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Abstract

To a very large class of unipotent quadratic Arthur parameters for
symplectic groups, we attach (explicitly realized in the space of square-
integrable automorphic forms) an irreducible automorphic representation
using degenerate Eisenstein series.

1 Introduction and preliminaries

1.1 Introduction

In this paper we explicitly realize, using degenerate Eisenstein series, an auto-
morphic representation of a (global) symplectic group with a prescribed quadratic
unipotent Arthur parameter. We manage to obtain this result for a large class
of quadratic unipotent Arthur parameters, namely for those ones satisfying a
technical condition (A) which is easy to check. In [1] is given a detailed study
of parametrization of automorphic (square-integrable) representations of global
symplectic group by these parameters, but without separation into cuspidal
and residual spectrum. On the other hand, even with the detailed knowledge
about the constituents of the local Arthur packets, when a global representation
is formed (by choosing members of local packets), it is still difficult to decide
whether it is automorphic; a very non-trivial multiplicity formula is involved.
In this respect, our method is very direct and gives an explicit realization of an
authomorphic representation, with lots of information on the local components.
Of course, the trade-off is that we are dealing with the very special case of Arthur
parameters (in which we even avoided a conjectural Langlands group). By our
(inductive) construction, all these representations we obtain (except maybe at
the basis of our construction) are residual. A result on classification of residual
representations is given in [11], and in [10] are given, by standard procedure
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of Langlands spectral decomposition, the quadratic unipotent Arthur parame-
ters which parametrize automorphic representations of symplectic group with a
non-zero constant term along Borel subgroup.

The idea of using degenerate Eisenstein series to insure the automorphicity of
the constructed representation was suggested by Goran Mui¢ in relation with his
earlier work ([17]). We construct automorphic representations for pretty general
quadratic unipotent Arthur parameters, and these representations need not to
have a non-zero constant term along Borel subgroups; the inductive construction
starts from the unipotent automorphic representation with the general support
(i.e., a minimal parabolic subgroup with non-vanishing constant term along
that parabolic subgroup). In our inductive construction, to prove the non-
vanishing of degenerate Eisenstein series applied to certain global representation
(and thus proving that this representation is automorphic) we calculate the
constant term of the Eisenstein series in question. In that calculation, a sum
of intertwining operators occurs. We use an argument which resembles to the
one in [14] (the second chapter, the first section), but since the assumptions
are somewhat different than in loc.cit (where representation of which Eisenstein
series is being taken is cuspidal, and in our situation, this might not be the case)
for the benefit of the reader, we make an explicit calculation (Theorem 4.3).

The more detailed overview of all the steps in this inductive procedure (and
ingredients needed) is given at the beginning of the third section.

In the second section, we prove some claims about the structure of local
components of the automorphic representations of symplectic and general lin-
ear groups related to quadratic unipotent parameters. These claims are not
consequences of our constructions; they are quite general and apply to every
automorphic square—integrable representation with quadratic unipotent Arthur
parameter. Let I be (any) irreducible automorphic representation appearing
(discretely) in the space of square—integrable automorphic forms on Spa,(A).
Then, there exists a standard parabolic subgroup P(A) of Sps,(A) with the
standard Levi subgroup M (A) and a cuspidal automorphic representation g of
M such that, as abstract representations, m is embedded in ind%&;m)wo (the
precise statement of the result and realization in the space of automorphic forms
which we need in the fourth chapter are given in Theorem 4.1). We know that
a Levi subgroup M is a product of general linear factors with the symplectic
group of smaller rank. Now, using some simple consequences of the classification
of the unitary unramified representations of classical groups ([18]) we get that
the factors of my corresponding to the general linear factors are of Ramanujan
type ([20]), and the factor corresponding to the representation of the smaller
symplectic group is a cuspidal automorphic representation with almost all local
components which are negative representations (the notion is defined further on
in the preliminaries section and is essential in understanding of the local com-
ponents of the automorphic representations attached to quadratic unipotent
parameters). The results of the second section can be obtained even without
the embedding of Theorem 4.1, i.e., of it’s abstract-representation counterpart
mentioned above-these results would also follow from the global Langlands’



subquotient theorem ([5]), but we need Theorem 4.1 for the calculations in the
fourth section.

In the third section we explain in detail the inductive nature of finding au-
tomorphic representations with the prescribed quadratic unipotent Arthur pa-
rameter. We explain how, for a given parameter, we find “a basic parameter”,
and how, by adding new elements in so called Jordan block, we get our desired
parameter, and a representation attached to it. In this section we cover the
case in which, in each step, all the intermediate (and final) automorphic rep-
resentation have a non-zero constant term along the standard Borel subgroup.
At the end, to really show that the final automorphic square-integrable repre-
seantation of Spay,(A) is really corresponding to the given Arthur parameter ¢,
we use local results from the Preliminaries (sub)section (Proposition 1.2). For
these representations we do not need a technical condition A.

In the fourth section, using a result mentioned above, about embedding of a
non-cuspidal automorphic representation in the representation induced from a
cuspidal automorphic representation, we obtain the same results as in the third
section about construction of the representation with the prescribed quadratic
unipotent parameter, but now we do not assume that “a basic representation”
has a non-zero constant term along the standard Borel subgroup. For these
representations we need a technical condition A. In this case, we also have
to use some extra ingredients, due to a number of different authors (Arthur,
Moeglin, Ban), concerning some properties of local Arthur packets, as is briefly
explained in beginning of the third section, where we give a description of the
steps in the inductive construction of an automorphic representation with the
given parameter.

1.2 Preliminaries

Let k be an algebraic number field and k, its completion at place v. The sym-
plectic group of rank n over k is defined in the following way:

0 —J, 0 —J,
Span =19 € GLan 1 g {Jn 0 }gt: {Jn 0 }}
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where J, is n X n matrix defined by J,, = . In general, if G is an

1
algebraic group over k, B is an k-algebra, then G(B) denotes the group of B—
points of G. The adele ring of k£ we denote by A = Ay, and for a finite place v of k,
we denote by O, the ring of integers of k,, and by @, a generator of it’s maximal
ideal (we fix it). We let |-|, (or v,,) denote the normalized absolute value on k,.

We choose a non-trivial additive character ¢ : K\ A — C*; we have ¢p = H; Yy (a
restricted product; 1, is unramified almost everywhere). We fix a Haar measure

dx = H; dz, such that dx, self-dual with respect to character v, (meaning
self-duality with respect to the Fourier transform). A unitary Grossencharacter



p o k*\A* — C* can be written as a restricted direct product of local characters
oy : ky — C*; in this set up, Tate defined local L- function L(s, y,) and e—factor
(8, fy, ¥y), here e(s,u) = [[e(s, ttv,1y) is independent of 1. For all places
where p, and 1, are unramified, (s, ty,, %, ) = 1. Meromorphic continuation of
L(s,p) =[] L(s, ptyy) (the product initially converges for Re(s) > 1) satisfies the
following functional equation

L(s, 1) = e(s, ) L(1 = s, 7).

If u # 1, L(s, p) is entire. Otherwise, it has simple poles for s =0 and s = 1.

For Sps,, defined above, we fix a Borel subgroup consisting of upper—triangular
matrices, and maximal (k-split) torus T, consisting of diagonal matrices in B,,.
In this setting, we denote by U, the unipotent radical of B,,. With this choice
of maximal torus and positive roots (3) determined by B, the set of simple
roots A = A(Spay,) is given by a; = e; —e;41, i =1,...,n — 1 and o, = 2e,
(here e;(t) = t;, where t = diag(ty,ta,... tn,t; %, ..., t7") is a diagonal ma-
trix belonging to the maximal torus 7T,). Corresponding coroots are given by
d; = €; — e;}1, A, = €, where cocharacters €; have obvious meaning. For any
a € X1, the corresponding root subgroup U(A) is isomorphic to A; similarly,
for every place v, U(k,) = k,. Using this isomorphisms, we define Haar mea-
sures on these roots subgroups of unipotent radicals, moreover, in this way we
fix Haar measures on unipotent radicals of standard parabolic subgroups, since
they are spanned by root subgroups (these are isomorphisms of k-varieties).
The normalization of measures on unipotent radicals is important because of
the definition of intertwining operators.

For every v < oo we fix K, = Spa,(Ok,) as a maximal compact subgroup of
Span(ky), and for archimedean places we fix some maximal compact subgroup
and denote K = [[, K\, C Sp2,(A). Also we denote Ko, = HU‘OO K,. Let goo
be a (real) Lie algebra of ]|, Sp2n(ky). We say that an irreducible admissible
representation of Spa,(ky) (v < 00) is unramified if it has a non-zero K,-fixed
vector (also called K,—spherical). Then, necessarily, this vector is unique, up to
a scalar. We have the following important result:

Lemma 1.1. Let G = Spa,(k,) and K, as above. Assume that o is K,
spherical smooth representation of G, and o is a subquotient of Indpn (o' ®@1n),
for some smooth representation o’ of M (where M is a standard Levi subgroup
of a standard parabolic subgroup M N ). Then o' is M N K, —spherical.

Proof. This is Lemma 1.1 (ii) of [15]. O

The main aim of this paper is attaching (fairly explicitly) an automorphic
representation to a quadratic unipotent Arthur parameter (cf.[1]). So we recall
the form of Arthur parameters we need (without invoking the a conjectural
Langlands group Lg). Let Wy denote the global Weil group attached to an
algebraic number field k.

The general quadratic unipotent Arthur parameter is an admissible homo-
morphism

¢ Wi x SL(2,C) — SO(2n+ 1;C)



such that the following holds
1. ¢w, is continuous, semisimple, and it’s image is bounded,
2. ¢|sr(2,c) is a morphism of algebraic groups,

3. ¢(Wy x SL(2,C)) is is discrete, that is, the image is not contained in a
proper Levi subgroup of SO(V),

4. ¢w, factors through W,fb.

It can be shown (cf. Theorem 4.1 of [17]) that the set of parameters like this is in
the bijective correspondence with the collection of finite sets Jord (called Jordan
blocks) consisting of pairs (i, a), where p : k* \ A — C* is a quadratic grossen-
character of k, a is an odd positive rational integer such that Z(M’a)eJord a=
2n+1and [], o)ejora # = 1. So the bijection is Jord <= Jord(¢). We can thus
write

¢ = Bua)etord(e) b @ Va,

where V, is the unique irreducible algebraic representation of SL(2,C) of di-
mension a. To this global Arthur parameter we attach a local parameter:

Py = D(p,a)€Jord(p)Hv & Va.

Note that, in this (local) case, Jord(¢,) (defined analogously to the global case)
does not have to be a set (i.e., for different global u and A we can have (u,,a) =
(Ao, a)).

We say that an irreducible subrepresentation X = ®,X,, of the space A%(Spa, (k)\
Span(A)) of square-integrable automorphic forms on Spy,(A) is attached to a
global unipotent parameter ¢, if for all but a finite number of places v, X,
is unramified representation attached to parameter ¢, (so necessarily nega-
tive representation; the definition of a (strongly) negative representation of
Span(ky), v < oo and its Arthur parameter (i.e., the Jordan blocks) is recalled
below).

In this paper we construct inductively an automorphic representation with
the prescribed quadratic unipotent Arthur parameter like this, but, in addition
we assume the condition (A) explained in the beginning of the third section.

For an irreducible representation 7 of Spa,(ky) (v < 00), by 71, 1,0(7) We
denote the Jacquet module of that representation with respect to the Borel
subgroup B,,. An irreducible admissible unramified representation of Spay, (k)
is strictly (or strongly) negative if for every irreducible subquotient y;v% ®
<@ xnV® of 71, 10(m) (here x; is unitary character of GL(1,k,) s; € R, i =
1,...,n) the following holds

51 < 07 (1)
Ss1+82 <0, (2)

—
w
=

S1+S9+ -5, <O. (4)



In an analogous circumstances, an unramified representation is negative if
the inequalities above are not necessarily strict. Note that this criterion is
reverse of Casselman’s criterion for square-integrability for the representations of
symplectic groups; indeed the Aubert duals of strictly negative (resp. negative)
representations are square-integrable (resp. tempered) representations.

For v < 00, a unitary character x of GL(1,k,), and a, 8 € R such that g +
a+1 € Z>1, by ((—a, B; x) we denote the unique irreducible subrepresentation
of indgf(ﬁ+a+1’k")(u_o‘x ® - ® vPx) (which is a character yﬁfTaX o det of
GL(f+ a+ 1,k,)). For v < oo, let xo be the unique quadratic non—trivial
unramified character of k.

The Jordan blocks are defined for an unramified strongly negative and
negative representations of a symplectic group Spa,(k,) (v < oo) as follows.
For an unramified strictly negative representation o of Spa,(k,) there exists
(a unique) set of positive odd rational integers 2m; +1 < 2mgo +1 < ... <
2m; + 1 and 2n; +1 < 2ns +1 < ... < 2ni + 1 such that k£ is even and
2my+ 14+ 4+2my+1+2n1+1---+2n+1=2n+1 (so ! is odd) such that

o <= ¢(=nk, nk—1;X0) X -+ X ((=n2,n1; X0) X (5)
XC(=my,my—1;1) X -+ X ((=mgz, ma; 1) x ((=ma, —1;1) x 1, (6)

where, if m; = 0, there is no factor ((—mq, —1;1) (cf. [15], Lemma 5.5). Then,
we define

JOI‘d(O’) = {(XO: 2nl + 1)7 AR (X07 27’Lk + 1)’ (17 27711 + 1)3 AR (17 2ml + 1)}

For a negative representation o, there exists a unique strongly negative rep-
resentation oy, and pairs (x1,0),.-.,(x;,!;) (li € Z;>1, x; unramified unitary
characters) unique up to a permutation and taking inverses of characters, such
that (cf.[18] Theorem 0-3)

Li—-—110;-1

Op — Xz:1C(7 9 9 D)

?Xi) X Osp-

Then we define a multiset Jord(o,,) = Jord(os,) + Zle{(xi, L), (G 1)}

In the global or local situation, negative or automorphic representations
attached to Arthur parameter ¢ or representation ¢ and for global or local
character x we denote Jordy(¢) = {a : (x,a) € Jord(¢)} (analogously, for a
representation o with Jord(o) we define Jord, (0)).

What we need in future from this information about negative representation
is the following result.

Proposition 1.2. Let f > a > 0 be integers, and x an unramified quadratic
character of k,. Let m be a negative representation. Then, an irreducible unram-
ified subquotient of ((—B,a;x) X 7 is a subrepresentation; it is also a negative
representation.

Proof. This is the main result in ([8]). O



2 Some general remarks about automorphic rep-
resentations attached to unipotent Arthur pa-
rameters

In this section we comment on some information about local components of
automorphic representations of symplectic group attached to unipotent Arthur
parameter and some global consequences that we can get relatively straightfor-
ward from the classification of spherical representations for general linear and
symplectic groups. These consequences we relate to generalized Ramanujan
conjecture (cf. [20]).

Firstly, for the convenience of reader, we recall the classification of unitary
unramified representations for p-adic general linear groups (cf. [18], Theorem
4-1.)

Theorem 2.1. (i) Let ¢1,...,¢a,01,...,%p € Irr"""(GL) be a sequence of
unramified unitary characters (one -dimensional unramified representa-
tions). Letay,...,ap € (0, %) be a sequence of real numbers (the possibility
of a =0 orb=0 is not excluded here). Then

G1 X -+ X o X (VB X VT ) e (V0 X 1T y) € T (GL).

(i) Letw € Irt™"""(GL). Then there exist ¢1,. .., ¢a,V1,...,0p andaq, ..., ap
as in (i) such that w is isomorphic to the induced representation given
above. Each sequence ¢1,...,¢q and (Y1,01), ..., (¢, ap) is uniquely de-
termined by m up to a permutation.

Now we return to automorphic representation IT of Spa,(A) (more pre-
cisely, of [[, <o SP2n(ky) X (800, Koo)) in square-integrable discrete spectrum
of Spay(A) attached to an unipotent Arthur parameter. In ([9]) we prove that
there is an embedding (as abstract representations)

IT—m X7 X0, (7)
where 7, ..., m; are (essentially) cuspidal automorphic representations of ap-
propriate general linear groups, o is an automorphic cuspidal representation of

Spam(A).

We know that, at almost all places v, I, is an unramified negative represen-
tation (with the cuspidal support expressible in terms of quadratic characters
entering the expression for the local Arthur parameter). At these places we look
at the local embedding

IT, <= 1y X -+ Thp X Oy (8)

By Lemma 1.1, we know that 7y ,, ..., Tk v, 0, are spherical representations. By
the main result of [18] (Theorem 0.8 ) o, as a unitary unramified representation
of Spam (ky), is irreducibly induced

-1 1-1

70 & X (1x,0) (((= 5= 5= L)V X) X Ouneg- (9)



Here (I, x, «) varies through members of certain finite set, x is unramified uni-
tary character (but we know that cuspidal support of o, consists of quadratic
characters, so x € {x0,u, lv}); | is positive rational integer, and a € (0, 1), satis-
fying some technical conditions. Since the exponents in the cuspidal support of
o, must be rational integers, in the above expression we must have l_71 +a€Z,
and —I_Tl—i—a €Z,s0 = % and [ is even. Having this in mind, we examine some
of these technical conditions mentioned above (cf. Definition 0-7 of [18]); namely
we must apply Definition 0-7 (3) of ([18]), where, for fixed I and x, exponents
in e(l,x) are collected. We thus have only one exponent, a = % Then, using
notation from loc.cit, we have that v = 0. On the other hand, from (3)(b) it fol-
lows that u = 1. So, u + v is odd, meaning, by 3(a), that (x, ) € Jord(o,, neg),
for every (x,!) appearing in (9). We know ([15], [18], Theorem 0-3) that, for
Ou,neg there exists o, ,, a strongly negative representation of some Spase (kv)s
and unitary unramified characters x1,...,x, and l1,...,l, € Z>; such that

Li—-11-1
2 72

where, in our situation, again x; € {X0,u, v} and Jord(oy neq) = Jord(oy ,,) U
Z;:l{(xj, 1), (Xj_l, lj_l)}. Since we are in the symplectic group case, every num-
ber I in (I,x) € Jord(oy,,) is odd. This means that every [ in (I, %) from (9)
must be one of (x;,/;) in (10). But, since such [ is even, this would, by (10),
mean that there is an exponent in the cuspidal support of oy pneg, so in the cus-
pidal support of II,,, which is not an integer; a contradiction. This means that
(9) reduces to o, = Ou,neg 1S a negative representation.

Now we analyze spherical representations of general linear group in (8). We
note that, for every j = 1,...,k, there exists a real number 3; such that v=%ir;
is a cuspidal (unitary) representation of some global general linear group (cf.7).
For the simplicity of notation, assume j = 1. Then,

1/”8177111, 2 X X g X (VM X vT Y1) X e X (VY X VT Xy)

(Theorem 2.1). Here ¢; = C(—%, %; ®;), i.e., we look at ¢; as a character
of GL(t, k,); analogously for ;. Note that v=Pir, has to be a generic repre-
sentation, so every factor in the previous relation must be generic, forcing ¢’s
and 9’s to be characters of GL(1, k,). Note that then 8; + «; and 81 — a; have
to be integers, for j = 1,...,b. By subtracting these expressions, we get that
2a; € Z, which is impossible (by assumptions in Theorem 2.1). This means
that v Tiw = @1 X -+ X @q, where ¢;’s are unramified (quadratic) characters
of GL(1, k).

Keeping the notation from (7) and (8) we have proved the following theorem:

Ov,neg nglc( ;Xj) X Oy, (10)

Theorem 2.2. Let II be an irreducible automorphic representation in the dis-
crete (square—integrable) spectrum of Spa,(A) attached to an unipotent Arthur
parameter, so that, at almost all places, 11, is an unramified negative represen-
tation.

For those places v, the local components o, of an automorphic cuspidal repre-
sentation o such that (7) holds, are negative (unramified) representations. Also,



for those places, the local components of a cuspidal automorphic (unitary) rep-
resentation of v m; of a general linear group are fully induced from quadratic
characters. This moreover means, that, at those places, the local components
are tempered, i.e., every representation v i, jJ = 1,...,k is of Ramanujan
type (cf.[20] and conjectures in the sizth section there).

Remark. Note that for this Theorem we do not actually need the global em-
bbedding of (7); it is enough to just use Langlands’ “subquotient version” ([5]);
we though do need (7) in the fourth section.

We now study a certain specific case of (7). Assume that all the representa-
tions 7y, . . ., T are global characters of GL(1, A), denote them 151y, ..., VP xy,
where x’s a unitary, and §’s are real numbers. From the fact that almost ev-
erywhere the characters x; ., © = 1,...k, are quadratic, it follows that they are
quadratic (globally). In the fourth section we need the following:

Corollary 2.3. In the above situation, we have

k

supp(Jord(TL,)) = supp(Jord(c)) + > _{xiv™, xiov™ '}
=1

Proof. SinceIl, and o, are unramified negative representations and x; , quadratic,
this is obvious. O

3 The inductive procedure of constructing auto-
morphic representations with the given unipo-
tent Arthur parameter

As the method presented in this paper is, as we have explained in the Intro-
duction, of the inductive nature, the important question is how to construct
the first automorphic representation explicitly realized in the space of square—
integrable automorphic forms, which corresponds to the part of the given Arthur
parameter (i.e., which corresponds to the analogous Arthur parameter for the
symplectic group of smaller rank). We now discuss how to see what the “basis”
Arthur parameter should look like.

Let Jord,(¢) = {a : (1, a) € Jord(¢)}. From the conditions in the definition
of Arthur parameter it follows that there is an odd number of different p’s such
that |Jord,(¢)| is odd. We denote different grossencharacters appearing in the
parameter ¢ by pu, ..., pu,. We let Jord,, (¢) = {ai, ..., aijjora, (¢)}, Where
ai1 < Giy <0 < 4|Jord,, (¢)|- We denote |Jord,“(¢>)\ =7;.

We let exactly the first [ characters (I is odd) be such that |Jord,, (¢)| is odd.
It follows that Hi 1; = 1. Now, we denote by ¢g = 1 ®@V,,, Bro®@Ve,, & -G ®
Va,, Arthur parameter of an automorphic representation o(¢g) (realized directly
in the space of the square—integrable automorphic forms). This representation
will be the basis of our inductive procedure.



If I =1, we get uy = 1(*). In that case we know that the trivial repre-
sentation of Spg,,—1(A) is attached to the Arthur parameter ¢9 = 1 ® Vg, ;
and we know that this representation is automorphic (realized on the space
of constant functions on Sp,,,—1(A)); moreover it belongs to the residual part
of the spectrum. Moreover, Kim and Shahidi ([10]) proved that, among the
automorphic square—integrable representations with the unipotent Arthur pa-
rameters, exactly these (i.e., the ones with [ = 1) are the ones for which some
constant term along the Borel subgroup does not vanish; this means (as can
be seen, for example, in [17]) that these representations can be realized (as ab-
stract representations) as subrepresentations of some (global) principal series
representations.

We assume that we can find o(¢p), even when [ > 1. There are some in-
stances for which we know, more or less explicitly, representations attached to
a parameter of this form; e.g., a cuspidal representation of SL(2, A) attached to
the Gelbart-Jacquet lift of a cuspidal representation of GL(2,A) to GL(3,A).
The precise statement can be found in ([7], the third section). The case of
special interest in this context is a cuspidal representation of SL(2, A) with the
parameter x ® 1 & pu® 16 xu, where x, i are non-trivial global quadratic charac-
ters (related in a way described in ([7]). Some of the examples can be obtained
by functionality (from symplectic to general linear group).

To get Arthur parameter ¢ from the Arthur parameter ¢y we have to add an

even number of elements from Jord,, (¢), ¢ =1,...,l and whole sets of elements
of Jord,, (¢), i =1+41,...,k (every set from this collection has even number of
elements).

So assume that we have already constructed some automorphic representa-
tion o(¢’) attached to the parameter ¢’ such that ¢’ is obtained by adjoining
a g @ Va, ; © py ® Vo, ,,, in each step (we of course, have a finite number of
steps). Here, if t € {1,...,1} we start with u; ® Vg,, ® it ® V,,,, and when we
havet € {I+1,...,k} we start with u; @ V,,, ® u: @ V,,,. So, we assume that we
have an explicit realization of o(¢’), (one of) the automorphic representations
with the Arthur parameter ¢’, inside the space of square integrable automorphic
forms As(Span: (k) \ Spans (A)).

We want to construct explicitly (i.e., realize explicitly in the space of the
square—integrable automorphic forms) an automorphic representation with the
Arthur parameter ¢ = ¢' © p; ® Vo, ; ® ps @ Vg, ;,, (so that p; may or may not
appear in ¢'; if py ® V4, appears in ¢’ then b < ay ;).

If | =1, ie., if we start with the trivial representation of Spa,,(A) as the
basis of our procedure, we do not have any further assumptions on the Arthur
parameter. Otherwise, we assume that our quadratic unipotent parameter is
of such a form that the addition of new elements in the Jordan block can be
arranged to satisfy the following (conditions (A)):

1) Each of the numbers aq1,...,a;; entering the definition of ¢( is smaller
than any element a; ; we subsequently add in the Jordan block

2)We add elements at,; and ay j41 in the Jordan block in such an order that
a;,; is equal or greater to any other element added previously in the Jordan
block (this means that we do not necessarily add all the elements of Jord,, and

10



then all the elements of Jord,, and so on).

The method we use (for both cases, I = 1 and [ > 1) is the global ana-
log of the construction of discrete series of classical p-adic groups ([13]); this
(global) method is already present in [17] (cf. Theorem 5.2). We briefly de-
scribe it. In both cases, we first form a global representation of Spay/ 24, ;(A)
induced from a representation |det|*un; ® o(¢') of GL(ay;,A) ® Span/(A). In
our realization of this representation in a certain space of automorphic forms,
we can get Eisenstein series (as an intertwining operator) acting on it. This
Eisenstein series is holomorhic at s = 0. We will then describe a certain sub-
representation 7 of this space (for s = 0) on which this Eisenstein series will
be non-zero, giving our subrepresentation a different realization Eq(7) (we use
a constant term along the appropriate parabolic subgroup to detect a suitable
subrepresentation). Now, we again form a global representation of Spa,(A)
(where n = n' + % 20%1) induced from a representation |det|*y; ® Ey(m) of
GL(*—14 A) @ Span/42a, ,(A). Again, in the appropriate realization, we
can take an Eisenstein series acting on this representation. We prove that this
Eisenstein series has a pole of order two for s = "’Jﬁ# Then, when we
normalize the Eisenstein series with (s — W)z we get an image repre-
sentation in the space of square—integrable automorphic forms, with the local
structure which relatively easy to analyze for almost every finite place. Now, us-
ing our local results from the second section, we see that almost everywhere, the
local image is an irreducible negative representation, and thus obtained global
representation has (global) Arthur parameter ¢.

We see that this construction is the global analogue of the local construction
of the discrete series representations ([13]), so that the first step corresponds
to the formation of the tempered representations, and the second step gives us
(the new) discrete series representations.

In the rest of this section we prove all the intermediate steps described
above for the situation when [ = 1; in the fourth section we prove the analo-
gous claims for the parameters with [ > 1 (but sometimes we slightly change
our approach, e.g., in the proof of Proposition 4.7). To do so, we need some
additional arguments (the embedding of the global automorphic representation
in the representation induced from the automorphic cuspidal representation of
a Levi subgroup ([9]), explicit description of the calculation of the constant
term of Eisenstein series in a general situation (Theorem 4.3), analogous to a
similar result in ([14]); we also need some results of Arthur on the structure
(with respect to Langlands parameters) of the representations in Arthur pack-
ets ([1]) and of Moeglin about the action of the (Aubert)-duality operator on
the representations in the Arthur’s packets([1],[12]).

3.1 Automorphic representation o(¢,) (attached to the pa-
rameter ¢;) is concentrated on the Borel subgroup

If the representation o (¢o) (realized on the [ [, _ .. SP2n, (kv) X (g0, Koo )-invariant
irreducible subspace of A(Span, (k) \ Span,(A)) is concentrated on the Borel
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subgroup(i.e., we are in [ = 1 case, as explained in the beginning of the third
section), then from the proof of Lemma 1.3.2 of [14] (as is explained in the
third section of [17]), by taking the constant term of o(¢) along the Borel sub-
group, we get intertwining which realizes our representation inside the globally
induced representation (normalized induction, K-finite vectors) of Spay,, (A) in-
duced from the character of the (standard) Borel subgroup (cf. also section 2 of
[17]). Because we want an automorphic discrete series representation o(¢g) to
be attached to the parameter ¢g, by looking at the corresponding local Arthur
parameters we get that it is embedded (i.e., can be realized), as explained above,
into the global representation induced from the character A(¢g), where

a1,ry

-1
Ao) = [det|” =~ @--- @ |det| ™!

is a character of a maximal split torus of Span,(A) (so 2ng = a1, —1). This
means that o(¢’) is embedded in the global representation induced from the
character A(¢')

LN LN A, —1—1
M= mel- T2 Pwme e |7 T )@
alml—l

@[T e e T (1)

Here, we assume that, inductively, we have proved, that in each adding of two
elements (x, «) and (x,8) (where x is global quadratic, a < 8 are odd positive
integers; and we add elements in Jord, by increasing order) we get that our two-

step procedure, in a case of descripting this character of a maximal torus, boils
—1

down to adding |- |~ TR ® |-|“2" y in front of the previous character (of a

smaller torus). Only the character of a basic torus (|- \_alyz‘l 1 @@ |71 is
different, corresponding to the embedding of the trivial representation (global).

So, we return to the (first step of the) proof. We consider the global induced
representation

SpZn/+2at,j (4)

Ind () (Idet|* e, ) @ (8)), (12)

where P is a standard parabolic subgroup with Levi subgroup isomorphic to
GL(as,j) @ Spans (this representation is realized in the analogous way as in [2],
p. 32). Then, the degenerate Eisenstein series, (fs — E(fs,-)) acting on this
representation, is holomorphic at s = 0 (Langlands, c.f. [2], Theorem 7.2) and
defines an intertwining operator
Sp2n’+2at (&) !
IndP(A) 7 (Mt,GL(at,j,A) ® U(¢ )) — A(Sp2n’+2at,j (k)) \ Sp2n’+2at,j (A))
(13)
Here we assume that o(¢’) is realized in the space of square -integrable auto-
morphic forms in A(Spa, (k) \ Span/ (A)).
Let Y be a subrepresentation of (12) such that the Eisenstein series does
not send it to zero. We want to detect what is a form of such representa-
tion. To do so, we calculate the constant term along the Borel subgroup of
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E(fs,")|s=0, fs €Y, and examine when it is non—zero. Since E(fs,)|s=0Y C
A(Span'+2a,; (k) \SP2n/ 424, ,(A)), taking the constant term along the appropri-
ate Borel subgroup will give us automatically realization of E(fs, )|s=0Y (i-e.,
of Y since it is irreducible) as a subrepresentation of a representation globally
induced from the character of the appropriate maximal torus. So, if we put this
together, we calculate Fy(fs,g). We denote

-1

ay j—1 ay
Aorsan; = el 7775 @@l [T @ A9,

and let a be a simple root such that the parabolic subgroup appearing in (23)
corresponds to the set of roots A\ {a}, i.e., @ = a,, ;. We have

Eo(fs,9) = / E(fs,ug)du =

wrar;, ONUnr i, (8)

> Mgy 5,0, 5, w)(fs)o(g), (14)

weW;w(A\{a})>0

(f2)olg) = / Fullg)dud (15)
U,/ (K)\U,/(A)

the last integral is actually a canonical map (for g = k € K it does not depend
on s) from the automorphic realization of o(¢’) to the space of it’s constant
terms along B, i.e., embedding into the global representation induced from
the character A(¢') of the maximal torus T;, (k) \ T (A).
This formula for the calculation of the constant term of the Eisenstein series
of the representation (23) is proved in Lemma 2.1 of [16](c.f. Lemma 2.2 there).
We further have

> My 5,05, w)(fs)o = (fs)o + M(Agr 5,0, 5 wo) (fs)ot+
weW;w(A\{a})>0

+ Z M()\¢”S»at,j’w)(fs)07 (16)

wEWsw(A\{a})>0mwwo, 1

where wo = wi aw,; i\a is the longest element in the Weyl group for X1 modulo
the longest one in EJAF\Q.

Now we examine more thoroughly the decomposition of the global intertwin-
ing operator M(Ag' s,a, ;,wo) into the local ones.

We decompose the representation (12) into the local components

Spantt2q, ; (A) s ~
IndP(Z) (| det 1t GL(ar;,0) @ 0(9))) =
Sp2n/+2at7j (kv)

= @yIndpg (Idet|3pe,GLiar ;0 ® 0u(@). (A7)

To decide on which irreducible components of (12) the intertwining (13) is
non-zero, we are interested how these local components of (23) decompose for
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s =0 (so we get finite length, unitary representations for s = 0). To study this
decomposition, we need local intertwining operators

SPop '+2ay ;

s (ko) s
A(Sv |det|v,ut,GL(at,j,v)®o'U(¢/> ) Ind( Ev) (|det‘v:u’t,GL(at,j,v)(go'v((b,))

P2n +2ay ;

(kv) _
— Ind, Plky) (|detl,® pe,cLiar.; 0) ® 0,(9"))

defined, standardly, by A(s, |det"’ls;ut,GL(at,jfU)@a.'U(d) ), wo) fu(gv) fN(k ) folwy nvgv)dnv~
These operators converge for Re(s) >> 0, and admit meromorphic continuation

on the whole complex plane. Since (15) gives (global) embedding into the rep-
resentation induced from the character of the maximal torus, this also happens

locally, so that we have embedding

SPons +2a4; (kv)

P(ky) (ldetﬁﬂt,GL(atj,v) ® UU(¢/)) —

Sp2n/+2atj(k’v)(A , )
Bn“ratj(kv) @'18,08,5,0 )

Uv(¢/) — )\v(<l5l), and Ind,
Ind

Then, the above intertwining operator A(s, |det|; iy ar(a, ;,0) @00 (¢"), wo) is just
the restriction of the intertwining operator A(Ay/ s.q, ;,») acting on
SPans "+2ay ; (k) SPaps '+2ay (k)

In dB/ (>\¢/5at]v)—)1nd

n'+ay j(kyv)

(w(]()\q&’,s,at,j ,v))~

To normalize intertwining operators A(s, |det[; ¢, ar(a, ;v) @ 0u(d), wo) we
use the same normalization as we use (standardly) for the intertwining opera-
tors A(Ag/ s,a, 0, Wo) Which act on the principal series representations, so the
normalization is by well understood L—functions:

B, 'tay j(kv)

N(|det|; e, GL(ar ;) @00(0)), wo) = 7(Agr s.ar ;00 W0) A(S, |det]5 s a1 (ar; 0) D00 (4), wo),

where, for s = (s1,...,5%) € C* and a general local character A(s), = |51\, ®
® | - |55 Ag,w of the maximal torus of the appropriate size, and w from the
Weyl group attached to this torus, we have:

H L(1,A(8)y 0 @)e(0,A(8), oa,v,[;q,)

T(A(8)p, w) = L(0,A(s)y 0 &%)

aedt w(a)<0

This might not be a standard normalization, but it satisfies usual properties
with respect to taking hermitian contragredient, etc. (as is discussed in [17],
relations (5-17), (5-18), (5-19)); moreover, for s = 0, N(|det|;pscL(a,;0) @
o,(¢"),wp) is holomorphic and unitary (because the analog claim holds for

N (At 5,00 5,0, wo0), cf. Theorem 2.5 of [17]) and N(0, j1y, ar(a, ;,0) @0 (@), wo) =
Id. We use this normalized intertwining operators to define subspaces Y —
SpZn/+2at J( )

Indp ;. ) (Idet|3pe,cL(ar ;0) @ 0u(@)) (for s = 0) as follows:
SPan/ 124, ; (ko) s
Yo(o(¢)E = {f € Indp, )™ (|det |3 e, cLar ) ® 0(¢))

N(Mt,GL(at,j,v) & U'U(d)/)a wO)f = if}

14



Moreover

Sp2n’+2atyj (k“)

IndP(kU) (|d6t|1s)/1’t,GL(atyj,v) & Uv(d)/)) = YU(J(¢I))+ © YU(U(¢/))_'

Note that if o(¢'), is spherical and p; g1 (a, ;,v) Unramified quadratic character,
then Y, (a(¢'))t # {0}, since it necessarily contains a K,—fixed vector, by the
property (iv) of Theorem 2.5 in [17]. If, additionally, v is non—archimedean,
then (spherical) representation Y, (o (¢'))" is irreducible (and so is Y, (c(¢'))™)
(we can see by working little bit with [15], Corollary 5.1 or directly, when we
apply Aubert involution).

So we have

SPan’ y2a, ;(A) N _
Indp ) 7 (p,GLar,.0) ® 0(8)) = Bs(@ugsYo(a(¢)T @ues Yol (4)) ),

where S ranges over finite subsets of the set of places of k.
Claim If |S| is even and 7 an irreducible subrepresentation of

RugsYo(0(¢)" ®ues Yol(a(d) 7,
then (13) is non-trivial on 7. We now proceed to prove this claim.
We return to (16). Let fs be a function in (23), so that (fs)o is factorizable
S
function in IndBHat,j(A) (Mg’ ,s,a,;)- We assume that (fs)o = ®yfs,, and for

v ¢ S fs. is spherical vector normalized so that f,,(e) = 1. To simplify the
notation, we denote the action of the Weyl group on Ay .4, ; by w(s) (instead
of w(Ag s,a,,;)). Then, (16) becomes

p2'n/’+2at,j (A)

EO(f57 g) =
(f5)0+r()\¢,75»at,j7'0’ w0)71®U¢waU(s)7U®UESN(‘d6t|sll’l’t7GL((ltyj7’U)®0-'U(¢/)7 wO)fs,vJF

+ Z M()\W)S»at,j’w)(fs)O' (18)

weW;w(A\{a})>0;w#wo,1

Lemma 3.1. In the above setting, we have w(Ag 0.4, ;) = A¢0,a,, for w e W
such that w(A\ {a}) >0 if and only if w = wy or w = 1.

Proof. Indeed, by (Lemma 4.4 of [21]), (we let i = a; ;) the set {w € W :
w(A \ {a;}) > 0} can be described as Up<;<;W, where each W; consists of
elements of the form pe, where p € S, and ¢ = (e1,¢2,...6,) € {£1}", such
that the action of p and & can be described as (the last row is a description of
the e—action)

1 2 Jjlog+1 il i+1 n

—— ——~ ——
P 1S 1creasing p1s decreasmg P 1S 1creasing

11 11 -1 -1 1 1
We write down Ay .4, ; as follows:

i—1

im1 ,
)\¢/,07at‘j =TT @ Q@ T @ A VL @ - @ A
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Assume that w(Ay 0., ;) = A¢,0,a,, and w = pe € W describe above. Because
of our construction, if for some A, k € {i +1,...,n} we have \; = p4, then
[sk| < % We observe how to get ,utl/%, i.e., the factor on the ith place.

Since it cannot come from the factors on the places from i+ 1,...n (as we just
. . -1y
observed), it must come from either factor on the first place (v~ "2 ) either
from the factor on the ith place (;Lty%). Assume it comes from the factor on
the first place. This means p(1) =4 and ¢; = —1. This means j = 0, p(1) = 1,
and p is decreasing on {1,2,...,4}. This means p(2) =i —1,...,p(i) = 1, and
Pl{it1,....n} = id, so that w = pe = wp. On the other hand, if it comes from the

.....

factor on the ith place (utu%), this means p(i) = i and ¢; = 1. This means
j=idand p(l) =1,...,p(i) =i, also plfit1,...ny = id, so that w =pe =1. [

From this Lemma follows that in (18) the second line cannot cancel the
expression in the first line for s = 0.
We have the following important ingredient.

Lemma 3.2. The following holds:

li ’ . =1,
SL)H%T(A¢ 7svat‘]’w0)

Note here that if puy = 1, then aq; > 1 because of the description of the basis of
our inductive procedure.

Proof. (of the Lemma) Note that, according to the notation in Lemma 3.1, the
element wg belongs to the set Wy. Now, according to [21] and Corollary 1-3 of
[17], we have explicit description of roots v € £ such that wo(a) < 0, and these
roots play a role in the definition of the normalizing factor r(Ag/ s q, ;.05 wo). Let
i = at,j. Then the set of those a € ¥ such that wg(a) < 0 can be divided in
several sets:

(i) {2e5: 1<k <4},

(ii) {ex +e: 1<k <l <i},

(iii) {ex—e 1<k <ii+1<l<n},
(iv)

Now we study the expression

{er+e:1<k<ii+1<1<n,p(l)>pk)}

11 L(1, A 5,0, © @)e(0,A(s5) 0 &)
L(0, A 6!
aed Tt wo(a)<0 ( ’ (§) ° Oé)
for o from the each of the above four groups of roots. The contribution from
the first group of roots is given by
f[ L= + stk p)e(—F +s+k—1,m)
(-5 4ot k= 1,m)

. (19)
k=1
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The contribution from the second group of roots is given by

H L2s—i+k+1,1)e(2s—i+k+1-1,1)

2
L(2s—i+k+1—1,1) (20)

1<k<I<i

Note that in the fourth set of roots, the condition p(I) > p(k) is automatically
satisfied, due to the description of the permutation p in wy = pe given in the
proof of 3.1. So the contribution of the third and the fourth group of roots is
given by

H L(s— l;l + k=1, pexi)L(s — l;l + k41U, pexa)

1<k<ii+1<I<n L(S - % + k—1"— 17MtXl)L(S - % + k =+ - 17 /J’tXl)

1—1

2

1
“e(s — +k—=U'—1, pxi)e(s — 27 +k+U =1, mxi) (21)

Here Xlz/ll denotes a character appearing as a factor in Ay s 4, ; at the [th place
(x1 is quadratic). We now use a functional equation satisfied by the L—functions:
for a quadratic Grossencharacter x the following holds we have

L<S>X) = E(S’X)L(l - SvX)'

Now we apply this on the denominators in the expression (19) and then intro-
duce the a change of variables k — i 4+ 1 — k to obtain

ﬁ L(S - % +k7/’(‘t)
ooy L(=s— =tk py)

If pe # 1 L(s, 1) is holomorphic in s, so that each of the above factors tends to
1 when s — 0. If u; = 1, we have the following simple fact

| L(—s+t,1) 1; if t ¢ {0,1}
m —— =
s=0 L(s+1t,1) —1; if t € {0,1}.

This means that exactly for k = % and for k = % the factors are equal to
—1 when s — 0 so that overall product consisting from the contributions of the
first set of roots equals 1 (unless i = a;; = 1 and p; = 1 so that whole product
consists only of one factor, but this cannot happen).

After applying the functional equation on the denominators of the contribu-
tion (20) and then applying change of variables (k,1) — (i+1—1,i+1—k) we
obtain

L(2s —i+k+1,1)
I %

rehde L2 — ik R L)

This means that in the cases when k + 1 =4 and k+1 = i + 1 these factors
tend to —1 when s — 0. There are exactly 2'51 =i —1 (even number!) of these
instances, so the overall product tends to 1. If i = 1 there is no second product.

17



After applying the functional equation on the denominators in the expression
(21) and applying the change of variables k — ¢ + 1 — k, and then grouping
together numerators and denominators in a nice way, we obtain

H H 5+2+i;1*k*l/,,ut><l)
- .
i+1<i<n 1<k<1 —s+2+ Z2 —k =1, pxa)

H H S+2—|—ﬂ—k+l’,,ut><l)

1 .
i+1<i<n l<k<z —s+ 24+ 5t —k+1, mxa)

(22)

We have to check what happens if x; = ps. The number of times when I’ is such
that 2+ 51 — k I!=1for any k € {1,2,...,4} is equal to the number of I’
such that 2 +5r — k41U =1any k € {1, 2 .,1}. Analogously we cancel of
the —1’s in the numerators, keeping in mind that [ =1 (since we study the
exponents corresponding to ). O

Now we have that (so |S] is even)

iig(l)(fs)o + 1At 500, W0) " Pugs fuo(s),0 Pves N(pt,GL(ar,0) @ 0u(@), wo) fs,0 =
2(fo)o # 0,

since, |S|] is even and for v € S we have N (11¢,¢L(a, ;,0) @00(¢'); w0) fo,u = — fo,0,
so for such choice of © we have that intertwining (13) is non—trivial on 7 (since
after calculation of the constant term we still get a non-zero contribution) and
the Claim is proved.

Proposition 3.3. Assume that © is an irreducible subrepresentation of (12)
such that the intertwining (13) does not send it to zero (e.g., one for which
we take |S| to be even). Let E(m) be the image of m under this intertwin-
ing (so that E(m) C A(Span'+2a,,(k)) \ Span't2a, ;(A))).Let Eo(m) be a con-
stant term along By ta, ;- Now we construct degenerate Fisenstein series fs —

E(fs,9) = ZVEP(k)\szn(k) fs(vg) attached to the global induced representation

In di’gz’sm) (ut)det|® @ Eo(m)), where P is the standard parabolic subgroup with

at]+1 at])

Levi factor isomorphic to GL( X Spon'+2a, ;- Then, map

a+ t+1

IndiIZZ)L(A (p’t|det| ® EO (77)) - A(SPQTL(k) \ SpZn (A))

given by
Qtj + Gt 5
_ 2ty tj+1 )QE(fs;')l
4

is well-defined and non—trivial, and its image E(m, py, ar j+1) s contained in
the space of square—integrable automorphic forms. FEvery irreducible subrepre-
sentation of E(m, g, ar j+1) (which is semi-simple representation) is thus auto-
morphic square—integrable, and has a global Arthur parameter equal to ¢.

fargrarimn — (s s ot targt
4 - 4
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Proof. We denote

LIRS Rl G410
2

A=l 1T @ @ul YT @ A0

and « denote a simple root such that the standard parabolic subgroup P of Spa,
from the statement of Proposition corresponds to set of roots A\ {«a}. Let f, =

®,(fs)» be a factorizable function in the space of Ind}z’&’)‘m) (peldet]® @ Eo(mr)),

such that for almost all v, (say v ¢ S’) the function f, is K,—invariant. We

calculate the constant term of the degenerate Eisenstein series fs — E(fs,*);

similarly as in the first step of the construction, but now, since we immediately

realized 7 in the space of it’s constant terms (cf. [16], section 2) and embed
at,z'+12*“t,,z' 1 @t,,z'+12*at,z' 1

peldet|® < pg| - |57 z ® - @ | - [°F z (also by taking an
appropriate constant term)7 we get

EO(fsvg) = Z M()‘S7w)fs =
wEW, ,w(A\{a})>0
M()‘SVwO)fS + Z M()\va)fs -

weW,, , w(A\{a})>0,wAwy
T()‘37 w0)71(®v¢5’fw0()\s,v)) Ques’ N(S, Htp @ (EO(W))M wO)fs,v)+

Z T()‘sv w)_l (®U¢S’fw()\s,v))®vES’N(Sv Nt,v®EO (71'))1;, w)fs,v)'
wEW, , w(A\{a})>0,w#wq

Here we use the analog of the normalization for the operators N(s, pit, ®
(Eo(m))w, wp) described in the previous proposition, and use the fact that (un)normalized
operators M(As,w) and M (s, s @ Eo(m)) (and, consequently, N (s, w) and

N (s, ut ® (Eo(m)),w)) agree on Indls:,?fgs (A)(,ut|det|s ® Ey(m)) which is, by taking
a constant term, realized as a subspace of Indg]: Z(TA()A)()\S)(Cf. section 3 of [17]).

a i a i
%. We have an

We are interested in the situation for s = s =
important lemma.

Lemma 3.4. In the above situation, the order of the pole at s = a”## of
r(Xs,wo) "1 is two, and of r(As,w)™ for w # wq is at most one. Note that
either az j > 1 or py # 1.

Proof. We first calculate the order of pole for s = sq of (A, w) ™. Again,we
use the similar notation as in the proof of Lemma 3.2. Let now § = ZLdt1=%%i
We return to the contributions (19), (20) and (21). We now want to examine
possible poles and zeros of these expressions for so = LI Rac ES U (Y easy to
see that the enumerator of the expression (19) does not have any poles or zeros,
and the denominator has a simple pole if a; ; = 1 and p; = 1 (and no zeros).
As for the expression (20), we see that, since both numerator and denominator
express values for L-function L(z,1) for (real) z > 2 there are no zeros or poles.
As for the poles of of the numerator, the are no poles if x; = p;, and there is a
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pole of second order in the denominator (if x; = u, and that happens exactly

for the factors with I’ = 1/’%%'71 and I’ = I/%A, and these factors do appear
in Mg/ 0,4, ;, @5 we have seen in the previous step of the construction).

If [ is such that x; # p¢, the corresponding L—functions are entire, but there
are also no zeros appearing since L(*, u:x;) is evaluated at the rational integers.
This means that r(\s, wo) has a zero of order 2 at s = s¢ if a;,; # 1 and of order
3 if a; ; = 1, and the claim about poles of 7(\s,wp) ! follows.

Now we deal with w # wy. Let w = pe € W, (what this means is described
in the proof of Lemma 3.1). We need to describe all « € % such that w(a) < 0
to calculate the normalizing factor r(As, w). The set of these a’s consists of six
sets, say Sy, t=1,...,6:

1. {2e:7+1<k<i},

2. {ep+e:j+1<k<l<i}

. {er—e:j+1<k<ii+1<Il<n},
4{er+te:1<k<jj+1<1<4 p(l) <p(k)},

5. {ex—e:1<k<ji+1<0i<n, pll)<pk)},
6. {ex+e:j+1<k<ii+1<I<n,p()>pk)}
We thus have

6 L(1,)s 0&)e(0, \s 0 &
T(AS’“’):HH : L(O,))\j(od) :

aESy

Now, reasoning analogously as in the case of wg, we see that the contribution
(in L—functions) to r(As,, w) is holomorphic (and non-zero) for o € SqUS2USy.
There is a pole of the first order of the denominator for o € S3 if k = 1, so that
j =0, and for « € S5 if £k = 1 so that j > 1. Analogously, a € Sg contributes
with the pole of the first order in the denominator if k = 1, i.e., j = 0. (Again, we
have a separate case if a; ; = 1 and p; = 1, in that case, o € S; also contributes
if k=1, s0j =0). Assume now that a; ; > 1 or u; # 1. Then if r(\s, w) ™! has
a pole of second order for s = sg, we have j = 0, and p(i+1) > p(1) (this comes
from the condition on « € Sg). Now, from the scheme in the proof of Lemma
3.1, we see that w = wy.

O

We denote r(wg) = limg_ s, (s —50)2r(As, wp) % # 0. Lemma 3.4 insures that

. Q¢+ Qtj+1.\9
1 — LI IRV B (f g) =
Jim (s ) Eolfs9)

- T(wO)(®v¢S/fwo()\SO,v)) ®UES’ N(307Mt,v ® (EO(T‘—))’anO)fSo,’U)'
Indeed, the operator N(so, i, ® (Eo(m))y,w) is holomorphic at s = sy =
Gt for all w € Wy, w(A \ {a}) > 0 (Lemma 3.5(i) of [16]) so we get
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the limit above (we just calculate 7(As,w)™! as s — sg). Also, M(so, fi.p ®

(Eo())w, wo) is nonzero for s = 5o, so we get that lim_, s, (s— 2001 41)2 By (f, g)
is non-zero, specifically limy_,s,(s — 247N E(f g) = E(T, jy, ar 1) 1
non-zero, and E(m, puy, ay j4+1) belongs to the space of the square-integrable au-
tomorphic forms on Spa, (k) \ Span(A) (as we can see from the calculation of it’s
constant term). We see that the constant term of E(m, ju¢, az j+1) (which is iso-
morphic to this representation) is generated, for all v ¢ S’ by the spherical vector

o Span (kv Span (kv
wa(ASO’y) inside Indngivg )(ut,v|det|f) ® Eo(m)y) — IndBZ:LZ(kEJ) )(wo(/\SD,U)).
Note that wo(Asy.0) = A(¢P)w, the (local component) of a character of the
maximal torus, attached to the Arthur parameter ¢.

Lemma 3.5. For all v ¢ S’ the subspace in Indgiz(’;gi’;”)(wo()\st),v)) gener-

ated by the spherical vector is an irreducible (spherical) subrepresentation o,

of Tnd P57 (wo(Asg )

This lemma follows from Proposition 1.2 and it guarantees that every irre-
ducible subrepresentation of E(m, (i, a; j4+1) is attached to the Arthur parameter

¢. O

4 Representations with the general support

To be able to execute the same steps for general case of automorphic unipotent
representations (as we have done in the previous section in the case of such rep-
resentation with some constant term non-vanishing along the Borel subgroup)
we need some additional results. One of these results actually states that any
automorphic representation, occurring as a subrepresentation in the space of au-
tomorphic forms (so especially, a representation occurring in the discrete part of
square—integrable spectrum) can be embedded (as an abstract representation)
in the representation induced from a (essentially) cuspidal representation of a
Levi subgroup. This result is proved in [9]. For our purposes, we need an explicit
realization of the space of the induced representation, and we actually have that
same realization in [9]. This result is straightforward application of Langlands’
method in his Corvallis lecture combined with various decompositions of the
spaces of automorphic forms which can be found in the second and the fourth
chapter of [14], and we briefly explain it.

Assume that we have an irreducible representation realized in the space of
automorphic forms Spo, (k) \ Span(A) (in this setting, it is important to be
aware of the explicit realizations of the global representations in certain spaces
of automorphic forms). Assume that this representation, say (II, V'), is concen-
trated on the (standard) parabolic subgroup Py,, (parabolic subgroup which
corresponds to the subset 6y of the set of simple roots of Sps,, with respect
to the maximal diagonal torus (and upper triangular Borel subgroup)), and as-
sume that 6y is minimal with this property. This means that the constant term
of (II, V') along Py, does not vanish. We show that then there is a character &
of Z,, (A) such that (maybe after left translation by an element of Zy;, (A)),
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the space of constant terms of (II, V'), denoted Vi # 0, belongs to the space
of automorphic forms Ao (Up, (A)Me, (k) \ Span/(A))e, (for the notation and the
definitions of these spaces of automorphic forms we refer to [14], 1.2.17, and for
the constant term 1.2.6). Then we show that there is an automorphic repre-
sentation g of My(A) (cuspidal, because of the minimality of the set 6y) such
that Vo belongs to A(Ug, (A)Ma, (k) \ Spans (A))r, ([14], IL.1.1.). We recall that
AUy, (A) My, (k) \ Span/(A))r, is defined as

A(Usy (A) Ma, (k) \ Spans (A))x, = {6 € A(Us, (A) Mo, (k) \ Span(A)) :
Vk € K, ¢y € A(Mpy (k) \ M(A))r, }

where ¢r(m) = 61;9%0 ¢(mk); this space can canonically be identified with indJ\KhO (aynx A(Mo, (k)\
My, (A))nr,, hence the statement about embedding in the induced representation
(as abstract representations).

So, to conclude, the following holds ([9]).

Theorem 4.1. Let (ILV) be an ((goo; Koo) X [, co0 SP2n (ky)-) irreducible
subspace of automorphic forms inside A(Spans (k) \ Span/(A)) such that some
constant term of the functions from V does not vanish along a parabolic sub-
group Py, of Spans; assume that 8y is minimal (set of simple roots) with this
property. Then, there exists an irreducible automorphic representation my of
My, (A) (appearing in Ag(Mp, (k) \ M(A)) such that the space of constant terms
of V along Py,, denoted by Vo, belongs (up to a left translation by an element
from Zn, ) to the space Ao(Up,(A) My, (k) \ Sp2n/(A))x, of cuspidal automor-
phic forms.

Remark. The embedding of the representation II inside the space Ag(Up, (A) My, (k)\
Spans(A))r, given in this theorem is referred to as “given by the constant term.”

After that we show (Theorem 4.3) that the constant term of certain (de-
generate Fisenstein series) related to the representation 7 as above decomposes
as a sum of global intertwining operators, similarly to the case of (ordinary)
Eisenstein series.

Calculation of this sort were executed also in [17], but only in the case 6y = (),
i.e., when the representation II is supported on the Borel subgroup. To treat
this (more general) case, we need some additional results from [14].

So, recall that in the first step of our inductive construction we use (a de-
generate) Eisenstein series as an intertwining operator from the space of au-
tomorphic forms related to the space from the previous theorem, equivalent
to a certain induced representation, to the space of automorphic forms on
Span (k) \ Span(A), for certain n” to be defined later. The local components
of this induced (unitary) representation will chosen so that the resulting rep-
resentation has a non-zero Eisenstein series; this would be guaranteed by the
fact that the constant term of this Eisenstein series (along the parabolic Py,) is
non-zero.

So let ¢’ be the Arthur parameter build up in the previous step of our
inductive procedure, and let ¢ = ®,0, be an irreducible automorphic repre-
sentation of Spo,s(A) with the Arthur parameter ¢’ realized in the space of
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the automorphic forms A(Spay (k) \ Span/(A)). We assume that the basis of
our inductive procedure is Arthur parameter ¢g, and that we have an auto-
morphic representation g of Spa,,(A) with that Arthur parameter, and that
oo is concentrated on the parabolic subgroup Fy,. Now, as we add new ele-
ments in the Jordan block, and the rank of the symplectic group in question
raises, we always make this assumption about subset 6y of the set of simple
roots: let say that 0y is a subset of the set of simple roots of Spa,, such that
My, =& GLp, X GLp, X -+ X GLy, X Spam, (of course, depending on 6y, the
last Sp,,, does not have to be there). Now, we enlarge the rank of the sym-
plectic group; say that we have Spy,, now. Now, the simple roots in Sps, s are
rearranged in a such away that Méo (Levi subgroup in Spe, attached to ) is
isomorphic to GL; x GLy X - -+ X GLy, X -+ X GLyp, X Spm,, where the number
of GL)s at the beginning is exactly n’ — ng. With this convention, we have the
following lemma and theorem.

We need next observation about the action of the elements of the Weyl group
W of Spo,.

Lemma 4.2. Let a; = e; — e;41 be a simple root, and O # 6y C A(Span,)
with i < n —ng. Let w € W be such that w(A\ {a;}) > 0, and w(by) = 6.
Then, w acts as the identity on 6y, moreover it acts as a identity on every
simple root of A(Span,) “between” the simple roots in 0y. As a consequence, if
€n—ng+l — En—ng+2 € B0 (the first simple root of Span, in the standard ordering
with our convention above about the numeration of roots), then w acts as identity
on A(Span, )-

Proof. We use the description of those elements of Weyl group for which w(A\
{a;}) > 0 given in Lemma 3.1. Since w = p (in the notation of this Lemma)

is increasing on {en_png+1,---,€n} and w(fy) = by, it is obvious that w acts on
0y as an identity, and also it then must act as a identity on the simple roots in
A(Sp2n,) between the roots in 6y. O

For this theorem we also define i = a;;; W denotes the Weyl group of
Spgnurgat_j attached to our standard choices of maximal torus and Borel sub-
group. The standard parabolic subgroups (and their unipotent radicals) of the
group Spa,s are denoted by prime. The calculation in the next theorem is es-
sentially the one form [14], II.1.7, but we had to adapt it, since the inducing
data in our case is not cuspidal so we had to use a bit different realizations of
global representations.

Theorem 4.3. Let o(¢') be an automorphic representation of Spayn/ (A) and ¢’
Arthur parameter of o(¢'), as described above. We assume that o(¢') is concen-
trated on Py , and let m be an automorphic cuspidal representation of Mg, (A)’
such that o(¢') is realized as a subspace in A(Ny (A)Mg (k) \ Span/(A))7; (cf.
Theorem 4.1). We consider the global induced representation

SPanst2a, ; (A) s
s = Indp:\{: @ (ldet] i riar ;,0) ® 0(9)). (23)
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realized in the space A(Up\a, (A)Ma\q, (K)\SDP2n' 424, ,; (A))|dCt|S#L.GL(atyj,A)®U(¢/) (keeping
in mind our realization of o(¢')). For fs from this space, we define Fisenstein

E(Svfs)(g) = Z fs('yg)a

YEPA\q, (k)\Sp2n’+2atyj (k)

of. [14], I1.1.5. The constant term of E(s, fs) along Py, (a standard parabolic
of Span'42a, ;(A)) is given by

Ep, (fs,9) = > M(w,,5)(f5)(9)

weEW,w(A\a;)>0,w(6o)=00o
where

M(w77T73) : A(UGO (A)Meo (k) \ Sp2n’+2at,j (A)) i

s—iz1 s+izt
prv 2 Q@ -Quiv 2 ®m

A(Up, (A) Mo, (k) \ Sp2n'+2a, ;(A)) _igt

5= 3 s+t o
w(pev - Q@uiv ®7y)

H

18 an intertwining operator.

P’I‘OOf. Let fs S A(UA\oci (A)MA\ai (k)\Sp2n/+2at,j (A))ldetlsut,GL(at’j,A)®U(¢/)' We
have the following disjoint decomposition ([6]) (since Span’4 24, ; is split over &,
this decomposition works over k and over A):

Span'+2a,; = UweW.w-1(09)>0,w(A\ {a; ) >0 LA\ (i} 0 Pag)

where P, and N, denote the standard parabolic subgroup and unipotent radical
of a standard parabolic subgroup attached to a subset * of the set of simple roots.
For such w € W, easily follows that

PA\{ai}wAPoo = PA\{ai}wil(NGO NwNyw™") (Mg, N U)NA\{a,-}wil)a
where

Pav{a,y % (Noy NwNgw ™) x (Mg, N wNa\(ayw ") =
Pay(agw ™ (Ng, NwNgw ™) (Mg, NN\ (a0 ")

given by (z,y,2) — zw lyz is an isomorphism of varieties (cf, e.g, [4],14.12).
Now we calculate the Eisenstein series in question:

Ep,, (fs,9) = / fs(yug)du =
Noy (k)\Ng, (A) VEPA\a; (K)\SP2ps 424, ; (K)
/ > > fu(w ™ ug) | du.
Nog (k)\Nog (A) wEW,w™ 1 (00)>0, ~E(Np,NwNgw ™) (k)

w(A\{al})>O (MgoﬂwNA\{ai}w_l)(k?)
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We can exchange the sum and the integral because of the convergence proper-
ties of the series, Np,(k) \ Ng,a) being compact ([14],I1.1.5.). Since Ny, (k) =
(Ng, (k) N wNgyw ™) (Ng, (k) NwNyw™1), we can write down the last line as

2 2

wGW,w71(00)>0, mE(MQO ﬁwNA\{ai}w_l)(k)
w(A\{a;})>0

2. 2

wEW,w™*(00)>0, me (Mg, ﬂwNA\{ai}w_l)(k:)
w(A\{a;})>0

fs(w™tumg)du =

/]V90 (k)NwNyw=1(k)\Ng, (A)

/]\790 (k:)ﬂwN@w_l(k)\Ngo (A)ﬂwN@w—l(A)

/ fs(w_lulumg)duldu.
Ngo (A)ﬂ’wN@w_l(A)\Neo (A)

By the change of the variable u; — w~'ujw the first integral is transformed into

integral over (w™1Np,w N Ny)(k) \ (w™*Ng,w N Ng)(A), and then we can inter-
change the order of the integration. We then decompose the set of integration
of the (now) second integral:

wilNgow NNy = (wilNaow N MA\{ai})(wlegow N NA\{ai})-

Since fs € A(Na\{a,;}(A)Ma\{a,}(K) \ Sp2n/i2a,;(A)), the integration over
(w’lNgowﬁNA\{ai}) is irrelevant, so that we have this expression for Ep, (fs, )

Z Z //fs(quflumg)dugdu (24)

weEW,w ™1 (60)>0, me(MogNWNA\ {o,; 3w 1) (k)
w(A\{a;})>0
where the first integral is over Ny, (A) N wNyw~1(A)\ Ny, (A) and the second
over wNogywNMa ;3 (k) \w ™  NoggwNMa\ {0, (A). Now, since Ma (a1 (A) =
GL;(A) X Spans (A), we can see that for uy € GL; Nw™! Ny, w we have f(ug*) =
fs(x), because of the domain of the definition of f;. This means that in the
expression for Ep, (fs,g) (24) the second integral is over (w™' Ny, wNSpan ) (k) \
(w™tNg,w N Spanr)(A). Of course, we constantly use our normalization of Haar
measures on the unipotent radicals.

It is easy to see that w_lNgow N Spop = w_lNgow N NQ’) is a unipotent
radical of standard parabolic subgroup of Sps,. It is not difficult to show that
(NjyNw™' Ng,w) Ny is a unipotent subgroup which is the unipotent radical of a
standard parabolic subgroup of Spa,s attached to the set of roots w16y Ny C
A’. Because we normalized Haar measures on the unipotent radicals as we did,
and in our realization f is left invariant under N (A), the inner inner integral
in (24) can be taken to be over (N N w‘lNgow)Ne’,O. Now, if w=0y N6y C Oy
because of the cuspidality of 7, this integral is 0. So, in order for this integral
to be non-zero, we have w(fy) = . This forces Mg, NwNa\ (3w~ = {e}, and
(24) becomes

fs(w™tug)du.

>

weW,w(0p)=0o,
w(A\{a;})>0

/N(,0 (A)NwNgyw=1(A)\Ne, (A)
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In the previous expression we recognize the intertwining operator
M(w,m,s) : AUgy (A) Mo, (k) \ Span'+2a, ;(A)) . i
A(U90 (A)Meo (k) \ Sp2n’+2at,j (A))

L t—1
wer®T 2 @-@u’t 2 @n

w( R N ’y?
Mt Hev 7y

as claimed. For the convergence issues and the meromorphic continuation of
the (constant term of) the Eisenstein series and intertwining operators, we refer
o [14], the second and the fourth chapter. By a result of Langlands (e.g.,
[2], Theorem 7.2), this meromorphic continuation of the Eisenstein series is
holomorphic for s = 0 (the realization of o(¢’) in our case is a bit different than
in the cited theorem, but since this realization is given by taking the constant
term, the holomorphy argument is the same). O

We continue with the assumptions from the previous theorem.

Proposition 4.4. For w € W,w(6y) = 0y,
w(A\ {a;}) >0

w(/‘tl/s_% R ® /‘tl/s—i_% ® 7-r6) = NtV_S_% R ® /~LtV_8+% ® 7-(-6
for s =0 if and only if w =1 or w = wq (the longest element in W modulo the
longest one in My, ).

Proof. Assume that
w(ﬂtysf% R ® Mtys‘i’% [29] 71—6) = thfsf% Q- ® thfs‘i’% [24) 71—6.

We fix s = 0 and analyze how we can get factor uty%. Our inductive pro-
cedure says that ) = A\v® @ -+ @ A\pv® @ 7(j, where A\v°!, ... \pv® are
Grossencharacters obtained by adding elements in the Jordan blocks, and 7{ is
a cuspidal representation of the appropriate Levi subgroup of Spay,, associated
to the representation o(¢g), as explained in Theorem 4.1. Now, similarly as
in Lemma 3.1, we see that MtV% (the i-th) factor cannot be obtained from
Aot AR Assume now that w(x,;v%) = MtV%7 where x;v°! is a factor
of ) (s1 € R). Now we have two cases. If 6y C A(Spay,) is attached to Levi
subgroup which is a product of GL-factors (and maybe a symplectic group of
smaller rank) such that there is a factor GLs such that s > 2, then there is a set
of roots 6y, conjugated to 6, such that the factor GLj is the first factor in the
Levi subgroup attached to (. This means that e, 11— €n—ny+2 belongs to 6.
But if we assume that o(¢g) (so also o(¢')) has a non-zero constant term along
6o, it has a non-zero constant term along 6}, so we can immediately make this
assumption about the structure of #5. Now, we apply Lemma 4.2 to conclude
that w acts as identity on A(Spay, ), so we cannot have w(x,;v*') = T . On
the other hand, if 6y is attached to Levi subgroup isomorphic to a product of
GL} s and symplectic group of smaller rank, we have (according to Theorem
4.1)

Spang (A Spang (A s s
o(¢0) = Ind” 21" (nf)) = nd 2 Qav™ @ - @ xav™ ©o0),  (25)
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where 0 is a cuspidal automorphic representation of some Spap, and x1, - - ., Xk,
are Grossencharacters and s; € R. Since o(¢g) is attached to an unipotent
Arthur parameter ¢g, we conclude that

-1 ,— 1
|5T|Smax{ah%;lghgl}<ZT,Vr:l,...,k7

by our assumption on Jord(¢g), so we also cannot have s; = % This means,
that, if w = pe, then either p(i) = i or p(1) = 4. In the first case, this means
j =1 and w =1, in the second case j = 0 and w = wy, as claimed. O

Using the previous proposition we prove that the (meromorphic continuation

of) Eisenstein series E(s, fs), for fs in a certain (irreducible) subspace of ms =

a2 2005 ™ (et ")) (for s = 0) i d as such
DEPA (a3 (8) (Idet|*1e,gL(ay ,.0) ® 0(¢7)) (for s = 0) is non-zero, and as such,

gives a realization of this representation in the space of automorphic forms
A(Spany2a, ; (k) \ Span'424,;(A)). Namely, using Theorem 4.1 we prove that
the constant term of the image (of this irreducible subspace of 7, for s = 0) by

Eisenstein series in non-zero. s )
Pan’42a, ; ~
Let fs = ®vfs,v € Mg = IHdPA\{a'}(XJ) (|det|sﬂt,GL(at,j,A) ®U(¢/)) = ®v7rs,v

where for almost all v, 7, is an unramified representation, and fs, is K,
invariant vector in 7 ,, normalized in such a way that f, ,(e,) = 1. By Propo-
sition 4.4, fs and M (wo, 7, s) fs belong to the same space for s = 0, so to prove
that Ep, (fs,g) is non-zero, it is enough to prove fs + M(wo,,s)fs is not
zero. Let S be a finite set of places such that for v ¢ S, m,, is unramified.
Then, analogously as in the third section, we normalize local intertwining oper-
ators. If v ¢ S then =y, is a principal series representation, so we can use the
normalization introduced in the third section; in this case

Tsw < Ind(,ut’vus_% ®-- ~®utﬂ,us+% QAW @ @AV X (¢)y) (26)

(we use the notation from the proof of Proposition 4.4). Now, o(¢o), is (nega-
tive) unramified representation of Spay,,(k,) corresponding to the local unipo-
tent Arthur parameter ¢g,. Although there does not exist (global) character
A/ s,az.; wo Such that o(¢o)., or more precisely, 7 ,, is embedded in Ind(Xg/ s,a, ; wo,v)>
we can still easily express the normalizing factor analogous to the normalizing
factor r(Ag/ s,ar ;,w0,0), @ We did in the third section (where our representation
s was a subrepresentation globally induced from character). Later, we check
that these normalizations give normalized operators which still have good prop-
erties, even for v € S (where locally, we might not have subquotients of principal
series representations).

Indeed, assume that 7, , is unramified representation, so that o(¢g), is also
unramified and a subquotient of a principal series representation; let us say

0(¢0)w = X1V ' X X2V X -+ X x, V%" X 1. (27)

The (local) normalizing factor we use in this situation is (according to the third
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section)

ro(5,10) = H L(1, A, (s) o @)e(0, \y(s) o 64,1/)1,).
| LO () o)
aex™

wo (o) <0
Here \,(s) is obvious local character obtained from (26) and (27); we can take
€(0,A\y(s) o @) = 1, because we are in the unramified situation. The set of
a € 3T, wo(a) < 0 is divided into four subsets (as in the proof of Lemma
3.2). The contribution (this time locally) from the first and the second set of
roots is the same as in (19) and (20). As for the third and the fourth group of
roots, we can divide them into two subsets-the first related to the (localization
of) global characters A1,..., Ax (in (26) )and the other subset-local characters
X1, -+, Xr appearing in (27). While the first subset is obviously related to the
global characters, we can also relate (global) Hecke L-functions with the second
subset of roots; namely if exponents si,...,s, appear in (20), they appear
in the local L function in the third group of roots, and —si,...,—s; appear
in the fourth group of roots. This means, that, if we examine the third and
the fourth group of roots together (and the corresponding local L-functions in
the normalizations) it does not matter what exact kind of embedding (20) we
have, i.e., only what matters is a cuspidal support of o(¢g),. We can relate the
cuspidal support of that (negative) unramified representation with the Jordan
block. For simplicity of notation, assume that v is unramified place such that
Pio = P2 = .. = lry = X0, a0 fry14 = ... = py, = 1 (here we use the
notation for the basis of our inductive procedure given in the third section).
Then

Cain—1 aga -1 ar—1,1—1 ar1—1

U(¢0)v — C( 2 ) 2 aXO) Xoeee X C(f 2 ) 2 ;XO) (28)

ary11—1 argo1 —1 a1 —1
x((— +121 , “21 1) x - C(— 12 ,—1;1) % 1. (29)

Then, part of the appropriate normalizing factor (attached to the third and
fourth set of the roots) is

a

L= 4 s+ k—p,peoppo)e(— 5 +s+k—p—1, puopife)

(1 1

i—1
1<k<i f:lpiia,fyl—l L(_zT +s+k—p-— 17Mt7vufiv)
= 3

L5t +s+k—1, )
LS+ s+ k(-5 +s+k—1, )

The second line above comes from the fact that in the first line we calculated
W1y, as a part of cuspidal support in (28), and it isn’t, so we had to divide it
by the factor in the second line. Note that this second line exactly cancels with
the contribution from the first set of roots in the proof of Lemma 3.2. So, we
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can conclude

L2s—i+k+1,1,)e(2s—i+k+1—1,1,,1,)
nlsn) = ] . (30
ki< L2s—i+k+1-1,1,)
a—1 . .
I 1 ﬁ L(=5" +s+k—ppopo)e(=5 +s+k—p—1,p0)
1—1
1<k<i \(,a)€Jord(¢’) p:7aT71 L(_T +s+k— p—1, /’Lt,v/}'v)
(31)

This leads us to define

r(s,wp) = Hrv(s,wo) =

H L2s—i+k+1,1)e(2s—i+k+1-1,1)
L2s—i+k+1-1,1)

1<k<i<i
a—1 X )
I 1 ﬁ L(-F +s+k—pupe(-F +s+k—p—1up)
i—1
1<k<i \ (j,a)€Jord(¢/) pe— a=1 L(=% +s+k—p—Lup)

2

although this normalization is justified (for now) only for v ¢ S.
Continuing after Theorem 4.3 and Proposition 4.4, and the discussion after
it, we conclude the following (for fs = ®fs., € ms):

M(w07 T, s)fs = 7’(8, wO)_l (®1}¢S7ﬂv(3, wO)A(w07 Ty S)fv,s®v€$
Tv(57 UJ())A(U)(), Ty, S)fv,s) = T(S, w0)71(®v¢SN(w0a Ty, S)f'u,s Rues N(w07 T, S)fv,s)a

where we have we defined normalized operators as in the subsection 4.1. (for
v ¢ S). So, for v ¢ S we can define subspaces Y, (o(¢'))* as in subsection 4.1.
We now prove that for v € S, the normalized operators also have the required
properties.

Proposition 4.5. With the notation as above, limg_q T(s,wo)_1 = 1. For

v € S the intertwining operator N(wg, Ty, s) is holomorphic for s = 0, and the

SPon’y2a, ; (kv) .
space Indpz(iv)+2 1 ([det]y e anar k) ® 0(9')y) decomposes into two sub-

spaces Yy (o (")) and Y,(o(¢'))™, where this operators acts as identity and
minus identity, respectively.

Proof. Using the global functional equation for Hecke Grossencharacters and
change of variables, similarly as in the proof of Lemma 3.2, we get that lim,_,o (s, wg) ™! =
1.

Assume that v € S is a non-archimedean place. We briefly recall a certain
involution on the set of (local) Arthur parameters for the classical groups (for
the general definition of the Arthur parameters we refer to [1]). If ¢ is some
(local) Arthur parameter ¢ : Wy, x SL(2,C) x SL(2,C) — SO(2n +1,C), ¢ is
Arthur parameter obtained by interchanging the action of two SL(2,C)" s. The
Arthur parameter is generic if it is trivial on the second copy of SL(2,C) and it
then corresponds to a tempered packet; in this paper we work with the unipo-
tent parameter; i.e., trivial on the first SL(2, C). By the results of Moeglin ([12]),
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which are partially global, depending on Arthur’s Theorem 2.2.1 of [1], (cf. [1],
section 7.1), we know that when we apply involution on the generic Arthur
parameter (to obtain a unipotent parameter), the associated representations in
the unipotent Arthur packets are (Aubert-Schneider-Schuler) duals of the rep-
resentations in the original generic Arthur packets. We recall from the third
section that, for an irreducible representation o, we denote by ¢ its Aubert dual
representation. Note that, in that case, in our notation, U(qgﬁj) describes a tem-

pered packet, and the Plancherel measure attached to the induced representa-

SPan’ 124, ; (kv . n . .
tion IndPIZiv)+2 sl )(|det|f)ut,v5(z, 1)®0(¢'),) can be calculated in terms of this

(Arthur) parameter (i.e., Jordan block, cf. [13], Section 13). On the other hand,
results of Ban ([3], the proof of Lemma 7.1, cf. [1], section 7.1)) (obtained with-

out any restrictions) show that the Plancherel measure u(s, ps,,0(i, 1) ® U(g?)’)v)
Sp2n'+2at‘j (k)

attached to the representation Indp ;' | (|det| pur.06 (i, 1) @ 0(¢'),) is the
. SPan’ 424, ; (ko) .
same as the Planchere measure attached to the representation Insz()Z )” T (|det]S e ara k) ®

(¢')y) (here we have a particular representation o(¢’), belonging to the local
Arthur packet, but the measure should be the same for any member of the
packet). Because we are interested in the intertwining operator attached to the
longest element wy of the Weyl group, we prove that (5-18) and (5-19) of [17]
hold, and this is enough to prove the claim of the Proposition. By the above
discussion, to prove these relations it is enough to show that

Ty (8, wo) Ty (—$, wo) = pu(s, pe,00(2,1) ® a(q?)’)v).

We can use ([13], Section 13) to easily obtain the above result, but only up to a
non-zero constant (since [13] gives the expression for the Plancherel measure up
to a non-zero constant). After adjusting our normalization by this constant, we
get (5-19) of [17] and we can introduce spaces Y, (o(¢’))*. This constant is not a
serious obstacle, since it is a positive real number (we know that (0, ¢ ,0(4, 1) ®
O'(ngl)v) > 0 and we assume 1, = 1),) so introducing spaces Y, (o(¢'))* still
makes sense (even without second normalization with this constant).

Assume v € S is an archimedean place. We note that the normalization of
the intertwining operators attached to the local Arthur parameter v, (we use
this notation for ¢, to avoid confusion) explained in the section 2.3 of [1] is
uniform (used for all the members of (non-generic) packet 1,) and obtained in
the following way: we introduce ¢y, : Wi, = SO(2n+1,C) given by ¢y, (v) =

1
Uy (u7 [u(lQ |u|0é] ) . We easily see that, for a representation ¢, = p, ® V;, of
Wy, x SL(2,C), its pull back 4, to Wy, equals &{_{u,(-)|- |*an1“. When we,
in our situation, use then formulas (2.3.3), (2.3.8) and (2.3.26) and (2.3.27) of [1]
(to be in the same situation as in our case), calculate these normalizing factors,
we obtain the same formulas as we have for r,(wo, $). Then Proposition 2.3.1 of
[1] guarantees that our normalization satisfies the claim of this Proposition. O

Proposition 4.6. Let S be a finite set of places, containing all the archimedean
places and if v ¢ S, mo ., is unramified (cf. (23)). Assume that |S| is even. Let w
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be an irreducible subrepresentation of the representation @,¢sYy(0(¢))" @uves
Y, (o(¢'))~. Then, the Fisenstein series from Theorem 4.8 acting on the repre-
sentation s is non-zero on w for s = 0.

Proof. By the the discussion before this proposition, we saw that , for the choice
fs = ®fs,» from , the following holds: lim,_,o M(wo,m,s)fs = Cfo, where
C > 0 so that lims o Ep, (fs) # 0, and, consequently, lims_0 E(fs,g) #0. O

We now continue our construction, and we have the analog of Proposition 3.3.
The image of 7 under the action of the Eisenstein series is denoted by E (7). We
denote the space of constant terms of E(r) along Py, by Fy,(7), (in the previous

proposition we proved that it is non-zero). We study the induced representation

Span (A)
IndP’()A)

representation: fs — E(fs,g9) = Z'y€P(k)\Sp2n(k) fs(vg), where P is a maximal
parabolic subgroup (analogous to the one in Proposition 3.3. We prove the
following proposition:

(ue]det|® ® Eg,(m)), and calculate Eisenstein series associated to this

Proposition 4.7. The map
= Indff&’; (1e]det|® @ Eo(m)) — A(Span (k) \ Span(A))

given by
Qtj + Gt 5
— M)?E(f& I
4

is well-defined and non-trivial, and its image E(m, i, ar j+1) s contained in
the space of square—integrable automorphic forms. Every irreducible subrepre-
sentation of E(m, i, ar j4+1) (which is semi-simple representation) is thus auto-
morphic square—integrable, and has a global Arthur parameter equal to ¢.

Jarjtar o — (3 _atgtaripn
1 5= 1

Proof. Proof of this proposition will differ somewhat from the proof of Propo-
sition 3.3. Again, to prove that the Eisenstein series has a pole of order two,
we calculate the order of a pole for the constant term Ep, (fs,g) (we recall our
convention about the notation of roots 6p). Again, as in the proof of Theorem
4.3, for f; = ®fs, we have

EPeo(fsag> = Z (M(w,m,5)fs)(g)- (32)
wquﬁg)a(ﬁi{g?})>o

Let S be a finite set of places, such that for v ¢ S 7, , is unramified and f; ,
is a spherical vector, normalized as usual. For v ¢ S, let x5, be a character of
maximal torus in the symplectic group in question, such that 7, , is embedded
in the principal series representation induced by the character s ,. Assume that
for those v 1, is unramified. We then have

0 w0 f3
M(w,ms)fs = @s [] 7 X gifw@,v®UesA<w,s,m>fs,y. (33)
B>0

w(B)<0
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Note that now i = *iH—20d

,soforv@éS,snear%‘mw

i—1 i—1 at,j—1 ag,j—1

Xsw = Mlt,st_LT @ @ po® T QT T T @ @ gl T ALV
@+ @ Al X 0 (Po)o),

cf. (26).

The difference in the proof of this proposition and Proposition 3.3 is in the
fact that we calculate the order of pole of M (w, 7, s) fs by calculating the orders
of the poles of partial Hecke L—functions obtained from the previous expression.
Although the representation 7 is not globally induced from Hecke characters,
in the same way as in the discussion after Proposition 4.4, we can attach to it
(L—functions of) a certain global character. As we saw in the proof of Lemma
3.4, that for given w € W as above, the of all 8 > 0 such that w(5) < 0

can be divided in the six sets. We examine the behavior of the partial L-
L(0,xs,008)
V&S L(1,x4,008)
set of roots. The contribution from the first set of roots (where w = pe, w € W;)
. i Ls(—5t 4s4+k—1
is [Jiejn ngf%isikﬂii
numerator (and denominator) is strictly positive. Note that in the integer points
(the full) Hecke L—functions are non-zero. Also note that in the strictly positive
points, local Hecke L—functions (attached to quadratic characters) are non-zero
and do not have a pole. We conclude that this contribution has no zeros or
poles, except when p, =1, a;; =1, j = 0, when Lg(1, ;) has a pole of the
first order (appearing in the numerator), so the whole contribution has a pole
of the first order. The contribution from the second set of roots is given by

Ls(2s—it+k+l—1;1) . ) ) .
[l ii<kar<i “Tomrinn - As 2s — i~ ay; we see that k+1—1 >3, so this
expression has no zeros or poles; and if j =i or j + 1 = i there is no second set
of roots at all. Analogously, we see that the fourth set of roots contributes with
expression which has no zeros or poles, and there is no contribution if j = 0 or
j = 4. The third set of roots does not exist if j = i. Otherwise, we can divide
the expression HJ-Q-llglkgz ®U¢S§E%§?+§2:2;; into a product of three factors,
i+1<I<n ’
according whether j +1 <1 < % (case (a)), % +1<i<n-—ng

(case (b)) and n —ng +1 < 1 < n (case (¢)). Contribution from case (a)

functions which we form when we explicitly express [ for every

. Note that for s ~ W every factor in the

ag -1

L(s—it 42072 41441 .
equals [ | JH1<k<i o (s —2 tt = Z l ﬂ )). If j = 0 then for £k = 1 and
. ap jr1tar; L(s——= +—5—+k=l+i4+1;1
iH1<i< LIt

= % there is a factor Lg(1;1) in the numerator; if j > 1 there are no
poles or zeros in the numerator or denominator. So, if 7 = 0 there is a pole of
the first order. As for the case (b), we easily again get global (partial) Hecke
functions, like in the case (a), and by our assumption (A) on the way of adding
new elements in Jordan block (a. ; is greater or equal to every previous member
of Jordan block (associated to any appearing character)) we can conclude that
there is no zeros or poles in that contribution. The case (c) is not directly related
to the global characters, but we can go around it in the following way: according
to the proof of Proposition 4.4, either w(A(Span,)) = id or for o(¢g) relation
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(25) holds. In the first case we can automatically conclude that p(l) > p(k) for
case (c) (p(I) = 1), but then we can combine this case with the contribution
of the sixth group of roots (case (c); we divide this group of roots in cases in
the same way as for the third group) and analogously as in the discussion after
Proposition 4.4 we get the contribution

l fri— i— i—
H H f[ Ls(s — 5t +k—1—p, pepur) Ls(s = "5t + k, 1)
jH1<k<i \ r=1 ay -1 Ls(s = 555 +k = p, pupir) Ls(s = 5+ k=1, )
- = P

We easily see that this expression has no zeros or poles unless py = 1, a;; =
1, j = 0 when it has a zero of the first order. If (25) holds for o(¢¢), we proceed
as follows: we divide the contribution 3 (c) into subsets

H LS(S - % +k—1- Sl—(n—no)> /Ltle(nfno))
jH1<k<i Ls(s — % — Sl—(n—ng)3 Mtle(nan))
n—nmo+1<Il<n—mg
p(1)>p(k)
H LS(S - % +k—1- Sl—(n—no)s ,u'tXl—(n—no))
H1<k<i LS(S - % — Sl—(n—ng)s NtXl—(n—ng))
n—no+1<i<n—mg
p()<p(k)

and, the last contribution, coming from embedding o, in principal series (cf.
Theorem 2.2 and Corollary 2.3), which we combine with analogous situation for
the part of sixth (c) case (since here p(l) =1 > p(k)):

. ap1—1 i i
(1 13[ Ls(s— S +k—1—pyup) | Ls(s— 5 +k )
ivighei Vet s Lss=5r+k—poup) | Ls(s — 5 +k— 1)
k< p L

ﬁ LS(S_%"_k_srnuftXr)LS(s_%"_k"_srvﬂt)(r)
Ls(

e S — 7;51 +k—1-— ST,,utXT)LS(S — igl +k—-1+ STalutX’l‘) .

Again, the result is the same as for the situation w(A(Span,)) = id.

As for the fifth set of roots (the contribution is not there if j = 0): again, we
divide the contribution in three cases, as above. The contribution of the case
(a) is

i— at’jfl . .
1 Ls(o =5tk =14 242 1= 151)
1<k<j Ls(s =5 +k+ 5= — 1+ (i—-1);1)
P PN
p(l)<p(k)

We see that this expression has a pole of the first order if k =1, [ =
(and (p(241H205) < p(1)). As for the contribution from the case b (I varies

at j+1tat
2
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among the exponents attached to the adding new elements in Jordan blocks),
it easily follows that, with the assumption (A), it does not have zeros or poles.
The discussion in the case (c) again resembles the discussion about the third set
of roots: if w acts as an identity on A(Spay, ), then there is no contribution from
this set of roots, since we cannot have [ = p(I) < p(k) (since (n—no+1 <1 <n)).
If, on the other hand, we have (25), then if p(I) < p(k) for roots in the case (c),
then they are attached to characters x3!,..., xx°* in the notation of (25), so
our assumption (A) then guarantees that the contribution from this roots does
not have zeros or poles (analogously to the case (b)).

We are left to analyze the sixth set of roots (case (a) and (b) ; case (c) is
resolved). The contribution from the case (a) is

i— at,j—1 ; .
1 Lg(sf%+k—1—T+l—(z+1),1).
ihed Lo(s — 5L 4k — 2=t 41— (i 4 1);1)
i+1<i< St
p()>p(k)

We note that for j =0, k = 1 and | = i + 1 we obtain factor Lg(1;1) in the
numerator if p(é + 1) > p(1) (and this is the only possible pole). There is no
pole if j > 1. Again assuming (A), the contribution from case (b) is without
zeros and poles.

We conclude: if j > 1 the expression ®,¢gA(w, s,7T,)fs» has a pole of the
first order (if additionally p(1) > p(%)) If j = 0, this expression has
a pole of the first order or the pole of second order if p(i + 1) > p(1). But the
last condition on w € W says that there is only one such w, namely w = wg. To
conclude: ®,¢gA(w,s, Ty)fsy for w # wo has a pole of at most the first order
for s = % and for w = wy it has a pole of the second order.

Now we analyze ®QyesA(w, s, my)fs». We prove that all these operators
are holomorphic for s = % This, in turn, proves that the mapping
fartar i > (s — W)QE(J"S,~)|57%J+%H1 32(33) is well-defined and

- 4

non-trivial (cf. (32),(33). Recall that

Tsp IIIdifj?éf;))(ﬂt,vl/Si% R ® Mmstr% ® “t,yyi$ Q@ Q UtV

>\1,st1 Q& Ak,z)VSk A U(¢0)U))’

where o(¢p), is not (necessarily) a principal series subquotient, and we de-
compose each A(w,s,m,) into a product of generalized rank-one intertwining
operators corresponding to the decomposition of w (cf. Lemma 2.1.2 and The-
orem 2.1.1 of [19]). So it is either study of GLs-case (with Levi isomorphic to
GLy x GLy) or study of the intertwining operator acting on a maximal Levi
subgroup GLy X Spap, (because w(fp) = 60p). The exact description of the
action of the elements of the Weyl group is given, for example, in [16], (3.15)
and (3.16), where the action is first described for certain elements w; € Wj,
and then the action of all other elements in W, is described using “shuffles”,
as is explained in loc.cit). According to this description, we are only interested
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(in GL; x GL; case) in intertwining operator x; X X2 — X2 X X1, where x; is

i—1

one of the characters ut?vyi(S*T)

I Ot 1 s s . .

acters fiy oV~ " 2 ..., [tolV 2, A1V, ., Ap PR, or vice-versa, or xi is
i—1 i—1

one of the characters p; ,v*7 72 ,... 7/1,5,1,1/5_7“‘-7_1 and ys one of the charac-

,...,/Lt7vl/i(s+%), and o one of the char-

ters ,ut’vyi(s_%‘*‘j), .. ,,utﬂ,ui(s"’%) (or vice-versa). In both cases we have
holomorphy of intertwining operators (for archimedean and non-archimedean)
places. Now we are left to prove the holomorphy of intertwining operators

Lo T 5 0 (P0)y = prwr” T ) X a(Bo)w,s (34)
(35)
/Lt,vys+% X O(¢O)U — Mt,vyi(‘ﬂk%) A U(¢O)1)- (36)

Assume now that v is non-archimedean. We prove that these intertwining op-
erators are holomorphic, by embedding the representation o(¢g), into induced
representation, using the cuspidal support of o(¢g),, and then these intertwin-
ing operators are viewed as the restrictions of the intertwining operators on
these induced representations. We actually observe that these (new) intertwin-
ing operators are holomorphic. We do that by estimating the cuspidal support
of the representation o(¢g),. The representation 0(¢;0)v is tempered and has
the same cuspidal support as o(¢g),. We recall that, for an irreducible admis-
sible representation m of a symplectic group there exists a representation 7’
of an appropriate general linear group and a unique irreducible supercuspidal
representation 7.,sp Of a symplectic group such that

T 7 X Teysp- (37)
Although we do not know explicitly the partial cuspidal support of 0((;;0),1 by
knowing its Jordan block, we know that

Supp(Jord(0(90)uye,)) C Supp(Jord(o(go).)).

The definition of the Jordan block attached to the square-integrable and tem-
pered representation of classical p—adic groups can be found in [13], along with
the definition of Supp(Jord). Let us just say if an irreducible cuspidal repre-
sentation of a general linear group, say p, is in the cuspidal support of a rep-
resentation 7’ in a situation of (37), then p is in Supp(Jord)(w). This means
that, when we embed O'(gi;o)v in the representation induced from the cuspidal
one, all the exponents will be smaller (by an absolute value) of the exponents
in /,Lt’vl/s’%*j, ey ,um,z/”%. This means that all the intertwining operators
in (34) are holomorphic.

For v € S archimedean we proceed as follows. To some local Arthur pa-
rameter i, we can attach parameter ¢, like in the proof of Proposition 4.5
(so, in our notation, we form the parameter ¢, (4),). To this new parameter we
attach a (non-tempered) packet, like in Proposition 7.4.1 of [1]. In the proof
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of that proposition, there is a claim which says that every member of Arthur
packet o(¢o), has a (Langlands) parameter smaller (or equal) to the Lang-
lands parameter (or linear form) of ¢4 (4,),. But exponents in this form vary

from —al’gfl e al”é‘*l, k=1,...,1, and are strictly smaller of exponents in
,umus_%'*‘j, .. ,,ut,vz/s"’%. This means that all the intertwining operators in
(34) are holomorphic at archimedean places, too. O

Now the rest of the proof (i.e., the conclusion in which we argue that the
representation thus realized in the space of square—integrable automorphic forms
A(Span(k) \ Sp2n(A)) really has Arthur parameter equal to o(¢)) is analogous
to the argument in the third section.
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