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A LOWER BOUND ON THE RELATIVE L-NORM OF
POINCARE SERIES

SONJA ZUNAR KoZié

University of Zagreb, Croatia

ABSTRACT. In this paper, we adapt methods from Muié’s theory of
integral non-vanishing criteria for Poincaré series to establish a lower bound
on the relative Ll-norm of a Poincaré series constructed from a vector-
valued L!-function ¢ on a unimodular locally compact Hausdorff group
G. In the case when G = Sp,,, (R), we transfer this bound to the context
of Poincaré series on the Siegel upper half-space H, in a classical way,
deducing results on the classical Poincaré series and on Siegel cusp forms
given by Poincaré series of polynomial type.

1. INTRODUCTION

Let G be a unimodular, second-countable, locally compact Hausdorff
group, and let A and I' be discrete subgroups of G such that A C T'. Let V
be a finite-dimensional complex Banach space. Given ¢ € L*(A\G, V) \ {0},
the Poincaré series

(Pare) (9)= > ¢(v9)
yeA\T
converges absolutely almost everywhere on G and defines an element of
LY(T\G,V). For appropriate choices of G and T, such series are an im-
portant tool for constructing automorphic forms on I'\G (see, e.g., [1, §5]).
Consequently, they are of great importance in number theory and in harmonic
analysis on I'\G.

Studying certain basic properties of a given Poincaré series Py\r¢p, such

as deciding whether it vanishes identically, is often highly non-trivial. One
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approach to establishing non-vanishing is given by the theory of integral non-
vanishing criteria for Poincaré series, developed by G. Mui¢ in [12] in the
scalar-valued setting and subsequently extended to the vector-valued setting
in [20]. In this paper, we adapt the techniques from this theory to study the
LP-norms of Poincaré series, which are of considerable interest in contempo-
rary research. Indeed, for various families of cuspidal automorphic and modu-
lar forms, the behaviour of LP-norms has been widely investigated by numer-
ous researchers and a variety of methods, especially in recent years [2,6,10,15].

Our main result is the following theorem, giving a lower bound on the
relative L'-norm of the Poincaré series Pp\re,

HPA\F‘PHLl(r\G,V)
||<P||L1(A\G,V)

)

which is known to take values in [0, 1] (see (2.2)).

THEOREM 1.1. Let G be a unimodular, second-countable, locally compact
Hausdorff group, and let dg be a Haar measure on G. Let A and I" be discrete
subgroups of G such that A C T'. Let C be a Borel measurable subset of G
such that

cCc™'nT CA.
Let V be a finite-dimensional complex Banach space, and let p € L*(A\G,V)\
{0}. Then, denoting by (AC)¢ the complement of the set AC in G, we have

||PA\F‘PHL1(F\G,V) (@)l dg

||80HL1(A\G,V)

>1_9. fA\(AC)“

H80||L1(A\G,V)

As a corollary of Theorem 1.1, for every p € R>; U {o0}, we obtain the
following lower bound on the LP-norm of the Poincaré series Pp\r¢.

COROLLARY 1.2. Let G, dg, A, T, C, and V be as in Theorem 1.1.
Suppose that vol(I'\G) < co. Let p,q € R>1 U {00} be such that % + % = 1.

Let ¢ € L'(A\G, V) be such that Py\ro € LP(T\G,V). Then, we have

HPA\FWHLP(F\G,V)

> vol(T\G) 4 ( L te@lvdo= [ el dg> .

In Sections 3 and 4, we turn our attention to the case when G = Sp,,, (R)
and, by applying the inverse of the classical lift of Siegel cusp forms to cuspidal
automorphic forms on Sp,, (R) (see (3.4); cf. [17, §4]), prove analogous esti-
mates for the standardly defined Poincaré series on the Siegel upper half-space
Hn.

In Sections 5 and 7, we apply the results of Section 3 to the following two
families of (Siegel) cusp forms:
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(1) A family of Siegel cusp forms on H,, given by Poincaré series of polyno-
mial type that was studied in [21]. These Siegel cusp forms correspond,
via the classical lift, to Poincaré series of certain K-finite matrix coef-
ficients of integrable antiholomorphic discrete series representations of
Spa, (R). The representation-theoretic terminology used here is stan-
dard; see, e.g., [8] and [16].

(2) The family of classical Poincaré series, which are certain holomorphic
cusp forms on the upper half-plane #; defined by Poincaré series of
exponential type. The classical Poincaré series are famous for encod-
ing the Fourier coefficients of holomorphic cusp forms via the Riesz
representation theorem (see (7.3)).

We provide illustrative numerical evaluations of the obtained lower bounds,
computed using Wolfram Mathematica 14.3 [18]; the code can be found in [23].

Notation. Throughout the paper, given a set S, we denote by idg the identity
map on S. Given a Banach space F, we write || - || for its norm. Given a
topological space S, we denote by C.(S) the space of compactly supported,
continuous functions S — C. Let ¢ € C be the imaginary unit. Given a matrix
z=x+1iy € M,(C) with z,y € M,(R), we write R(z) = z and I(z) = y and
denote by 2" the transpose of z.

2. ESTIMATES FOR POINCARE SERIES ON LOCALLY COMPACT HAUSDORFF
GROUPS

Let G be a unimodular, second-countable, locally compact Hausdorff
group, and let dg be a Haar measure on G. Given a discrete subgroup I'
of G, we equip the quotient space I'\G with the unique right-G-invariant
Radon measure such that

/ > elvg)dg = / e(g)dg, ¢ € Ce(G)
NG JoT G
(see, e.g., [3, §2.6]). If A is a subgroup of ', then we have

/ ©(vg)dg —/ ©(g)dg, ¢ € C(A\G).
I'\G A\G

~yEA\T
Let V' be a finite-dimensional complex Banach space. Given p € R>,
let LP(T\G, V) (resp., L*°(I'\G,V')) denote the Banach space of equivalence
classes (under equality almost everywhere) of measurable functions ¢ : T\G —
V such that the function ||o(-)[|;, : T\G — R is p-integrable (resp., essentially
bounded). The Banach space norm on LP(I'\G, V) is given by

1
lello e vy = (/F\G le()I5- dg) . p € LP(N\G,V),
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whereas the Banach space norm on L*(T'\G, V) is given by
el L rvavy = esssup lle(9)lly, € L2(TN\G, V).
gel\G

The Banach spaces LP(G, V) and L>°(G, V) are defined analogously.
Let A be a subgroup of I. For every ¢ € L'(A\G, V), the Poincaré series

(2.1) (Pare) (9) = D e(vg)
YEA\D

converges absolutely almost everywhere on G and defines an element of L (I'\G, V).
Moreover, we have the well-known estimate
(2.2)

[Pae@ll 1oy :/F > w(vg) ng/F\G > letvg)lly dg
14

\G ||yea\r YEA\T
- / le @l dg = el ey -
A\G

where equality holds if ¢(A\G) C R>gv for some v € V.
We recall that, given complex normed spaces E # 0 and F, the operator
norm [|Al[,, of a linear operator A: £ — F is given by

4]

veE\{0} ||UHE .

[Allop =

Our preceding observation implies that if V' # 0, then the operator norm
HPA\FHOp of the Poincaré series operator Py\r : LY(A\G,V) — LYT\G, V),
given by

||PA\F‘PHL1(F\G,V)

P — b
|| A\PHop g06L1(As\uc?,v)\{o} ||‘PHL1(A\G,V)

equals 1.
The main result of this paper, Theorem 1.1, provides a lower bound on
the relative L'-norm
||PA\F‘PHL1(F\G,V)
||<PHL1(A\G,V)
of the Poincaré series Py\re, where ¢ € L*(A\G, V) \ {0}. For the reader’s
convenience, we restate it here as Theorem 2.1.

THEOREM 2.1. Let G be a unimodular, second-countable, locally compact
Hausdorff group, and let dg be a Haar measure on G. Let A and T" be discrete
subgroups of G such that A C T". Let C be a Borel measurable subset of G
such that

(2.3) CC™'nT CA.
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Let V be a finite-dimensional complex Banach space, and let ¢ € L*(A\G,V)\
{0}. Then, denoting by (AC)¢ the complement of the set AC in G, we have

HPA\F@HLI(F\G,V) (9l dg

||90HL1(A\G,V)

. fA\(AC)c

(2.4) >1-2

HV’HLl(A\G,V)

Proor. We follow the idea of proof of the version [19, Theorem 1] of
Muié’s integral non-vanishing criterion [12, Theorem 4.1] for Poincaré series.

Given a set S C A\G, let 1s : A\G — C be the indicator function of
S. As explained in detail in [19, proof of Theorem 1], the assumption (2.3)
implies that for every g € G, we have

(2.5) #{v € MNTI': 1y\ac(yg) #0} < 1.

Hence, we have

[Paravac D)l ey = /F \G > 1aactg) e(vg)| dg

YEA\T \%
(2.5)
2 [ taact) ety ds
(2.6) MG yeavr

/ 1aac(9) le(@)ly dg
A\G

/ le(@)lly do.
A\AC

On the other hand, we have

(2.2)
[Pave (Layacye "P)HLl(r\G,V) < J1avacy: - ‘PHLI(A\G,V)

2.7)
= e, Il do

Thus, we obtain
(2.8)

HPA\FSOHLl(F\G,V) = [|Par(aac - ¢) + Par(aao): - SO)HLl(r\G,V)
> [[Par@avac ) ey = IPae@avaoy - Ol 4 e

(2.6)
> / le(@)lly dg / le(a)lly dg
(2.7 Ja\AC A\(AC)®

= ol e —2 / le(@)lly do.
A\(AC)e

Dividing this estimate by [[¢[|11(x\q 1), We obtain (2.4). 0
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REMARK 2.2. (i) Since the left-hand side of estimate (2.4) is obvi-
ously nonnegative, the estimate is only of interest when its right-hand
side is strictly positive, i.e., by the last equality in (2.8), when we have

(2.9) / HMWW@>/ le(a)lly dg
A\AC A\(AC)®

(ii) By all but the final equality in (2.8), the inequality (2.9) presents,
when combined with the remaining assumptions of Theorem 2.1, a
sufficient condition for HPA\FWHLI(F\QV) to be strictly positive, i.e.,

for Py\ry not to vanish identically. This is exactly the content of

(the vector-valued, A-relative version of) Muié’s integral non-vanishing

criterion [12, Theorem 4.1].

In the theory of automorphic forms, many prominent examples of cuspidal
automorphic forms are given by Poincaré series of the form (2.1) that belong
to

L'I\G,V)NL®(\G, V)= () L’(I\G,V).

pER>;U{oc}
Examples of such scalar-valued cuspidal automorphic forms are the Poincaré
series on SLo(IR) studied in [13, Lemma 3-1]. Their vector-valued analogues
were studied in [21], arising as classical lifts of the vector-valued Siegel Poincaré
series of polynomial type considered in [21, Theorem 1.1]. Corollary 1.2, which
we restate below, for the reader’s convenience, as Corollary 2.3, provides a
lower bound on the LP-norm of such Poincaré series.

COROLLARY 2.3. Let G be a unimodular, second-countable, locally com-
pact Hausdorff group, and let dg be a Haar measure on G. Let A and T be
discrete subgroups of G such that A C T and vol(I'\G) < co. Let C be a Borel
measurable subset of G such that

ccinr CA.

Letp,q € R>1U{o0} be such that %+% =1, and let V be a finite-dimensional

complex Banach space. Let o € L'(A\G, V) be such that Py\rp € LP(T\G, V).
Then, we have

||PA\F‘PHLP(P\G,V)

> vol(T\G) ™« (/A\AC le(a)lly dg — /A\(AC)C ()l dg) :

PRrROOF. Following the proof of Theorem 2.1 up to the penultimate line
of (2.8), we have

@11)  [|Pare] . z/ HMMI@—/ le(@)lly do.
|| \I HL (N\G,V) A\AC v AV(AC)® 1%

(2.10)
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The inequality (2.10) follows by applying to the left-hand side of (2.11) the
estimate

[l mve, vy < VOIING) ([l oy, @ € LP(T\G, V),
which holds by Hélder’s inequality. ]

3. POINCARE SERIES ON THE SIEGEL UPPER HALF-SPACE

Following the notation of [21] and [22, §3], let n € Z~p and w = (w1, ...,w,) €
Z"™ withwy > ... > w, > 0. Let (p, V) be an irreducible polynomial represen-
tation of GL,(C) of highest weight w. Thus, (p, V') is the up to equivalence
unique irreducible polynomial representation of GL,,(C) such that there exists
vo € V'\ {0} such that

p(g)vo = (H gf,?) vo
r=1

for all upper-triangular matrices g € GL,,(C). We equip V with a Hermitian
inner product (-, - ), with respect to which the restriction p|U(n) is unitary

and denote by || -||;, the corresponding Hilbert space norm on V.
Let J, = <I I") € GL2,(C), where I,, € M,(C) is the identity
matrix. The group

Spy, (R) = {g € GLay,(R) : g Jng = Jn}
acts on the left on the Siegel upper half-space
H, ={2€ M,(C): 2" =z and 3(z) >0}
by
(3.1) g.z=(Az+ B)(Cz+ D)™*

for all g = <é g) € Spy,(R) and z € H,,, and it acts on the right on the

space V*n of functions H,, — V by

(3.2) (/1,9) (2) = p(C=+ D) f(g.2)

forall f e Vi g= (A € Sp,,(R), and z € H,,.

B
C D

The stabilizer of iI,, under the action (3.1) is the maximal compact sub-
group

K = Sp,, (R) N U(2n) = {kAH-B - <j§ ﬁ) € Mo (R): A+iB c U(n)}
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of Sp,,(R). Every g € Sp,,(R) admits a unique factorization in Sp,, (R) of
the form

(L, =z y% 0
o el D0 )

where k € K and x + iy = ¢.(il,). The factorization (3.3) is a special
case of the Iwasawa decomposition for connected semisimple Lie groups (see,
e.g., [9, Ch. VI, §4]).

Let us denote the first two factors on the right-hand side of (3.3), from
left to right, by n, and a,. Every function f :H, — V lifts to the function
®,f:Spy,(R) =V,

(3.4)

(@0 (9) = (f1,9) (1) =p («Tw}) S + i), 9= naayh € Spay (R).
LeMMA 3.1, Let f : H,, >V and S C H,,. Let
(3.5) C={nga,k:x+iyesS, ke K}.

Let 15 : H,, — C and 1¢ : Spy,(R) — C be the indicator functions of the sets
S and C, respectively. Then, we have

(3.6) O,(1s f)=1c P, f.
PRrROOF. For every g = ngayk, € Spy,(R), we have

(3.4) (3.5)

(@,(1s ) (9) = Ls(z+iy) (2,f) (9) "= 1o(9) (®pf) (9)-

We fix the following Haar measure on Sp,,, (R):
[ e@ds=[ [ pmak)dudva i), ¢ € CulSpa®)
Span (R) Hn JU(R)

where du is the Haar measure on U(n) such that fU(n) du = 1, and v is the
Spa, (R)-invariant Radon measure on H,, given by

dv(z +iy) = dety "1 H dxy s dyr s.

1<r<s<n
Let ' be a subgroup of Sp,,,(Z). Denoting
er = | N{xln}|,

we have

en [ @d=st [ [ stk dudet+ iy
I'\Spy,, (R) M\H, JU(n)

for all ¢ € C.(T'\Sp,,,(R)).
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Given p € R>1 U {oo}, let LZI(H"’ V') denote the Banach space of mea-
surable functions f : H,, — V, modulo equality almost everywhere, that have
the following two properties:

(1) f}py = fforallyeT.
(2) ”f”L;F(Hn,V) < 00, where
(3.8) 1
G Hp (5()%) f(z)Hi (=), ifpeRs

esssupH ()2 zH , if p = oo.
sssup [0 (3(2)%) 1),

17llzs ey =

We write Lb(H,, V) = Li 0 }(Hm V). By (3.7) and (3.4), we have the
»1+Span (2)
following lemma. ’

LEMMA 3.2. Let I' be a subgroup of Sps,,(Z). Let p € R>q U{oco}. Then,
the operator ®, restricts to an isometry LY (Hn, V) — LP(T'\Sp,, (R), V).

Let A be a subgroup of I'. One of our main results, Theorem 4.1 below,
is a version of Theorem 1.1 for Poincaré series

(3.9) Parof= Y fl
yeA\T

with f € L})’ A(Hn, V). Such Poincaré series are an important tool for con-
structing Siegel modular forms; see Proposition 5.1 and (7.2) below.
The following A-relative version of [21, Lemma 6.6] is elementary.

LEMMA 3.3. Let A and T' be subgroups of Sp,,,(Z) such that A CT. Let
f:Hn =V be such that

fIa=1 reA

Then, the Poincaré series Py\r ,f given by (3.9) converges absolutely almost
everywhere on H, if and only if the series Py\r®,f converges absolutely al-
most everywhere on Sp,,, (R). Moreover, assuming convergence, we have

(3.10) ®,Par,pf = Par®,f  a.e. on Spy,(R).
LEMMA 3.4. Let A and T be subgroups of Sp,,,(Z) such that A C T. Let
fe L},yA(Hm V). Then, we have the following:

(i) The Poincaré series Py\r ,f converges absolutely almost everywhere
on H, and defines an element of L;I("Hn, V).

(ii) The Poincaré series Px\\pr®,f converges absolutely almost everywhere
on Spy, (R) and defines an element of L*(I'\Spy, (R), V).

i) [[Parod s ey = PRl s o0
(iv) ||Par,p f||L‘1)’F(HmV) < W flles vy -
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PROOF. By Lemma 3.2, we have that ®,f € L'(A\Sp,,, (R), V), hence (ii)
follows from the elementary facts on Poincaré series (2.1) recalled in Section
2. The claim (i) follows from (ii) by Lemma 3.3. To prove (iii), it suffices to
note that

Lem. 3.2 ‘

||PA\F’PfHL}),F(HmV) “I’PPA\waHLl(r\sp%(R),V)

(3.10)
= ||PA\F(I)PfHLl(F\San(]R),V) :
Finally, the inequality (iv) holds since we have

(iii)

1Paenflles oy = IPA®of 1 rs,, )0
22 em. 3.
< @l msp @y = MLt ey -

0

Since —I,, is central in GL,(C), Schur’s lemma implies that p(—1I,) is a
scalar operator (see, e.g., [7, Corollary 4.30]). As p(—1I,)? = p(I,,) = idy, it
follows that p(—1I,,) € {idy, —idy }.

LEMMA 3.5. Let A and T' be subgroups of Sps,,(Z) such that A C T.
Suppose that —Ia, € I' and p(—1I,,) = —idy. Then, for every f € L})’A(’Hm V),
we have that Pyr,,f = 0.

PRrROOF. Let f € L}),A("Hn,V). Then, Pyr,f € L}LF(H”,V) by Lemma
3.4(i). But we have L} (H,,V) = 0 since every ¢ € L} 1(H,, V) satisfies

3.2

6 =0|,(~Ton) ' p(-T)o = ~0,

where the first and last equality hold, respectively, since —I, € T' and
p(—I,) = —idy. It follows that Py\r ,f = 0. 0

4. ESTIMATES FOR POINCARE SERIES ON THE SIEGEL UPPER HALF-SPACE

In this section, we retain the notation and assumptions of Section 3 and
prove analogues of Theorem 1.1 and Corollary 1.2 for Poincaré series on the
Siegel upper half-space, namely Theorem 4.1 and Corollary 4.2 below.

THEOREM 4.1. Let A and T be subgroups of Spy,(Z) such that A C T.
Suppose that —Iz, ¢ T or p(—1I,) = idy. Let f € L} \(Hn, V) \ {0}. Then,
we have the following:

(i) Let C be a Borel measurable subset of Sps,, (R) such that
(4.1) CC™'nT CA.
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Then, denoting by (AC)¢ the complement of the set AC in Sp,,(R),
we have

HPA\FJ’JCHL;YF(H",V)

. Javaoye (@) (9l dg

1-9
|1 (A\Sp,, (®).1)

Il vy |®,f

(4.2)

(ii) Let S be a Borel measurable subset of H, such that for all z1,z2 € S,
the following implication holds:

(43) F.Zl = F.ZQ = A.Zl = A.ZQ.
Then, denoting by (A.S)¢ the complement of the set A.S in H,, we
have
||PA\I‘,ﬂf||L})YF(?-Ln,V) -y Javasye [P (S(z)é) f(z)HV dv(z)

Hf”L}JYA(Hn,V) €A Hf”L}]’A(Hn,V)

PROOF. (i) By Lemma 3.2, we have that ®,f € L'(A\Sp,, (R), V) \ {0}.
Thus, Theorem 2.1 implies that

||PA\F¢)Pf||Ll(F\SpM(R),V) >1_9. fA\(AC)c (@,1) (9)lly dg

|1 (A\Spyn (R).1)

Since the left-hand sides in (4.2) and (4.5) coincide by Lemma 3.4(iii) and
Lemma 3.2, this proves (i).

(ii) Suppose that e = ep. Writing I', = {y €T : y.2 = z} for z € H,,
let

(4.5)

@01l 21 (A\Sp,. (®).1) 120

So = {Z esS: T, C {i[gn}}
Let us prove that the subset
C={ngayk:x+iyesSy, ke K}

of Sp,, (R) satisfies the condition (4.1). In other words, assuming that g, ¢’ €
C are such that v := g¢'~! € T, let us show that v € A. Let z = ¢.(il,,) and
2 = ¢'.(il,). By acting on iI,, by g = vg’, we obtain

(4.6) z=7.2,
hence by (4.3) we have that
(4.7) 2=z

for some A € A. The equalities (4.6) and (4.7) imply that
Ay =2
Since 2’ € Sy, it follows that A™1y € {£1I5,}, i.e., we have
vye{EA}NT CA,

where the last inclusion holds since ey = er.
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Thus, the set C' satisfies (4.1), hence by (i) we have

||PA\F~,Pf||L‘1)Yr(HmV) >1_9. fA\(Ac)c [(®,f) (Q)HV dg

(4.8)

HfHL})YA(Hn,V) H(I)PfHLI(A\szn(R)»V)

Let 1(ac)e @ Spy,(R) — C and 15 gy : Hn — C be the indicator
functions of the sets (AC)¢ and (A.Sp)¢, respectively. We have
(4.9)

.0y dg = || Lac)y Pof|| ;s
A\(AC)e 1(205) (@)l ey 2ofll o avsp,, v

e
- P

Lem. 3.2

(L(a.50) f) HLl(A\szn(R)vV)

||1(A.So)° fHL}?YA(Hn,V)
(3.8) _1/ S(2)} H d
s P (302) 1@ dvta)

= E‘Xl /
A\(A.S)¢

where the last equality holds since (A.S)¢ and (A.Sp)¢ differ by a v-null set.
Namely, the sets S and Sy differ by a subset of the set

{Z eH,: T, \ {j:[?n.} 7& @},

which is a v-null set by [5, Lemma 3]. By the countability of A, it follows
that the sets A.S and A.Sy also differ by a v-null set. Consequently, their
complements in #H,, differ by a v-null set as well.

By Lemma 3.2, we have

p(3(2)2) 1)), avia),

(4.10) 12 Sl (\8po 1) = IF 1l 2000 -

By substituting (4.9) and (4.10) into the right-hand side of (4.8), we obtain
(4.4). This finishes the proof of (ii) in the case when ep = er.

Finally, suppose that epn # er. Then, —I3, € I' \ A. Thus, by the
assumptions in the statement of the theorem, we have p(—1I,) = idy and
hence, by (3.2), f|,(—I2n) = f. Consequently, f belongs to Lz,iA(HmV)
and satisfies

(4-11) ”fHL},,A(Hn,V) :2||fHLf,,iA(HmV)’

where +A denotes the subgroup of I' generated by —Is,, and A. Moreover, we
have

(4.12) Parpf =2Paanr,pf-
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Since 14 = er, we can apply (ii) to the Poincaré series Pa)\r,,f, obtaining
the estimate

p(S(1) 1(2)||  av(z)

HP(:!:A)\F,prL;F(Hn,V) 51
”fHL‘l),iA(HmV) - 2||f||L;iA(HmV)

/. .
. A\(A.S)

)

which is equivalent to (4.4) by (4.11) and (4.12). This finishes the proof of
(ii). D

COROLLARY 4.2. Let T' be a subgroup of finite index in Sp,,(Z), and
let A be a subgroup of T'. Suppose that —Is, ¢ T or p(—I,) = idy. Let

p,q € R>q U {oo} such that % +% = 1. Let f € L} \(Hn,V) such that
Pyr,pf € Lﬁyr(’Hm V). Then, we have the following:

(i) Let C be a Borel measurable subset of Sps,, (R) such that
cc'nl C A

Then, denoting by (AC)¢ the complement of the set AC in Sp,, (R),
we have

HPA\RPfHL;‘;’F(HmV)
1

(a13) > s e @0 @l o

[ I@n @l dg).
A\(AC)e

(ii) Let S be a Borel measurable subset of H,, such that for all z1,z2 € S,
the following implication holds:

I'z1 =T.29 = Az =A.2.

Then, denoting by (A.S)¢ the complement of the set A.S in H,, we
have

||PA\F’Pf||Lf:7F(Hn,V)
(4.14) - €A VOI(F\;pZn(R))}I (/A\A.s Hp (%(z)%) f(Z)HV )
- /A\(A.S)C P (g(@%) f(z)Hv dv(z)>'
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PROOF. (i) Applying Theorem 4.1(i) and multiplying (4.2) by [|®,.f[l 11 (\sp, (=), v)>
by (4.10) we obtain

HPA\F’PfHL}),F(HmV)

a2 NEN@h 2 @l

=/ 1(@,f) (9l dg —/ 1(@,f) (9l dg.
A\AC A\(AC)e

The inequality (4.13) follows by applying to the left-hand side of (4.15) the
estimate
(4.16)

1
HQZ)HL;,F(HMV) < (e vol(T\Hy)) ||¢||L§YF(7{TL,V)
(3.7) 1
=" vol(I"\Spy,, (R)) HQS”L’;,F(HMV) , Q€ L?r(?‘ln, V),

which holds by Holder’s inequality.
(ii) We apply Theorem 4.1(ii) and multiply (4.4) by || f||.« () O
NG
taining

1Par o f 121 i) 2 €87 ( /A e (@) s ave

_9 /
A\(A.S)e

= e;! ( / Ll e e, ae

- /A\(A.S)c

The inequality (4.14) follows by applying (4.16) to the left-hand side of (4.17).
0

p(3(2%) 1)), dv<z>)
(4.17)

p(3(02) 1), dv<z>>.

5. APPLICATION TO SIEGEL POINCARE SERIES OF POLYNOMIAL TYPE

Let n € Zsp and w = (wy,...,w,) € Z" with wy > ... > w, > 2n. Let
p be an irreducible polynomial representation of GL,(C) of highest weight
w, realized on a complex finite-dimensional Hilbert space V', such that the
restriction p’U ) is unitary. The principal congruence subgroup of Sps,,(Z)
of level N € Z~ is the group

I'"(N)={y€8Spy,(Z) : y=1I, (mod N)}.
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The space S,(I'"(NN)) of Siegel cusp forms of weight p for I'"™*(NN) is the
finite-dimensional complex vector space of holomorphic functions f : H,, - V
that have the following two properties:

(1) f|p7 = f for all v € T"™(N).
(2) sup,ey, ||P (3(2)%> f(z)HV < 0.
Let C[X, s : 1 < r,s < n] denote the ring of polynomials with complex

coefficients in the n? variables X, s with r,s € {1,...,n}. As in [21, (16)],
given p € C[X, s : 1 <r,s<njandveV,let f,, € L},(’Hn, V') be given by

fuw(2) =p((z—il)(z+il,) ") p (212(2 + ZIn)> ) v, 2z € Hp.

The following proposition is a special case of [21, Theorem 1.1].

PROPOSITION 5.1. Let N € Z~g. For every p € C[X, s :1<r,s <n]
and v € V, the Poincaré series

(P vy pfu) (2)
- ¥ u((AerB —i(Cz—l—D)) (Az+B+z’(Cz+D))l>

(& B)ermav)
1 —1
-p<2i(Az+B+i(Cz+D))> v

converges absolutely and uniformly on compact subsets of H,, and defines an
element of S,(I'"(N)). Moreover, we have

S,(I'™(N)) = spang {PFn(N),pfp"v peCX,s:1<r,s<n],ve V} .
Given z € R", let h, = diag(e®™,...,e" ", e " ...,e”*") € Sp,,(R)

and d, = diag(zy,...,z,) € M,(R). By Cartan’s KAK decomposition [8,
Theorem 5.20], every g € Sp,,, (R) has a factorization

(5.1) g = khok'

with k, k' € K and z € R™. By [21, Lemma 6.5], given 4 € C[X,. s : 1 <71 s <
n] and v € V, the function ®,f, . : Spy,,(R) — V is given by

(@) fru0) (kuhgka) = p (utanh(dy)u") p ((v')" cosh(dy)tu") v

for all u,u’ € U(n) and = € R™.
For every t € R+, let

A ={z=(z1,...,20) ER" 1t > 21 > ... >z, > 0}.
Given p € C[X,s:1<ms<nlandv e V,let ¢, .. : A x Un) — Rxo,

5. T 1T [Li<rcscn(@r — o)
Poun(ew) =it (udz T )| o (= de)2uT) o], T, (—a)
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-2
4n 4dn
Vit Ve
THEOREM 5.2. Let p € C[X, s : 1 < r,s < n]\ {0}, veV\ {0}, and
N € Z>3. Then, we have

Given N € Z~g, let

||PF”(N)7Pf#’U”L})YM(N)(HN,V) 5. f fU(n) Pouo(@,u) dud

M (N) _1

fA{r fU(n) Pp,p,v (-% u) dudx

Hfu,v”L[lJ(Hmv)

Proor. We apply Theorem 4.1(i) with ' = T™(N), A = {lgp%(z)},
f = f,u,'w and

C =K {h, : x € [0, artanh /M, (N) [n} K
By [21, proof of Theorem 8.2], we have
CC™'NI™(N) = {1sp, ® } -
Thus, Theorem 4.1(i) implies that

1o ool ) I @) (0)ly dg
(5.3) Hf“’””Lk(HmW - 120 fuoll asp,, 2),v)
fo H((I)pfu,v) (9)”\/ dg

||q)pfu7v||L1(sp2n(R),v)
By [21, (52) and (53)], there exists ¢ € R such that

(5.4) /u Bpfn) ()], dg = c / /U ) duda

=2- - 1.

At (N)
and
. D, fuwllra = v(@,u) dude.
(5.5) [@pfuwlly (Span (R),V) C/A1+ /U(n) Po (T, u) dudz
Substituting (5.4) and (5.5) into (5.3), we obtain (5.2). 0

6. THE CASE OF DETERMINANTAL PARAMETERS

Let us retain the notation and assumptions of Section 5. In the case when
p = det™ : GL,(C) — C* for some m € Zson, g = det! for some [ € Z>o,
and v = 1, the function f, , is given by

det(z —il,)!

= 2. m—
fdetl,l(z) ( Z) det(eriIn)H‘m’

z € Hp,
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the Siegel cusp form Ppn(ny ,fu0 € Sp(I™(N)) is given by

det (Az + B —i(Cz + D))’
T ( )

Pro(n ,det’”fde 11(2) = (29)™ m
) o det (Az + B+i(Cz + D))"

(& B)erm(w)

for all z € H,,, and Theorem 5.2 simplifies into the part (i) of the following
corollary.

COROLLARY 6.1. Let n € Zsg, m € Lson, | € Z>o, and p € [0,1]. Let
Qpn,m,l : AT — RZO;

Onmi(x) = (H xé(l - 1'7,)7;_"_1> H (2, — x5).

1<r<s<n
Then, we have the following:
(i) For every N € Z>3, we have

HPF"(N),detm fdetl,l HLnlictm.F"(N)(H"’C) fALn(N) SDn,m,l(x) dx

fAi*’ ‘Pn,m,l(x) dx

6.1)
Maeetallzs,,. 0. 0

(ii) There exists N®

n,m,l’

defined as the smallest integer N > 3 such that

. L.
fAT On,m,i1(z) dx 2

(iii) For every integer N > Ng’)mb we have

||P1"” (N),det™ fdetl 1 || LclieH” P (Hn,C)

> p.
||fdetl,1||L,1J(7'lmC)

PROOF OF (ii) AND (iii). Since the set A equals the increasing union
UNnes A;\F/In (N’ by the monotone convergence theorem the left-hand side of
(6.2) is a non-decreasing function of N € Z>3 and tends to 1 as N tends to
infinity. Thus, (ii) holds, and every integer N > fo r)ml satisfies the inequality
(6.2), which is equivalent to the right-hand side of (6.1) being strictly greater
than p. Thus, (6.1) implies (iii). ]

REMARK 6.2. In the case when p = 0, Corollary 6.1(iii) implies that the
Siegel cusp form Pprn () detm fgert,1 does not vanish identically for all integers
N > Nr(l?zn ;- This non-vanishing result has been proved in [21, Theorem 8.2]
by applying a variant [21, Proposition 8.1] of Muié’s integral non-vanishing
criterion [12, Theorem 4.1] for Poincaré series.
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The values of integers NX?M for n € {1,2}, p € {0,0.5,0.9}, m €
{2n+1,2n+2,..., 2n + 10}, and [ € {0,1,2,3} are given in Tables 1 and
2. We computed these values using Wolfram Mathematica 14.3 [18]; the code
can be found in [23].

TABLE 1. Values of Nl(ﬁz],l for m € {3,4,...,12}, | €
{0,1,2,3}, and p € {0,0.5,0.9}

m l l l

0 1 2 3 0 1 2 3 0 1 2 3
3 14 23 32 40 62 101 140 179 1598 2591 3596 4606
4 6 9 12 15 14 21 28 35 78 117 156 195
5 4 6 8 10 8 12 15 18 28 40 51 63
6 4 5 6 7 6 8 11 13 16 22 28 34
7 3 4 5 6 5 7 8 10 12 15 19 23
8 3 4 5 5 4 6 7 8 9 12 14 17
9 3 3 4 5 4 5 6 7 8 10 12 14
10 3 3 4 4 4 5 5 6 7 8 10 12
11 3 3 4 4 3 4 5 6 6 7 9 10
12 3 3 3 4 3 4 5 5 5 7 8 9

TABLE 2. Values of NQ(I?H , for m e {5,6,...,14}, | €

{0,1,2,3}, and p € {0,0.5,0.9}
m l l l

0 1 2 3 0 1 2 3 0 1 2 3
5 77 107 137 167 349 484 620 756 9037 12543 16066 19598
6 25 33 41 49 59 79 99 118 331 442 552 662
7 15 20 24 28 29 38 46 54 99 128 157 185
8 11 14 17 20 19 24 29 34 51 65 78 91
9 9 11 14 16 15 18 22 25 33 41 49 57
10 8§ 10 11 13 12 15 17 20 25 30 36 41
11 7 8 10 11 10 12 14 17 20 24 28 32
12 6 8 9 10 9 11 13 14 16 20 23 26
13 6 7 8 9 8 10 11 13 14 17 19 22
14 5 6 7 8 7 9 10 11 12 15 17 19
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7. APPLICATION TO THE CLASSICAL POINCARE SERIES

Let m € Z>3 and N € Zx¢. In this section, we study a family of Siegel
cusp forms in S,,(I'(V)) == S,,, (I'(IV)), where py, is the character of GL{(C)
given by

pm(z) =2", z¢€ GLi(C)=C*,
and I'(N) is the principal congruence subgroup I''(NV) of Spy(Z) = SLa(Z).
As the notation suggests, the space S,,(I'(IN)) coincides with the standardly
defined space of holomorphic cusp forms of weight m for I'(N) on the upper
half-plane H = H;1. We endow S,,,(I'(N)) with the Petersson inner product

(f1, f2)s, vy = Erew) / £1(2) F2(2) S(2)™ dv(z)

T(N)\H

for all f1, fo € Sm(L(N)). The elements of S, (I'(N)) lift via @, to cuspidal
automorphic forms on SLy(R) = Sp,(R) (see, e.g., [4, Proposition 2.1]).
We recall that by [11, (1.1.7)], we have

S(a.2) = S(2) _(a b .
(7.1) S(g.2) 7|cz+d|2’ g (c d>€SL2(R), €H.

r(N)ooz{(‘; Z) eF(N):c:O}.

For every [ € Z~¢, the function fﬁ :H—C,

filz) = ez,

belongs to L})m F(1\,)00(3"1,((3). The following proposition is well known (see,
e.g., [11, Corollary 2.6.11]).

Let

PROPOSITION 7.1. Let m € Z>3 and N € Zsq. Then, for everyl € Zxy,
the Poincaré series

(7.2)
—m 2mit.eztb
(PF(N)oo\F(N)ypmf%) (2) = Z (cz+d) ™M™ N evd, zeH,
(9 B)er(V)w\T(N)

converges absolutely and uniformly on compact subsets of H. Moreover, we
have

Sm(F(N)) = spanc {PF(N)OO\F(N),pmf% : l € Z>0} .

Every cusp form f € S,,(I'(IV)) has an absolutely convergent Fourier
expansion

F2) =Y a(f)e¥™~*, e,
=1
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for some a;(f) € C. The cusp forms Pp(n).\r(N),pm f%, known as the classical

Poincaré series, are famous for their following property [11, Theorem 2.6.10]:
for all f € S,,,(T'(N)) and [ € Z~, we have

ET(N) (47Tl)m_1

(7.3) a(f) = N (m — 2)! <f7 Pr(vy\r(vy o f 1 >s oy

We note that if N € {1,2}, then —I, € T'(IV), hence by [11, (2.1.11)] we
have that S, (T'(N)) = 0 if m is odd.

THEOREM 7.2. Let m € Z>3 and N € Zsqo such that m is even if N €
{1,2}. Then, for everyl € Zsg, we have

HPNN)m\r(N),pm fo

741,

Ly (O (

L, 5%)
-1

(7.4)

)

— M\S
M\S

e (LO)
where the symbol T' on the right-hand side denotes the gamma function, given
by

T'(s) = / ts~lemtdt, R(s) >0,
0

while v denotes the lower incomplete gamma function, given by
xr
(s, z) = / t*le7tdt, R(s) >0, x € Ryy.
0

PrOOF. We apply Theorem 4.1(ii) with T =T'(N), A =T'(N)wo, p = Pm,
f =y and

1
(7.5) S:{ZE’H:%(Z)>}.
N
Let us prove that S satisifes (4.3), i.e., that for all z1, zo € S, the following
implication holds:
F(N).Zl = F(N)ZQ = F(N)oozl = F(N)OOZQ
Let z1,z2 € S such that I'(N).z;y = T'(IV).z3. Then, zo = 7.z, for some
v = (i b) € T'(N). If ¢ # 0, then |c¢| > N, hence we have

d
1 (5 (s Y (7.1) S(21) _ S(z1)
N < S(22) = S(y-21) | zl+d|2 (R(z1) + d)? + (¢S(21))?
S() _ 1 _ 1 1
T (S(21))* AS(m) N2-L N

which is a contradiction. Thus, we have ¢ = 0, which means that v € T'(IV) «
and hence I'(N)o.21 = F(N)OO.ZQ.
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By Theorem 4.1(ii), it follows that, denoting S¢ = H \ S, we have
(7.6)

P ’ = iz
R £ freynse S)E 7% du(e)
) croo- |74
H A M G ) ML vy (10)
We have
(7.7)
| o NN o ded
/ (z) 2 e2minz dv(z) :/ / yTe WY 7x2y
T(N)eo\S® o Jo Y
m 2ml m
Nz NZ m Nz m 2l
= — w7 t* et dt = —=—7 (5 - 1535 )
(27Tl)7_1/0 ‘ <2wz>z-”(2 N?)

where the next-to-last equality follows from the change of variables ¢t = %ﬂy

Similarly, we have

m

(3.8) Y
L HO) / ()
Pm T(N)oo F(N)OO\H

-1
2miy 2

ET(N) oo Hf%‘ e dv(z)

(7.8) - N -
:/ / y%e—%ﬂy dxdy: N; F(ﬂ—l).
0 0 y2 (27Tl) 71 2
By substituting (7.7) and (7.8) into (7.6), we obtain (7.4). 0

COROLLARY 7.3. Let m € Z>3, | € Zsg, and p € [0,1[. Then, we have
the following:

(i) There exists Nfrf’)l,
that

m 27l 1—p m
. —=1,— —TI({—=-1).
(7.9) 7<2 ’N2>< > (51

(ii) For every integer N > fo)l, we have

defined as the smallest integer N > 2 — (—=1)" such

HPF(N%O\r(N),pmf%‘ I
(7.10) e LD > p.
|44

Ly r(V)oo (HC)

PROOF. Since v (% -1, ?\,—”Ql) is a non-increasing function of N € Zg

and tends to 0 as N tends to infinity, (i) holds, and every integer N > N,Eﬁ)l

satisfies the inequality (7.9), which is equivalent to the right-hand side of (7.4)
being strictly greater than p. Thus, (7.4) implies (ii). 0
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TABLE 3. Values of N,(,ffl for m € {3,4,...,12}, | €
{1,2,3,4,5}, and p € {0,0.5,0.9}

p=0 p=20.5 p=0.9

m l l !

1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
3 6 8 10 11 12 12 16 20 23 25 57 80 98 114 127
4 4 5 6 7 7T 5 7 9 10 11 12 16 20 23 25
5 3 4 4 5 6 4 5 6 7 8 6 9 11 12 14
6 2 3 4 4 5 3 4 5 6 6 5 6 8 9 10
7 3 3 3 4 4 3 4 4 5 5 4 5 6 7 8
8 2 3 3 4 4 2 3 4 4 5 3 4 5 6 7
9 3 3 3 3 4 3 3 3 4 4 3 4 5 5 6
0 2 2 3 3 3 2 3 3 4 4 3 4 4 5 5
11 3 3 3 3 3 3 3 3 3 4 3 3 4 4 5
2 2 2 3 3 3 2 2 3 3 4 2 3 4 4 4

REMARK 7.4. In the case when p = 0, the inequality (7.10) implies that
the cusp form Pr(n) \r(w),p,, f1 does not vanish identically for all integers

N > fo )l. This non-vanishing result was established in [14] as an application
of Muié’s integral non-vanishing criterion for Poincaré series.

The values of integers Ny(f,)l forp € {0,0.5,0.9}, m € {3,4,...,12},and [ €
{1,2,3,4,5} are given in Table 3. We computed these values using Wolfram
Mathematica 14.3 [18]; the code can be found in [23].
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