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ON INVERSE LIMITS OF COMPACT SPACES

Sibe Mardešic, Zagreb

In this paper") we are concerned with inverse systems {Xa, npa}
of Hausdorff compact spaces Xa; the systems are -ta:kenover arhitrary
directed sets M = {a}. X will always denote the inverse limit of 'the
system and na: X -+ Xa will he the corresponding natural pro­
jections.1)

We firnt introduce a Hausdorff paracomp-act space X* associated
toevery liu1Versesystem and coTIJS.istlim.gof la'iI the s-pa:eesXa of the
system (taJken as disjoint sets) .and of the limit X. The topology of
X* is :such that the subset X is .a:etually the limit (in the sense of
the direeted set M) of subsets Xa• Several properties of X* aregiven.
Thds generalizes .a pTocedure given by H. F r e'ti den tha 1 ([6), p.
153) in the case of inverse sequences of meltrizahle comp,acta.

Next we consider the mapping spaces (X, R) of all roaPipings of
a Haus:dodf compact X into an AN R ,and we cons1der the singtilar
homology group Hq «X, R) ; G) (with coeffidents in .anarb:trary
Abelian group G) 'as a contravariant functor of X. Using the pro­
perties of X* we shQWthat Hq «X, R); G) is continuous with re5iPect
to inverse limits (for Hausdorff coropaetaJ. This ,generalizes a pre­
viou:> resuH of the author ([9], Theor:em 13, p. 200) and settles.
a ques1JiQn'T<l!isedin the same paper ([9], :p. 202).

1. The Space X*

Let

X* = (U Xa) UX, a E M, , (1)

(2)

where all Xa and the ir limit X are considered as being disjoint sets.
If Ua is an open set of Xa, let Ua* C: X* he the set defined by

Ua* = U (n8a-1 Ua) U (na-1 Ua).
a<f3

Let cl( be the family of suhsets of X* cOI1Jsistingof all open sets
Ua C: Xa, a E M, and of ,all sets Ua*, a E M. Since .the sets na-1 Ua

*) Thi,s paper has been written while the author held a member­
ship at The Institute for Advaneed Study in Prineeton.

1) Basic definiiions and faets coneeming inverse systems and their
limits can be found in [5] and [8].



iorm -abasis of open se1Jsfor X, it follows that (f.[ is a covering of X*.
Moreover, the intersection of any two memheIiS of c[t. is the union
of same members of C[r It suffices to prove ,this statement for the
.sets Ua* and Ua,*, a, o.'~ M. Let X E Ua* n Ua,*, if X E Xp, for a
j3 E M, then a ~ 13, a' ~ 13, and X :belongs to the set (npa-1 Ua) n
(n,8a,-l Ua,), which is open in Xp and thUJSbelongs to C[( On the other
hand, if x 'E X, then x belong:s to the set (na-1 U a) n (na,-l U a')

which is open in X. Therefore, there is a 13 E M and an Qpen set
Up C: Xp such that x E np-l Up C:{na-1 Ua) n (na,-l Ua,). One can
al,so achieve that Up C: Ua nUa" so that Up* C: Ua* nUa,*.

We now define the topology of x* by taking ,the family C[t

for a basis 'Ofall open sets. The properties that we estaiblished ahove
show that c)1 can be given such a role. Notice that Xa and X inherit
from X* their natural topologies as the relative topolo gies. X* is
clea:rlya Hausdorff ,space if all Xa are HaU!Sdorffspaces; this enables
us to use in X* ne1Jsand their limits (see [7), Chapter 2).

Theorem 1. Let {Xa,npa}, a:::: M, be an inverse system of
nonem.pty Hausdorff compacta (over a directed set M). Choose for
every a E M an arbitrary point Xa E Xa C: X*. Then {xa}, a E M,
is a net in X* which has at least one cluster point X E X C: X*.

P 1'0 o f. Let Ma denote the set of all 13E M with a ~ 13, Then
{nPa xp}, f3 E Ma, is 'a net of Xa. Let AC: Xa be the set of all cluster
points of this net. A is non-em:pty, because Xa is compact. Further­
more, A is closed in Xa. Thus the sets Bp =mpa-1 (A) C: XB. f3 E Ma,
and B = na-1 (A) C: X are also closed. We shall now prove the fol­
10wing proposition:

(i) The set B C: X is not empty.
TaJke any a E A {A is n'Ot empty) and .any open set UaC: Xa

containing a. Since a is a cluster point orf the net {nPaXp}, 13 ~ Ma,
for every 13E Ma there is ar;;:;; f3 such that nraXr E Ua. on the
other hand, nra xr = npa (nrP xr) E npa{Xp) so that (npa (Xp» n Ua =t= o.
Con:sequently, a 'is a cluster point of npa{Xp) .and thus aE npa (Xp),
for all 13E Ma (npa (Xp) 'is campad). ThfusPl'Qlves that the sets Bp =
= npa-1{A) ·clJrenon-empty comp;act spaces. Since ohviausly np' p (Bp')

C: Bp, roI' 13~f3', the sets Bp form an mverse system. The mverse
limit of this system is contained in B = na-1 (A) C: X oand' is non­
empty (see Theorem 3.6, .p. 217 of (51), proving the .assertion (i).

Now assume that {xa}, a E M, has no cluster p'Oints in X. Then
for every x E X one can find an opet set Ua* (given by (2)) and an
a(x) -E Msuch tha,t Ua* oon'tadns no poiJn:tsof {xp},f3 C:: Ma Ix) and
x -E Ua*. Since X is compa:ct, there is afinite collection of sets
Ua(l)*,.'" Ua(n)* covering Xand disjomt with {xp},f3'E M;o, where
r is .a suitahle element of M, r ;;:;;a (1), ... , a'(n). Gonsi.der now the
net {nPr xp}, 13E Mr, and the o,pen set U,- = nra(l)-l (Ua(l» U... U
U nra(,,)-l (Ua(ll» of X, .. Clearly,

nr-1 (Ur) ~ X. (4)

On the other hand, it is readily seen that Ur* is contaJi.ned in the
union of the sets Ua(l)*, ... , U.(n)* and ther:efo.re contains no pooin1Js
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of {xp}, {JE M. Consequently, {npy xp}, {J ~ My, is anet entirely
eontaine.d in the closed set Xy" Uy• Renee, the set A of its cluster
points belongs.1rlso io Xy" Uy• Aecording to ('i)the set B = ny-l (A) C=

C= X is not empty ,and is contained in ny-1 (Ur) by (4). Therefore,
(A nUr) :) n),B =1= O, which is acontradiction to A C= X,." Uro

The O I' e m 2. Let {Xa, npa}, a E M, be an inverse system of
(non-emprty) Hausdorff compaeta and let U be an open set in X*
such that X C= U. Then there is a y ~,M such that Xp C= U, fOT an
j3 ~ y. .

P r o o f. Sinee the sets (2) form a basis for open sets around
p'Oints of X and since X is comp-act, i1' is easy to find an 'Open set
V of x* such that X C= V C= U ,and that

V = UaW* U... U Ua(n)*. (5)

In order to proV'e Theorem 2, it sufficies to find a y 'E M,
Y > a{l), ... , a (n), such that

(6)

because (6) will then 'imply

Xp C= V C= U, for all {J > y. (7)

Suppose now that no y '~ M satisfies (6). Then one could find
a point xr E Xr "V for every y '~ M. {xr}, y E M, would he a
net in X*, sa,tisfying the conditions of Theorem 1 'and contained
entirely in X*" V. Renee, this netcould not have cluster points in
X C= V, which contradicts Theorem 1.

T h eOT em 3. If {Xa, npa} is an inverse system of (non-empty)
Rausdorff compacta, then the space X* is Hausdorff and para­
compact.

p I' o o f. Let {V!,} be an open oovering of X*. Sinee X is COlm­
paet, there is 'a finite subcoUection, eOIliSistingof sets V~,(1),. " , V!,(n),
which covers X. If V denotes the union of this su'beollection , then
there is ,an a~ M such that a.ll Xp, {J E Ma, are eontained in V
(Theorem 2). NoHce thai the set

Xa* = (U Xp) U X
13>'"

(8)

is an open subset of X*, because it is of type (2) (with Ua = Xa).

Now C'OIliSiderthe following eollection C)J of open sets of X*:
take first the open sets(Xa *) nV!' (1) , ••• , (Xa*) nVu (n) for memlbers
of C)J. Furthermore, for every {J E M" Ma, eonsider the open cover­
ing {Xp nV!'} of Xp and take elements of a finitesUJbcovering as
new elements of C)J (recall that Xp is compad 'and open in X*). The
fam'ily c)J of open sets of X*, which we just defined, is clearly a
star-fin'ite eoveringof X* wmch I'efines the covering {Yu}' C)) is a
10rtiori a locally finite refinement of {V!,}.
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2. Mappings of X in to ANR-s

In this seetion we are concerned withabsolute neighborhood
retra'Cts R for metnc spaces (a:bbrevialtedas ANR). Recall that ANR-s
can be charaderi.zed as neighborhood retracts of convex subse1Js e
nf Banach spaces (see [4], p. 3,6,3). We shalI .also use the following
theo·rem due to R. Are n s (Theorem 4.1, p. 18 of [3]; see ·also [2]):

Let C be a convex subset of a Banach space. Every mapping f
of a closed sub set of a Hausdorff paracompact space into C admits
an extension f,~to the whole space (the values of f.~are in C).

The following theorem genemlizes 31lemma by M. A b e ([1],
2.2, p. 188) and Theorem 11.9, p. 287 of [5].

The ore m 4. Let {Xa, npa}, a C: M, be an inverse syste'ln of
Hausdorff compacta and let f :X -+ R' be a mapping of their limit
into an ANR. Then there is an a C: M such that for every tJ E Ma
one can define a map fp: Xp -+ R with the property that fp np is
homotopric to f and fp nrp is homotopk to fr, for all y > f3 > a.

Pr ()o f. Consider R as ~aneighborhood retract of a convex set
e of a Banaoh spalce. Let V be a neighborhood of retraction of R
in e .and let e :V -+ R he areir:actliotTI. Consid'er f as a mapipilIlg of
X iLntoe. Since X is '31closed su:bset o,f X* and X* liJS HaulS!dmffand
paracompa<Ct (Theorem 3), we can apply the theorem of Arens and
abt'ain 31mapping f.~: x* -+ C extending f.

Choose now, fnr eV'm'yx E X, ,31convex 'Openselt V (x) of e such
thCiltf(x) C: V (x) C: V and enoose an open set U a(x)* of type (2).such"
that x c: Ua(x)* C: f*-1{V (x)). Notice that X nUa(x)* = na (x)-1 Ua(x),
so that for f3 E Ma (x), we 'get

np(X nUa(x)*) C: npa(x)-1 (Ua(x)) C: Ua(x)* C: f {<-1(V (x)). (9)

Thus, for tJ E Ma(x),

f."np(X nUa (x)*) C: V(x). (10)

The coHection {Ua(x)*}, x c: X, is an open covering of X ,and
w·ecan choose 03' fin<itesubcoverfung cons'istiJng'Ofsets Ua(1)*, •• " Ua(lIl*,

where a (i) = a (Xi), Xi E X. rf we denote the convex set V (Xi) by Vi,
then (10) goes over into

f1,:nP(X nUa(;)*) C: Vi, i = 1, ... , n, (11)

and is valid for all fJ larger than a{l), ... , a(n).

Now define ,a,homotopy in ej connecting f and f .:,:TCP, tJ ;:;;: a, by
joind.ng poin1JSf (x) .and f 1,:niJ (x) by a l:ine segment, obv!iou!Slylying in
e. We want to show that this segment 1ies actually in the retraction
neighborhood V. Given any x C: X, there is an i E {I, ... , n} such
that x E Uaw* C: f.:,-1 (Vi). Thu:s, f(x) = f~. (x) C:: Vi. On the other
hand, (11)shows that f.:,:ntJCx) 'E 'h Since Vi is convex and 'is lying
in V, ii fullows th3lt the segment joicing f (x) and f.:,:nil (x) 'is con­
ta:ined in Vi and thUiS1n V ton. In other words, fOT f3 ;:;;: a (1), ... , a (n),
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we have a homvtopy in V connec1Jing f (x) and f" np (x). Chonse now
an a ~ a(l), ... , a (n) such that all Xp, tJ c: Ma, lie in Ua(l)* U... U
U Ua(n)* C: f,,-l (V); this is possible due to Theor'em 2. Now define

fp = e 1-:, I Xp, tJ c: Ma. (12)

We have obtained ,already a homotopy, connecting f ,and' f * np in V,
for all tJ c....: Ma. CompoS'ing this hvmotopy with the retraction e,
we now get a homotOlpy connecting f and ef * np = fp np in R. A
simi1ar argument shows that fp nyp and fy are homotopic in R, for
.aH y ~ tJ ~ a.

The ore m 5. Let {Xa, npa} and {Ya, apa}, a ~ M, be two
inverse systems of Hausdorff compacta and let Xa C: Ya, apa I Xp =
npa; let X c: Y be the corresponding limits. Let R be an AN R and
let, for a fixed a C:: M, fa : Xa ~ R be a given mapp,ing such that
f" na : X ~ R is extendible to Y. Then there is a tJ c:: Ma such that
fa npa: Xp ~ R is extendible to Yp.

This theorem generalizes Lemma 8, p. 199 of [9]. Disposing
of Theorem 2 and other properties of the spaces X* and y* a.t .is
easy to carry on the necess.ary mQdifications in the proof giJvenin [9]
in order itD obtaliina proof of Theorem 5. Notice an particuI:ar that
the :space Xa*, denned in (8), is ,a cl'Osed subset of the co!ITespond­
ing space Ya*. Furthermore, let na*: Xa*~ Xa he a mapping c{)inciding
with npa on Xp, tJ ~ a, and coinciding with na on X. The fact that
the sets (2) are open in X* dnsures the continuity 'Of na*.

3. Continuity Theorem for Homology of Function Spaces

Let X he a Hausdorff compact and Y a metrizable space. We
denote by <X, y) the space of all continuous mappings f: X -+ Y;
<X, Y) is g,iven the compact-open topology (e. g., see [7], p. 221).
rf X' is another Hausdorff compact and g: X' ~ X i's ,a map.ping,
then the transformation G: <X, Y) ~<X', y) defined by

G(f)=fg, (13)

i. 'e. by composing f and g. rf C' is a closed sU!bset of X', then C'
and 9 (C') are compact. rf U is an open set of Y, then

G-1 {f I f E <X', Y), f(C) c: U} = {f I fE:, <X, Y), f g(c') c: U}.
(14)

This shows that G is c{)ntinuous.

Now consider an inver.se system of Hausdorff compact .spaces
{Xa, npa}, aC: M, and a metrizable space Y. Let I1ap : (Xa, Y) ~
~ <Xp, Y) be the induced mapp'ings. Let Hq«Xa, Y), G) denote the
q-th singular homology group of <Xa, Y) with coefficients in the
group G and let I1a{i-:, he the homomorphism induced by I1a{i. Then
{Hq«X", Y), G), I1,,{J-:,} , aC: M, is a direct .system of groups.
Furthermare, if X ]s the 1Jimi.t'oJ Xa, ~hen ,the mapP'ings na : X ~ X"



induce ma:ppings ila: (Xa, Y) -+ (X, Y)and we have homomorpru.sms
ila,,:Xq(Xa, Y), G)-+ Rq(X, Y),G), which inducea natural homo­
morphism :TC of the direct Emit of Rq (Xa, Y), G) into Rq (X, Y), G).

The o' rem 6. Let {Xa,:TCPa} , a C: M, be an inverse system
af Rausdorff compacta and let R be anabsalute neighbarhaad re­
tract. Then :TCestablishes a natural isomorphism between the direct
limit of Hq(Xa, R), G) and the graup Hq (X, R), G), where X is the
inverse limit af {Xa, :TCPa} ,and G is any group af caefficients (the
homalogy is taken in the sense af singular theary).

The proof i's carried on first 'by interpreting singular hamology
of the mapping spaces (X, R) as X~homo10gy of R, in the sense
of [9] (see 1. 4, p. 190). Obv,ious IDO'dificatioa::lJSaf the arguments on
p. 200-202 of [9] givea' pTQofof Theorem 6,. Noti-ce thart;the Lemma
of Abe a:nd Lemma 8 of [9] have to he replaced by the aoove
Theorems 4 and 5.
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o INVERZNIM LIMESIMA KOMPAKTNIH PROSTORA

S i:b e Mar d e ši C, Z ag r e b

Sadržaj

U ovom clanku se promatraju inverznP) s1stemi {Xa, :TCPa}Haus­
dorffovih kompa:ktnih pmstora Xa i to nad proizvoljnim usmjerenim
skupovima M = {a}. Relacijom (1) se uvodi li razmatranje skup
sastavljen od svih clanova s1stema (koje smatramo disjunktnima)

1) Osnovne definicije i svojstva inverznih sistema izloženi su na pr.
uWi~. (
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i od granicnog 'skupa X. U skup X* se uvodi topologija time, što se
definira jedna haza otvorenih skupova eu na ovaj nacin. C[[ se sastoji
iz svih skupova Ua C Xa, koji 'su otvoreni u Xa, a E M, te iz svih
skupova oblika (2); pri tome je :na: X -+ Xa prirodno preslikavanje,
koje pripada promatranom sistemu.

Pokazuje se više sv,oj'stava prostora X*. Napose se pokazuje da
svaiki otvoreni skup U iz X*, koji sadrži X, sadrži i sve Xp, pocevši
od nekog dovoljno velikog aC: M (Theorem 2.). Kao posljedica do­
biva se da je X* Hausdorffov i parakompa.ktan. Ove cinjenice omo­
gucuju da se primijeni jedan teorem R. Are n sa o proširivanju
neprekidnih presl'i<kav.arnja,koja su de-finir,ana na nekom zart;vorenom
dijelu nekog parakompa:ktnog prostor.a', a vrijednosti lim leže u
nekom konveksnom dijelu nekog Banachovog prostora. Služeci se
1im teoremom dokazuje se na .primjer ovo (Theorem 4):

Neka je {Xa, nPa} jedan inverzni sistem Hausdorffovih kom­
p,akataJ, neka je R j,edan .apsolru1mliokolinski retrakt (za me1ricke
prostore) i neka je dano neprekidno presliJkavanje f: X -+ R. Tada
postoji a ~ M sa svoj'stvom da je, za svaki f3 ~ a, moguce definirati
jedno neprekidno presU,kavanje fp: Xp -+ R i to na takav nacin,
da je pr'eslikavanje fli:np homotopno ,sa f, dok je fli :nrp homoto.pno
sa fr, za sve r ~ f3 ~ a.

Služeci se ovim i još jednim slicnim rezultatom (Theorem 5)
dokazuje se glavni rezultat radnje:

Neka je R jedan apsolu.tni okolinski retrakt a (Xa, R) i (X, R)
neka su p,,"ostori svih neprekidnih preslikavanja od Xa u. R, odnosno
od X u. R. Neka je G neka Abelova grupa, a Hq{Y, G) neka oznacuje
q-dimenzionalnu. singu.larnu. gru.pu. homologije prostora IY s koefi­
cijentima u. G. Tada inverznom sistemu. {Xa, :nPa} pripada direktni
sistem gru.pa {Hq (Xa, R), G)}. Direktni limes ovog sistema je gru­
pa izomorfna gru.pi Hq (X, R), G).

Ovaj teorem, dakle, poka:zuje da je funktor homologije funk­
cionalnog prostora (Xa, R) neprekidan s obzirom na .prijel.az vari­
jahle Xa na inveTznugranicu. Time je dobiveno poopcenje jednog
teorem'l iz autorove disertacije (iVidi Theorem 13, str. 200 u [9])
irij'6Šen je' Problem 1, koji se ,tamo navodi ([9], str. 202).

(Primljeno 23. IX. 1958.)


