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ON A FUNCTIONAL EQUATION TREATED BY S. KUREPA
Miklés Hosszu, Miskole

S. Kurepa [2] has treated the functional equation

flxty2)+flxy)=Ff(lxyt+2+fy 2 (1)

defined on reals. J. Erd 6s [1] has proved that every symmetric
solution of (1) is of the form

fay =F@+y—F@—F@. @)

Here, without any additional conditions, we prove the following
Theorem. The most general form of the solutions of (1) is
f@y) =Sy + Ay 3)

where S is a symmetric solution of (1) and A is an antisymmetric
one, additive in both variables.

Proof. (1) is a linear functional equation invariant with respect
to the changing of the variables of f (x, y), therefore, together with
f both the functions

S (x, y) =%[f @,y + ], ARy = % [f (x, v) — f (y, 2)]

are its solutions. One sees that S is a symmetrlc function, while A
is antisymmetric one,

Sy =S@x, Alx,y)=—A(y ).

Thus in order to prove the Theorem it is enough to show that
A (z; y) is additive, e. g. with respect to its first variable (in fact,
then the antisymmetricity implies the additivity with respect to the
second variable too). But this follows immediately by the repeated
application of (1)

A+ y,=fxtya)—flzxty)=Fflr,y+2)+fy2)—f(xy)—
—[fetzy +fx)—f(ry)]=Ff(ry+2)+fly2)—
—[f(x,z—l—y)+f(z,y)—f(x,z)+f(z,x)]=
=2A(y,2) +24 (x,2).

Thus, our Theorem is proved.
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Corollary. Every continuous, or measurable, or bounded
solution of (1) has the form (2).

In fact, every continuous or measurable or bounded function
A (x, y), additive in both variables, is of the form

Ax,y)=czxy,
which is antisymmeftric only if ¢ = 0. Thus we have the solution (2)
due to J. Erdos. '
Observe that in the general case, where x, y, z are elements of

an Abelian group and the value of the function belongs to another
Abelian group, then by a similar method we get the result

2f (:L': y) = S* (.’L‘, y) + A* (CL‘, y) ’ ) : (3')

where S*, A* are solutions of (1), symmetric respectively antisym-
metric, and A* is additive. -

REFERENCES:

[1] J. Erdés, A remark on the paper »On some functional equations«
by S. Kurepa, Glasnik Mat.-Fiz. Astr. 14 (1959), 3—S5,

[2] S. Kurepa, On some functional equations, Glasnik Mat.-Fiz. Astr. 11
(1956), 3—5.

O FUNKCIONALNOJ JEDNADZBI KOJU JE PROMATRAO S. KUREPA

Miklos Hosszl, Miskolec
SadrzZaj

U ¢lanku je dokazan slijedeéi

Teorem. Opée riefenje funkcionalne jednadzbe (1) je zbroj
simetriCnog i antisimetriénog rjeSenja te jednadZbe. Pri tome je
antisimetri¢no rjefenje aditivna funkcija u svakoj varijabli posebno.

Napomenimo da je J. Erd és [1] dokazao da je svako sime-
tritno rjeSenje od (1) oblika ().
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