
GLASNIK MAT •• FIZ. I ASTR.
Tom 12. - No. 1·2 - 1957.

CALCULATION OF THE CORRECTIONS FOR THE
ANALYSIS OF THE ~- SPECTRA AND THEIR

APPLICATION TO H0166

G. ALaga and B. Jakšic

CONTENTS

Summary 31

I. Introduction 32
II. General formulation of the theory 34

III.. Solution of Dirac equation for leptons 36
a) Solution in Coulomb field . 38
b) Solution for free particles 41
c) Solution in a modified Coulomb field 42

IV. Foldy-Wouthuysen transformation for nucleons 44
V. Calculation of the ,8-spectra 46

a) Non-relativistic form of the relativistic ,8-interactions 52
b) Calculation of the {1-spectrafor couplings with derivatives 54
c) Caleulation of the tensor-pseudoscalar correction factor for

(O --+ 0+) transition 55
d) Correction due to the variation of the lepton wave function

over the nucleus 58

e) Numerical results for the H0166 -+ Er168 transition 59
Appendix 68

Sadržaj 71

Summary

We have subrnitted ashort article to The Physieal Review [1]
containing the main resuIts of our present paper, i. e., that it is
possible to account qualitatively for th€ large log ft = 8.1 valueand
approximately allowed shape of the H0166 -+ Er166 ground. state
(O - -+ O + ) transition [2], by a tensor pseudoscalar mixture. The
amount of the pseudoscalar admixture can not be determined with
out new experimental data or calculation of tJhe matrix elements
involved.



Two possibilities have been invest1gated. The case of destructive
interference [3] of pseudoscalar and tensor coupling in which case
the pseudoscalar plays a domina;nt role and the case of a singular..
tensor matrix e~ement ({3 u . r). In the first case all the corrections
like those of finite size of the nucleus [4] and finite wave length
are important and have been calculated. The domina-nt correction
in the second case is the variation of the lepton fields over the
nuclear region [5].

After ashort introduction on the present status of the fJ - decay
theory [6] we present the calculation {Jf the above menti{Jned
corrections. First we write the fJ - interactions in tensor form [7],
because that is the most convenient and simplest way of calculating
the finite wave length effects and the missing cross term between
the two part of the pseudoscalar interaction. Beside the tensor and
pseudoscalar interactio:n we have written the other interactions in
the tensor form for the sake of comp:leteness' and references. The
extradion of the major part of the pseudoscalar interaction and non
relativistic form of the relativistic matrix elements [8] has been done
with the aid of the Foldy-Wouthuysen transformation. The final
result for the HOl66 ~ Er100 correction factor is presented: in the last
secti{Jn.

For the eaIculation of the effects of the finite size of the nucleus
we used the method of Rose [4], assuming a charge density distri
bution slightly different froma constant. The variation of the
eleetron wave function inside the nucleus, which is esse:ntial in the
secon-cl,ca:se, was calculated, for the same nuclear chal'ge distribu
tian, by expanding the lepton wave function in p{Jwers of TiTO.
Destructiveinterference even corrected for all the mentioned cor
reetions failed to reproduce the experimental spectrum. So we
examined in some details the second case and were able to obtain
agreement with the spectrum. The numerical resuIts iil.regiven in
the figures.

1. Introduction

The theory of fJ - decay was formula ted originally by E. Fer m i
[9] in close analogy with the field theory of electromagnetic
r.ldiation [10]. The direct lepton (electron, neutrino*) nucIeon {pro
ton, neutron) interacti'On was assumed to be of the form of a scalar
product of a four vector made of lep-ton emission operators and the
.nucleon exchange current, multi,plied by a constant which measures
the strengths of the lepton nucleon coup1ing.

* Prof. P a u I i announced at the Geneva Conferenee in June, 1956,
that the existence of the neutrino was definitely established by direct
experiments by Cowan and Reines.
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The theory was successful in eX!plainingsom~ gt~~~tures
of this phenomenon, like iSpectrumshape aiI1dhalf life (in gen&al),
These are essen1!iallygiven by the apriori p-mbability for the case
if some armount of energy 1Sshared among 3 particles (statistical
factor) and thernagonitude of nu:clear ,matrix elem~mi1;s0'1' nuclear
moments. The last measUJresthe overlap- of the initial and final
state wave functions. The original four vector formulati-on and ,the
close a,nalogy with electromagnetic radiatioll' tumed out to be too
narrow to explain all the variety of the /1-radioactivity [11].
Scalar, tensor, pseudovector and pseudoscalar couplings have heen
introduced beside the original four vector. In this way beside the
interaction, which has classical ,analogy -in the theory of electro
magnetic radiatiJon,new couplings have been ,introduced. The five
covariants just mentionedare ·all the possible covariants which can
be formed :womlepton ,operators without ionduding t:he derivatives,
and the »tYJpe«of spirnorfield [12].So one can say that the thoory
of tJ - decay is in this respect camplete.

The problem ,isnow to find the coup]in,gconstants of the right
linear combinations ()f the mentioned couplings (by analysing the
fi -spectra, half lives, fi+ lK ratios and electron-neutrino angular
correlatio,ns) [6].

The great advance in the field of experimental technique was
adually made in 1949 with the aid: of h-igh flux neutron reactors
and electromagnetic separation metho-ds, sources of high specific
ac1Jivity,'have been rprepared andpreeise measurements have been
made on so-me isoto.pesof long haU life. In this way the eadier
measurements have been completed and so we have now available
valuable data on half-lives, spectra, {J+ lK ratio-s and angular cor
relations of Hev, Ne19,Na:!:!,P3:!,S35, CJ36, Y91,Tc99,CS137,Pm147,
Tm170,Tl204,and rnany others.

The scalar and vector, tensor and axial vector coupling do
interfere even in the allowed t'r.ansitions. The 'interference tertmS
are called the F i er z terms [13]. They cause deviations of the
spectra, etc. from the statistical shape which is called the allowed
shape.

It seams that the best available values of caupling constants

compatible with all the experimental data are [13] Igl / 9312 = ~:I;
and j g41 and I g21 are 1-3'0/0 and 150/0of the g3· With I gll = I g31

one would get 9p = 1'7 X 10--:19er:g crn3• With g1, g2, g3, 94 and g5

we have denoted the relative scalar, vector, tensor, pseudovector
and ,pseudoscalaTcoupling constant. gp rneasures the coupl,ing
strengths of the lepton field t.o the nucleons.



For the determination of the relative sLgn between the scalaT
and tensorcoupling constants ,it is necessairy to investigate such
transiti'Ons where the two coupI.ings interfere. Tc99, CS137,Rbll?, C}36,
RaE seem to be beta emiters .of this type. Different investigators
[14] report different relative signs so that the problem of sig;n.is not
properly settIed as yet. AnyhowaII these conc1usions about the
signs are based on the ealculati'On of nuclear matrix elements
inv.olvedJ and. therefore are not very reHable.

About the pseudoscalar couplin,g there is only some indiTect
eV'idence from theanalysis of the ft - values of the tpresumahly
11 I = O yes 1:Jransitions. The ft - value of these transitions (Hg205,
TPo7 and Pb2il9) and (Tl200, Pb210and Pb212)(O - -+ O +) seem to he
somewhat smaller (log ft ~ 5·:5) than e:lOpectedwhat ,is interpreted
asa substantial contribution of the pseudoscalar coupling to this
transitions [15]. Very little is known about the shapes of these
transitions. Booide these examples there are recent measurements
of the Canadian group on the p -speetrum and branching of the
HOl6ii -+ Erl6il transition [2]. They found that theground-ground
state transition is a (O--+ 0+) transition with an apiproximatIy
alIowed shape with the maximum energy Wo= 4~63 and a ·rather
large ft - value (log ft = 8·1).

rf one excIudes the axial vector coupling (which also gives an
alIowed shape) for obvious reasong [13] already discussed, we are
left with the tensor and pseudoscalar coupling or a mixture of both
to explain the experimen taI resuIts on (O - -+ O +) transitions.

The ipur:pose of this paper is to sh'Ow how it .Is possible to
uooerstand qualitatively the large ft - varue and the approximately
allowed shaipe of thds (O - -+ O +) transition. Two possibilities have
been considered:

a) destructive interference of the pseudoscala:r and the tensor
cOUlpling,

b) small value of the (f3 --;, • T) tensor matrix element.

II. General Formulation of the Theory

The interaction HamHtonian density responsible for f3 - decay
may be written in the form [16J:

with

"
Jt-p = gpL gi (Jri + 3ti*)

i=l
(1)
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Jli = ('P~ f1 'pN) (1p* P gJ) (2a)
*+ -+~ = ('P.; 'P'N) (1p* gJ) - ('P p a 'P NJ . (1Jl* a gJ) (2b)

+ .•. .• ' ..•
~ = ('P; (JeI 'PN) • (1p* f1u gJ) + (lf'; {Ja 'pN) • (1p* tJ a gJ) (2c)

..• ..• - *
~ = ('P; u lf' N) . (1jJ* u ep] - ('PI' 1'5 lf/,.,) (1Jl* 1'5 ep) (2d)

JIa = ('P; ,81'5 lf/N) (lp* tJ 1'5 ep) (2e)

'Pp and 'pN are the protOO1respedi vely neutron and: 1p and gJ are
the lepton field operaiors. They f1gure as emission and absorption
operators. Nudeon and lepton fie1ds are taken at the same space

-+ -+

time point. p, u, a and 1'5 are the usual Dirac matrices [17].We can
note that in the form of interaetion (2a)- (2e) we have adopted
a definite sequence of the operators. That is also an additional
assumption corresponding to the decay sheme

N + l' ~ P + e, (3)

where a neutron and aneutrino is absorbed and an eleetron and
proton emitted. The Hermitian conjugate operator corresp'0nding
to the mverse process isincludedin (1) to make the expressi.on for
~ Hermitian.

One usual1y treats in f1- decay the nucleons in the configuration
space (18] because the nucleon pair creation state can be neglected:.

The ,interaetion Hamiltonian density in theconfiguration space
of A nucleons is represented by

A

Jfi = ZOki 1jJ* (r) Oi ep (r) O (r - rk), (4)
k=1

Oi is the obvious abreviation for the Dirac operator in (2a-2e)
induding the proton-neutron -exchange operator for nucleons.

TlO oibtain the interaction ener.gy one has to integrate the
expression (4) over the whole space J JI; dT = Hi and write the
matrix elements between the initiaI and finallepton states. We can
denote that by .

A _

<Hi) = ZOki <e V ! 11'*(Xk) Oi ep (Xk) I O). (4a)
k=1

In that way weobtain as interaction energy operator the
expression

5

Hp=gpLg;[(Hi) + (Hi*)]
i=1

(5)

wich can be used' in the ordinary perturbation tn~atement in the
configuration space, so that the probability nf the tJ - emission is
given by the known formula [17]

N = 2h:TlZ I S 'Pf* Hp Pi d Tj ..• d TA 12 e (6)



where tJ is the density of the final state for a definite total energy.
It is actually the density which normalizes the final lepton wave
funetions to the total energy. Summation runs over all not observed
quantum numbers of the final states and includes averaging over
,all experimentally not specificl initial states. Ti and Tf are the
initial, respectively final, wave funetion of the nueleus.

III. Solution of Dirae Equation for Leptons

Since leptons obey the Dirae equation, we have to solve this
equation both for eledrons and for neutrino5..In the presenee of an
external eleetromagnetic fieLd Alt = (A,i (]J), the Dine equation in
relativistie units {m = li = e = 1) is

[ Y,' (,1 :,, - i e A,,) + 1] VJ = O, YIt "I,. + "I" Y,' = 2 o,"', (7)

With

. ·'\lH·a"lk = - t P IJ.k, "14 = - p, p = - tv, = t-at
we get the Dirac equation in an extemal spherically symmetric
electrostatic field (A = O, (]J = (]J (r)) as

.d1p .•
H VJ = t -, H = - a . p - p +V (r), V (r) = e (]J (r). (8)

dt

The matrices &, p will be used in the Dirae representation [17]
throughout the paper:

~ = ,( ~;), p = (1 O) . (8a)u ° 0-1
Since the Hamiltonian (8) is sp'herically symmetric, it will

commute with the operator ,of the total angular momentum J

J=L+S=(L+ll2'~' O ,,), S=1/2(;40),[H,J] =0. (9)O L + lhu O u

It also commutes with the inversion operator I

I = P Ip, Ip r Ip = - r, Ip ~ Ip = - ~"
[H, 1] = O, Ip p Ip = - p, Ip P Ip = p. (10)

Before we introduce spherical coordinates we shaH transform the
Hamiltonian into amore convenient form. We define first the
quantities

1 1 ,1 ~.r
Pr = - r . p = --;-- , ar = --,r t dr r

..
u·r 2 1 2ar = --, ar = ,ar = 1.

T
(11)
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One can show now that we can write

.. (i +. R K)a . p = ar pr - -;- t IJ T .
where K is the constant 'Of motiongiven by

(;.L+1 O )
K = tJ (2 S . L + 1) = .• ' [H, K] = O.

O -(o- . L + 1)

This operatoT satisfies the two fol1owing relations
K2 = J2 + 14, K(K-f3) = L2.

37

(12)

(13)

(14)

Since it neither depends nor operates on T, it will comrnute with
Pr, as well as ar. It commutes also with ar and p. With the help of
(12) the Hamiltonian (8) takes the form [17]

H = - ar (Pr - ~ ) - i ar f3 ~ - P + V (r). (15)

The problem isto find now the simultaneous e1gemunctwns of the
comp1ete set of commuting operators H, J2, Jz, I, 01' of the set
H, K, Jz• We will take the se<:ondset so that we have to solve the
following eigenvalue pToblem

H1/! - WW'f' wx.u -r 1l'Y.,H

Kw = "w _""WX,ll ""-WX.ll

Jz '1/-' w~_" = j.l 'I/-'w"l'

(16a)

(16b)

(16c)

(18)

(lBd)

(l7a)

(17b)

For the oontinuous spectrum, in which we are inter·ested-,we have
W> 1. Wr,iting 'lfJw"." hy means of two two-cO'lIlIPonentwave func
tions 'P(l) w"!' and 'P(2) w,,!,

( 'P(1) /D;", )
'IfJ Ul"!, = (2)-

ep U1y.!.t

one can easily find that the a'1'ljgu1:arpart of the solution can he
expressed by means of the functions X,,!' defined by

+
(o- . L + 1)X,,!' = -" X,/'

(Lz + 1/2 oz) X,,!' = 'l '1./

in the following form

= (_iei'i''' f/D" (r)x':....,,)
'!fJw,,!, 11.

9w" (r) Xx

where the phase factor exp (i'P,,) defined by (17c),was added so that
real fw" and gw" can be chosen. The angularequations. (16ib,c) are
ol:miouslysatisfied by (18). Because of (14) one finds immediately
that X,,!' is a function corresponding to the e:genvalues j and I" of
the operators (L + 1/2; )2, respectively L2



lx-L" = 8",y. = ± 1, ± 2, ... ,k = \"\,8,, =[:1 ,-j<",<j.
The functions Xxl' can he therefarecanstructed by meams of the
vectar addition coefficients [19]

X,/' = Z (L,.1/2 m m' i lx 1/2 j !~)Yl"m X m' '/" (20)
m'm

.where Y{II! and XI/.m are the usual spherical harmonics and spin
functians, respectively. In general, owing to the unitarity and the
anticommutativity with (~. L + 1) of the .operator 0", we shali
obtain as the result of the applicati'Onof Or upon X ~ the function
x~x' multiplied by the phase-factar used already in (18)

OI' Xxl' = -exp(itp,,) '1..-,/' (I7c)

With the special phases far (20) as in TAS [20], the phase factor
in (I7c)exp (i 97") = 1. Dsing {I5), (I6a, b), (lI), {I8) and (17c) we
abtain far the radiai wave functi;ans the system.

dj" x-l--= --f"-(W-I-V)g,,dr r

dg" x+ 1
-a-= (W + I-V)fx--- g>..·r r

(2Ia)

(2Ib)

They are invariant against the substitutian f --+ g, X --+ -x,
W-7 - W, V --+ - V. Fram these equatians fallows the nonl,inear

equation far the ratio (t:.-)

.~(h)= _ (W -I-V) + 2 X (f,,)_ (W + I-V) (~)2. (2Ic)dr g" T gx gx

The index denoting the energy eigenvalue W was droPiped fOTcon
venience. One can see fram (21) that the radiai wave functions jx,
g" can he taken as real. We must saIve naw the radiai equation
(21) under same assumptions an the patentiai energy V (r).

a) S o' 1li t i o' n i n C o' li 1o' m b F i e 1d

In this case the patentiai energy of an electran maving in the
field of a pasitive paint charge Ze is given by

V = Vc = - aZ, a = e2• (22)r

The case ofa pasitron maving in the same f.ield can he obtained
formal1y by changing the :sign of a.
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(25)

(24a)

(24b)

Since (f", g,,) can be "Chose-nas real functions, we can express
this explicitly by writing

rf" = yl- W(o" - 0,.*) = i..fW-1 (o" - o,,"'), W> 1, (23a)

rg" = V'1 + W-(o" + o,,"') (23b)

where o" is a complex function. The factoTs in front are introduced
to simplify the equation for 0" and they can be guessed from the
assymptotic form: of (21). Inserting (23) inta (21) we obtain

do" _ . ( + Y) % - iy/W '"
--- - t P - 0,,-- o" ,dr r r

da,,'" . ( + Y) * % + iy/Wa:;:- = - t P -;;: o" - --r -- o"'

where y is the quantity peculiar to the Coulomb field
aZW aZy=--=-.

p v

The fine-strueture constant a enters the theory only through y, so
that the case of apositron is obtained by changig only the sign of
y --+ - y. By elimination, one obtains from (24) the <Nfferential
equation for o"

di! o" +~d o" +(...2 + 2 py - ip Y} )dr2 r dr fT r --r2 0,,=0,

where 1'" is defined by

(26)

(29)

wave

1''' = + ~~- (a Z)2~ (27)

The regular solution of (26) can he found ,in a straight 
forward way in terms of a hypergeometric function

o" = C" e-ipr (2 pr) 1'''F (1'''+ 1 + iy, 2 "I" + 1, 2 ipr) (28)

where the complex constant C" must he .determined from the con
dition that o" satisfies (24) (it is sufficient to apply this to the first
term in the expansion of o,,) and from the normalization of the
wave function. If one normalizes the asym:ptotic form of the wave
functions in such away that it represents on the average one
particle in a sphere of unit radius, we {Jbtain

.e "y12 Ir (1''' + iy) I

c" = Ic" Ie"l" r c" 1= 2..jW -r-(2;;-+ 1) ,

[0. iY]

1{ ';(--
1]" = 2 arg _ ~.

. 1''' + ty

In this way we finally arrive to the solution {Jf the radial
functions for the continuous energy spectrum W> 1 [21],



r(j")_V1 + W e"Y!2IT(r,,+iY)ig" - 2 J w T (2 1''' + 1) • (30)

. (2p-r)r,,[e-;pr+i'lx (1''' + iy) F (1''' + 1 + iy, 21'" + 1,2 ipr) + c. c.l.

By means of the formula for the assymptotic expansion of hyper
geometric functf.onswe can detel"l1linethe assymptotic behaviour of
the radiai wave functions

(30a)

15"= 'Y}"-C,, + [k-r" + 112 (S" + 1)1;., !; = arg T(r" + iy).

One can see from (30a) that the normalization was chosen
properly:

(30b)

where the sum denotes summatinn over spin variables and the bar
averaging over r.

The seoond l,inearly independent solution can be ohtained. from
(30) if one changes 1''' into - 1'". Such sol'ution will he denoted by
j", g". That this is. a solution fol!lowsfrom the form of the differen
tiaI equation (26) which depend!s only on 1',,2; that it is linearly
independent fol1ows from the fact that rj", rg" are singular at the
origin.

For many applications one needs the values of re.gular and
irregular Dirao functions for such a small radius as is the nuclear
radius. The natural approach in this ease w.ould'he to eX!pand the
functions a;ppearin.g in (30) in a power series, which converges
rapidly owing to the smal1 value of the r.arlius. However, ii one
does not insist on normalized functioIllS,it is more practical for
numerical ca1culations to solve the radial differential equations (21)
directly hyassuming power seriesexpaIllSions for j" and g"

rj" = A" (2 pr)S, 2 a"n rn, a"o = 1,
,,=0

~
rg" = B" (2 pr)" 2 b"n r", b"o = 1.

n=O

Inserting (31) into (21) we obtain .

(31a)

aZ aZ
,(2" = +x -1'" x 1'''

x-y"
aZ

(32a)

and the recurrence formulae for the coefficients
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aZ [(W - I) (x + y" + n) b + W + 1 a. ]a",,=~ n(2y" + n) x+y" ",,,-1 ( ) ".,,-1

a" o = 1, (32b)

b"" = aZ [jW+l)J x_~y~+n)a","_l_(W_l)b"."_l]'n(2y" + n) x-y"

b" o = 1. (32c)

To obta.in the normalized functions represented by (31), we must
compare them with (30). In this way one gets the following
expressions for A" and B"

A = B .= S Z e:ru!2ITjy" + ~y)J V xW - y" (33a)" e"" " a r (2 + 1) - -- -y" 2 W (x - y,,)

B" = e:rY!2ITj,0 iy) 111 (x - y,,) (x W --=-~,,)_ . (3~b). r (2 y" + 1) V 2 W

In evaluating (33a, b) we have chosen the wlution for 1], given
by (29), which satisfies CQS (1] + <p) ~ O,<p being arg (y" + iy). This
corresponds to the choice -:n < 1] <O for attTactive Goulomb
interaction (electrons) and O<1] ~:n for retpulsive interaction
(positrons).

The corresponding solutian f", g" are oMa-ined by substituting
(- y,,) for y", so- that the ratios of Dirac ra<Mal wave functions are
given by

al

f 2: a"" rn

( ,,) n=Og" = e" ~ b -r" '......, >!Il

"=0

(34)

(~)=~" (!!"),,f" e" g"

."
L: b"n rn

(!!,,) = T" (2 pr)2)'" ":~ -g" Z b"n rn
n=O

where

B!,- = ~ ~!:.(=-~y" ~]llr jy" + 1 "±- iy~I__ p__ . (34a)13" x + y" r (2 i'" + 1) r (- y" + iy) x W + y" .

b) Salution for Free Partieles

This case is oMainecl' ii we put V = O in the radiaI differential
equation (21a, b). The solution can be obtained either dkectl'y from
(30) by putting y = O,or by solving the equations separatly for this
case. The result is expressed in terms of spherical Bessel functions



'"

. 1/-;- zi \1 (-l)n (2l + 1)/1 z2n)dz) = V 2z JZ+1/2'(Z) = (2l + I)!! ~ (2 n)!! (2l + 2n + I)!!
n=O

in the fol1owing way

F" = S" p 11 W 1 jiV W -Y.

1/W+1G" = P y-w-- ji" (pr).

(35)

(36a)

(36b)

. The asympt'Otic behaviour is given by (30a) tak en for y = 0,
v" = 0, so that the functi?ns (34) are also norma1ized to one particle
in a sphere 'Of unit radius.

If the particle has zero mass we must omit 1 following W in
(36) and put p = W, sa that in this case we have

F" = S" G_" = S" W ji (Wr) (37a)-"
(37b)

(38c)

c) S o I u t i o n i naMa d i f i ed C'Ou 1'om b F i e 1d

Since Coulomb field is n'Ot a good approximation inside the
n'Uclear charge distribution, we mu:st solve the Dirac equation for
a field which is approximately Caulomb field 'Only autside the
radius TO of the nuclear charge distriibuti'On. Inside the nucleus the
field is given by the charg.e density distribution by means of the
Poisson equation. We will assume a spherically symmetric char:ge
density distribuHon, since the deviatian from such a distribution
should nat be very imp'Ortant. In this case the field autside the
nucleus will be exactly the Caulomb fie~d

aZ
V = Vc = - --, T > TO (38a)

T

and inside the nucleus

6 V(i) = 4 ;nee, T < TO. (38b)

Both solutions must fulfill the continuity conditions at the boundary

. dV(i) dVe
V(') = Vc --- - - - T = TO

, dT - dT ' .

The method 'Ofsolv,ing Dirac equation in such field is to solve
it separately for T < TO and T> TO, and to apply the continuity
conditions .on the solutions at the bound'ary. rf the not n.ormalized
solution inside the nucleus Ls denated by f,,(i), g,,(i), and the nor
malized solution of the problem by ['",g'", we have
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. (39)
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L = a" f)i) = b" f" + c" r.: I_ ,r = ro.
g'" = a" g,,(i) = b" g" + c" g"

If we introduce, according to R o se [4], the foIlowing notation

f" f,.(i)

.u'" = g;~(i) g)i) , !-l" = -;,,~g,,-f~''', 2" = f/" ~':..= !-l" .!.." (40)
___ j" " g" g" f"
g,,(O g"

In which all quantities are taken at the radius ro, we can write

(41)

(39a)

1

by' = VI -+- 2'i~'~~s-(o,,--J,,)+,t,2 , c" = 2"b",

where 0" is the phase shift given by (30a). Beeause of the faetor
gjg" ~ (2pr)2;'x, },,, will he smaIl if PT« 1, so that b" = l.For more
preci.se calculation, p.artieularly in the case of destructive ini er
ferenee, it is necessary to 'use the exact formula (41). By means
of (41) and (42) we can write

f',. = b" (1 + 2" !-l") f" f" _ g'"

g'" = b" (1 + 2" u',,) g" ' a" = :l::(i) - g)i) , r = TO.

rf we assume the potential energy V(i) (r) inside the nucleons in
the form of a power series in r

~ T

VU) (r) = Z Vn x", X = ---
n=O TO

(38d)

the regular solution of the radiai Dirac equation ~21)can he easily
written down by means of the R o s e method [4.] According to him
it is possible to write the radiaI functions in the form

T

[1 + S" r ]Ul" (r) = r f)i) = r" -2 -.:D" + J r-" al2 (r) 'U2" {r) dr
o

(41a)

T

[I-S" r ]ti:!" (r) = r g)iJ = r-" --2- D"+ J T" a21 (r) 'Ul>< (r) dr
o

(Uh)

where D" is a constant, and
00

(.L12 = ~ aI2(JI) x", antO) = - (W-1- Vo),aI2(1I) = V", n =f: O,
IJ=U

'"

a21 = L a21(") x", a21(O) = W + 1- Vo, a21(n) = - VII' n =f: O. (41e)
n=u



(42a)

By successive substitut'lons one obtains the power series expan
sion in r for the functions Ul>< and U2", where the coefficients are
polynomials in x, i. e. still depending on r.

t)O (r) = +UI" (r) = D" rl-x ~ Ul)") (x) r2n,
n=U

g)O (r) = +u~,,(r) = D" rT•• !U2)") (x) r2n•
n=O

(42b)

The polynomia1s U1,,\n) (x) and U2,,(n) (x) a,re given by the formulas

a21 (P2T-') n

=2: n~'-l n
P"""P2n '=1 Z Pi + 2 (k + r) -1 .=1

i-=l

(43a)

aI2(P",)
2. Xp,+p,+··· +P,n
Z Pi + 28
i=1

x

U2k(n) (x) = ;r--2 (k + nj -1 ~ X12(k + n) a21 (XI) Ulk(n) (XI) dx1 =
O (43b)

n+l a21(P2r-1) n al2 (p.,.)

=L n 2,-1 n -2' -- x",+p,+···+n1n+l
P, ••.••P2n+1 ,=1 .Z Pi + 2(k + r) -1 .=1 .z Pi + 28,=1 J=1

The corresponding formulas for ,,< O foIlow from (43) if one
changes Ulk into U2,-k, U2k in to Ul,-k and a12=<\'::a21. The normali
zation factor al< can he obtained from (39a).

Although we have got the solution in a closed form, it is stiIl
not so simple to perform all operatiocrlS indicated in (43) and to
obtain the expression ready for numerical evalution. This is parti
cularly pronounced for higher - order terms. Fortuna:tely, the
series converges rapidly if the energy is not too high, owing to the
very small nuclear charge radius ro, so that it is sufficient to retain
only the first few terms.

IV. FoLdy-Wouthuysen Transformation fOT Nucleons

The general formulation of the {J--decay theory is relativistic,
and in the expression (6) for the transition probability P, and Pi
are relativistic wave functions of the nucleus.

Furthermore, the nucleon operators occuring in {J-decay a and
Y5 mix the large and the small components of the wave function
P, and Pi. On the other hand it is well known that all the proposed
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nuclear models (a particle model, shell model of M. Goe per t
Mayer and H. Jen s e rn; collective model of A. B ohr and B.
R. Mo t tel s o n; crystal cloudy ball mod€l, etc. [22]) are non
relativistic, thus we have so far only non-relativistic wave functions.
Because the models had some success in explaining some qualitative
features of iI1uclear structure (spin:s, parities, magnetic and quadru
pole moments ... etc.) one may hope that the relativistic effects are
small corrections, and that the calculation of matrix elements can
be performed to some extent with the nonrelativistic wave fun
cHons. In order to be able to ham.dle the nuclear matrix elements

-'>- .

containing a and jl5 we shaH describe here a method for obtaining
the mOn relativistic iorm of such operators by means of a unitary
transformation as a series expansion in (V'/c)n [23].

If one write3 the Dirac equation of a quantum mechanical
system in the form

(8)

and if one performs a unitary time independent transformation
upon the wave function

'P' = eS 'P,
the new wave equation will be

H' 'P' = i lJ/',

with the new Hamiltonian

(44)

(45)

a:J

H' = eSHe-s = ~}- (S,H]<n) = Ff +. -~ [S,H] + ~[S,[S,H]] + ..'= n 1. 2. (46)

Since little is knownabout the dynamics of the nucleons in the
nucleus, we shalI describe it in terms of a model in which we
assume that each nucleon is moving in :same relativistically cova
riant average static field. This model leads to the following Dirac
Hamiltonian for each nucleon.

-->

H = -aP-fJM -pV1 + V2 + iaV2 + {JaV3-fJaV'3-

ar
- 04 V4 -iY5 V4 - fJ)'5 V5 (47)

H = - P M + e + O, (47a)

where e and O are the parts of the Hamiltonian containing only
even, respectively, odd operators. An operator is called odd (even)
if it mixes (or not) the large and the small components of the
Dirac wave function. An alternative definition of odd and even
operators is [P, O] + = O, respectively [P, e] _ = O. According to that
definition u: and Y5 are odd, while P amd -; are even operators. In
the Foldy-Wouthuysen tran:sformation S is chosen to satisfy

[S, H] = - 0+ R (vic), (48)



Wl1ere me O'c:tc:t part af R (vic) shauld he at least of the ard er (v/c)3.
One can easily see that

tJS=--O
2M (48a)

is an ohvious chaice which sa tisfi es that conditianand gives the
new Hamiltonian

H' =-fJM+ (47b)

{ {J'02 1 ( 1 )2 7 ( 1 )3 }+ e- 2 M - 2" 2 M [C?, [ O, C:]J +6 2 M {J ()? + +

+ {- 2~ fJ[O, ej - -:- (2~r03 + ~-CiMr [.BO, [C?, [C?,e]JJ + -}
=-fJM+ e' + 0'.

A raugh estimate of the quantities (eIM) and {OIM)2 is of the order
(VIC)2 sa that the requirement (48) is fulfiIled. Therefore, the odd
part O' of the transfarmed HamiUonian H' is anly of the order af
magnitude {v/c).3 The smaII campanents in the transfarmed wave
functian are af that order of magnitude taa.

We can perform now 'the next transfarmatian with

(48b)

and praceed in this way until we succeed in eliminating the add
aperators up to the desired pawer of (vic). The resulting transfor
maHon can then he written in the form

With the help af [8]

s= S + S' + S" + ... (48c)

(49)
S = _L {o- _1 ~[O ej _ -±- (_1 )203}2M 2NI ' 3 2M,

all the add terms up ta (VIC)4 are eliminated fram the HamiItdnian
and the smaII campanents vanish identicaIly in this approximatian.

V. Calculation of the {J-Spectra

The fJ - spectrum is given by the perturbation theory in the
first order approximation in the coupIing canstant gp with the aid
of formula (6). Because the leptan wave functians are normalized
(30b) to one particle in a unit sphere, we have for e (in c. g. s. units)
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1 m5 c5 W
o (Eo) = - ---" n2 h6 p'

47

(50)

The f3 - sp~ctrum is than [7]

N (W) = 2- W z z S I 'P,* Hp 'Pi d'q ... d• .II 12, (51). n p ><,>< f iv
JL,JLp

where W and p are the ~nergy and the momentum of the electron.
The summation is to be taken over the electron and the neutrino
quantum numbres ", "", f.l and f.lv and the final states of the nucleus
consistent with the conservation of energy. The symbol S denotes
the averaging over the initial states of the nucleus.

It is very useful to define the f3 - correction factor in the form'
4 2

Cp = ..-2 ~- Z Z S I 'P,* Hp 'Pi d'q ... d• .II 12 (52)
JT q F ","v f i'

iL,iL"

which is connected with the transition :probability by means of
1

N(W) = 2n3 W p q2 F CfI. (51a)

Wpq2 is the statistical factor in the absence of Coulomb field or
z= O approximation. Statistical factor multiplied by the function
F, the so called Fer mi function [9]

Ir Iy + i y) 12
F (Z, W) = 4 (2pro) 2 (y-1) e:<Y r ~2y + 1) ,y = .jl- (a 2)2

F (O,W) = 1 (53)

gives the allowro spectrum.* Cp is a measure of the departur~
of the spectrum from the allowed shape.

We pro~ed in calculating ep by using the solution (18) with (30)
for the electron aJnd (37) for the neutrino. The solution (37) refers
to the positive energy states of the neutrino, but accordinog to our
sheme (3) it is the antineutrino which is emitted together with the
electron. It is ~mited in the state - C Ko 1jJu-><." [24] where C is
the char.ge conjugation operator connecting the corresponding solu
tions of the Dirac equation with the opposite sign of energy. The
refore the lepton matrix elements for the emission of an electron
and an antineutrino, for the different inter action (2a) - (2e), can
he written in the following very useful form

* That is actually the definition of the allowed shape based on
the assumption that Cs = Lo = (1 + y)/2 for the allowed transition is
energy independent. It is true only for low maximum energy and for
law Z. The variation of Lo for heavy elements over the energy range
may be about 6% what is inside the experimental error of the present
day technique.



(~~)= i [ix Gxv (x~ T x::) + gx Fxv (X: T X~,) J

(t,) = ix Fxv (~" ~T C,.) ± gx Gxv (X::; T X:;),

. (L3) _ . [ ( IL" J'v\ (.JL" ILV)]L4 - 1 jx Gxv X-K (J T '-"~I± gx Fxv '-K (J T X-K, •

(~:)= ix Fxv (X~K T X~,J + gx Gxv (X: T X::).

(54)

(54a)

The expression in paranthesis are the scalar products. The used
ahhreviations for the lepton matrix elements are as follows

LI = < e-; I tp*,8 9? I O >,

(~:) = <e;ltp*( l)9?IO>,

(~} <e~l~t~)~IO>,

(~)~<evl",( :J~IO>,
Ls = < e" I tp*,8 rs 9? 10>.

T is defined as

T = ,8)15 CKo = 02 Ko

where C is the charge conjugation matrixgiven by

C = B )14 )15 = - i )12 = -,8 a2.

B = i )12)14)15 = i)ll )13 = - i al a3 = - a2 ;

Ko is the operator of complex conjugation. T operates on the an
gular part of the wave function and gives

T Xxl-' = (-1) 1,,+ l/2-j + I-' Xx-IL (55)

With the aid of (55) and some straightforward R a c a h-algebra [25]
we get for the (X,i' T X,,·I-")

(X,," T X",,.') =(-)1/2 + I-' + ,.' 1_ Z RA (". ,,') (56)
OJ 4n AM

(jj' A-Mjj-,ui-,u')YA:M•
The abbreviation RA (u, ,,') stands for

, I I + 0' 1/2[(2 j + 1}(2 i + 1){2l" + 1) (2l". + 1) ]1/2RA (", ,,) = (-) ,,-, 1 - 2A + 1 •

W (j j' l" l,,' IA 112)(l" l,,' A O Il" O lH' O). (57)
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...

The expression for (X,,'" a T X".u') can be obtainedin the same way
as the expression (56).Therefore we have

(x,,'" ~ T X",,,,') = .2 e1-v (-) (X,,"'o~T X"·,,,')
'v

(58)

= (-) 1/2 + '" + ",' ":n ~ RAJ(", ,,') (; r J -M' I j- p l' - p') YrM',
Al

RAJ (". ,,') being

RAJ (", ,/) = (-) j-j'-1 y6[(2l" + 1) (21". + 1) (2; + 1) (2 f + l)J~~-;2t;";:,

(I" O I", O I z" I". A O) {tL ~} ,j.f;~';h·<;;.~.\\

where Y?,' ~ ~ (1_ v A _ M 11:~/,JM'} e,- 'AM l\L(~!!'0_~·.::tI
is .the vector spherical harmonics [28] e1v are the spherical COffi

ponent of the unit vector, and' W (I) is the R a c a h coeficient
defined by [25]

.2 {a a b PI abc r) (d ~ b P I d b e e) (a a f 0/ I a f d~) (61)
Q,/i."(.li ••• 'F

(c r f 0/1 cfe e) = V (2 c + 1}(2 CL+1) (2 e + 1) W (c b f d I cl e) ;

The nine-j symbol is that defined by Wigner and Edmonds [19]

{i11 j12 i13) { . . . } { . . . } {. . . }

j21 ;22 i23 = X (_)2l (22 + 'I) ~11]21 ~31 ~12J22 ~2 ~13~23~33 (62)
. " A 1212 723 J21}. /23 A. 111112

131 J32 J33

in terms of the six - i symbo1s { }. Between the six - j symbols
and the R a c a h coefficients there exists the relation [19]

{il jd3} = (_)M j,+I,+1" W (ji J"212Il I is 13). (63)Zl 12 13

Using these abbreviations one can write the scalar and pseudoscalar
parts of the lepton. covariants in the following form:

(L1)=./ (_)JL+JL,+l ~ [i" G""RA (-Je, ~v) ± g" F"" RA (Je, - Je,,)]L" V4n ~
~ A

(j - /L jv - /L, I j j" A - M) YA:M, (64a)

(~;)= i (_)JL+JL" y:n ~ [f"F""RA (- Je, - x,,) + g" G"" RA (x, xv)]

(j - /L j, - /L, I j j" A - M) Y:~t, (64b)



Since Racah ;coefficientsare invariants, the tem.sor character of
interaction is contained only im Cl e b seh - Go r dan coefficients
and s>phericalhannonics.

Making use of the vector spherical hannonics it is possible ·to
, write the vector and pseudovector parts of the lepton covariants in

a similar fonn:

(LaL) = (_)1"+1",,+1 -i- ~ [i" G,,>.RAJ (- x, x,,) ± g" F"" RAJ (x, - x.)]~ ~n~ .
AJ

(j - !L j" - !L" I j j•.J - M') YjM (65a)

(~J=i (_)1"+1" •• v~ii E [ix F""RAJ (-lC,- x,,) + g" G""RAJ (x, x,,)]
AJ

(j - !L j" - !L" I j j•.J - M') y;-1I1' (65b)

The lepton covariants are expanded in series of ordinary and
vector spherical hannonics. Such expansions are usually called the
multipole expansions. Owing to the expressions (64) amd ~65)the
transition probability isgiven as a senes ex;pansionin angular mo
mentum of leptons, amdit converges rather rapidly.The first term
in the development {A = O and J = 1, no change of parity), i. e.
the lowest approximation,are the so called allowed transitioos.
Then follow the first, secondand higher forbidden transitions.

We can further note the relations like

-+ 'yM ou A 'I A "y1l1' 111CIK' J = ~(1 'II M 1 J M) aKt il =TKJJ1
"M'

with abbreviation
A... A
'o yM ou M 111~UK' J =~TKJA=TJJ1'

K=l K=1

(66)

(67)

If we introduce - for the labeling of the states ot the initial
and the final nucleus - the total angular momenta J' and J" 'and
its projections along the z - axis M' and M", 7:' and 7:" for the radial
quantum numbers, we can further take advantage of Racah algebra
in order to simplify the expressiorn(52).It is especially useful in the
non-relativistic treatment. Let us define ,the part of the matrix
element which does;not depend on the magnetic quantum numbers
as [25)

2: S I S 'l't* Oi 'JIi d7:1 ... d7:A 12 = _,,1+ I' ~ (68)f i 2J ~
M"M'M

I <1" M" 7:" I Titl f (r) 1 J' M' 7:' > 12 =
1 < J" II TJ II J' > 12 I < 7:" I Hr) 17:' > 12•
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This definition of the reduced 01' double-bar matrix element
<II II>p is the one used: in fJ- decay. There are several other
definitions of the double-bar matrices. We would like to mention
a!IlOto use occasional1y the more symmetric one of Wi g n e l' [19]

< J" M" I T M I J' M' > = (-) J" -.v" ( J" J JI)< J" II TJ II' J' >wJ -M" MM' ,,"
(69)

( J" J J') .
IS the se calleo three - jsy'mbol which is connected-M" MM'

with the Clebsch-Gordan coefficients by the relaii<m [19]

(jI i2 j3) ( . . 1 . .. I . . ) " 70)= _)lt-h-m, -. -~ (J'I)'2 13-ma JI ml l2m2 (ml m2 m3 ~2 ja + 1

J and M are the maximum amount of angular momentum and its
projectionalong the z - axes which can be ta:ken away by the eleo
tron and the neutrino. Because of the unitary character of the
three - j transformation coefficients we can: choose the phases so
that the f.oUowingrelation between the angular parts of double-bar
matrices holds

~ 2 J' + 1 < J" /I TJ II J'> p = <J" II TJ II J' > w· (71)

It is now very simple to write down the exact correction factors
for the non-relativistic interactioos (64a)and (65a).For the sakedf
simplicity we limit our consideration to the tensor correction factor.

c; = ;2~!~~ ,~< J"II TlA!IJ'> <~'I [f" G"" RAJ(~ n, np)
JA ' Px,x"

+ g" F"I' RAJ (n, - x,,)] I.,;' > 12• (72)

In the gener.al case instead of asingle term we have the linear
combim:ationof the (J- couplings.

The first factor together with RAJ contains only the dependence
on angular properties of theradiation and the nuc1eus and their
coupliJngwhile the second factor depends on the radial wave func
tions of .the nucleus and the leptons, i. e., upon amore detailed
knowledge of the situation inside the nucleus

The series for (72) converges very rapidly. The order of magni
tude of the leading term of the nOO"lrelativisticinteractions for the
given transition is I <TA> 12 with the lowest possible A. This term
is obtained if the summation over x, x," is carried out only over those
x, 'Xv for which the algebraic sum of the orbital momenta of the
electron and the neutrino is equal to this lowest A. Owing to the
very smaU nuclear radius, the higher ()rder terms are completely
ne.gligible. With the relativistic interactions the situation is not so
simple, but the leading term can be fou,nd in a similar Way.



As for the lepton wave funetions, the UlSualtreatment is to
make the series expansion (35) for the neutrino wave functio!I1.and
to stop after the first term. For most purposes in the analysis of
the experimental data, unless the released energy is too big, this
is a sufficient approximation. The wave fU!Il.ctionfor the eleetron
is taken either as fm- pure Coulomb field (30), or for modified
Coulomb field (39),(42).Then, both lepton functions, each multipli ed
by r-l are taken out of the '!luclear matrix element and evaluated
at thepoundary T = TO. With the help of the definitions [16], [27]:

L k -1 = (2 p2 F)-1 T02-2k (g2 _ k + Fk),

Mk -1 ~ (2 p2 F)-1 TO-2k (g2k + f2 _k),

N k-l = (2p2 F)-1 TOl-2k (f -k g -k - flo gk), (73)

p k -1 = (2 p2 F)-l To2-2k (g2 _" - F,,),

,Q k.cl ~ (2p2 F)-1 TO-2k(g2,,_ f2-'k),

Rlo-l = (2p2 F)-1'TOl-2" (f -k g-k + fk gk),

it is.possible to write the correction factors in terms of L, M; N,
P,Q.and R. For:pure Coulomb functilOnsthe&equantities have been
tabulated and they are very useful in the analysis of the {J-spectra
and the ft-V'aJ1.ues.rf one uses mocJIifiedCoulomb functions f,/, g,/
in (73) one obtains the quantities (73) corrected for finite charge

L'-L
distributioIl: of the nudeus. The corrections L1 L = Lete., can
he easily ealculated by means of (39a) [4]

( L1Lk-I) = g -k~!-t' ~k2 +2!-t' -k) ± /k2 (!-tk2 + 2,Lt,,)L1Pk-l g_k2 ± fk2

(L1Mk-l) = gk2 (!-t'k2 + 2!-t'" ±}_k2(!-t_k2 + 2!-t-k) (74)L1Qk-l g,,2 ± f _,,2

(.1 Nk-I) =f -lo g -k (!-t-k !-t' -k + !-t-k + !-t' -~) =+= fk gk (!-tk!-t' k + !-tlo+ !-t'k)L1Rk -1 f - k g - k =+= fk gk

where !-t'" !-t'" are de:ffinedas in (40) and all functions are pure
Coulomb functions taken at r = TO.

(a) Non-r'elativistic Form of the Relativistie
tJ - i n t eTa c ti on

The pseudosca1ar operator {JY5 mixes the small and the lar:ge
component of the nudea!r wave function and therefore has !Thota
classical analogy. One would think therefore, that the series ex
·pansions like (72) (aeeordi.ngto multipoles), which is a non rei ati
visti'c expansion, would not be very appropriate. So one might try
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to find a suitaible method of extracting the major parts .from the
relativistic series of {52}.Such a method is provided by the F ()1d y:"
W o u t h u y s en transformation [23].

Besilde the pseudoscalar operator there are alsO' some other
O'perators which mix large and smaU components. These are the
relativistic parts of the vector, tensor and pseudovector inteTaction~
Usingthe transformation (49) we can try to obtain the correspon~
ding non-relatiJvistic form of these i1nteractions. In order to save
space we can im.mediately write down the matrix elements, OI' the
nuclear moments, occuring in tJ - decay theory in the non rela,ti-

...

vistic form. If we write any of these interactions as Kj = a .L2,

fJ~ . La' 1'0 L4, Pro Lo, the nuclear moment becomes

<rl Ki I i) =<f' Ie-S Hi eS I i') = <1' I Ki I i') + <1' I [S, Ki] I i') +

.+~- <f' I [S, [S, Ki]] I i') + ... , •(75)

la') stands jbr the transfo-rmed states. The first term vanishes
identically. Afterevaluating the necessary commutators and using
[V, L] = O, we get the desired expressions for all these interactions
as follows:

.•. 1 .•..•.
<fl a· L2Ji) = M<f'IL2' (-p + i V2 + io X V3-o .V4) I i')

- 2 ~ <f' I [(i; X p + p), L2] Ji') (76)

.•. 1 .•..•. .•.
<fIPa. La' I i) =- M <1' I L3'· (io XP + o X V2-V3-O, V5) I i') -

- _1_ <f'I[(i; X p + P), L3] Ii'), (77)2M -

<f I 1'5 L4 I i) = - ~ <1' IL4 (; . P - i~.V2 + i V4) I i') -

- 2 ~ <1' I [~ . P, L4] I i') (78)

<flfJr5L5Ii)= ~ <f1L5~,V3+V5Ii')- 2~<f'I[o.P,L.'j]li')

( 1 )2, ... ... ...+ 2 M <f I L5 (VI o . P - V2 o . P - 2 o . p V 2 - V3 • P +



(82)

The terms in the nonrelativistic form of the matrix elements are
divided intothose which do not contain the derivatives of the lepton
field and those with derivatives. The terms containing derivatives
seem to be small and ilnthe case of the vector, tensor and p.seudo
vector coupling can be neglected. In the first bracket the fi!rst term
which is independent of the potentials will usuaHy dominate, and
the other terms measuring the influence of nucleon couplings will
maJkesmall corI1ectiorus.As far as thiLscondition is fulfiHed we can
cakulate matrix elements in the usual way but we have to bear
in mind that there could he same possible add'itional terms too [8].
Thus the :pseudoscalar coupling p}ays a special role,because it has
only matrix elements containing derivatives of lepton wave funct
ions, nucleaJr potent1als and their derivatives, and irt contributes to
the (J - decay probability only through these terms [27]. It is con
venient to divide its matrix 'element ilnto,two p'arts with, respect
ively without derivati,ves of the lepton wave functions. Neglecting
the last term in (79) we can write the pseudoscalar ma,trix element
in the form

(ti thr, Lr, Ii) = -2~ (I' I [;. P, L5]I i') + i(f' 1-:· r L5F(r, P) Ii'). (80)

b) Calculation of {J-spectra for Coupling
with Derivatives

Until now we have developed methods for calculating correct
ion factors for the interaction which does not contain derivatives,
·and now we shaH show how the procedure can he extended [7].
We hawe only to apply the operators occuring in (76)-(79) to the
expressions (64) and (65). For this purpose we shaH use the for
mula [29].

\li ifJ (r) T~ ({},cp) =

[2~ : ~ r2(LM 1pI L 1L + 1M + p)T~:t'(:r - ~) ep (r) - (81)

~[2L~lr\LM 1,uI LI L-1 M +,u) T~ii(:r + L ~ 1) ep (r).
As an example we show thecalcuJ:a.tion for pseudoscalar coupling.
Using (81) and (64)we can write the first term in (80) in the f{)Tm

+ 1
a . \1L5 = ~ {_)v ac ..•.\7~Ls = (_)_'1. + I" + I'v -= .

v Y4n

~ [~iA+1 -M • ;-71 -M ]~ 'v 2A+1TAA+LD_-y 2A+TTAA-1D+ .
A

(j- ,ujv - f1v' j jv A- M) [f" F"v R A (-x, -xv) - g" G"" RA (x,xv)].
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The abbrev~ations used are as foUows

d A
D = -- - --

. dr r'

55

(83)

TU±l = ;$ (A ± 1 ,,- Ml -" I A + 11 A - M) YA±t aj" (84)"
The ,general ~xpression for the correction factor of the d~ri

vative part of the pseudoSoCaJlarinter action is

C~=p:q~~~5~2LI(]"II ~ [v2~t11 TAA+l D--
","'" A

_.I_.A- TAA-ID+]IIJ')8(~'I[f"F" RA(-",-"")-'I2A + 1 "
- g" G"" RA (x, x,,)] I ~') ;2 (85)

The operators D+, respectively D., operate only upon the
lepton functions. Using formula (21'a),(21b)and (73)we can express
the correction factor again in terms of L, M, etc.as in the case of
the usual treatment. .

In the sam~ way we can wrlte the otherderivative i'nteractions
in the tensor fonn and calcula>tethe correction factors, but smce
we do not need them we shaH omit them.

c) C ale u la t i on of the Te n s o r - P s e u d o s c ala r
Cor r e c t i o n F a c tor for (O- -+ O+) T r a n s i t i o n

Neglecting the pseudovector interaction for reasons mentioned
in the introduction we are left in· this case with the tensor pseudo
sca1ar mixture. The matrix element for the tensor-pseud'oscalar
mixture Can be written in the form

...•. ...•. ig- ...•.
(Hp) = -g3 (o· L3) + ig5 <o· r L5 Hr, P) + -"- (o. \l L5> (86)2M

Using the general e:x!pI1essions(64),{65),(72), (85) and the more
speci'fied expl'essions given rn the Appendix for the various terms
in (86) we obta:in

( " L-) - (_)'/t+JL+i+I_" ~ ( a . r d [f F + G J)
{j. V D A=O - 4n r ·d~ "" g""

(87)



-+ p _ 1/2+J'+j+l_" 1 -+
(u'rLof(r, »A=O-(-) 4n(a.r [f"F" + g"G"j fer, P»

(87)

-+ T )1'-+ j 1 a . r [. )
(a'~)J-OA-l = (- ,1--- R10(-", ,,)(- j" G,,- g"F,,)-, - 471, y 2j +1 r

The correction fador can be calculated now by means of the
expressions (86), (21), (87), (72) and (85). If we introduce the qu:an
tities

and

9 = g5/ g3

.
(o . rf (r, P»

r=-g .•
(o. r)

(88)

(89)

the correction faetor, in the approximation given on page (51)
generalized to the relativistic interactions an:dexpressed in terms
of the qwa:ntitiesdefmed in (73) can be written:

~
C= 9321 (o . r) 12 {Cl + 9 C2 + r C3 + 9r C4 + g2 C5 + r2Co} (90)

where

q2 [ (q TO)2] [ (q TO)2]
Cl = Lo -9- 1--5- + Mo 1--3- +

+ ~ qNO [1 __ 4_ (qTO)2]
3 15

(91)

[ 1[ (q TO)2] [ ]. (W-Vc)Lo-Po+2NoJ 1---5- + (W-Vc) Mo-Qo

q [. 19 ] q2 [ 13 ]}
- - Mo 1 - - - (q TO)2 - - - No 1 - - (q TO)23 30 3 30

(92)

C3 = 2 {No [1 - : (qTO)2 ] + ~Lo [1 - 145(qTo)2 ] - { T02 Mo}
(93)
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C4 = - ~ {~- [(W- Vc)Lo-Po + 2 NO] [1- 1~ (qro)2] -3~ r02

[(W - Vc) Mo-QO] ~ (q ;0)2[2 Mo+ (W-Vc) NO-RO] [1- (q;0)2]+

[(W-Vc)No + RO][1- (q;0)2] _-~=-Lo [1- ~~ (qro)2] +

+~;0)2 MO[I- ~ (q ro)2] _ ~ No[1- -~~(q ro)2] +

+ (q ;0)2 q No [1 _ (Q;0)2]) (94)

C5 = 4~ {[(W~VC)2 + 1) Mo-2(W-Vc) QO] [1- ~;o)~

_ 2~ [(W-Vc)No + RO] [1- _~~_(qro)2] +_~4_ Lo [1- (q;otl +

+ -~~[(W-Vc)2 + 1)Lo-2(W-Vc) PO+ 4 (W-Vc) No-4Ro + 4MO]

[1-lq ;0)2]+ -~~MO[1-+ (q rO)2] _ 2:2 [2Mo+ (W-Vc) NO-RoJ

[1-+(Qro)2J + -~- q [((W-Vc)2-1Y)NO-2Qo + 2(W-Vc) MO]

[1- 1~(qro)2] --~- q [(W-Vc)Mo-QO] [1- ~~(qro)2] _

_ ~ q3 [(W-Vc)Lo-PO+2NO]. [1- (q;0)2] +

_2_ q3NO [1 __ 2_ (Qro)2]\ (95)9 5 J

. 2

Co= Lo[1--~~] - ~ qr02No (96)33·

The neutrino wave function was caJculated by means of the
series expans~on (35) retaining only the first two terms. The second
term in this expansion is the fini te wave length correction. This is
usuallya very small correction since the series expansion converges
very rapid1y, if the energy of the neutrino q « lire, i. e. up to
about 10 MeV.

The expressions (91) - (96) are valid for both pure Coulomb
fj<eld 'and modified Coulomb field. In the second case, one must
only use the correctea quantities L', M', etc., the correctionbein.g
given by (74).



(98)

d) Cor r ~ c t i o n Du eto the V ari ati.o n o f the Le p t 00 n
Wave FUlnctions over the Nucleus

In the UJSualtreatment the variation of the lepton wave funct
ions over the nucleus is only partly taken int.o account. This isa
very good!approximation for most purposes, except in the case
of a small nuclear matrix element (ft-value much larger than
normally). To show how thiS variation can he exactly taken into
account, we will gi'Ve an exemple. Let us consider the radia!
nuclear matrix element of the product of the lepron wave functions
g" (T) and F"" (r). This matrix element may also contain a certain
scalar function, like f {r, P) in the non-derivative PaITt of the
pseudoscalar interaction (80), which can be omitted here

(III' ()F ()I ')_("1 '''+'-'''' g~(r)r-IX F"v(r)T-I-Xl' I''I; 19" T "" T 'I; - 'I; r -, --------_ '1;).
. g•• (To) To x F••" (To) T 1-><1'

. (g~T~:~)(;~~ ..~). (97)

The ratios of the lepton wave functions which appear in (97),
can be written in the form ofa power series expansion [5] by
means of (39), (42), (37) and (35).If the patentiai energy (38d) con
tai:nsonly even powers of r the ratio for the eleetron wave function
will also contain only even powers of T, so that we can write

g~ (r) T--" F••v (r) r-L"" c:-

-, ( ) -' •• F (r )r~C,.--: = \l a"""n (W) x2ng" ro ro "" o o l.J
n=O

~ a••••"n (W) = l.
n=O

In all cases the influence of the neutrino wave function on
the expansion (98) is negligible and consequently it has been
neglected in our calculations. Inserting (98) into (97) and defining
the new parameters

('1;" I /" +1_"" x2n I ,;')
r'Jn+l =-----~- (99)

- ('I;" I r'K + I-K" 1'&'),
we obta:n

('I;" ! g: (r) F"" (T) I '1;') = (100)

=('I;" i rl,,+ I_K" 1'1;') (g: (~o»)(~" (~~) [2a"Kvn (W) r2n+1].
11\ 1_Ji." n

- . To To

The last factor in (100) represents the correction which is
usually neglected. This case is obtained if we put T2n+l = 1 This
correction canbe also written ina form whichexhibits its energy
dependen<::ein amore explicit way
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with

m ro

2a""vn (W) r2n+1 = ~by."vm Win
n=U n.=O

(101)

(lOla)
rn

C""vm = La""vnm r~n+l.
n=U

The correction factor Cp, corrected for the variation' of the
lepton waJVefunctions, can he obtained directly from the expression
for the correction factor without the correction introduced here,
by the substitutions

L' -+ L" + P" P' -+ P'" + L'"
M' -+ M" + Q" Q' -+ Q'" + M'" (102)
N'-+ N" + R" R' -+ R'" + N'"

where

(103)

(103a)

M" = CM M', etc.L" = CLL',

L'" = Cp L' , M'" = CQM', etc .
. with the factors CL, CM etc. in the form

CL = iL (1 + (J LW + YL w2 + ... ), etc.
and with iL, Ih, YL, etc. not depending on W. These quantities can
he easily calcula'ted by m:eans of (101~.

In case of a mixture of different coupHngs one must bear in
mind that there will be as many di!fferent T2n+1 as there' are dif
ferent couplings.

e) N u m eri c aIR e s ul t s for the H 0.166 -+ Er 166

Transition

We sumarize here the resuits of our computations for the cas:e
of the H0166-+ Er166 (O- -+ O+) transition.

o 4 w·,

Fig. 1.



Fig. 1. represents the customary Fenni plot for the pure tensor
interaction, irncl1.l'dingfinite size correction, with TO = a/2 Al/3 (fun
line), respectively T'O = 0.8TO (dashed line). Its deviation from a
strai'ght line is very pronouncedand outside the experimental
error. This means tha't it is impoosible to explain the expeTimental
spectrum without taking into account either additional corrections
or other couplings.

-0'5 -0'3 -O"

-0·2

2

.Fig. 2.

3
0·0

" W-l

Fig. 2. shows the finite slze corrections (74) for TO = al2 Al/3

(fuJI lines), respectively T'O = 0.8TO (dashed lines), and the parabolic

charge distribution with e_(:_ol = 1 + e = 1'05. The electron wave
e (O) . .

functions inside the nucleu&were calculated uslng the expressions
(42), (43),(39a) andassuming b,,:::o:::: 1. The wave functions, themsel
ves, ·arepresented in the Appendix. To explain the straight spectrum
an,cL the lar;ge jt-value we have introduced the tensor-pseudoscalar
mixtll<re(86)which gives the correction ractor (90)and leads tO'the
destructive interference for r:::o:::: 10 and g:::o:::: 1. We were not a:ble
to obtain straight spectrum in this domain of r even allowing values
of g as large as 15. La,rger values of g do not seem very plausible
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and would also spoil the spectrum shape of the allowed transitions
[8].* The general behaviaur 'Of the Fermi plot iri this case is mare
Qr less pa1hQlagi'cal hec!lluse the minimU'lIl 'Of the correcti'On fact'Or
is extremely smaU and inside the ener:gy region 'Of the electr'On.
In such cases destructive interference canIlot giV€ an a:llowed

li

15 rs

10 ,.0

-5 -0"5

~10 ·1"0

-5-10

- ....._- f.
-_ 11-----------

Fig.3a.

* Note added in proof. Two simi1ar cases, nameIy, Pr 144 -+- Nd 144

and TI 206 -+ Pb 206 transitians have been classified and analyzed as
(O - -+ O +) transi tian by Z Yr jana v a. (The Sixth Canferenee an
Nuclear Spectrascopy, Moscow 26th January 1956.)NegIecting the second
term in ,(86) she was abIe ta abtain an approximately allowed shape for
the ratiQ 'Ofthe caupling constants g =114 and 103, respectively (Pri
vate communication fram Praf. L. A. S1iv). Our correspanding value
computed by L. S ip s and D. Tad i c would be 'Ofthe same order
'Ofmagnitude. These vaIues seem ta be rather large ta be accepted..
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Fig.3b.

'spectrum shape. SO we went investigating the second possibility:
the case of a small mattri.x element. Here the correetion due to the
variattion of the lepton wave functi~ns inslde the nucleus may be
important and we assumed that this is the case. Under this asumpt
ion we were .abIe to obtain both the straight spectrum and the
Iarge ft-vaIue. The parameters invoIved here are the r's as defined
in (99), i. e.

(f la. r x21l I i) (T" Ir X211 I T')
r2n+1 = _.- ---- - = - -- , (104a)

(f la. r I i) (T" I riT') .

, (f I r x2" Hr, P) I i) . (T" I x2" rf (r, P) I T') (104b)'T211+1=-g .. =-g o'

. (f I ~ . r I i) (T" I riT') ..

For r2n+ 1 = r' 2,,+ 1 = 1 ·the correction. due to .the variation of. th~
lepton wavefunctions is zero. on the otherhand, theseries (98)
converges so rapidly that onIya few first r's canbe impoi'tant.
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0'D'l

63

-10 -5

Fig. 3c.

Since by definition TI = T'I = 1, we assumed that it is Ta and
p'a which are hnportant, neglecting the iniluence of higher T's.
The contrihution of the deriJvativeparl of the pseudo.scalarcoupling
was neglected beca'use it might rep-resent only aJvery small cor
rection. Therefore, the p-aramet€TSat our disposal were T, Ta, T'3,
and we perfo-rmed the comp-utationof the quantities which appear
in (103a)over a wide range of these parameters. Only terms up to
W2 were taken inta- account. The results are presented' in Figs.
3. a, b, c for square-terms (Ta should be read T'a for the square
pseudoscalar term) and in Figs. 4. a, b, c, d, e, f, g for c~oss-terms.

.~

Fig.4a.

" 1)'
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Fig.4g.
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The maximum variation of the correction factor

LI e = le (Wo) - e (w)]e (Wo) max
(105)

is given a,s a function of our parameters iin Figs. 5. a, b, c. From
these figures one can conclude that the most critical of the para
meters is T3, its lowest acceptable value being T3 = 6. The dif
ferent values of T' 3 change sli:ghtly the value of Ta for which the
variation LIe <6%, but effects the value of T rather seriously.
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T'j < o deereases slightly the lowest aeeeptable T30 The effeet of
T'?, > O is the oppositeo The radius of nuclear eharge distribution
was taken as TO = a/2 AI/30 The alternatiJve value r'o = 008 TO was
taken to determine the influenee of the radius on the eorreeti'On
faetoro It has been found that the influenee is negligible in the
interesting region T3 > 60

It seems that in this way it is possible to explain the experi
mental findings 'on HOl66 -+ Er166 under the a<ssumptionof a small
matrix elemento The small value of the nuclear matrix elements
ea,n be obtained when the wave funetion is a linear eombination
of several termso The redueti-ons obtained in this way are rather
moderate, io eo not larger than 1020 More drastic red'llction is
obtained in the ease of destrudive interf.erenee inside the matrix
element (the case of e14, private commumeatioThfrom Dro B. H.
F I o w er s)oWhich of these two possibilities is realized in our ea~~;-e
is to be settled by further investigations. The simplest possibility
would he to try to set up wave functions for twO'particles movihg
in a spheroidal harmonie potential well with some approptiate
eowpling between the particleso That would lead! to a caleulation
similar to that of Nilsson, Moszkowskiand Gottfried
[30] but generalized to the ease of two particles in adeformed
potential.

Appendix

The expressions necessary to evaluate the eorreetio<n.factor for
the tensor pseudosealar mixture for a (O - -+ O +) transition are
given hereo The numbers refer to the gener.al \expressions in the
texto

The wave funetions for neutr~no, for Xv = ± 1, are

q3T
FI' =--- + 0000'3

Gl=-F_I, G'l=-F'_l, (37A)

Below are l~stedthe eleetron wave functions inside the nucleus
for Y. = ± 1 and the potential energy (40) in lhe form V = Vo +
+ V2 x2 + V4 x40 The error is less thatrl,005%0 for W < 5, X < 1,
TO:S:: 2 X 10-2 and I e I < 00050
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1 a·r
TOo1 = --- 4n T

(62A)

(63A)

(67A)

(70A)u P. l - fllll 00)
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IZRACUNAVANJE KOREKCIJA ZA ANALIZU ,8.SPEKTARA I NJIHOVA
PRIMJENA NA H016"

G. A I ag a B. Jak š ic, Z a g r e b

Sadržaj

Služeci se analogijom sa teorijom elektromagnetskog zracenja,
E. F € r m i [9] je prvi formulirao teoriju beta, radioaktivnog raspa
da. On je pretpostavio da je vjerojatnost beta procesa proporcionaI
na vjerojatnosti prisustva svih cestica na istom mjestu. Za uza
jamno djelovanje on uzima skalarni produkt od dva polarna vektora
izgradena od kvantiziraruih polja nukleona i leptona. Jacinu uza-



jamnog djelovanja mjeri konstanta gp koja igra istu ulogu kao
naboj u teorij'i: elektromagnetskog zracenja. Poznato je da su beta
procesi sporiji od elektromagnetiskih, pa ce konstanta gp biti manja
od naboja "e« mjerena u istom mjerilu. Uzajamno djelovanje polja
lakih i teških cestica (1) može se stoga tretirati kao mala smetnja
i prijelazna vjerojatnost racunati racunom smetnje (6). -

Ovako formulirana teorija lijepo je objašnjava,la opce crte beta
procesa, kao što su polovicno trajanje i oblik beta spektra. Te
karaikteristike su uglavnom dane sa brojem konacnih stanja za,slu
caj raspada na tri cestice i velicinom ma1ricnog elementa" pa spe
ci.ficnostuzajamnog djelovaruja ne dolazi u: obzir.

Detaljnija analiza experimenta,lnih podataka je pokazala da je
te()riju nužno proširiti [11]. Pored vektorskog vezanja uvedena su
i ostala vezanja, koja je moguce n.aciniti od dva spin.ora. To su:
skalarrno, vektorsko, tenzorsko, pseudov'ektorsko i pseudoskalarno.
Nazivi su prema transformacion.im svojstvima o,vilivelicina s obzi
rom na Lorentzovu transformaciju (2ar-2e).

Problem je sada na'ci onlU linearrnu kombinaciju ovih 5 vezanja,
koja ce protumaciti sve eksperimentalne nalaze o beta spektrima,
o polovicnom trajanju i angularnim koreladjama, elektrona i
neutrma.

Godina 1949 bila je ustvari ,godina velikog napretka u ekspe
rimentaJnoj tehnici, tako da je od tada pa' do danas sakupljen zna
tan dio dragocjenog materijala za beta radioaiktivno raspadanje
[6J.Analizom materijala nadeno je, da je moguce uskladiti eksperi
mentalne nalaze [13]sa pretpostavkom, da skalarno i tenzorsko ve
zanje podjednako ucestvuju, dQk pseudovektorsko i vektorsko uce
stvuje sa 1-3% odnosno 15'0/0,a o pseudoskalarnom vezanju nije
bilo nikakvih direktnih podataka. Možemo možda napomenuti, da
se ucešce pseudovektorskog vezanja može iskljuciti dok se, izgleda,
vektorsko ne može [13J. Relativni 'P'redznak izmedu tenzorskog i
skalarnog vezanja, izgleda, da je zasada još neutvrden [14J.

Postoje, naime, izvjesne indikacije, da! se veoma hrzi prijelazi
tipa (O - -+ O +) mogu protumaciti pomocu konstruktivne interfe
renee tenzorskog i pseudoskala,rn\ogvezanja. Spektri: a.vih prijelaza
su nepoznati. Ista ta mješavina je odgovorna i za prijelaz H0166-+
-+ Er166, koji, izgleda, da ima po prilici dozvoljen spekta'r [2J i koji
je prema prije pomenutim prijelazima znatnO'usporen.

Svrha ovog clanka je da se pokuša objasniti ova konitradiktorna
situacija.

Mi smo pokušali naci rješenje pomocu dvije pretpostavke: a)
destruktivne interferenee [3J izmedu tenzorskog i pseudoskalarnog
vezanja i, b) da je uobicajeni tenzorski matricni element veomaimali.

U II je dana opca formulacija beta teorije, a sva moguca veza
nja leptonskog i nukleonskog polja dana su sa (2a)-(2e). Prelazeci
u konfiguradoni ,prostor za nukleone i tvoreci maMicni element za
leptone, dobivamo O'peratorsmetnje (5) pomocu koga je dana pri- '
jelazna vjerojatnost u jedinici vremena (6).



Calculation of the Corrections ... 73

U III se ra,zmatraju rješenja Diracove jednadžbe za leptone za

cerutralno simetricne potencijale (8). Za. matrice €i, p je uzeta Dira
cova reprezentacija (8a). Definirajuci operatore (11) i (13) može se
Hamiltonov operator pisati u abliku (15) i tražiti rješenja problema
(16a, b, c) za kontinuirani spektar W> 1. DefiJnirajuci angulami
dio rješenja (16d) pomocu (17a, b, c), odnosno (20), dohivamo kao
rješenje (18) SaJ radijalnim jednadžbama (21a, b). U IIIa) je dano
rješenje tog sistema za cisto· Coulombovo polje (22). Uvodeci novu
funkciju o" il (23), dolazi: se naJ sistem (24), cije se regulamo rje
šenje, uz definicije (25) i (27), može pisati u obliku (28). Normira
njem rješenja na (30a) dobiva se rješenje za radijalne funkcije u
obliku (30). U m'!1logimslucajevima je zgodnije rješavati sistem (21)
direktno pomocu redova (31), ciji su koeficijenti odredeni rekur
zionim formulama (32) i faktorima normiraJnja (33). Slucaj slo
bodnih cesti!ca razmatran je li! Illb). Rješenje je dano pamocu sfe
ricnih Besselovih funkcija (35) u obliku (36), odnosno (37).. U IIIc)
se raJzmatraju rješenja za' modificirano Cou1ombovo polje (38). Unu
taornje i vanjsko rješenje spojena je na rubu jezgre r = TO (39).
Normirano rješenje dobiva se pomocu (40), (41), (39a). Unutrašnje
rješenje je dano za potencijalnu: energiju (40) opcenito u obliku
(42), (43).

U IV je razmatrana F old y - w o u t h u y s e n ova trans
formacija, pomocu koje se relativisticke valne funkcije za nukleone
dobivaju u nerelativistickom obliku kao razvoj po (vic)". Defini
ramo li transformaciju pomocu (44) i (48), dobivamo Hamiltonovu
funkciju (47) transfOTmiranu u; (49) sa nepamim dijelom višeg reda
u (vic). Uzastopnom primjenom ovakve transformacije može se eli
minirati neparni dio Hamiltonove funkcije do bilo kojeg reda
(vic)". Za naš slucaj je dovoljno uzeti transformaciju (49).

Dio V sadrži sam racun beta spektra. Pomocu defi.nJi.cijekorek
cionog faJktora (52) i Fer m ijeve funkcije (53) dobivamo za vjero
jatnost prelaza (51a). Slijedi racun leptanskih matricnih elemenata
(54), (54a'), služeci se R a c a hovom a'lgebrom. Kao rezulta,t dobi
vamo (64) i (65). Uvodeci definicije (66), (67), (68) i (69) separirali
smo nuklearni matricni element na a'I1lgularni i radijalni dio i dobili
za tenzorski faktor korekcije (72). Uz uobicajenu aproksimaciju
korekcioni faktori se mogu izraziti velicinama (73).

U Val se tretiraju relativisticki djelovi vezanja pomocu Fo 1dy
Wo u th uysenove transformacije (49) za nukleon u statistickom po
tencijalu. Transformacijan.ukleonskih operatora je ,dana formulom
(75) u opcem obliku, a za pojedina vezanja formulama (76), (77), (78)
i (79). Pseudoskalarno vezanje, za razliku od ostalih, u nerelativi
stickoj aproksimaciji ne sadrž,ava claJna bez derivacije leptonskih
funkcija ili bez nuklearnih potencijala ili njihovih derivacija, pa
je stoga veoma osjetljivo na ka'rakter potencijala. Izraz (79) mo~e se
opcenito.pis.ati u obliku (80), ako se zanemari zadnji clan u (79).
U Vb) se razmatra metoda za racunanje faktora korekcije onih



vezanja, koja u nerelativistickoj ,aproksimaciji sadrže derivacije
leptonskih funkcija. Kao primjer smo pokazali racun faktora korek
cije za prvi dio matrickog elementa (80). Rezultat je dan u (85).
U Vc) je izvršena specijalizacfja opcih formula (86) za slucaj
(O- --+ O+) prelaza: (87). Definirajuci parametre (88) i (89), korek
cioni faktor poprima oblik (90) sa (91)-(96). Neutrirnska valna funk
cija je racunata pomocu razvoja: (35), uzevši u obzir samo prva dva
clana, gdje drugi clan daje tzv. korekciju zbog konacne valne du~
žine. Ta je korekcija dobra sve do 10 MeV. Formule (91)~(96) vri
jede, kako za slucaj cistog, tako i za slucaj modificiranog Coulom
bovog polja, samo što velicine (73) treba za:mijeniti sa velicinama
korigiranima za (74). Jedino što je zanemareno je korekcija koja
potjece od varijacije leptonskih funkcija po podrucju' jezgre. Ta
je korekcija razmatrana u V d). Ispravan postupak, koji uzima u
obzir i varijaciju leptonskih funkcija preko jezgre je ilustriran
primjerom (97) sa razvojem leptonskih funkcija (98). Taj se razvoj
dobije pomocu formula (42) i (43), 31za razmatrani slucaj (0--0 +)
prijelaza: dan je u dodatku. Definirajuci omjere matricnih eleme
nata kao nove parametre (99) može se. korekcija pisati u obliku
(100), (101), (lOla). Formalno se svodi na zamjenu velicina (73), kori
giranih za (74), novim velicinama (103), prema uputi (102). Korek
cija se svodi na numericko racunanje velicina (103a). U V e)
su sumirani rezultart:i numerickih racuna za prijelaz H0166 _ Er166•
Cisto tenzorsko vezanje, korigirano i za (74) nije bilo u stanju pro
tumaciti ravan Fermijev dijagram, kao što se vidi iz Sl. 1. Na Sl. 2
dane su korekcije (74) Za!TO = a/2 A"" i T'O = 0'8 TO uz parabolicki
oblik gustoce na boj 31 sa e {TO) I e (O)= 1 + E = 1'05. Destruktivna
interferencija tenzorskog i pseudoskalarnog vezanja, T = 10, daje
patološke oblike spektral i nije u mogucnosti da objasni eksperi
mentalne nalaze. Zato smo prešli na detaljnije ispitivanje druge
mogucnosti, t. j. sluc.aja malog tenzorskog matricnog elementa. Tu
korekcija, koju smo uveli u V dl, igra dominantnu ulogu. Za mje
šavinu tenzora i pseudoskalara imacemo nove parametre (104a) i
(104 b) od kojih su mjerodavni samo T3 i T'3. SL. 3. i Sl. 4. prikazuje
velicine u (10331),a SL. 5. ovisnost maksimalne varijacije korekciJOnog
faktora preko citavog podrucja energije ti ovisnosti o parametrima
T, r3, T';}. Kako se sa slike vidi, moguce je uv~jek dobiti maleni
.de, recimo L1e <6~/o,ako se uzme T;J> 6. Ostala dva parametra
nisu tako kriticna i nemoguce ih je za' sada jednoznacno odrediti.
Prema tome alternativa malog tenzorskog matricnog elementa
objašnjava oba eksperimentalna nalaza za prijelaz H0166 - _ Er166.
Bitnu ulogu pri tome igrala je korekcija uveden u V d) kojom se
egzaktno uz;ma u obzir varijacija leptonskih funkcija na podrucju
jezgre.

U Dodatku su složene neke formule, koje su služile za izracu
navanje korekcionih faktora i korekcija.

(Primljeno 20. X. 1956.)


