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Abstract

We calculate reducibility for the representations of metaplectic
groups induced from cuspidal representations of maximal parabolic
subgroups via theta correspondence, in terms of the analogous repre-
sentations of the odd orthogonal groups. We also describe the lifts of
all relevant subquotients.

1 Introduction

P

In this paper we study rank-one reducibility for the non—trivial double Sp(n)
cover of symplectic group Sp(n) over a non—Archimedean local field of charac-
teristic different than two using theta correspondence. This paper combined
with [8] is a fundamental step in a systematic study of smooth complex rep-
resentations of metaplectic groups. We expect application in the theory of
automorphic forms where meta/yi?/ctic groups play a prominent role.

We recall that the group Sp(n) is not a linear algebraic group. Thus,
it is not in the framework of the usual theory for p-adic groups. Neverthe-
less, some basic algebraic facts [8] are true here. More precisely, based on
a fundamental work of Bernstein and Zelevinsky ([2], [3], [26]) we checked
that the basic notions of the representation theory of p—adic groups hold for
metaplectic groups (some of that is already well-known from the previous
works of Kudla [10], [9] and the book [15]). As usual, a parabolic subgroup

of Sp(n) is the preimage P of a parabolic subgroup P of Sp(n). If we write
P = MN for a Levi decomposition, then the unipotent radical N lifts to

—_—~—

Sp(n). So, we have a decomposition P = MN. In [8] (see (1.2)) we describe
the parametrization of irreducible smooth complex representations of the



Levi factor M of a maximal proper parabolic subgroup P of Sp(n). Roughly
speaking, to M is attached an integer j , 0 < 7 < n, and there is an epimor-

—_—

phism GL(j) x Sp(n —j) — M such that irreducible representations of M

P

can be seen as p® o, where p is an irreducible representation of GL(j, F') and

o an irreducible representation of Sp(n — j). The goal of the present paper

is to understand the reducibility and composition series of Indf;p () (p® o)
where p and o are cuspidal representations. This is a hard problem for linear
groups and it is not completely solved yet (the case of generic representaions
is covered by Shahidi [21], [22], and some conjectural description is known
for classical groups due to many people (see for example [14])). One possible
approach is to develop the theory for metaplectic groups from scratch. The
other one (i.e., the one adopted in this paper) is to use the theta correspon-
dence for the dual pair Sp(n — j) x O(2(r — j) + 1), where O(2(r — j) + 1)
is a F-split (full) odd—orthogonal group. The approach is based on refin-
ing and further developing methods of [16], [17]. To simplify the notation
and precisely describe our results, we shift indexes. Let o be an irreducible

cuspidal representation of Sp(n). So, we fix a non—trivial additive character
¥ of I’ and let w,, be the Weil representations attached to the dual pair

o~

Sp(n) x O(2r +1). We write O(o, r) for the smooth isotypic component of &
in w,, . Since o is cuspidal, for the smallest r such that ©(c,7) # 0 we have
that ©(o, ) is an irreducible cuspidal representation of O(2r+1). We denote
it by 7. Let p be a self-contragredient irreducible cuspidal representation of

GL(j, F). Finally, let xy., be a character of GL(1) defined at the end of 2.2.

We determine the reducibility point in this situation, and also the lifts

of all irreducible subquotients of Ind%p ") (p® o) and IndQP" T (p @ 7).
This is accomplished in Theorem 3.5 (non—exceptional case), Theorem 4.1
(exceptional case-reducibility) and Propositions 4.2, 4.3, and Theorem 4.4
(exceptional case-theta lifts).

For the reader’s convenience, we give some of the main theorems here.

First, we recall the following non—exceptional case (see Theorem 3.5):

Theorem. Let m, = %dim V., where V,. is a quadratic space on which O(2r+
1) acts. Let P; be a maximal standard parabolic subgroup of O(2(r + j) + 1)
(i.e., containing the upper triangular Borel subgroup of O(2(r+7)+1)) which



has a Levi subgroup isomorphic to GL(j, F)x O(2r+1). We define a parabolic

subgroup }3] of Sp(n + j) analogously.

Let p be an irreducible, cuspidal, genuine representation of GL(j, F),
where p & {xv.p| - [FOmr |Eme=n=DY " Then, the representation

Ind%?(nﬂ )(p®0) reduces if and only if the representation Ind%@(rﬂ)ﬂ)(
J

)7 vl -
XvuP®
T) reduces. In the case of irreducibility, we have

O(Ind"™ (p@ o), +j) = Indp "V (xp @),

Sp(n+i)
p;
subquotients, say m and o, such that the following holds:

If the representation Ind (p ® o) reduces, then it has two irreducible

Sp(n+j)

5 (p@o) — m — 0.

00— m — Ind

Then, ©(m;,r + j) # 0, is irreducible for i = 1,2, and the following holds:

2(r+j)+1)(

0 — O(my,r+7j) — Indgj( X‘_/,::pr ®7T) — O(ma, 7+ ) — 0.

Just described non—exceptional case is a fairly straightforward general-
ization of [17]; the exceptional case is rather different than the appropriate
case in [17] and it requires some arguments that are specific for the dual pair

Sp(n) x O(2r +1). Most of the paper is about that case. We just recall the
following (see Theorem 4.1):

Theorem. The representation Ind;f("+1)(XV,¢| |*® o) reduces for a unique
1

s >0 (which is |m, —n —1|). This means that

Ind%’(nﬂ)(xuw\ ™ @ o) is drreducible unless m, —n = —(m, —n—1),
1.6, My — N = %

In Section 5 we give some examples of reducibility. Section 5.1 describes
the Siegel case 7 = n and Section 5.2 describes the first non—Siegel case i.e.,
when j =n — 1.
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2 Preliminaries

2.1 Symplectic and orthogonal groups

Let F' be a non—Archimedean field of characteristic different from 2. For
n € Zso, let W, be a symplectic vector space of dimension 2n. We fix a
complete polarization as follows

W, =W, e W W =spang{ey,...e,}, W) =spanp{e,...e},
where e;, €}, i = 1,...,n are basis vectors of W,, and the skew—symmetric
form on W, is described by the relations

<€i, €j> = 0, Z,j = 1, 2, e,y <6ia 6;) = (SU
The group Sp(W,,) fixes this form. Let P; denote a maximal parabolic sub-
group of Sp(n) = Sp(W,,) stabilizing the isotropic space W7 = spanp{es, ... e;};
then there is a Levi decomposition P; = M;N; where M; = GL(W}?). By
adding, in each step, a hyperbolic plane to the previous symplectic vector
space, we obtain a tower of symplectic spaces and corresponding symplectic
groups.

Now we describe the orthogonal groups we consider. Let V[ be an anisotropic
quadratic space over F' of odd dimension; then dimV, € {1,3}. For descrip-
tion of the invariants of this quadratic space, including the quadratic char-
acter xy, describing the quadratic form on Vp, we refer to ([9]). In each step,
as for the symplectic situation, we add a hyperbolic plane and obtain an
enlarged quadratic space and, consequently, a tower of quadratic spaces and
a tower of corresponding orthogonal groups. In the case in which r hyper-
bolic planes are added to the anisotropic space, a corresponding orthogonal
group will be denoted O(V,), where V,, = V! +V; + V" and V! and V" are
defined analogously as in the symplectic space. Again, P; will be a maximal
parabolic subgroup stabilizing spang{es,...¢e;}.



2.2 The metaplectic group

The metaplectic group Sp(n) (or Mp(n)) is given as the central extension
1*>uzc—i>%—p»8p(n)—>l, (1)

where ps = {1,—1} and the cocyle involved is Rao’s cocycle ([20]). For
the more thorough description of the structural theory of the metaplectic
group we refer to [9],[20],[7],[8]. Specifically, for every subgroup G of Sp(n)

we denote by G its preimage in Sp(n). In this way, the standard parabolic
subgroups of Sp(n) are defined. Then, we have f’J = ]\Afj]\fj’.7 where N7 is

—_—

the image in Sp(n) of the unique monomorphism from N; (the unipotent

radical of P;) to Sp(n) ([15], Chapter 2, I1.9). We emphasise that ]\Z is not
a product of GL factors and a metaplectic group of smaller rank, but there
is an epimorphism (this is the case of maximal parabolic subgroup)

—~—

¢ : GL(j, F) x Sp(n — j) — M.

—_—

Here, we can view GL(j, F) as a two fold cover of GL(j, F) in it’s own right,
where the multiplication is given by

(915 €1)(g2, €2) = (9192, €1€2(detgy, detga)r),
where (-, -)r denotes the Hilbert symbol (of course, this cocoycle for GL(j, F')
is just the restriction of the Rao’s cocoycle to GL(j, F') x GL(j, F')). Then,
o((g,€1), (h,€)) = (diag(g, h), ere(x(h),det g) ). The function z(h) is defined
in [20] or [9], p. 19.
In this way, an irreducible representation 7 of ]\AJ; can be considered as a

—_

representation p®@o of GL(j, F') x Sp(n), where p and o are irreducible repre-
sentations, provided they are both trivial or both non—trivial when restricted
to pa.

The pair (Sp(n), O(V,)) constitutes a dual pair in Sp(n-dimV;.) ([9],[10]).
Since dim(V;) is odd, the group Sp(n) does not split in g{)(n - dimV}.), so

—_—~—

the theta correspondence relates the representations of Sp(n) and of O(V}),
or more general, the representations of the metaplectic groups (as two—fold
coverings of symplectic groups attached to the symplectic towers) with the

5



representations of the orthogonal groups attached to the orthogonal tower
(Section 5 of [9]).
From now on, we fix an additive, non—trivial character v of F' related to

theta correspondence ([9],[10]), and a character xy, on GL(n, F') given by
xviu(g,€) = xv(detg)ey(detg, 31)~1. Here v denotes the Weil index ([9], p.
13, p. 17) and yy is a quadratic character related to the orthogonal tower.
We denote by a = X%/,zp- a is a quadratic character on GL(n, F') given by

a(g) = (detg, —1)r ([9], p. 17)

3 The first reducibility result

We emphasise that the results in these section are valid for every F' of charac-
teristic different from 2; i.e., we do not need the validity of Howe’s conjecture.

To prove the main reducibility result (Theorem 3.5), which also describes
the structure of the lift of the subquotients of the induced representation, we
need the following lemmas, which are simple extension of the results known
for linear groups to the case of metaplectic group.

Recall that M; is a Levi subgroup of a maximal parabolic subgroup of

—_—

Sp(n). As such, it has a character v = |det|r coming from the usual character
of that form on GL(j, F'). We call a representation 7 of some covering group
(in our case, of the metaplectic, or of the covering of general linear group, or
of the Levi subgroup of the metaplectic group) genuine if it is non—trivial on

M-

Lemma 3.1. Let w be an irreducible genuine cuspidal representation of ]\A/[/j,

and let V' be a smooth representation of ]\Afj Then, there exist two subrepre-
sentations of V., say V(m) and V(m)*, such that we have

V=V(m) eV

and all the subquotients of V(1) are isomorphic to wv®, for some s € C and
V(m)t does not have an irreducible subquotient isomorphic to some wv°; s €

C.

Proof. This claim is slightly weaker than the Bernstein center decomposi-
tion. If M; is Levi subgroup of Sp(n), then there is an epimorphism from

—_—

GL(j,F) x Sp(n — j) to ]\Z Now, it is not difficult to see that, using the

6



notation from [4], the group ]\Afjo (the intersection of all the kernels of the
unramified characters of M; ) corresponds to GL(j, F')°, so the unramified
characters on M, indeed look as described in the statement of the lemma.

—~ —_

We note that the center Z(M;) equals Z(M;). This means that because

Z(M;) M3 is of finite index in Mj, Z(Mj)/ME is of finite index in ]\Af] Because
of this, when we restrict an irreducible cuspidal representation (7w, V") of ]\Z

to Z(M ])M\f we get a finite direct sum of irreducible cuspidal representations

of Hf (this notion makes sense since ﬁ/l\f contains all the unipotent radical of
it’s parabolic subgroups, and also, there is a splitting of unipotent radicals of
M; in M;), in the same way as in [4], p. 43, Proposition 25. Every irreducible
cuspidal representation of /]\Zf? is compact (Harish—Chandra’s theorem, p. 36).
Indeed, we can repeat the arguments of that theorem since (the M ;—version
of ) Cartan decomposition M5 = KAT K holds (p. 36 there); we also have
M3 = KA K, where A*° is embedded (this does not have to be a homo-

morphism) in HJE as A — (A, 1). Since we deal with the cover of a maximal

—~——

compact subgroup, we do not need that it splits in Sp(n), and so this works
for any residual characteristic. We continue to use the notation from p. 35
and 36 of [4]. It is now enough to show that matrix coefficients, i.e., the
functions m(a()))§ have compact support in A*°. Here we may take that &
is K'—invariant, where K’ is a sufficiently small congruence subgroup which

splits in Sp(n). Now we obtain the upper and the lower bound of 7(a()))¢ in
the same way as on p. 35 and 36 (we actually get a finite support on A™°).
Then, with all the ingredients at our hand, we can apply Proposition 26 of
[4], since it relays on the fact that compact representations split the cate-
gory of smooth representations, which was proved in the fifth section of the
first chapter of [4], in a greater generality (than for just reductive algebraic

groups), so it holds for Mjo.
0

Lemma 3.2. Let G be % or O(V,). Let P = MN' be a standard parabolic

subgroup ofC:Y and let P = Mﬁfb\g the opposite parabolic subgroup. Assume
T 1S a smooth representation of M and Il is a smooth representation of G.
Then, the following holds

Homg (Ind$ (), 1) 2 Homg; (r, R (I1)).



Proof. First, note that the opposite unipotent subgroup N also lifts in the
metaplectic group ([15], p. 43). Then, following the original Bernstein argu-
ment ([5]; we use that, topologically, P\ G = P\ @) the claim follows (in the
case of metaplectic group). The case of non—connected O(V}.) is similar ([17]).
There is an alternative proof of this fact (for reductive algebraic groups) due
to Bushnell ([6]). O

Remark. We refer to the isomorphism of the previous Lemma as “the second
Frobenius reciprocity.” Keeping the same notation as in the above Lemma,
it is obvious that it can also be expressed in the following way:
Homg(Ind%(7), 1) & Homgz(rr, (Rp(ID))).
For any positive integer n and positive integer r, let (Sp(n), O(V,)) be a
reductive dual pair in Sp(n - dimV;); let ' = n - dimV, (with dimV, odd).

Let w,y 4 be the Weil representation of Sp(n’) depending on the non-trivial
additive character ¢ ([9],[10]), and let w,, = w{, be the pull-back of that

representation to the pair (Sp(n), O(V;)). Let xv,, be as defined in the previ-

ous section. For an irreducible, genuine, smooth representation m; of Sp(n;),
let ©(my,(1) be a smooth representation of O(V}), given as the full lift of m;
to the [-level of the orthogonal tower, i.e., the biggest quotient of w,, ; on

—~——

which Sp(n,) acts as a multiple of 7. It is of the form m ® O(m,1), as a

representation of Sp(ny) x O(V;) (][9], p. 33, [15], p. 45).
We fix some notation throughout this section. Let ¢ be an irreducible,

P

cuspidal, smooth and genuine representation of Sp(W,) = Sp(n), and let
O©(o,7) be the first (full) nontrivial lift of ¢ in the orthogonal tower. Then,
©(o,r) is an irreducible cuspidal representation of O(V;) and we will denote it

e~

by 7. Let p denote a genuine irreducible cuspidal representation of GL(j, F').

The proof of Theorem 3.5 relays on the careful analysis of the Jacquet
modules of the oscillatory representations, due to Kudla ([10]).

Because of the completeness of the argument, we write down Kudla’s fil-
tration (we also want to emphasise a slight difference between our version
and Kudla’s original expression for the filtration, due to the difference be-
tween the choice of the isotropic spaces invariant under the action of the
parabolic subgroup). From now on, we fix a non—trivial additive character v
of F. Also, from now on,

1
r = =di V;’
m 9 1m
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Proposition 3.3. [10] Let wy,4;,+; be the oscillatory representation of

Sp(n+ j) x O(V,1;) corresponding to the character . Then,

1. The Jacquet module (with respect to the parabolic subgroup P; of
O(Viij)) Rp;(Wnyjrsj) has the following M; x Sp(n+ j)— invariant filtra-
tion by Ly, 0 <k < j:

M;xSp(n+j)

L = Indekxl'D;xO(v,.)

j (Ve Zh ® Wnaj—kr)- (2)

Here, Pjj, is a standard parabolic subgroup of GL(], F) corresponding to the

partition (j—k, k), Py is a mazimal Levi ofSp(n +7), X is a twist of a usual
representation of GL(k, F') x GL(k, F) on Schwartz space C2°(GL(k, F)) and
s given by

(g kot g kol _
S0 (g1,92) f(g) = v T2 ) (@)™ 2 (o) £ 97 992),

P

and ;i s a character on GL;_ x GL(k, F) given by

j—k+1

> ) (g1)xvi(g2)-

—(mp—n—

Yik(g1, 92) = v

mrf

Specifically, a quotient I equals v- 5 g Wntjr and a subrepresenta-
M; % Sp(n+j)

/
GL(j,F)xExo(vr)(XWEj ® W) )
2 The Jacquet module (with respect to the parabolic subgroup P; of

Sp(n +7)) Rs (wnﬂ r+j) has the following M X O(V,4;) —invariant filtration
by Jip, 0< k<

tion I;; equals Ind

M;xO(Vyy
ij =In deZkagp (5] Ek ®Wnr+] k) (3>

Here P, ik 15 a standard parabolic subgroup ofM corresponding to the partition

—_——

(J — k. k), Bjx is a character on GL(j — k) x GL(k) given by B;r((g1, g2) =
—k—1
(xXvpv

My — nt+i=2—=

> )(91)xvw(g2). The representation X is as, before, a repre-
sentation of GL(k,F) x GL(k,F) on Schwartz space C*(GL(k,F)) given

by
gt kL . _
¥1(91,92) f(g) = v™ 72 (gu)v™ (b= )(92)f(91 1992)-
Specifically, the quotient J;o of the filtration is isomorphic to Xvw/’”r—’”% ®

M XO(Vryj) (XVwE ®

Wn,rtj and the subrepresentation Jj; is isomorphic to Ind 2~
GL(j)xPjxSp(n)

Whr)-



The following proposition describes certain isotypic components in the
filtration above and is crucial for the proof of the Theorem 3.5 (for the basic
facts about isotypic components, we refer to [15], p. 45,46,47). In general,
if 7 is an irreducible smooth representation of some group Gi, and II a
smooth representation of G; x G, then the isotypic component (a smooth
representation of Gs) of 7 in II is denoted by ©(w, II) (if it is understood
what G and G, are).

Proposition 3.4. 1. Assume that j > 1 and s € C. Then

Hom oo oo (B8 Wnjris)/ Jjj pv° @ 0) = 0

and
Homgrj,ryxowv,) (Rp;(Wntjrti)/ Lij, X\?’ipp’ﬁ ®7)=0.

2. For cuspidal representation p @ o (j can be equal to 1) we have

~ 1o 10(Vis y
O(p® o, J;;) = Indpj( +J)()(v,w,o ®T),

and o
— ~ Sp(n+7 -
O(xypp © T, 1j;) = Indpf( Nape o).
mr—mn ~ O(Viyj .
3. 1If p # xvl-|"", then O(pR0, R (wnsjrrj)) = Indp!" (xvpp@7),
and

. n—m — ~ Sp(n+j «
if p # Xva |7 then ©(xy L, p@T, Ry (Wnsjrss)) 2 Ind 2" (ap@0).

J

—_—

Proof. 1. For 0 < k < j, the GL(j, F)-part of the induced representa-

tion Jj; is induced from the representation of GL(k, F') x GL(j — k, F') and
cannot have a cuspidal component. For k = 0, the GL(j, F')—part is just
R 1 . .
Xvp™ 2 and we use the assumption that 57 > 1.
2. Again, let us just comment on the first case. Having in mind that
the isotypic component of any irreducible representation = of GL(j, F) in
the "non—twisted” representation of GL(j, F') x GL(j, F') appearing in the

—_—~—

Jacquet module filtration is 7, there is an obvious GL(j, F) x P; x Sp(n)-
invariant epimorphism

XVZ) ® Wny = PO XV ® 0 @ T.
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We immediately get an ]\Af] X O(V,4;)-invariant epimorphism

Jij = p@o@ndn " (xvup @ 7),

Vij) (

so we conclude that Indgj( Xvup @ T) is a quotient of O(p ® o, J;;). We

prove that ©(p ® o, .J;;) is also a quotient of Indgj(v”j )(

Lemma 3.2, we have

XV,w:b & T)' NOW7 by

Homgz o, (i p©@ 0 @ O(p @ 0, Jj5)) =
= HomJ\'/[vijL(j,F)xO(Vr)<Xvﬂ/’2; Q@ Wnr, p &0 QD RPT(@(P ® 0, Jj)))-

For every intertwining map 7" from the first space, let T be the corresponding
intertwining map from the second space. Let ¢ be a natural epimorphism
of M; x O(V,4;)-modules belonging to the first space. Having in mind that
all the relevant isotypic components are irreducible, we get that the image
of ¢ is isomorphic to p ® 0 ® xv,yp ® 7. Now, we write down ¢y = ¢" o ¢/,
where ¢’ is just the projection with respect the kernel of ¢g, and ¢” is the
isomorphism from that quotient to the image of ¢,. Let ¢; be an operator
belonging to

HomA’/E ><O(Vr+j)(1nd(XV,¢'Z;‘ ® wnﬂ‘/Ker gbO)a P ®oR @(p ® g, Jjj))a

such that (¢1)o = ¢”. Then, (¢10Ind(¢’))g = ¢o, which forces ¢ oInd(¢') = ¢.
1) (\yyp&T), s0 is the

XV PRT).

3. We explain in more details only the first part of the statement; the
second is quite analogous. As it is obvious from the Statement 2 of this
proposition, we must prove that, essentially, isotypic component correspond-
ing to p®o in the whole Jacquet module Rf,; (Wntjr+j) actually depends only
on the J;;—part in the filtration of that module.

We use the part of the Bernstein decomposition from Lemma 3.1 for the
representation RE(wn+j7T+j) (and the notation is the same as there). If j > 1,
from the first part of this proposition it follows that

RID; (wn+j,r+j/‘]jj)(p @ U) =0.

Since .Jj; is a subrepresentation, we have R (wnijr+5)(p ® 0) = Jj;(p @ 0),
so that

Since the image of Ind(¢’) a quotient of p®o ®Indlojj(

image of ¢, i.e., p®oRO(pR0, Jj;) is a quotient of p®0®1nd103j(vr+j)(

Hom 7 (Rp (Wn+jrtj), p @ 0) = Homgy (Jj5, p ® 0) (4)
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(as the restriction gives rise to an isomorphism, which is also O(V,4;)-
equivariant). But, since there is a usual relation between taking a (smooth)
part of the isotypic component of a representation and the homomorphism
functor ([18]), we have the following

O(Rp, (Wntjr+i), p ® 0) = Homp (R (Wntjrss), p® 0o

Now, the relation (4) completes the proof of the claim 3 in the case j > 1.
If j = 1, the filtration of Rp (wny1,-41) is of length two, and, in this case,
Jio = xvul " @uwy 41 (We emphasise that p # xv.,|-[™7"). On the other
hand, Jj; has a quotient p® o ®O(p® 0, Ji1). Using the decomposition along
the generalized central characters, we see that p@oc®0O(p®a, J11) D Jip is a
quotient of Rp (wyt1,041) (the sum is direct precisely when p # xvy|-[™™"),
and we again obtain that (4) holds.
O

Theorem 3.5. Let m, = 1dim V., where V, is a quadratic space on which
O(V,) acts. Let P; be a mammal standard parabolic subgroup of O(V+;)

which has a Levi subgroup isomorphic to GL(j, F) x O(V,), Pj is a stan-
dard parabolic subgroup of Sp/(;:j) defined analogously. Let p be an ir-
reducible, cuspidal, genuine representation of Gm), where p & {xvu| -
[F=me) Nyl - [FM UL Then, the representation Indsf nﬂ)(p ® o) re-
duces if and only if the representation Indpj(v””(
case of irreducibility, we have

Xv,¢P ® T) reduces. In the

Sp(ntj Vo) —
O(IndZ ™ (p® o), r + j) = Indp " (xy 0 © 7).

—_—

If the representation Indsp ntd) (p ® o) reduces, then it has two irreducible

subquotients, say m and o, such that the following holds:

—

0—m — IndSp(nﬂ)(p@a) — g — 0.
.7

Then, O(m;,r + j) # 0, is irreducible for i = 1,2, and the following holds:

O(VT+J (

0 — O(m,r+j) — Ind}, X\_/ipp ®T) — O(mg, 7+ j) — 0.

Proof. The main tool in the proof is Proposition 3.4. Now, as soon as this is
established for the representations of the metaplectic group, we can proceed
with the proof similarly as in the case of the dual pairs consisting of the
symplectic and even—orthogonal group ([17]). O

12



4 The exceptional case

We continue with the notation from the previous section. We now discuss
the case p € {xv.g| [, xvy| [T ="V}, The discussion is more subtle
than in the case of “the split dual pair” (i.e., symplectic, even—orthogonal
group [17]) due to the fact that the result about the unique reducibility point
in the case of the parabolic induction from a maximal parabolic subgroup
and cuspidal data ([23]) is not available for the metaplectic group.

We retain the notation from the previous section. For p ¢ {xv.l -
M=)yl - [FM DY the uniqueness of the reducibility point for the
representation (we introduce a shorter notation)

[

pv’ X o= Ind;}‘(nﬂ)(pvs ® o)
J

follows from Theorem 3.5 and the uniqueness of the reducibility point s =
sp > 0 for the representation Ind(])wgv“’j )(pus ® 7) ([23]). In these exceptional
cases we study in this section, we will determine the reducibility point and the

structure of the lift of all the subquotients using again theta correspondence.

P

We recall that o and 7 are irreducible cuspidal representations of Sp(n)
and O(V}.), respectively, such that O(o,r) = 7.
From ([15], p. 69 Théoréme principal) we know that

O(o, 7 +1) = Indp"" (|- "™ @ 7), Rp(B(0, 7 +1)) = |- "™ @ T.

We conclude that the representation Indgl(VT+ 1)(| <"~ @ 1) is reducible.
Also, note that m, € % +7Z,s0n—m, € % + Z. In the same way we have

Sp(nt1 i
O(r,n+1)) — Indﬁff( + )(Xvﬂpl | '® o),
R (O(m,n+1)) = xvul- ™" @0,

—_—

and the representation Ind?(nﬂ)(xww - |mr=n=1 @ ) is reducible. So, The-
1
orem 3.5 guarantees that the only point of reducibility of the representation
Ind%@("ﬂ)(x‘/ﬁﬂ P®0o), s€Riss==%(m, —n—1) provided we show that
1

the representations we obtain for s = +(n — m,.) are irreducible.

%wehaven—m,a:mr—n—l;

n+1) (

Remark. In the situation where m, —n =

we know then that the representation Ind?f( Xvu - ]’% ® o) is reducible
1
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and that s = j:% is the only point of reducibility. For n = 0, this covers

—_—

the case of reducibility in SL(2, F'), because, if we formally take sgn to be

—~—

a nontrivial-character of ps = Sp(0, F), it lifts, in a split orthogonal tower
to r = O-level to a trivial representation of uy = O(V4), so m, = % and
n—m,= —% is satisfied.

We now describe how to bypass the exceptional cases from Theorem 3.5.

%f(nﬂ)(xvm - |* ® o) reduces for a

unique s > 0 (which is |m, —n — 1|). In particular, this implies

Theorem 4.1. The representation Ind

Ind%’("ﬂ) (Xvul- ™ " ®0) is irreducible unless m, —n = —(m, —n —1),

Qe mp—n=3.

Proof. As observed in the discussion prior to the remark above, we only have

—

to check that Ind%’f(nﬂ)(xwﬂ - [™ " ® o) is irreducible (unless m, —n = 1).
Here we use the notion of pairs of orthogonal towers with the same quadratic
character xy = xv/, so that xvy4 = xv' 4 ([9], Chapter V). So, if our original
tower has one—dimensional anisotropic space V), then, the “dual” tower has
a three-dimensional anisotropic space Vj at its bottom and vice versa. Let r’
denote the level to which the representation o lifts in this second orthogonal
tower (the first occurence), and let ©(c, ') = 7’ (a cuspidal representation).
Since Dichotomy Conjecture holds for cuspidal representations ([11]), we have
r+ 1 = 2n. But, if we calculate m,» — n, we get that m, —n ¢ {m, —
n, —(m,—n)}, so we are not in the problematic situation in the second tower,
meaning that if m, —n ¢ {m,, —n —1,—(m,» —n — 1)} the representation

Ind;lf("ﬂ)(xmﬂ <™= ® o) is irreducible (since then we can apply Theorem

3.5 on the representations of the second tower and Indgl(vrl“)ﬂ e T’) is
irreducible). If m, —n = m,» —n—1 (the possibility m, —n = —(m. —n—1)
leads to contradiction with r+7" = 2n) we get m, —n = % and this is already
covered. O

We now describe the lifts of the irreducible subquotients of the represen-

—_—

. S n+1 S
tation Ind}%’( * )(prl P®o), se{x(m, —n),x(m, —n—1)}.

Proposition 4.2. Assume that m, —n # % Then,

14



—_—

@(Ind%p(nﬂ)(xuﬂ S| @ o), r + 1) has a unique irreducible quotient,
1
isomorphic to ©(o,r + 1). Moreover,

OO(o,r+1),n+1)= Ind%’(nﬂ)()aw Tt ® o).

If we denote by m, the other irreducible subquotient of Indlogl(vr“)(] T,
then ©(m,n+1) = 0.

Proof. We denote m = Ind?("ﬂ)(xww\ "™ ® o). We can apply the third
1
part of Proposition 3.4 to see that

n—m _ O(Vr mr—n
O(xval "™ @0, Ry (wagrre1)) = Indp (- @ 7). (5)
Now, we can apply the Frobenius reciprocity

Homs;)/(nvﬂ)<wn+1,r+17 m) = Homyp (Rp (Wnt1r41)s Xvipl - ["7" @ 0).

Observing that the Frobenius isomorphism above is also an isomorphism
of O(V,41)-modules, and then taking the smooth part of it, it gives us the
isomorphism between the contragredients of the corresponding isotypic com-
ponents:

O(m,r+ 1) = Indp (|- " " @ 7),

and the first part of the claim follows, since Indgl(v”r 1)(] <" ® 1) has a

unique quotient, namely O(o,r + 1).
To prove the second claim, we proceed as follows: Let & be some irre-
ducible representation of O(V,.41). Then, the Frobenius reciprocity gives

Hom o x oy ) (Wnttirst, T ® §) =

Homme(Vr-s-l)(Rﬁl (w”+177’+1)7 XV,¢| TR o ®§),

and, by the third part of Proposition 3.4, the last part is isomorphic to
Homoy,,,)(| - ™™ ®7),&), and this is non-zero only if { =2 ©(o,r +1). So,
we conclude that 7 is a quotient of ©(6 (o, 7+ 1),n+ 1). On the other hand,
we have an epimorphism

Wnt1r11 — O(o,r +1) @ O(O(0, 7 + 1),n+ 1),

which leads to the epimorphism

15



RP1 (wn+l,?“+l) - ‘ ’ ‘n—mr T 6(@(07 T+ 1)7 n + 1)

Now we again apply the third part of Proposition 3.4 (but the different part
of the statement from the one used just above) to get that ©(0 (o, r+1),n+1)
is a quotient of 7, so, at the end, 7 2 (O (o, r +1),n + 1).

To prove the last part of this proposition, we note that, if O(my,n+ 1) #
0, an irreducible quotient of that full lift would have to have a cuspidal
support consisting of o and | - [£*=™) (][9], p. 55). Then, there would exist
an epimorphism w1 ,+1 — 7™ ® 71, but this is impossible by the previous
discussion. This guarantees O(my,n + 1) = 0. O

Proposition 4.3. Assume that m,—n #* % Then, the induced representation

Ind%’("ﬂ)(XV@]-]mf_”_l@m) has two irreducible subquotients, ©(T,n+1) and,
1

say o, which lift as follows ©(O(r,n+1),r+1) = Indlopl(w“)ﬂ Ameen=le T,

while ©(my, 7 + 1) = 0. Moreover, the lift @(Ind,opl(v“’l)ﬂ Amenl @), n+ 1)
has the unique irreducible quotient isomorphic to ©(r,n + 1).

Proof. The situation is totally symmetric to Proposition 4.2. O]

It remains to discuss the most difficult case m, —n = %

1

Theorem 4.4. Assume that m, —n = 3.

1

(i) The representations Indlogl(v”l)ﬂ : |% ® T) and Ind?(”ﬂ)(XVﬂ 2 ® o)
1

)

reduce, and

—

O(r,n+1) — Ind X" ([ 2@0), O(0,r+1) = Indp" (|- 7@7).
Moreover, we have the following:
OO(r,n+1),r +1) = Indp"™(|- 2 © 7)

and
OO(c,r+1),n+1)= Ind%’f(ml)(xyﬂ/,l 2 ®0).

(ii) Let my (mq, respectively) be the other irreducible subquotient of the rep-
resentation Ind?(nﬂ)(XV’M 2 ®0) (Indgl(vr+1 (|12 ®7), respectively).
1

Then, one of the following holds:

16



— O(m,r+ 1) = 0 and O(m,r + 2) # 0, moreover, every irre-
ducible quotient of O(my,r +2) is a tempered subrepresentation of
5([1/_%, V%]) X T,

— O(my,r+ 1) # 0, then every irreducible quotient of ©(my,r + 1) is
mo. Fvery irreducible quotient of ©(my, 7+2) is the unique common
tempered subquotient of §([v™2,v2]) x 7 and vz x L(v2;T).

Here 8([v=2,v2]) denotes the unique irreducible (and necessarily square—
integrable) subrepresentation of VE X U2 (we use the standard notation for
the parabolic induction for the general linear groups, [26]). The representa-
tion L(I/%; T) denotes the Langlands quotient of the representation VE X T

Proof. We now prove (7). The reducibility of v=2 x 7 and of X‘/,w’f% X o and
the fact that ©(o,r + 1) and ©(7,n + 1) are the subrepresentations of these
representations, follow from [15], p. 69 Théoréme principal. We can apply
the third part of Proposition 3.4 to obtain

O 172 ® 7, Ry (Wnt1,11) = Ind 2 (|- |2 @ 0) (6)
and ) )
Oxvul - 7% ® 0, Ry (Wnp1r41) = IndQ (| -2 @ 7). (7)

Using this and Frobenius reciprocity, we get

Ho Indf;(“”(xw T ®0)®0(0,r+1))

mSp/(E/H)XO(W+1)<wn+17T+1, : ‘
1
2

= Homyz, o,y (B (Wnt141), Xvy| - T2 ® 0 ®O(0,r + 1)) =
= Homoy,.,)(Ind2" (| - |* @ 7),0(0, 7 + 1)) # 0.
This means that ©(0(c,r 4+ 1),n 4+ 1) # 0, so we have an epimorphism
Wnt1r41 — O(O(o,r+1),n+ 1) ® O(o,r + 1),

and, taking Jacquet modules in the orthogonal side, we have the following
epimorphism

RPI (wn+1,r+1) - @<@(U,T + 1),n —+ 1) & ’ . |7% Q T,
so, by relation (6), we conclude that ©(0O(c,r + 1),n + 1) is a quotient of

Ind%(n+l)(XV,¢’ . ’% ® 0—)_
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On the other hand, using Kudla’s filtration (Proposition 3.3), and an
explicit description of quotient .Jj, we obtain the following chain of epimor-
phisms:

1 1
RE(WH+1,T+1) - XV,¢| 12 @ W — XVW‘ 2@o®0(0,r+1),

so that

~

1
Homgro o,y (B (Wni1ri1), Xviw| - |2 © 0 © O(0, 7 + 1))

~ o Sp(nt1) 1
= HomSp(n+1)><O(VT+1)<wn+1’r+1’Ind’ﬁ; (xXvel |2 ®0)®0O(0,m+ 1)) #0.
Take a non—zero intertwining operator from the last space, say 7. Then,
the image of this operator is isomorphic to II ® ©(o,r + 1), where II is a

—

subrepresentation of Ind%p("ﬂ)(x‘/m .12 ® o) ([15], p. 45 Lemme 111.3). On
1
the other hand, this II has to be a quotient of O(O(o,r + 1),n + 1). From

our previous reasoning about O(0(o,r + 1),n + 1) the only possibilities are

—~—

that ©(O(o,7 +1),n+ 1) is O(1,n+ 1) or Ind%?("“)(x‘,w |2 ® 0). In the

first case, II is a quotient of ©(7,n 4 1), so Il = O(r,n + 1), but this cannot

Sp(nt1)

P (Xvu - \% ® o). We, then, must have
1

be a subrepresentation of Ind
~ 1o 1Sp(nt1 1
OO0, r+1),n+1)= Indﬁ?( * )(Xvﬂp’ 2 ®0)

and IT = Ind%)(”ﬂ)()(v,ﬂ |z ®0).
Analogously, one gets

O(O(r,n+1),7 +1) = Indp" (|- |2 @ 7).

We now prove (iz). Firstly, we prove that O(m,r) = 0. If O(my,7) # 0,
then, examining a cuspidal support of every quotient of this representation
([9], p. 55), we see that it would have to be equal to 7. But, then O(7,n) = o
and O(7,n+ 1) = my; the last relation contradicts the results of the first part
of this theorem. Analogously, we get that ©(m,n) = 0.

To proceed further, we prove claim (8)(see below). We use the idea of
descending in the orthogonal tower, starting from some stable range appear-
ance place, downwards to prove that the lift does not vanish even lower in
the tower. This idea was already present in ([16]).
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Assume that O(my,1) # 0, for some [ large enough. Then, there exists
an epimorphism wy,;1; — m ® O(my, ). Using Kudla’s filtration (Proposition
3.3), we get epimorphisms

Rpl (wn+1,l+1) — V_(ml_n_l) & Wp+1,l — l/_(ml_n_l) X T X @(71'1, l)

Using Frobeni%ciprocity, from the relation above we get that there exists
a non-zero Sp(n + 1) x O(Vi41)-intertwining from wy,+1 41 to

T & Indlogl(v“l)(y_(ml_”_l) ® O(my,1))). This immediately gives us a non—
trivial intertwining between O (my,(+1) and IndIODI(VL“) (v~ ==V 00(m, 1)),
and, consequently, between Rp, (O(m,l+1)) and v~ (™="=Y @ O(m,1). If we
denote by 7(x) an isotypic part of part of some smooth representation 7
corresponding to a generalized central character y, we can write down our
conclusion as Rp, (O(my, 1+ 1))(v~m=7=1) = 0. This proves one direction of
the following claim:

Assume that m; —n — 1 # —%. Then,

O(m,1) #0 & Rp, (O(my, 1 + 1)) (v (mmn=1) £ 0, (8)

Now, we prove the other direction, so we assume that Rp, (O(m,l +
1))(v=(m=n=1) £ 0. This also means that ©(my,l + 1) # 0, so there is an
epimorphism wy, 11,41 — m ® O(m1,[+1), and, when we apply Jacquet mod-
ule, Rp, (Wni1,41) — T @ Rp, (O(m1, 1+ 1)) — 1 @ v~ @ 1 for some
representation 71 of O(V;.) (a non—zero map). We use here that the Jacquet
module of ©(my, [+ 1) is of finite length. Now, if we assume that this map, re-
stricted to a subrepresentation I1; of Rp, (wy+1,41) (Proposition 3.3) is zero,
we get an existence of a non—zero mapping from Iy = y~(mi—n=1) W1,
to m ® v~ ™= @ 7. This means that ©(ry,1) # 0. If we assume the op-
posite, i.e., the restriction of the above mapping to I; is non zero, applying
the second Frobenius map, we get a non—zero intertwining map

Xvﬂl,z/l & wn,l — l/i(mlinil) &® 1 X Rpl (7111)‘,

and, from this follows that 7 — X‘/@V*(ml*”*l) xa. Of course, if m;—n—1 #

—%, we get that this is impossible, and the claim (8) is proved.

Using claim (8), we prove that O(m, 7 +2) # 0 in Lemma 4.6. Assuming
that, we now examine two possibilities: O(m,7+1) # 0 and O(m,r+1) = 0.
Firstly, assume that ©(m, 7 + 1) = 0. Let II be an irreducible quotient of
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O(my,r + 2), so that there exists an epimorphism wy, 41,42 — m ® II, and,
consequently, an epimorphism Rﬁ(wml,rﬂ) — Rﬁ(m) Il = XV7\111/% ®
o ® II. If the last epimorphism is equal to zero on the subrepresentation
Ji1 of Rﬁ;(wnJrL,ﬂH), it gives rise to an epimorphism XV,z/JV% @ Wpria —

Xv,ur2 @ o @ II. This is impossible, so there exists a non-zero intertwining

Ind/leXO(VT”)

1
GL1 xSp(n)x Py (Xv 2] ® Wnpi1) = Xvpr? @ 0 @ 1L

Using the second Frobenius reciprocity, as before, we get an embedding
M — v2 x O(o,r + 1). An intertwining operator, induced from the GL-
situation acts on the second representation, so that we have a composition
of intertwining operators

1 1
HovzxO(o,r+1)—vzXv 2XT—V

If we assume that II is not embedded in the kernel of the last intertwining
. . 1 1 . .
operator (i.e., in §([v~2,v2]) x 7), there would exist an embedding

1
X V2 X T,

D=

II — v~

and this would force Rp (O(m,r + 2))(y*%) # 0. By plugging [ = r + 1 in
the relation (8), we get that ©(m,r + 1) # 0, contrary to our assumption.
This means that II < §([v=2,v2]) x 7, and this case is covered.

Assume now that ©(m,7 + 1) # 0 and let II be an irreducible quo-
tient of ©(my,r + 1). Then, there exists an epimorphism of Jacquet mod-
ules Ry (Wny1,r41) — X\WV% ® o ® II. Again, by examining the filtration of
R (wnt1,41), we firstly assume that the epimorphism above is zero, when

Py
restricted to a subrepresentation Jy; of R}'Dv1 (Wnt1,41). Then, there exists an

epimorphism J;q & Xv,wy%@)wn’rﬂ — Xv’wl/%@U@H. We get I1 = O(o,r+1).
Now, by Kudla’s filtration there exists an epimorphism Rp, (Wyt1,12) —
VI ® Wni10+1, and, consequently, a non-zero map Rp, (wni1,r42) — VI ®
m R O(0,r+1) — V"2 ®m ® v~ 2 x 7. By Frobenius reciprocity, we get a

—~—

non-zero (Sp(n + 1) x O(V,42)-invariant) intertwining map wy41 42 — ™ ®
VB XU NT. So, there exists an non-zero intertwining map Rp, (Wnt1,4+2) —
T ®v 2 X v~z @7. We now use filtration of Rp, (wns1,42) ([9]); note that it
has t = min{2,n+ 1} members. Here we assume that n > 1; if not, we are in
a simpler situation. We use, as always, I, to denote the members of filtra-
tion of Rp, (wn11,+2). We see that there cannot exist a non-zero intertwining
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1 1 N
map from Iog = lgr2) @wpi1, to T @v72 X v 2 @7. Also, there cannot exist
) .. _1 _1 .
a non—zero intertwining map from Iy to m @ V"2 X vV 2 ® T (We examine a
cuspidal support of 7). So, there must exist a non—zero intertwining

—

Iy, = IndPFUXGLE)*O(V:)

/ _1 _1
Gl(l)xSp(n)xGL(l)xGL(l)<52121 Duns) M @VTEXVROT.

When we examine the last relation more carefully, applying the second

Frobenius reciprocity, we get a non-zero Sp(n + 1)-intertwining between
XW,I/% x o and 71, which is impossible.

We recall our assumption on R (Wnt1041); the discussion above shows
that there exists a non—zero intertwining from a subrepresentation Ji; to
XV,wV% ® o ® II. After applying the second Frobenius reciprocity, we get
II = 9.

To determine an irreducible quotient IT" of O(m,r + 2) we proceed as
follows: since there exists an epimorphism 7' from Rp, (wpy1,s42) t0 m ®
Rp, (IT'), we study the filtration of Rp, (wyt1,42); if T|1,, = 0, employing 2"
Frobenius reciprocity, as before, we get that V2@ < Rp,(I1);if Ty, #0,
we get that vz ® L(v2;7) < Rp, (IT').

Now we calculate Rp, (II'). The filtration of Rp,(wn+1,+2) has three mem-
bers; easy analysis shows that there only I5; can have a non—zero intertwining
with m ® Rp,(Il'). If £ ® 7 is an irreducible subquotient of Rp,(Il") such that
the intertwining space (we relax the notation since it is obvious which are
the inducing subgroups in question)

Hom(Ind(ﬁmE/l & wn,?‘)7 m & é ® T)

is non-zero, we get £ = 0([v 2, v2)).

Now, the proof is complete as soon as we show Lemma 4.5. Namely,
assuming this lemma, we see that, since 0([v=2,v2]) @ 7 < Rp,(Il'), we
must have II' = Ty or II' = Ty. This also means that the possibility v~ 2 @
me < Rp, (I") does not occur, since, in any case, II' is tempered. Now, we
refer to the first part of the proof of Lemma 4.6: This first part is valid if
O(m,l+1)#0,and [ > r+ 1, and we if we put [ = r + 1 we immediately
get

' — 12 x Q0,7+ 1) = V2 X L(v3;7),

so we see that II' = T5. O
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To finish the proof of Theorem 4. 4 we need some facts about Jacquet
modules of the representation VX UE X T

Lemma 4.5. The representation Vi X VI N T s of length four; the irre-
1 1

ducible subquotients are Ty, To, L(vz,vz;T), L(v2 7r2) where Ty and T,
are irreducible tempered subrepresentations of o([v ,VQ]) x 7. The repre-
sentations 6([v=2,v2)) x 7 and vz x L(v2;7) have a unique common irre-
ducible subquotient, we denote it by Ty. The multiplicity of ([v=2,v2]) @ T
. 1 , 1o

in Rp,(v2 X v2 X 1) is two and each §([v~2,v2]) @ T can only come from a
Jacquet module of Ty or Ts.

)
_1
2

Proof. In the appropriate Grothendieck group, we have

The representation 8([v=2,v2]) x 7 is of length two (we see that by taking
a restriction to the appropriate special odd orthogonal group, and having
in mind that, for an irreducible representation 7 of a full odd orthogonal
group O(V;), mso(v,) is irreducible. Also, (m X 7')s0v;..) = T X (T')150(11)
if 7/ is a representation of O(V,) and 7 of GL(n, F'). Then, using Aubert
duality ([1]) for SO(V,,) and the fact that, in our case, we have O(V,,) =
{£1}-SO(V,,,), we see that L(v2,v72) x 7 is of length two; analogously, we
see that both v2 xmy and v2 x L(v2; 7) are of length two; now the Langlands
parameters of all the subquotients are easily determined. We also see that
V2 x my and V2 X L(I/%; 7) must each contain one tempered subquotient; we
denote the former one by T5. Using Tadi¢’s formula for the Jacquet modules
of the induced representations ([24]), we get

1 1

RQ(V%XV%NT) = I/%XV%®T+V_%XV_%®T+25([V_§ %])®7'+2L( z, %)(X)T.

Since Ty, Ty — 6([v~2,v2]) x7 and Ty < v2 x L(v2; 7), the rest of the claims
now follow.

O
To complete the proof of Theorem 4.4, we prove the following

Lemma 4.6. Let m; be as before. Then, O(my,r + 2) # 0.
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Proof. Let | > r be large enough, so O(m,l+ 1) # 0 and the claim (8) holds
(this also means [ > r+1). Let I be an irreducible quotient of ©(my,[+1). A

non-zero Sp(n + 1) x O(V,41)-intertwining wy, 11,41 — Xvﬂ/}l/% x o @Il gives
rise to a non-zero intertwining Rp (Wn+1,14+1) — XV,wV% ®o®II'. Using again
Kudla’s filtration of R;;l (Wnt1,041), we see that either there exists a non-zero
intertwining xv, ™ " @ Wy 141 — XV,wV% ® o @ II', which is impossible since
m;—mn > %, either (this must be a case) there exists a non—zero intertwining
Ind(xv,pX) ® wpy) — Xvﬂ/,V% ® o ® IT’, which, by 2" Frobenius reciprocity,
gives an intertwining xv,%) ® w,; — XV,W/% ® 0 ®@ Rp,(II"). We conclude
that =2 x O(o,l) =1, i. e.,

I — 12 x O(0,1).

Since o is cuspidal, we have a more precise information on O(o,[), namely
(19]) ©(c,1) — v ™+ % (0,1 — 1). Note that O(c,l — 1) # 0. So, if
n—m+1¢ {3 —1}, by Zelevinsky results for general linear groups, we
have

I — v2 % O(o,l) — X v O(o, 1 —1) = pyrmtl x V2 X O(o,l—1).

This is satisfied if [ > r + 2. In that case Rp (O(m,l + 1))(¥" ™) >
Rp, (IT')(v™»~™*1) =£ 0, and, by claim (8), we have ©(my,1) # 0. Moreover,
O(m,r +2) £ 0. O

Remark. At this stage, using our our approach, we were not able to under-
stand more thoroughly when each of the possibilities in Theorem 4.4, (i7)
occurs. But, if we assume that the Dichotomy Conjecture holds for 7y, we
can easily see that, in that case, the second possibility should occur.

5 Examples

By Theorem 3.5 and Theorem 4.1, we have completely described reducibil-
ity of the representations of the metaplectic group in the generalized rank
one case, in terms of reducibility of the related representations on the odd—
orthogonal group, assuming that F' has characteristic different from 2. Using
known facts about reducibility for the orthogonal groups, we can make this
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more explicit; we describe some of the situations which occur in a few exam-
ples. In the following examples we use Shahidi’s results on reducibility and
L—functions, so this requires char F' = 0.

We use Shahidi’s machinery to calculate the reducibility point for the
representations of SO(V;.) induced from a maximal parabolic subgroup and
the generic representations of an appropriate Levi factor. To do so, the
odd orthogonal tower must be split, i.e., dim(Vy) = 1. In general, if p is a
self-contagredient irreducible cuspidal representation of GL(j, F') and 7 an
irreducible, cuspidal, generic representation of SO(V;) in the split tower, the
Plancherel measure can be expressed in terms of L—functions, and, we have,
up to an e—factor (for example, [21],[22])

L(1+s,px7)L(1—s,px7)L(1+2s,p, Sym?p;)
L(s,pxT) L(=s,pxT7) L(2s,p, Sym?p,)
L(1 = 2s, p, Sym?*p;)
L(=2s,p, Sym?p;)

(s, p®T) ~

(9)

Here Sym?p; is a symmetric square representation of GL(j,C), and 7
is always self-contragredient ([15]). The zeros and poles of the Plancherel
measure completely describe the reducibility point of the representation
Ind}zjo(v’")(pl/s ® o).

5.1 The Siegel case

We recall that we study genuine representations of Sp(n). Let wy denote the
non-trivial character of % = uo. Assume p is a genuine, unitarizable
cuspidal representation of Gm), Jj > 2 with (X‘_,ibp)v = (X‘_/ibp). Then,
Ind%’(j ) (p®uwy) is the Sigel case for our considerations. We have the following
proposition:

Proposition 5.1. Assume p is a genuine, unitarizable suprecuspidal rep-

—~—

resentation of GL(j,F), j > 2 with (X;ipp)v = (X;',lw)- The representation

——

Ind%(j)(pi/s ®uwp), s € Rsg reduces for s =0 if L(s, X;bp, Sym?p;) does not
‘7 b

have a pole for s = 0; otherwise, it reduces for s = %
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Proof. By ([10], p. 238) we have wy, 0 = 1o, ®w§im‘Vm). Now, assume that

we study theta correspondence between the representations of the metaplec-
tic groups with the representations of groups in the split odd—orthogonal
tower. In this case dim(Vp) = 1, and O(Vy) = pe. This means O(wp,0) =

Loy, and by Theorem 3.5, Ind%f(j)(pys ® wp) reduces if and only if 7 =
J
Indlogj(vj)(x‘_/ippys ® lo(w)) reduces. Now, we note that m reduces if and only

if T|so(v;) reduces. Since we are in the generic case, we can apply (9) and
the claim readily follows. O

Corollary 5.2. We keep the notation of the previous proposition. Let p

be an irreducible, genuine, cuspidal representation of GL(j, F) with X;/,ipp
self-dual.

—

(i) If j is odd, the representation Ind%{’(j)(pus ® wy) reduces for s = 3.
J
(i1) If j = 2 the representation Indlﬁ__f(j)(pus ® wy) reduces for s = 3 if the
J

central character of X‘_,’b)p 18 non—trivial.

Proof. The first claim follows from Proposition 5.1 and Theorem 6.2. of
([22]). The second claim follows from the fact that L(S,X‘_/iﬂp, A2py) =
L(s,wx‘;}w ,), Where Wyl is a central character of X\_/i/u& Since we precisely
know the form of L—function L(s,y), where x is a character, the claim fol-
lows. O]

—~—

5.2 Reducibility of Ind%}(‘jﬂ)(p ® m), where 7 is irre-

ducible cuspidal representation of SL(2, F)

In this situation we use the knowledge about the liftings of cuspidal repre-

—_——

sentations of SL(2, F') to various odd—orthogonal groups ([25]). We assume
that the characteristic of F' is zero.
To simplify the calculation, we assume that if j = 1, then

my—1)
Y

:I:(mr—2)}

p ¢ {xvprt! s XV,pV

where m,.(7) = $dim(V;), and r denotes the first occurence of non—zero lift of

7 in a certain odd orthogonal tower. We will fix a quadratic character xy, as
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in the introductory section, so that we have attached to it two odd—orthogonal
towers, one with dim(Vp) = 1 ((+)-tower) and other with dim(Vy) =3 ((—)-
tower) ([9], Chapter V). Since for the cuspidal representations the conserva-

P

tion principle holds, ([12]), for a fixed cuspidal representation 7 of SL(2, F)
having in mind our notation, we have 2m,. (7)™ + 2m,(7)~ = 8.

The cuspidal representations of SL(2, F') lift to 2m,.(7)" € {1,3,5} (the
stable range!) (precise description of the lifts is rather subtle ([25], [13])).
Now assume that for a cuspidal = we know where it lifts.

The first case:

If 2m,(m)* =1 (i. e. 7 = 0) (for example, if 7 is an odd part of the Weil
representation attached to an appropriate additive character of F([9], p. 89,
90). Then, O(m, 0)* = sgno(y,) (as for an odd Weil representation). The

—

representation Ind2Pu+y (p@m) reduces if IndIOJj(V}) (X;ﬁpp@ 5gno(vy)) Teduces,

Pj
and this reduces if and only if Indijo(vj)(

in the Siegel case.

The second case:

If 2m,. (7)™ = 3, then O(m,1) is a cuspidal representation of O(V;). The
representation Indgj(vj“)(x;ipp ® O(m, 1)) reduces only if it’s restriction to
SO(Vj41) reduces. Now, we use ©(m,1) to denote also a restriction of this
representation to SO(V}). So, if we plug 7 = O(m,1) in (9) we can draw
some conclusions, since SO(V;) = PGLy(F), so that ©(m, 1) is necessarily
generic. The L—function L(s, X\_/ipp X ©(m, 1)) is, essentially, an L—function

X;/ipp ® 1) reduces, and we are again

of pairs, and it has a pole for s = 0 only if ©(m, 1) = Xf/i/,/)- Then j = 2 and
a central character of X‘_,ibp is necessarily trivial. If this isomorphism occurs,
the reducibility point is s = 1.

If, on the other hand, L(S,X‘;ipp x O(m, 1)) does not have a pole for

s=0(0(m,1) 2 X‘_/ipp; this trivially holds if j # 2), then Ind%}(jﬂ)(p ® )
reduces if L(S,X‘_/}d)p, Sym?p;) does not have a pole for s = 0, otherwise

this representation reduces for s = % Note that, in these cases, there is no
dependency on 7.

The third case:

If 2m, (7)™ = 5, then our knowledge on L—functions appearing in (9) is
limited; also, we would like to avoid the discussion on (non)-genericity of
O(m,2)". To accomplish that, we will try to use the fact that 2m, (7) = 3.
The vector space V|, is a vector subspace of trace—zero quaternions in a non—
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split quaternion algebra D over F. The group SO(V;)~ is anisotropic, and iso-
morphic to PD* and an inner form of SO(V}) is the split SO(3) (in the usual
notation), isomorphic to PGL(2). Now we want to use Jacquet—Langlands
correspondence to relate representations of SO(V;)~ and split SO(3), and to
show that we can use this correspondence to calculate the Plancherel mea-

sure p(s, X‘_/i# p®O(m,0)7), so that we can calculate the reducibility point of

SOV~ , — _
Indy" (xyLp ® O(r,0)7).

To relate u(s,x‘_/ipp ® O(m,0)”) with ,u(s,X‘_/ibp ® JL(O(m,0)7)), where
JL((©(m,0)”) denotes a Jacquet-Langlands lift of ©(7,0)~, we use (in this,
non-Siegel case), an idea of ([19]), which they use in the Siegel case.

We briefly describe this idea. Let k£ be a number field, such that there
exist two places of k, say v; and vy such that k,, = F, i = 1,2. Let D
be a quaternionic algebra over k, such that it splits for every place k, #
ky;, i = 1,2, and D(k,,) = D. Let G be an orthogonal group over k, such
that G(k,) = SO(25 + 3)(ky), v ¢ {v1,v9}, is a split group, and G(k,,) =
SO(V)(F)~, i=1,2.

Let G’ be an orthogonal group over k, which is an inner form of G, but
split at every place of k. Let M and M’ be the appropriate Levi subgroups,
so that M(k,,) = GL(j, ky,,) x SO(Vp) and M'(k,,) = GL(j, ky,) x SO(3).

Let 7 =2 ®7, be an automorphic cuspidal representation of D* with the
trivial central character, such that 7,, = O(m,0) (thought of as a represen-
tation of PD* = SO(Vy)~). Then, there exists an automorphic cuspidal
representation 7 = ®7) of GL(2) such that 77 = 7,, v ¢ {vi,v2}, and
7, = JL(O(m,0)7), i = 1,2. The existence of such representations can be
checked by [19]. Let 0 = ®0o, be an automorphic cuspidal representation of
GL(j) such that o,, = X;ﬁpp, 1=1,2.

Now, using the global functional equation for the global intertwining op-
erators, and choosing the appropriate normalizations of the Haar measures
on the unipotent radicals, one can show that, on each split place, there is
a cancellation of local factors coming from the local intertwining operators;
the only thing which remains is

1l

1(s, Xypp ® O(,0)7)* = pu(s, xyp ® JL(O(7,0)7))>.

The positivity on the imaginary axis of the Plancherel measure guarantees
that we actually have an equality of the Plancherel measures above, not only
their squares.

Now, we can calculate the poles and zeroes of the Plancherel measure
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on the right side above in terms of L—functions, since JL(O(7,0)7) is a
generic, square-integrable representation of GL(2, F') (with the trivial central
character). We have two situations to consider: if ©(m,0)” is not one-
dimensional, JL(©(mr,0)”) is a cuspidal generic representation of the split
SO(3), and we are in the previous case. If O(m,0)” is a character of D*
trivial on F*, then it is given by y ov, where v is a reduced norm on D*, and
X is a quadratic character of F*, and JL(O(7,0)7) = xStarie,r) — VI X
XV’%. Here Stq(2,r) denotes the Steinberg representation of GL(2, F'). Then,
the relation (9) still holds, but we use the multiplicativity of the y—factors
to simplify the L—functions involved. We use 7(s, X\_/ibp X xStare,r), V) =
V(8, Xyl X XV, 1) X (8, Xy X XV 2,1)).

If X‘_/ipp = X, the reducibility only depends on the poles of

L(s, X‘_/i)p, Sym?p;) and can be described in the same way as in the pre-
vious case.

We excluded the case X\_/ip/) = x = 1 in the beginning. We now only have
to consider the case X\_/ip p = x # 1. In this case, the non—negative reducibility
point is %
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