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In this paperl we study SP3JcesX, which a're oibtainaJble as ima­
gesof ordered compacta K, under oomtinuous IDaJPlPiJrugSf: K -+ X
onto X. To these spaces we refer in the following merely as to
continuous images of ordered eompaeta.2

Our attention is cantered on 'I"elatiOtnSihetween the deg:ree of
cel1ular.ity3 c (X) of comttn:uous imalges of 'Or.dered com,pada and
the-ir loeal weigiht lw eX) (§ 4). We !prove that lw (X) ~ e (X) (The­
ore:rn 2). In partiaular, if e (X) ~ ~O, Le. ii X has the SusJin pf1"OIper­
ty3, then X satisfies the first axiom ofcOU!Iltalbi1ity. This reswt
tOg]e1Jherwith known facts aJbout diadte compa:cta (se€! § 9) proves
arecent C'olllj,ecture of P. S. Ale k ISand r 'o v to true eiffect that
a d!iadic oompactuan is the comtinuO'U.Simage of :aJnordered com:pact­
um ifand only if it is metrizable (Theorem 14).

The questirc:mof the equality of c (X) and the deg~ee: OlfSIe!P-ara­
bi1ity s (X)3, for contin'Uous images of ordered compacta is reduced
im §. 8 t'O the SuSJ1inproblem.

We also study the behaviour of e, s, lw, and weight w under
m3Jppings f: K -+ X 'omto X (§§ 3, 5, 6, 7), in particulair when f is
quasi-open aJndl lig.ht in the sense of ordering (SÐe'§ 2). One of our
main resuits in this direction is Theorem. 1, which ,estaJblishes
equa:1ity of c (K) and c (X) 'UnIder light qu.a!S:i-openmappmgs f.

Results aJborutwei'ght (Theorem 6) em.aibJerus to strengthen one
of our earlier resuIts of [8]. We also find that e and s are monotone
f'lmctionsom dOlSed s1l'bsets of X {'I1heorem 12).

§ 1. Prelirrvinaries

All SJ)aoes in this 'PaIP€r are 3Jssumed to be HaUlS:d:oTfftoJpolo­
gicaJ1 spaJces. By a compactrum we mean any Hausdorff ,compact
space (not necessarily metrizable) and by a continuum any con­
nected compactUJm..

1 Parl orfthe re&U'1ts of this paper were announoed in the authors'
note [9].

2 The authors have already studied tbs elass of spaces in [8], also
ef. [7].

3 For definition of nations appearing in this introduetion ef. § 1.
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An ordered compactum K is a compactuJm pT'ovided with a, total
ordering < such that the topol()lgy of K is the ordieil"tOlpOl'Ogyindu­
ced hy <. ]jn other words, a subbasis for the tOlpology of K is for:med
by arn the sets of the form (., t) = {s CE K I s < t}, OI' (t,') =
= {s CE Kit < s}. An ord'ered ccmtinuum C is a connected ordered
compactum. The only metrizable ordered continuum is the arc, i. e.
the homeomorph of the real line segment 1 = [0,1]. Its closed subsets
are th'e only metri'ZaIble or.der,ed cOInpa:cta.

A Ulseful example of a non-'IIletrizahle ordered continuum is
ohtained by oonsid'ering the square 1 X 1 = {(s, t) I s CE 1, t CE 1} in
the »lexicographic oI'der« <. We set (s, t) < (s', t') ii and only ii
either s < s' OI'S = s' and t < t' . We denote this' cont:iJnurnn by Q
and' refer to! itas ta the »square in l,exioographic oIXler«. Amother
inte'I'esting example is the ()Irdered compaotum Q1C Q defined as
Q1 = (1 X O) U (1X 1) with the lexicv.graphic order.

ThrOll..lg.h()lutthis paper we denate by k (A) the cardiinal of the
set A. With every space X severa:l cardinal nU!nbers~ are associated.
The weight w (X) is the least carrdinw k havi:ng the property that X
admits a basis for its tapology with < k elements. Clearly, a COoffi­

padurrn X is metrizaibile if am.d only if w (X) < No. The wei'ght
w {x, X)of a space X at a ,pamt x CE X is the l'ea:st caTdinal k having
the pI10tperty that there iJs a,t xa basis of IneighlbO!urhQiadsof caroi­
nality < k. The loeal weight lw (X) rOifX is defiJned as SiUJPw (x, X).
Clearly, "'~X

lw (X) Sw eX) . (1)

The degree af separability s (X) is the leastcardinciJl k having
the ,pI"operty that X C'OIlltainsa su:bset Rex, dense in X, amd of
cardinarlity k (R) S k. Clearly,

s (X) sW (X). (2)

Spaces X satisfying s (X) <No are usually called separable.
Final1y, the degree of eellularity e (X) is defined as Sup k (U), where
U runs through all families U= {Ua} of disjoint non-empty open
sets Ua C: X. Clearly, e (X) is wel1-d'efiJned and

c (X) S.S (X) Sw eX). (3)

This noti on is due to Ð. K ure pa ([3], p. 131; also ef. [4]). A space
X is said ta posses the Suslin property provided c (X) S~o. In
other wO'I'1ds,,every family of non..Jempty disJoint OIpen se1ls in X
is at most ooumtaJblre.lin the fol1owing we refer to cO'mlpada (ccmtinrua)
hav:iJng the Suslin ipI1O'pertymerelya:s to Suslin compacta (c6ntinua).

The ahove mentioned inequaUties (1), 1(2) and (3) are the only
inequalities I"elating w (X), lw (X), s (X) 1IDd c eX), vail.id fm all
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~;pa,ceSJX. Any other inequality is vi'Ollated already in the class of
(·()mpacta.E. g. for the oTdered continuum Q we have

No No No
w (Q) = 2 , lw (Q) = No, s (Q) = 2 , c (Q) - 2 ,

which shows that we can have

lw (X) < w (X), lw (X) < s (X), lw (X) < c (X) .

For the ordered compa'CiU!IIlQl C: Q we have

which shows that we can ·have

lw (X) <w (X), s (X) < w (X), c (X) <w (X) .

/\n example, show1Jng that s (X) < lw (X) .can ocoor, is furnished
No

I.y t.he direct product P = il Ta, where la = I, and k (A)= 2 . For
aeA

t Ilis spalce s (P) = No (s.ee e. g" [2], N, p. 103). On the other hand, it
No

I:; well known that lw (P) = w (P) = 2 . Furthermo're, c (P) = ~o'
I)('(,:luse of the following theorem due to E. S z p i 1 I' aj n [12].

Let {Xa, a <E A} he any family of topological spaces Xa of weight
w (X,,) < NO' Then il Xa has the Suslin property.

ae.4

'(ihus 'Our example also shows that c {X) < lw (X) can QiCClUr.

1"III:dly, eonsider the space T=ll Ip, where Ip = I and k (B) > 2No.
{JeR

('II';Ir1y, W (T) =~Zw (T) > 2NO• B'y the Szpilrajn theo.rern c (T) = No.

IllIwl'·vcr, S (T) > No = c (T), because od' the follo.wing prop-os.itiOlIl:

IJ X is a regular space with s (X) <No, then w (X) S 2 No.

I)roof. Let R C: X be a eountable set, dense in X. Assign to. eoch
:011111:-;('1. SC: R the open set Us = Interi()lr Cl (S). Clearly, the family
Il -(Us}, where S rum; through all subsets of R is of eardina-

Iily .< 2No. But U is readily seen to be a basis for the topologyof
.\. hldced, if x <E X and VC: X is .open, x <E V, then choose an
"pl'll sot W 'SUah that x <E W C: Cl W C: V. Put S = R n W. CleBJrly,
IV c(,t SC:CI WC:V, and therefore, x <E WC:Interio'I' Cl S = UsC:V.

N()tice, that for 'ordered compalCta K, inadditio'll to (1), (2) and
(:1) Wl' allways have

(111'1' I ,('mrna 5.).

lw (K) < s(K) and

lw (K) < c (K)

(4)

(5)
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As to the reIatiOOls between c (X) and s (X), it is not known whether
one can have c r(K)<s (K) for same ordered compactu.m K. ActuaJly,
the question: does c (K) = No imply s (K) = No' for ordered compacta
K? is the famou!s unsolved SuslJin problem, raised by M. Ya.
S u s 1 i n in 1920 (Fund. Math. 1 (1920), p. 223, Problem 3.).

§ 2. Monotone, light and quasi-open mappings

lin am o:rdered oompa'Ctum Kan interval (a, b), a < b, i'Sitlhe set

(a, ·)ne-,b)={tcEKla<t<b}.

A segment [a: b], a s;: b, is the set

{t CE K I a S;:tS;: b} .

If M C: (K, <) is amy subset, we call a nOlll-emip'tysubset N C: M
an order component of M provided
(a) a, b CE N implies [a, b] C: N (here [a, b] denotes a segment of K) and
(P) whenever a su!bset N' C: M has property (a), bhen N' C: N.

OIearIy, the order cOlII1ponents,of M give a decomposition of M
in tOrdisj.oint SU!bsets. Ii M is open (closed) its compOl11entsci!reinter­
vals (segtments) of K.

D efi iIl i t i OIn 1. A mapping f : K -+ X of an ordered compact­
um (K <) onto X is said to be monotOl11ein the sense of ordering
provided, for each x CE X, f-1 (x) is a segment of K.

D efi n i t i o n 2. A mapping f : K -+ X 'Ofan ordered compact­
um (K, <) onto X is said to be light in the sense of orde11ing pro­
vided, for each x CE X, every order component of :r-1(x) has but
one single point.

Rem a' r k. rf K = C is an ordered contiJnuum, then these de­
finitiom ,give mOll'otone and light mappiI1Jgs im the UJSuaJsense, as
used in tOlpoloogy.

~Oir simplicity we shall often leave out the attribute »in the
sen:se o'! oridering«.

L e m ma 1. Let K be an ordered compactum and f : K -+ X
a mapping onto X. Then there is a compactum K', a mapping
m : K -+ K' and a mapping g :K' -+ X such tha1Jf = g m. Moreover,
:rnis mono,tone and rg is light in the sense of ordering. This factori­
zationis uniquely determined.

This I,emma is the order clInaJrogueod: the well-lmown Whyburn
mOl11otone-light fadorization theorem (see [13] and [10]).

PI"oof. It suffices to cOl11siderthe deCOInipOiSitionof K produced
by the order components of the sets i-1 (x), x CE X. K' is defined as
the corresponding quotient space clII1Jdm: K -+ K' as the correspiom.d­
ing natura:l mapping. The definihOOl of g foilIows from the ,:ooquire­
ment i = gm.
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(2)

f (Xa) = Y . (1)

a partial oroer :::;;:by setting Xa:::;;: Xp if and only if

lin the fol,lowing we shalI a;'1sonee<! anothercla.ss oif anappi.lngs
that we shall can, for brevity, quasi-open mappings.

D efi n i t i QI n 3. Let X and Y be topological spaces and
f : X -+ Y a mapping. f is caHed quasi-.open, provided for each 1lIOn­
empty open set Ue X the set f ~U)hcis a. non-empty- interior Lnt
f(U) =F o.

L ,e m m a 2. Let f : X -+ Y be a mapping of the compactum X
ontQ Y. Then there exists a compactum Xi ex such that f (XI) =
= Y and that the restriction ii = f I Xi is a quasi-open mapping
f: Xl-+ Y.

Proof. Denote by iY the family of all closed subsets Xa C X
fo,r whWh

Define in ~
Xa ::;) Xp.

Let us prove that each totally ordered subset ~ C 5 has an
upper bound in (~, :::;;:).

CleaI'!ly, it suffices tO'show that the set

X' = npXp, Xp <E ~

belongs to ~,j. e. that

f (X') = Y. (3)

Thus take any y <E Y. In any fin:ite sub family {Xpl , ... ,XPn } C
C ~ one of the members, say Xp", is contained in the intersection
of this subfamily (~ is totally ordered). Therefore, by (1),

o =F t-i (y) n Xp C fr (t-I (y) n Xp.) , (4)
n ;=1 I

which show'S that {f-I (y) n Xp}, Xp <E~, is a centered system of
closed sets. Hience, iby oompactness,

O =F n (f-l (y) n Xp), Xp <E ~, (5)

whichproves that

f-i (y) nx' =F O • (6)

Thrus we can apply Zo:rn's lemmaand OIbtain a maxima:l eilement
Xi <E ~ which, we c1aim, satisfies the assertion of the lemma.
ASSUJmiJngthat this were no,t the case, we cou1d find a set U O X,
0IPeIl in X aIlId such that Ul = U n Xl =F O and Int f (Ul) = O. Then
we cauld prave that X2 = Xi "Ui <E~. Indeed Y,' f (Ui), and
a fortiori f (X2) = f (XI' Ul)::;) Y " f (Ul), would be sets dte!nse in
Y (noti'ce that f {XI) = Y), which wOlU1dy:Le,ldf (X2) = Y, f (X2) :beiJn.g
al o}osed set. MO'reovel" X2 Ibeing a 1P!"00perSUibset of Xl, we wouLd
have XI <X2, which is in contraJdiction with the ass:um:ption that
Xi is maximal in ~. This completes the proof.
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Rema T k. W'e shalI need ·this lemma only in the case when
X = K is an order.edoompactum.

Applyimig subseq'Uently Lemma 2 and LemmclJ 1 we obtaim. this

L 'emm a 3. Let X be the continuous image of an ordered
compactum. Then there exist an. ordered compactum K and a map­
ping f : K -+ X onto X, which is at the same time light in. the sense
of ordering and quasi-open.

We oonclud}e this section hya very simple but important lemma
concerning a'rbitrary continuous marppings, of o'l,dered compada.

Le mm a 4. Let f : K -+ X be a mapping of an ordered compa­
ctum K into X. Let F and Ff be two disjoint closed subsets of X and
{VJ.}, }, <E A, a family of disjoint non-empty intervals VJ. = (a.t, h.t)

of K. If, for each ..1.<E A; f (V.t)n F =t= o' and f (VJ.)n F' =t= o, then .il

is a finite set.

Pmof. Assume on the contrary that A is infinite and choose an
infinite sequlmce 'Of differe:nt indices ..1.1, ••• , An, ... <E A. There is
no lossctf generwity ina:ssuminJg that the left end"'points aj. od:then

~ntervals VJ. converge to somepoiJnt ao <E K. Wecan a'lso ass'Umen

that the sequence aj. is monotone. Since the intervals VJ. are dis-
n n

jornt, 'each neiJghibou.rho-odof ao cOOltains all but a finite nuInJber of .
sets VJ. . Now, cho'ose in VJ. two points tn and t'n such that f{tn) <E Fn n

and f (t'n) <E Ff. Then, clearly, ao = lim n tn = lim n t'n. We conclude,
by continuity of f, that f (ao) = lim n f (tn) <E F and at the same time
f (ao) = limn f (t'n) <E F', which contradicts the assumption F n Ff = o.

§ 3. Light quasi-open mappings of ordered compacta
and the degree of ceHularity.

In this section we establish theoentral theorem of the whole
paper.

The 'o I' e mLLet K be an ordered compactum and f : K -+ X
a map onto X which is quasi-open and light in the sense of ordering.
Then the degree of ceHularity -c (K) = -c I(X), whenever c (X) is in­
finite; if c (X) is finite, thenc (K) is finite too.

e (}I' 'o Il ar y 1. Let K be an ordered compactum and f : K -+ X
a map anto X which is quasi-open and light in the sense of orderin.g.
Then X has the Suslin property if and only il K too has the Suslin
property.

Proof of 'Dheore:rn 1. First o:bserve that for any Iffiapping f : K -+
-+ X onto X we have c (X) <c (K). As to the reversed inequality,
first ocmsider the set Z C X 'Of all the isoJa ted poin ts of X.W e shalI
show that

k ([-1 (Z») S c(X). (1)
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Indeed, far any z <E Z, {z} is open and dosed. Therefore, j-l (z)
deCOInpases inta order companents, eaah on-eof which is at the
same time an interval and a segment. There iS0iI11ya finite n.umber
of these components, beca'USetheycover the compa'Ctum j-1 (z). f
being light, .each of the components reduces ta a poimt. Thrus, for
each z <E Z, j-1 (z) is a finite set. Fu:rthernnal"e,k (2) < c (X), becaruse
{z}, z <E 2, is a farrni..lyof disjoint open set:s of X. This estaiblishes
(1), if c r(X) is infinite.

If c (X) is finite, then clearly X itself is a finite set and thus
X = 2. Therefo:re, by the al'lgument used in proving (1), K is finite,
whioh impHes that c (K) is f1nite taD. Thus, we can assume f.rom
naW on that c (X) is iJnfi..nite.

Given any family {Ua}, a <E A, ·of d:isjo1ntapen non-empty sets
U a of K, we have to .prove that k (A) < c (X).

Because of (1), i-1(2) caJnintersect at most c (X) sets Ua, a CE A.
Therefor:e, we can a:ssume in the f.ol1owing (with no loss of .gene­
ra1ity) that Ua n j-1 (Z) = o; for all a <E A.

Now we shall a'Ssign to each a <E A a non-empty open Fa - set
U~* C X having the property that

Ua* ef (Ua) • (2)

This is reaJdi1lydone by taking a point Xo CE Int i (Ua);=I= O (recall
that f is quasi-OIpen)and constructing, by il1ormality, a seqtuence of
open set{:;V11 suah that

Xo <E Vi C Cl (Vi) C ... C V 11 C Cl (Vn) C ... C Int f (Ua) C f (U a). (3)

Clearly, the set
co co

Ua* = U V1I = U Cl(Vn) (4)
n=l n=l

has all the required p:l'OIperties.
Notice, that Ua*aJlways contains mOI1ethan one point, be<:ause

o,f Ua n j-1 (Z) = o .

Now, we define in A a partiai ordering < by setting a < a',
a, a' <E A, if and only if U: :;:)U:', We shall prove that (A, <) has
the fOlllowinJgpra.perties

(i) forany fixed a <E A, the set Df all d' <E A with a' < a is
fini te,

(ii) for each totally unordered4 subset A' C A we have k (A') Š
Š c (X).

Fram (i) and (ii) it rea:dily foll:DWSthat k (A) < c (X). Indeed,
denate by Ro(A) the set af all minimal elements of A (ef. [3], p. 72)
and deHne by induction Rn (A) as the set

Rn (A) = Ro (A " (Ro (A) U . " U Rn-1 (A)) . (5)

4 A sU!b3etof a partially ol1dered set is sa~d to he totally UJIlordered
vrov~ded no pair of its elements is in the oroer relatiem.
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CleaTly, for any n, Rn (A) is totally unortderedamd thus" by (ii) we
Qlbtain

k (Rll (A» ~ c (X) .

On the other hand, by (i), we have

A = U RlI(A) ,
n<Wo

(6)

(7)

becaUlSeam.element a CE A with n predecess>orsin A surely belongs
to Ro (A) U... U Rn (A) .

ThJu.s,all that remainSl to be deme is to\prave (i) and (ii).
Proof of (i). Let ao CE A be any fixed element. Choose in Ua/

two d!istinct points x <md!x'. Let Al C:: A he the S1etof all a CE A
which precede ao. In other words, a CE Ai means that a < ao and
therefore,

f(Ua)::JU*a::JU::-a ::J{x,x'}. (8)o

Let V be an open set of X " {x} oontad!ningx' and put F =
= X " V arnsdF' = {x'}. Clearly, F M1Jd F' are diS\joint clooed sets
and since x CE F and x' CE F', we have f (U a) nF =F O and f (U a) n
np' =F O, for each a CE Al' Therefore, by Lemma 4,we conclude
that Ai is a finite set.

Prooi of (ii). Let A' C:: A be any infinite tot.aJ.lyUIIl!olrderedsubset
of (A, <). We have to prove that k (A') < c (X).

Let A' (a'), a' CE A', denote the 'Set od:all elements a cEA' such
that Ua,* n Ua* =FO. We shalI define a subset B C:: A' such that

A'. U A' (,8) (9)
{JEB

and that {Up*}, ,8 CE B, is a family of disjo~nt sets Up*.
B is defined by transfinite induction as follows. Let ao < al <

<...< a; <...,;< Wr ihe a well-orderil1Jg 'OIfA'. We set ao CE B.
AssU1nethat we have already determined, for ea'ch a7J, 'YJ < ; < Wr,

does a7] belong to B OTnot. We set a~ CE B if and only if U a;* n U aTi* =
= O, for all 'YJ < ;. Clearly, B is weH-defined and has the two. Iie­
quired .pmperties.

{Up*}, fJ CE B, is a family of disjoi:nt non-empty open sets. of X.,
Theref'O:re,we ha,ve

k(B) ~ c(X). (10)

Takim.g im.to.accoumt (9) and (10), our pmof will he completed, if
we show that

k (A' ({l)) ~ ~o , (11)

for each {3CE B .
In order to establish (11) recall thatUp* is an open F,,-set and

th'Us
00

Up*= U Fi,
.=1

(12)

where Fi C:: U{I* are dosedsets. Therefore, it.:suffices to show, that, :for
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each i <E {I, 2, .. ,}, the set A/ C: A' (/3), oonsisting o.fall a ~ A' (f3)

with Ua* n Fi =l= 0, is a f:iJnite set.
For thi:s IpUrpose put F = Fi and F' = X "Up*. FDr a ~ A{ C: A',

a =l= /3, we have, by defiJnitiJon, Ua* nF =l= O. Moreover, we have
Ua* nF' =l= 0, for otherwise we wauld have Ua* C: Up* and thus
f3 < a, contrary to the assumptian that A' is totally unordered and
a, f3 ~ A'. Since Ua* C: HUa), and {Ua}, a ~ A, is a disj:oint family
of open sets, Lemma 4 yields the cancLusiOln that A{ is indeed a
!tnit€' set. This ends the p-roof af TheDrem 1.

Re mar k. 'TIhe constant map,pmg oi a nOl!l-S:u.slin ordered
oompactum S'hows that lightnelSS is nata' redundant COIlJditiOl!lin
Thea1"em 1.

p I' 'o b 1 e m 1. Does Thearem 1 remain true if one anly assumes
that f is light in the sense of ardering and da nat require that f be
quasi-apen?

§ 4. The degree af eellularity and laeal weight
of eantinuous ,images af ardered eampaeta

We open this section IbYaJ simple 1ernma.

Le m m a5. Far ardered eompacta K the weight w (K), the
degree of separability s (K), the degree af eellularity c (K) and the
lacal weight lw (K) always. satisfy the inequality

lw (K)::::;:c (K)::::;:s(K)::::;:w (K) (1)

Praof. It :SIuffioes to ;prove that lw (K) ::::;:c (K), because c (X) SSs (X) ::::;:w (X) hold!s for aU spaces X. 'I1hus, we have tO' show that
each po:iJnt t ~ K admits a basis contaimiing at most c (K) neighJbour­
hood.s. This is triv.iaJ1 ii t is an isola,ted point. Therefore, assume
that t is an acaumulatiOlIl point {)f the set (., t) = {s ~ K I s < t}.
By tr.ansfinite iJniducti,OII1we cam easily define such a tram.sfinite
sequence

So < Sl <.'. < s~ <...,~< r; ,

1lh.at each 'Lnterval (s~, s~+ 1), ~ < r;, is naiIl....lemptyand

t = Sup {sd.
~<1/

(2)

(3)

Smce {(s~, S~ + 1)} is a' family of disjoint nDn-ernpty open sets
of K cDntaining k (r;) member1s, it fol1ows ,that k (17) ::::;: e (K). Hence
t is the least upper bound of a sequence of ::::;:c (K) PDints S < t.

Ii t is aWsoa PO'Lnt of aoaumulation of et, .) ,= {u <E Kit < 11},

we obtaJin a decreasi'ng sequ€nJce.of < c(K) points u~ with t = ini u~.
Clearly, (s~, ue) give a basis Df intervals at the point t, containing
at most c(K) . cl(K) = e (K) members~ We pmooed simi1aTly in the
ca'se when t is ,isol'ated from. one srde.
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Now, we, shall estwplish one 'Of the main resuHs o.f th.iJspaper,
asserting that (1) remains true also for continuous images of ordered
compada.

The'O re m 2. If X is the continuous image of an ordered
compactum, then its 109al weight 1w{X) does not surpass its degree
of cellularityc (X), so that we have

Iw(X) ~ c(X) ~ S(X) <w{X). (4)

Cor ()Il ary 2. If the Suslin compactum X is the continuous
image of an ordered compactum, then X satisfies the first axiom
of countab.ility, i. e. its local weighti. 1Wi(X) ~ ~o.

Theorem 2 will be derived as a consequence of this

The:o rem 3. Let X be the continuous image of an ordered
compactum. Then the degree of ceUularity c (X) ~ ~a, a > O , if and
only if each open subset Vc Xis the union of < ~a closed sets of X.

Proof of sufficiency. By Lemma 3 we can a'Ssume (with no
108S of generality) that X = f (K), where f is quasi-open and light
in the sense of ordering. Then, by Theorem 1, c (K) = c (X),
pPO'V'idedc (X) is infini,te. Therefore, by LemmaJ 5, I w(K) <c(X) ~
::::;::~a. How€'VJer, this irrntpliiesthat eaJoh in1Jerval (a, b) in K is the
uni'on 10[ < ~a s.egments. Indeed, let fOlr.iJn;stanceahave an immed1ate
su:coe8sor a', a < a', (a, a') = O, and let b be a pO'int orf aJocumulati:on
of (. , b). Then

(a, b) = U [a',b;] , (5)
~

where {b;}, ~ < r;, is a' monota.ne increalSi1l1igsequence 'Ofpoints from
(a, b) with Sup; be = b and k (r;) < lw (K) < ~a.

Now, if VC X is any open set, then f-1 (V) decomposes into at
most c (K) = c (X) ~ ~a disjoint interva1s, and since each of these
interv.a'ls is the union of at most ~a lSegments, we cOtnclude that
t-1(V) itself is the unioOn 'O[ at most ~a segmelIlts·. f being cl:osed,
we 'Obtain th'at V = f j-1 (V) is indeed the union of alt mO!st ~a closed
sets.

Necessity f,oUows from this

Le m ma 6. Let X be a compactum such that each open set
VC: X is. the union of at most ~a clQlSed sets. Then c(X) < ~a.

Proaf. Let {Va}, atE: A, be aJ faIinily of ,non-empty disj'OIint 'Open
sets. Then

V = U Va (6)
aeA

is an open set o!f X and, by assumption,

V = U Fp, (7)
lJeB

w:here Fp C: X is dos,ed and k{B) < ~a.

{Va} is 'am open covering fOlr each Fp, so that Fp must be
contained already in finitely many sets Va•



Continuous images of ordered ... 13

Thwerore, V = U Fp must be oorntained in k{B) < ~a sets Va,
pEB

which proves that k (A) < ~a .and therefore c (X) < ~a.

Co r o Il a'T y 3. Let X be the continuous image of an ordered
compactum. Then X has the SusHn property if and only if each
open set V C: X is an Fo-set.

P,I'Io'Ofof ':Dheo,rem 2. rf c(X) ,is fi:nite, then X is finite, and (4)
is fulfilled. 'DheredJore, aiSsume that c (X) = ~a. Then, by Tlheo1rern.3,
ea:chqpen set VC: X is' the union of < ~a do'Sed' sets of X amd·
dually ea'ch closed; Bet F C: X dj8the interseetiOlIl 'of < ~a open sets
of X. In paTtictrlar, rOtI"eaoh Xo <E x, ther.e is a family {V~}, A. <E A,
of open sets V~C: X SUich that

n V~ = {xo} (8)
AEA

and k (A) ~ ~a= C (X) .

Choase, to'r ealoh A. <E A, 'an ,open set U~, Xo <E U~,suah tha,t

Cl (U,.) c: V~ . (9)

We shatl prove that the family U of all finite intersectioI1!S
U = U~l n...nU"n' A.l, ... , A.n <E A, is a basis of neighbourhoods
of xo' ObserV'e that

k ( U) ::::;:~a= c (X) , (10)

sotha:t (10) impUes (4). Thus, our proof will be completed ii we
show that, foOrany open VC: X, Xo <E V, there is a f.im.ite suboot
{A.l , ... , A.n} C: A, such that

U~l n...nU~n c:: Cl (U~l) n...n Cl (U~n) c: V . (11)

Assuming th'at this is not the case, we would! h.we

[Cl (U~l) n(X" V)] n n [Cl(U~ n) n(X" V)] =F o , (12)
for all finite subsets {A.i, , A.n} c:A, which would mean that
{Cl (U~)n (X., V)}, A. <E A, is a centered system of closed sets.
By compactness of X it would fol1:ow that

[n Cl (U~)] n (X , V) =F o , (13)
XEA

aJnrda f.omori
n V~n{X"V)=FO, (14)

XEA

which, however, contradicts (8). This completes the proof of Theo­
rem 2.

§ 5. The increasing of local weight under continuous mappings

The weight w, degree of separa:bility s and degree of cellularity
c cao:m,otinc1"lealS€'I1lIlIderaaonti:nUlous mappirng. In other word's, ii
J: X ~ Yis a mapping of a oompactum X anto Y, then w (y) ::::;:w (X),
s(Y)::::;: s(X) and c{Y)::::;:c(X).
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on the contrary, Wei have
The ore m 4. A mapping f can increase the ZocaZweight of a

compactum. Moreover, there exist ordered continua C and such
quasi-open light maprpings f: C -+ X anto X that 1w (c) <1w (X).

This ClJns:wersa question rai:sed !by Ð. Kurepa several Ye'M'Sago
(UJIllpublished).

An examplie p!"OtvdJIligTheOt:rerIl4 is pr.ovi,ded by the squa~e in
lexicograrphic order (soo § 1), whkh we haVie denoted by Q. Q ds-a
oontinuUJm andi Z w (Q) = No' Y is defined. as foHows. Let

p = il lt, lt = l = [O,1], (1)
lEI

he the direct prod1ulct of 2NI) oaprl.resof l = {O, 1]. Let Yto CE P /he
the set of all p CE P having all coardinates Pt = O, for t::j:: to'

Th-en we set

Y= U Yt.
lEi

(2)

C1early, Y is a oorrtinuum. The po.iJnt O CE P, hcwing all 00­

o:rdi.nates !ZerQ,belOllllgsto. Y ClJIlidit is readily seen, that Y does ill'Ot
admit of a countable basis ()If ne1ghibourhoods a't O. Actually,

Zw(Y) = 2'~o > No = Zw{Q).

Howev:er, tJhereexists ,a m~pping f : Q -+ Y onto, Y. f is: defined
as f.olloW'S.ItmaJPS thesegment{t X O"t XIU rOlf(Q, <) Jinearly OlI1!to
Yt (recal1 that Yt = lt X OX OX ... = [O~1] X OX OX ... ) in such a
way that f (t X O)= 0, and f maps the oogtrrl€nt [t X ~, t X 1] of
(Q,<) 1iTheaJ:"lyonto Yt insl.lJcha: waythat f{t X'I) = O. It is readily
soon, thart f is oontinruous and that f{Q) = Y. Mo-maver, f ,is H:ght
and quasi-open. Of eours-e, Y has not the Suslin property. ThLs
oom.p1etes the proOif ()lf 'Dheorem 4.

If f: K -+ X is any continuous map of the ordered campactum
K Ointo'X, we in trodiU!ee the ca,rdinal

x (f) = Sup kl(j-l (x» ~
;CEK

(3)

x (f) exists arnd, c1eaJrly, x (f) < k;(K) .

T h 'e 00 ,r e m 5. The -cardinaL x (f) given by (3) satisfies the
inequaUty

Iw(X)<x(f).lw(K). (4)

Pr-OtOf.If I w{K) :is finite, then K and X a'I'IefiJnite sets and (4)
is tJrivially true. We ;a:ssume hencef.arth that I w (K) >No. Gi'Ve'll
any x E:: X, consider j-l (x) and f'or any t CE j-l ex) ohQlose such a
basis U (t) of neighbourhoods that k (U (t» < lw (K). Let T be the
set oi all fini,t,e'sUJbs.etsof j-l (x).

Since k (j-l (x» ~ x:(f), cle~ly, k{T) <x{f) p~ovided x(f) is
infinite. rf x (f) is finite, then k (T) is finite to'O.Let U be the family
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of all sets U = U{t1) U... U Ur(tn), wheDe {t1, ... , tn} CE T and
U (tj) CE U(tj). Since l w (K) is infinite ,it foUows that

k (U) < x (f) . l w (K) . (5)

Now we shali prove that {Int f(U)}, U CE U, is a basis of
neighbourhoods of x. Then (5) shaUl imply (4).

Let V he aiI1 open set in X albiOut X CE X. Choose for am.y
t CE t-1(x) a set U (t) CE U (t) such that U (t) c t-1(V). By com­
paJctnffiS of t-1(x), thereis a' fimite set {t1, ... , tn} CE T, SiUdhthai

t-1i(x) c U (t1) U... U U (tn) = U. (6)

Thus U CE U and, clearly, x CE Int f (U) C V, which completes our
pToof.

CO' r ,oIla r y 4. If f : K -+ X maps Konto X and x(f) < I w(X)
then the loeal weight eannot inerease, i. e. we have

l w (X) :::;; lw (K) . (7)

Indeed, this is trivial if l w (X) is fini te, because then l w (X) = 1.
Thrus a:sisume 1Jha,tl w (X) is infinite and (7) faase. Then we would
have l w(K) < l w{X) heSltde the '3SSJUIffied1:nequality x{f) < l w(X).
Multiplying these two in:equaJities, we would dbtain

x (f) . lw{K) <lw (X) ,

which, howeV1er, cOiI1tra1ditets1(4).

(8)

§ 6. Light mappings and the decreasing of weight and Ioeal
weight

In thiis section we oans:ider the questtOiI1 of the dooreaJSing of
numhers w (K) and Iw (K) u:nder contin,uous mappings. Cl'eaiI'ly,
these nwnhers, 'alS well a!Ss{K) alfid c{K), can alwaySi decrease. Th;is
OOCU!l'S e. g. if we ma'P an mdered compacDum K with No < I w (K)
onto a point. However, the questron becomes interesting if we
restrict o'1lrse'lves: to maippiiI1gs f: K -+ X wMch wre light in the
sense ofordering.

Le m ma 7. Let f :K -+ X be a mapping, light in the sense of
Ol'dering, and let Xo CE X and to CE ir-1{xo~ be two points. Further­
more, let m = {Va}, a CE A, be abasis of neighbourhoods at Xo and.
tJ", Il « A, the order component of t-l(Va) containing to' Then
II {U,,}, a CE A, is a basis of neighbourhoods at to'

P.J'tmf. Let (a, b) he any interval ,of K oontaJining tol' Then tIhere
t:xi's'!JS a;n a', a < a' < to with f (a') =f:= f{to) = x[j, for rOtherwise we
would have fHa, toJ) = {xo}' a < to" contradieting the ligh1::nessof f.
Similarly, there is a b', to < b' < b with f(b') =f:= xo' Let Va CE m be.
l:ll:oh that x(J CE VaCX'.{f;(a'),f{b')}. Then t-1(Va)n {a', b'} = o
wild, th€lref,are, the componeiI11JUa ()Ift-1(VIX), whkh contaJiJns to' is
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itself contained in (a', b'). This proves that U = {Ua}, a CE A, is
indeedi a basis of neLghbourhoodlS at to'

T he <o rem 6. Let f : K --+ X be a map of the ordered compa­
ctum Konto X. If f is light in the senseof ordering, then the. weight
w(K) <wi(X), whenever w{X) is infinite. If w{X) is finite, then
w (K) is finite too.

Proof. Let ~ = {V} be such an open basis for the topology
of X, that k (~) < w (X). For any V CE ~, J1 (V) is an open set
of K.

Let U be the family of all the order components of r1 (V),
when V runs through ~. Given any to CE K, consider Xo = f (to) and
let ~' c: ~ consist of all V cE~, which contain xO' Then ~' is a
basis ,Qf ne1g1h!bourhoodJSat X01 :aJIl:d,by Lemma 7, there is a subset
U' C: U, constituting a basis of neighbourhoods at to' This proves
that U is a basis for the topology of K.

Now, o.bserve tha1 eVlery .open 'set VC: X is ,the unwn of at most
w (X) closed se1JsF. It 'suffices, to consider aH W CE ~ such that
Cl W c: V and recall that X is regula'r. However, if F c: V is a
closed subset, then dlUle to cOiffiparctnesS f-1 (F)' is contar.ined in
finitely mrunyoomponents: of f-1 (V). Since. V is 'aiUJnion of at most
w (X) closed sets, it foUo'Ws that J1 {V) has ,at moot w eX) . oom..,.
ponents ii weX) is infinite aJnd has finitely man.y oompo'll.ents if
w (X) is finite. This and k (~) < w (X) proves that k (U) :::;:w (X)
ii w (X) is infinite and k (U) is finite if such is w (X). This com­
pletes our proof.

Rem ark. Theorem 6 is the ol'der analiQIgue .of Theorem 1
of [6].

Now we a;pply TheO'rem 6 to oIbtain a strengtheniJng o/f ,the
maJin result ,of [8J (1:1heorem 1)5

The <o rem 7. Let X be the continuOUs image of an ordered
compactum and 'p: X --+ Y a mapping of X anto Y such that
Int p-1t(y) = O, fOr each y CE Y. If X is locally connected, then
w(X) <w(Y).

The Pl'oCi'ffoUows the same plan as in [8J. By Lemma 1 we
can ,asswne that X = f(K), whefle K is an .olrderoo oompactum and
f is qua'si-open. 'Dhen,:for any y CE Y the set (p f)d (y) = J1 (p"""1 (y))
camlotoontain a non-empty interval U, becaUS'e f (U), wou1dJ bepart
of p-1 (y) a;nd thus wlOuilldJhaViea;n empty intel'ioT.

Now oonsider al] paJi.rsof pointst, t' CE K, t < t', such that the
intewal (t, t') =o and (pf)(t) = {pf)(t'). Iodentifying the pa1nts in
ea!ah such pa;ir, Wlej'obtadn a new ordered comrpaotum K1• Obs.erve
that any two 'such pa1irrs{t, t'} aJnd {s, s'} are disjoim.t, sdnce orther­
wise we wauldJ haJW, sayt' = s, '<md thus {s} = (t, s') =l= O would he
a I1JOIll-emptyinterval cOintaim:edin (pf)-1 (y), Y = (pf) (s).

I 'I1heorem7 is not usediJn pwving other tneorems of this paper.
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Denoting the identifkatilon map by 711,: K -- Kll there exists
a uniquely de:fmed map g: KI --Y such that g711,= pf. The map g
is light in ·the sense of ordering. Th:erefoIle, by Theorern 6,

w (KI) ::;;: W (Y) (1)

(w{Y) is dnrfinite, f:or o1lherwise Y would be tinite and for any y CE Y
the set p-1 (y) would ibe <open oontrary ta the assumptions). (1)
imp1ies s (KI) < w (Y). Let R1 c:: KI he a set dense in KI Clind1such
thClltk(RI)::;;: w (Y).

Clea<rly, the set R = 711,-1(RI) is then diense in K and k (R) ~
<2 k (RI) ::;;: W (Y). Hence

s (K) ::;;:w (Y). (2)

We ecmclurde the ptI"oofby cOImJbiniJng(2) and a propO'sitton fram
[8] (Lemma< 3), wMchI"eClids as f~onQIWIS:

Let K be an ordered compactu711, and f: K -- X a mapping
antO' X. If X is locaHy connected, then w(X) <s{K).

No'W, fallawing the sa<me plan as in [8], we can praveo

Tih e'O r 'e m 8. Jf X is the continuous image af an ordered
cO'mpactu711,and is lo-cally connected, the7/, w (X) = s (X).

'llhis impmvesTheorern4 af [8].

LoC'al cannectedness is not.a red!unrda:M condition in Theorems
7 and 8, since one can have, even for ordered compacta K (withaut
isalated points) s{K) <w (K) (see QI iJn § 1).

We ,ocmc1ude this rsect10n by pI10ving

The O'rem 9. Let f :K -- X be the 711,appingof an O'rdered co711,­
pactum K anto X. If f i~ light in the senSe of ordering, then the
lacal weight 1w{K) ::;;:1w (X).

Pl'Oaf. Given tOJ CE K, oonsider Xo ~ f(to) CE X and chaiQse such
a basis m of neighbourhoods at Xo that k (m) ::;;: lw (X). Then, by
Lemma 7, there is a basis U af neighbourhaod's at to such that
k (U) = le (m) ::;;: l w (X), which proves that l w (K) ::;;:l w (X).

§ 7. Light quasi-open 711,appingsand the decreasing of the degree
of separability

The O'r em 10. Let K be an ordered co711,pactu711,and f : K -- X
a 711,appingantO' X. If f is quasi-open and light in the sense af
ordering, then the degree of separability s (K) = s (X), whenever
s (X) is infinite; if s (X) is finite, then s (K) is finite too.

This theorern is an analogue af Theorem 1.

• Far an aJ1ternate proof see § 7.
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Proo.f. S!(X) <s(K) is fu1.filled :Dor any contmuous map f. In
order to,estaJblish the reViersoo. .inequality, let f be quasi-open and
light. By Theorem 2 we hal\T.e

l w (X) =:;;: c{X) < s{X) . (1)

Thus, foil' any given x <E X,1lhere is aj basis of neighhourhoods
{Va}, a <E A, where k (A) < l w(.Jq =:;;: s (X).

Consider f-1 {Val amd its order oomponents Uap, fJ <E B(a).
Since j-1 (x)is Co,mpact, there is a finite subset B' (a)e: B (a)

suah that {UaP}, fJ <E B/(a), oovers j-1 (x). Clearly, the sets Uap,
p -~ B' (a), a <E A, form a family U of at most s (X) interva1s if
s (X) is infinite; ii s (X) is fini te, U is finite too.

It foHows readily from Lemma 7, that U is a basis for the
topology oi f-11(x). Thus, fOlI'amy x <E X, th~ weight

w (j-1 (x)) =:;;: s(X) • (2)

if s (X) is in fini te, and is finite if s (X) is fini te. Since, we always
hayes <w, we obtadn

S{j-1 (x))=:;;: s(X) , (3)

for s{X) infin1te and S{f~1 (x») f.imite,fornnite s{X).
Now, let R he a dense SJUlhset'Of X with kl(R) < s(X). and

oOlI1Sid~r

j-1 (R) = U f-1 (x) . (4)
x<ER

It follows from (3), that

s (f-1 (R)) =:;;: s(X) , (5)

if s(X) is infinite, and sr(j-1 (R)) is f.inite if so is s(X). Thus our
proof will beoompleted, ii we can show tha,t f-1 eR) is. dense on K.
H!owever, for am.yopen set ue: K, U =1= O, we ha!Ve Lnt f (U) =1= O,

f being quasi~pen. Therefore, .

f(U) n R ~ [Int f(U)] n R =1= O, (6)
amd thus

U n f-1eR) =1= o. (7)

Pxo b lem 2. DoesTheorem 10 remain-true ij one only assurmes
that f iS' light in the sense of ordering\ and do not require that f
he quasi-open?

Lemma 3. and Theorems 6, 9, 10 and 1 yield

C o I' o,II ary 5. Let X he the continuous image of an ordered
compactum. Then there exists a.n ordered comtpaetum K and a
map f : K -+ X anto X such that

w(K) < w(X) , l w (K) < l w(X) , s(K) < s(X) and c(K) < c(X).

Now, by meam.s of 'DheOiI1em10, we ,can p:I'ov,eTheorem 8 wi thou t
recourse to TheoI'em 7. Indeed, I,et X be locaHy connected and the
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ill1ClJgeof am.,Oirdered compClJctum K und'e'r a rh.atp f. By Lemma 3
wc cam.'always assume that f ,is quasi-o:pen and liJght. Then Theorem
10 yields

s(K) = s(X) , (8)

(9)

,i r s (X) is ':iJnfinite.
By Lemma 3 <of [8] (quoted in § 6 of the pres,ent paper) we

l<now that
w(X) < s(K).

Thu.s, for infinite s (X), we ha~

w (X) < s (X) ; (10)

Il' s (X) is finite" then X is finite toO', and w,(X) = s (X). This proves
Thoo'rem 8.

By meam.s af TheOiI"em 8, we 'can giv;e a'llaffirma,tive answer
\.()Problem 2, in the case of lO'cally oonnected X. Indeed., we o:btad.n

The ore im 11. Let K be an ardered compactum and f : K ~ X
cl mapping antO' X which is light in the sense of ordering.lf X is
l,()cally cannected, then s (K) = st{X), whenever X is infinite. If s(X)
is finite, then sO' is: s (K).

Proo~. s.pq ~ s (K) is oibvious,. In order to plI'<ovethe reversed
inequality, first observe that s (K) ~ w (K) (true for all spaces).
Ii1urthermo!'e, if s(X) is inf:iJn;i,te,thens'o is w (X);;::::::s(X), 1ClJlJdthus
w{K) <w (X) (TheoI'ieID 6). Ii S{X) .is f:iJnite, then so is w (X) = s(X)
;mdl thus also w (K) = s (K) is finite (Theorem 6). Now, by The<OI'ie'Ill
II, we ha:v'e w eX) = s (X). Combin1ng these facts, we ,readily OIbtad.n
(dl'r assertion.

CCGlcluding this s,ectiol11, nO'tice that a comp.aJCtum X can
('l)nta:in srubcompacta X' C X w.ith s (X') > s (X) and c (X') > c (X).

I'; g. if X = il la, la = I, and k (A) = 2 ~o, then c(X) = No am.d
aeA

S (X) = No (see § 1).
On the' other hand, far the square in the lexicographic order

(I) (see § 1) we ha've w (Q) = c (Q) = s (Q) = 2 ~O. There.f.are, by a
\Vl"Il-known theorem, Q can be topolagically imbedded iJn X.

For cantinuous images af ardered compacta, c and s are always
llI(hIlotone and we have

The 'O'r ,em 12. Let X be the cantinuous image of an ardered
('()'mpactum. Then for any pair of closed subsets X' ex" af X we
JUlIJe s (X') < s (X") and c (X') < c (X").

Proo.f. Let X = f (K), where K is an orderoej oompa'Ctum and
'1'1 K' = r1 (X'), K" = r1 (X"), K' C: K". By Lemma 3, we can
:11 W;I'yS assume that f' = f I KH is quasd.-open ClJlldHght. AssumiJng
Ilin f. s (X") is iniinite, we have, by Theorem 10,

s {K") = s (X") .

"'lII'f.hermore, K' C K" implies readily

s (K') <8 (K") .

(11)

(12)
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Indeed, let R" C K" be a set dense in K" with k (R") <s (K"').
For each r CE R" consider

and
ro = Sup {(o, rJ nK'} (13)

ri = Ini ([r, o) nK'} , (14)

where (o,r] = {tcEK"lt<r} and [r,o) = {tcEK"Jt>r}.ro and
ri aTe well-defined elements of K' and ro ~ r ~ ri .
Le,t

Since s (K") is inf1nite, we hav,e k (R') <2k (R") ~ s (K") .

Hiowever, it iJS readily seen that R' is den.se in K', which
esta'blishes (12).

Finally, we have

s (X') < s (K') (16)

because X' is the image OlfK' under f lK'. Composin,g (16), (12) and
(11) we obtain

s (X') ~ s (X") , (17)

for s (X") inftniUe.

li S(X") is finite, then X" and' X' C X"ane fini te, .and thffi'\efore,
s reX')= k (X') ~ k (X") = s (X"), rund we obtain again (17).

The proof in the aase 'OIfthe degrree of cellularity fol1ows the
same 'Scheme an.d is based rOJ!lTheorem 1.

Rem arko w and lware always monotone.

§ 8. The Suslin problem and continuous images of ordered
eompaeta

In this, sectiOJ!lwe oocrnplaTethe degree of cel1ularity c (X) with
the degree of separabiJ.ity s (X), for sparcesX whiali 'are! contmwous
ima>ges()lfordered com'P~cta. We state three hypotheses:

Hi' If K) is an ordered compaetum, then c (K) = s (K).

H2. If X is the continuous image of an orderedJ eompaetum K,
then c (X) = iS (X).

H3. If X is the eontinuous image of an ordered continuum C,
then c (X) - w (X).

The hypothes'is Hi has been cOJ!ljeduredand much st1ud1ed1by
Ð. K ure p a (ef. [3], [4] and [5]). If K is a Suslin compactum, then
Hi im'P1ies, that K is separ.a>ble,and thus answe:r;s the Sus1in pro­
blem (stated 1n § 1) in the arffinmative.
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The ar e m 13. The hypotheses HiJ H2 and H3 are equivalent.
Hi => H2· c (X) ~ s (X) is .always. t!1Ue. In oroer ta prove the

reversed inequa1ity, ch'O'ose an ordered ca1I1lpiarctumK and aJ map
f :K -+ X anto X such that c CK) ~ c (X) (apply CarollaTY 5). Then,
by Hi, s (K) = c .(K) and 1;Ih,uss (K) < c (X). Hawever, X = f (K)
imp1ies that s (X) ~ s CK) and we olbtain s (X) < c CX) .

H2=>H3. Let X be the oontinuous image orf an ordered conti­
nuum C. Then, X is IDcarlly cormected, and by TheOlre:m 8 we have
w (X) = s (X). HDwever, by H2, we 'alsO' have s (X) = c (X).

H3=>Hi. Let K be aJU infiJnite Drdered!ooonpaJCtum. We have to
prOV'e that s (K) < c (K). DenDte by Z C: K the set orf all is'alated
pain ts tEK. Rep1adng eaeh t C Z:by 80 o0'PY OIf the :real line
segment I, we OIbtain an O'rder,ed CDmpactum K' withorut isolated
pmnts. Sinoe k i(Z)< c (K), we infeI1 1lh:atc (K') < c (K). Thus 1ihere
iJsno loss of generality iJnasSlUlIlling th:at K itse1f haiS nO' is'olated
podnts.

NDW cDnsitd:er all empty iJnterVia1s (aa, ba).,aa< ba, aa,ba CE K,
and identify all pairs {aa, ba}. (Observe that these pairs are disjorirnt,
becaU!SeK has nO' isdLated points). One OIbtainsan orderedcolIltin'U'UIIll
C. Let p : K -+ C he the identification map. p beiJng!contin.uorus, we
have c (C) ~ c{K). By H3, we oonclude that s (C) = c(C) ~ c (K). Let
R C: C be '80 set, dem.se in C 'and such that k(R) < s(C) < c(K). Then
p-l (R) C: K is dense in K and silI1'ce k(p-l(R» < 2k{R) = k{R) ~
< c (K), we oouc1ude that ~(K) < c{K). This compl1etes the prlQlorfof
Theo:rem 3.

CorOIlI ary 6. The affirma.tive answer to the Suslin problem
is equivalent to each of these twO' proposition.s:

A compactum X, which is the continuous image of an ordered
compactum, has the SusUn property if and only if it is separable.

A continuum X, which is the continuous image of an ordered
continuum, has the Suslin propertY if and only if it is metrizable.

C.o r o Il 'a' r y 7. The hypothesis Hi implies an affirmative
answer to Prablem 1, for the case of locallycon.nected X.

The proorf is immedi:ate fJ:lOm Hi, the imp1ication H1 => H2
(TheC}!'~m13) and ThetJl!'eIn Il.

Co' r otIl ary' 8. The hypothesis Hi and an affirmative answer
t.O Prablem 2 imply an affirma.tive answer ta Problem I.

The pr:o:of ,is immed'iate by applying the impHoati'::m lIt => H2
(Theo,rem 13).

§ 9. Continuous images of ordered compacta and diadic compacta7

Let D denote adiscrete space consisting of just two points.
1\ diadic compactum is any space X which is obtainable as the
('ontinuotUs image of a direct product na Da, a <E A, wheTe Da = D,

7 This section depends only 0IIl §§ 1- 4.
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for each a CE A. There are no restrictions on k (A) (P. S. Aleksandrav).
Ii k (A) = No' we obtain continuaus images of the Cantor triadic set,
namely all metrizable compacta.

N. A. Š a n i n haJs shown that ea1ch diadic o:vdered compaiCtum
is necessaJrily metrwa;ble (Theorem 51, p. 92 of [11]). Strengthening
this theor.em WeI prcyve

The ore m 14. A diadic compactum X is the continuous image
of an ordered compactum if and only if X is metrizable.

This ha:s been I1ecently8conjectured by P. S. Ale ks and r o v.
Proof. Let X be aJ diaJdiiJcoompadum and the COo:ltinu,ous imaJge

od: ,an ordrered compa:ctum. 'I1hen, !by Szptilrajn's theolre~ (quoted in
§ 1) X has the SUJSlin !property. Renee, hy Carol1ary 2, X satisfies
the first axi,orm of caoumta:bility, i. e. lw (X) < No. HQlWever, A. S.
Esenin-Vol'pin [1] has pmved that a diadic CCIITIp'aJctumX,
satisfying the first axiolITI rof oountability, is metrWable.

The converse is trivial, the Cantor triadic set being at the same
time diad'ic and an ordered compadum. This oompJetes the p:voof
of Theorem 14.
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NEPREKIDNE SLIKE UREÐENIH KOMPAKATA,
SUSLINOVO SVOJSTVO I DIJADSKI KOMPAKTI
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Sadržaj

U avam se radu ispituju Hausdarffavi prastari X,koji se magu
dobiti kao slike barem jednog uredenog kamp akta K, pri nepre­
kidnam preslikavanju f: k.-+ X na citav X. Ovakve prostore zvat
cemo krace neprekidnim slikama uredenih kompakata. Pri tome
se u ovam clanku pod kompaktom razumij eva Hausdorffov korri­
paktni prostar, kaji rie mora biti metrizabilan.

Promatraju se i neke specijlaJm.eklase neprekidnihpresliJkava­
nja uredenih komtpaJkatana HausdO'rff.OViepr.ootOlrekaje se deftrri­
r:ajouovakO':

D efi n ie i j a 2. PresHkavam.je f: K -+ X uredena kampakta
(K, <) na X se naziva laganim u uredajnom smislu, ako za: svaki
x CE X, skJup ji (x) ne sadrži niti j.edJa!IlzatvO'reni ~nterV'alkoji iJma
više od jedne tacke.

De ii n i c i ja, 3. NekJa su X ~ Y topološki prostari i neka je
f : X -+ Y nepI'elddno pres1ik:av,anje.Preslikarvanj.e f se J1alZivakvazi­
-otvorenim, akO' l1lal sViakinepra:zni otvoren skup UC X, skup f(U)
ima neprazn:u nutrinu, Int f(U) * O.

Važnast avih klasapreslikavanja izlazi iz ove leme:

Le m 'a 3. Neka j.e X nepmlddna slika uredenOig lwmpakta.
Tada! postaji uredeni kJoonpakt K i preslik:avalIlje f: K -+ X na X,
koj1ej.e i lag:am.,61u uredajnolIll smis1u i kvazi-otvoreno. -

Posebna j,e paJŽnja:u iQ:vamradu OIbra,cenavezama izmedu ste­
pena celularnosti ci(X) i Lokalne težine lw{X) !rieprekid!nih slika
ureden ih komp:a:katal(§ 4).

Stepencelularnasti c (X) prastora X je Sup k (U), gdje U pra­
lazi 'Svim familijama 1t = {Ua} disj'Unktnih nepraznih atvorenih
skupoval UaCX. Ovaj' j>epoj,am uveO' Ð. K:urepa (.[3],str. 131).
Kaže se da prostar X ima Suslinova svajstva akO' je· c (X) :::;;:~o.
Težina w(x, X) prostOIra X u ta'cki x CE X j.e naJjiffilanj'ikard1naJni
b:md k,sa :sV'ojstvamda: ta'cka!x ima ba1zuokoHn:a:kwdina,1m,ogbroda<k. Loka·lna težina lw{X) se definim lmo SUip w (x, X). Jasno je

xcEX

da je Lw (X):::;;: w{X), gdje je w (X) težina prasto:ra X.
S~ s (X) se oznacava stepen separabilnostiprostara X, tj. naj­

manji kardina.Jm:ibroj k, za koji pastoji po,dJskupRC X, k{R):::;;: k,
lmji je svrud'a'gust na X.

Osnavni rezultat rada može se izreci u avam obliku:

1 k(A) oznacava kardinalni broj skup.a A.
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TeD r em 1. Neka je K ureden kompakt, a f: K -+ X preslika­
vanje na X, koje je kvazi-otvoreno i lagano u uredajnom smislu.
Tada za stepene eelularnosti od K i X vrijedi rel.acija c (K) = c (X),
ako je c (X) beskonacan; ako je c(X) ko'nacan, oMa je konacan
i c(K).

Kor o I ar 1. Neka je K ureden kampalkt, a f: K -+ X nepre­
kidno preslikavanje na X, koje je kvazi-otvoreno i lagano u ure­
dajnom smislu. Tada X ima Suslinovo svojstvo onda i samo onda
kada Kima Suslinovo svojstvo.

Te ore m2. Ako je X neprekidna slika uredena kompakta, tada
njegova lokalna težina lw (X) ne može biti veca od njegovog stepena
eelularnosti, tj. lw (X) <c (X).

K>o r o I :a r 2.Ak6 je Suslinov kompakt X neprekidna slika
uredena kompakta, taJa X zadovoljava prvi aksiom preb.rojivOS"ti,
tj. lw(X) ~ No.

Kowlar 2, zajedno s nekim POlZiIlatim rezultatima OI dij:arlskdan
kompaktima (vidi § 9), dokazuje ovu slutnju P. S. Ale k sa n­
dr o v a2:

T e ore m 14. Dijadski kompmkt X je neprekidna slika uredena
kompakta, onda i samo onda, ako je X metrizabilan.

pri tonne se dij'adski kampakti derfiniraJju oVlako:

Neka je D diskretan prostor sastaIVlj'en Old taiClnodiVije taiC:ke.
Dijadskim kompaktam se n:aJZivasV'aki lrornpialkt X koji se molŽe
dabiti kao neprekidna slika d'1rektnog prodUtkta il Da, gdje- je

GeA

Da-- D Za svaki a CE A, a k (A) može biti bilo koji kardinalni broj
(p. S. AlekS'and.rov).

U §§ 3, 5, 6 i 7 izllcaJVIase vlad'anje stepen.a celuJ.arnosti e,: ste­
pena separa!bilnlOSti s, Lokalne težiale lw i težine w pri neprekidnim
presli:klavalIljima f: K -+ X na X, !p'O'OOooo, aJka je f kvazli.-otvoreno.
i lagano u U!redajnom smislu. EV'o nekih rezultata te vrste:

K>oroI a r 5. Neka je X n.epreilddna slika UJredena kom­
paikta.. ':Dada pos1Joji ureden kompa<kt K i neprekidno preslikaNlalIlj e
f : K -+ X na X taiko, da bude:

w(K) <w (X), lw (K) < lw (X), s (K) ~ s{X) i e (K) ~ c(X).

Te o re m 6. Neka je f: K -+ X neprekidno preslikavanje na
X. Ako je f lagano' u uredajnom, smislu, a težina w (X) prostora X
beskonacna, onda je w (K) ~ w(X). Ako je pak težina w (X) konacna,
onda je konacna i težina w (K).

2 Slutnja je izrecena u diskusiji na IV Svesaveznom matematickom
kongresu, Lenjingrad, 3.-12. VII 1961.
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TeOiremom 7 je pQiOiŠtrenjed-am.'Od ranijih rezultata autora iz [8].

T e ore m 12. Neka je X neprekidna slika uredenog kompakta.
Tada, za svaki par zatvorenih podskupova X' C X" iz X, vrijedi

s (X') <s (X") i c(X/) < c (X").

Pi1:am.je jednakosti stepenaceluJ:a:rnosti c (X) istepena separa­
bilnosti s(X) za prostOIre X, kod i SU neprekidne slike uredenih
kompaJkata, svedeno je u § 8 na Sus1inov problem.

,(PrimUj€lll1D 3. XII 1961.)


