaches the r S(WD) g(érml)) dir (r)
:nter;al [0.5, SJ five more sweeps are needed. The numbers 1 11.962 7.325 14.115
SA(t¥+1)y  ga S(a(FN+L)y  pave asymptotically the same 2 8.249 3.537 3.340
order of megnitude. The reduction of ErN#l with r is 3 2.057 1.666 1.911
4  0.227 0.218 0.569

asymptotically quadratic. The value of dif(r) from the re- 5  0.358-2 0.417-2 0.360-1
lation (3.5.5) is asymptotically O(Z%r-l)N+l) which agrees 6 0.200-7 0.150-7 0.456-4
with the analysis from Section 3.5. ?  0.95-21 0.100-20  0.844-15

For_the matrix peirs generated by the mode 2 the average
number of sweeps needed to reach the stopping criterion is i .21. Example. The pair (A,B) is genmerated by the mode

. . is five. F _ 2:21. Example.
gix. Por smaller n (5¢<n€15) this number is five or lar 1 with the diagonal matrix
ger n (30 ¢<un €40) it is seven.

D = diag(1,1.00001,0.99991,1.00002,2,2.00001,
If the eigenvalues form clusters then the total number of
. . 1.99991,2.00002,0,0.00001,-0.000C1,3,
sweeps is essentially increased. Usually eight to fourteen
‘ 3.0001,2.99991) .

sweeps are needed in these cases. The upper bound fourteen
is reached provided the eigenvalues form several clusters of The output for the both algorithms is the following :

different size. Ir the size of a cluster is smaller tham ORDER OF MATRICES = 14
NUMBER OF SWEEPS = 10
NUMBER OF STEPS = 785

CAU-TIME = 2.8667 SEC

Vep then the two algorithms give different results. ]

We illustrate these conclusions by the following two

examples.
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Sy FETNDY e (1)

r

1 13.637 22.001 8.900

2  9.273 13.120 4.005

3 3.933 5. 664 1.925

4  0.900 1.812 0.685

5  0.873-1 0.175 0.201

6 0.238-2 0.439-2 0.621-2
7?7 0.254-3 0.535-3  0.892-4
8 0.913-5 0.155-4 0.227-S
9 0.472-10 0,103-9 0.999-10
10 0.270-284 0.600-24 0.0

B. The Case of Multiple Eigeuvalues

In this case the rate of convergence of the original me-
thod is pretty unstable. Ag in the case A, g(A(ﬂ“l)) and
§(B(rN+1)) have asymptotically the same order of magnitude
hence we cougider only Erlhl . For matrices of modest size
(55$n£15) the reduction of ¥.y,, with r is quite irre-
guler. For some successive r’s, Errhl remains almost
constant and for the next few r’s it decreases better than
quadratically. However, usually Eer»l decreases quadrati-
cafly for r24. For matrices of larger size (15 ¢ n € 40)
with larger multiplicities (niv 3 for seme i‘s) the con-
vergence of Erlhl is usually slowed down. The total number
of sweeps is generally larger than in the case A due to the
slowdown of couvergence. For matrices of larger order it in-
creases up to fifteen. In the case of slowdown in the reduc-

tion of F the quantity dif (r) has order of magni-

N+l *
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tude o(tfr—l)lhl ). This fact is in accordance with the
enalysis from Section 3.5. Namely, for small —{rl‘hl we have

(rN+1) _ a((r—l)N+1)l .
Jd

o33
= ‘ Aj - G(J(dr_l)N+l)| + G(TiN-fl) -
2 2
= o,(-':(r—l)lh»l) M d(‘crth»l ).

The modified algorithm shows better couvergence proper-
ties. If the multiple eigenvalues form uo cluster then the
vumber of sweeps and the CAU-time is usually decreased by
10% to 20%, inseme instances up to 30%. The quantitj
g(B(rNH)) converges . (asymptotically) quadratically as im
the case A. The quantity ’S'(A(rn"l)) couverges quadratical-
1y to same point (ueually up to the order of magnitude \/e—p)
end then slows down a little. However, this slowdown is not
essentisl; it can prolong the computation for at most one
sweep. This slowdown is due to the fact that ‘2:41) ¢ O
for some k’s in each cycle. Ir the eigenvalues make clusters
then usually the modified algorithm is not faster than the
originsl oune. This fact is due to the criterion for switching
on the modified step and we believe that the modified algo—
rithn can be yet improved.

.We end this section by the following

3.22, Example. The pair (A,B) is generated by the mode

1 with the disgonal matrix

D = di 2g(0,0,0,0,0,0,1,1,1,1,1,1,2,1,-1,-1,-2,-2,-2,-3) .

The results are as follows :
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ORDER OF MATRICES = 20

ORIGINAL
METHOD

NUMBER OF SWEEPS

NUMBER OF STEPS

CAU-TIME

Original methoad

L]

30.663

18.058
6.979
1.873
0.371
0.269-1
0.204-3
0.943-5
0.121-5
0.689-7
0.239-8
0.909-10
0.77a-1s8

OCW ®NOWM & Wi

e e
W -

38.844

21.836

11.943
5.938
1.482
0.107
0.734-3
0.532-4
0.709-5
0.262-6
0.679-8
0.148-9

12.602
$.785
2.207
1.143
0.683
0.129
0.218-2
0.512-6
0.276~-11
0.127-12
0.253-13
0.155-14

0.666-14 0.0
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13
2081

9.4467

MODIFIED
METHOD
9
1654
7.5133

Modified method

30.663

18.058
6.979
1.873
0.371
0.269-1
0.204-3
0.179-7
0.519-11
0.0
0.0
.0
0.0

BAC™D) 5Dy a1e (2) BT FaD)  gsr (r)

36.848  12.602

21.836 5.985

11.953 2.207
5.938 1.183
1.482 0.683
0.107 0.129
0.733-3  0.218-2
0.268-7 0.512-6

0.671-17 0.444-15
0.0 0.0
0.0 0.0
0.0 0.0
0.0 0.0

Principal Notation

Display (relatioms): (p,q,r) r’th dispday in Section q of
Chapter p

Scalars (real or complex numbers): %, ¢, v, w, §, «, &, ¥, G,
3‘(' akv 313 v cee 9 Xy Jyo ai:’o bij' oo

Complex conjugate: %, ;;' ;;J,...

Absolute values (of scalars, vectors, matrices): [§i, (x40,

I%dhlxl-ﬂxﬂ),|A|-(l%JD,.“

Vectors (colummn): x, y, x = (x;), ¥ = (74), ...
ej - the J°th column of the ideutity matrix I,
a, - the t°th column of the matrix A

Matrices: A, A= (aij)’ Aa (Art) hermitian matrix with ele-

ments aﬁi'j and blocks Lrt N
B, B= (bi;j)‘ Ba (Brt) positive definite hermitien matrix

with elements big snd blocks Brt'
)

A(k), A0 | (a:(ll; A0, (Ag‘t‘)), B(k), ... matrices gene-

rated by a Jacobi method,
I,.T, the identity matrix (of order u)

D, D(k), D,, &, disg(C) = diag(cyy ey Cyp) diagonal matrices

Dimension: n all matrices and vectors are of order m if

not stated otherwise, u33

Scalar product: (x|y) = Z:Xiii
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Conjugate transpose (matrices, vectors): C*.« (;‘li)

= (c.:)

Transpose (matrices, vectors): C ji

Determinants: detC, det (C)

Norms:

fixll = V(xfx) Euclidean (vector) norm
ey = vglcijlz Fuclidean (matrix) norm
K

Ucl, = max lICxli/lix}i spectral norm
%0 4
Pair: (A,B) A hermitian, B positive definite matrix

Eigenvalues (of the pair (A,B)): 3«1. 12,...,2“ . 7«sl> )32>-.>}sp
distinct eigenvalues

Singular values (of a matrix K): %1+ %psews®, —the posi-

tive sguare roots of the eigenvalues of K*K

Multiplicities (of the eigenvalues): ng=83~-84 1, 1%isdnm,

301-0
3 H s m -A
Special functions of the eigeuvalues: &, ‘I“i‘elxgi 3j| ' ;
$=wmin 8 st ;
iiey %
Spectral radius (of the pyair (A,B)):
p = spr (A,B) = ‘n‘axllil = sax 1(Ax,x)l /(Bx,x) :
sisn 0 :

Indices:

X - counts iterates (steps),

!, o -pivot indices, 1s{<mén, £« ((k), m=wol(k)

9; - index function: gq; = qi_1+(n-i) y 1éisn-1l, q =0
$; — special indices of the eigenvalues

i,j,r,t,... ~ other indices
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Sequences (of matrices, matrix pairs): (C(k)) - (C(k),kz 1),

(a0 5y 51y

Special fuunctions of matrices:

S(C) = Wic-d1ag(C) i

SORY T

S(A,B) .w\‘ﬁs?(nomo) +8%(D_BD,)
D, = dieg(1/Vby,,1/Vb ;) |

T(A,B) = \/rz(P*noAnop) +72(P*D _BD,P)

P - appropriate permutation matrix

£ = s(A®) 3y |z L a(K) plk)y
8(0) = gg(me(cij)l + InCeg 1)

Jos
T = 5y 4 (%)

Special notation used in counnection with the special Jacobi

method for the pair (A,B): see the relationm (3.1.1)
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