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LDPC CODES FROM DEZA DIGRAPHS

NINA MOSTARAC AND MARINA SIMAC
University of Rijeka, Croatia

ABsTRrRACT. In this paper, we present a construction of LDPC codes
obtained from Deza digraphs with parameters (n,k,0,1). The obtained
LDPC codes have no cycles of length four in the Tanner graphs corre-
sponding to the adjacency matrices of the Deza digraphs as parity-check
matrices. We describe how LDPC codes can be obtained by applying the
Cartesian product of certain Deza digraphs, and the Kronecker product
of an adjacency matrix of a Deza digraph with parameters (n,k,0,1) or
(n,k,1,1) and a permutation matrix. We also use several other combina-
torial objects in the construction of LDPC codes.

1. INTRODUCTION

Binary low-density parity-check codes, commonly known as LDPC codes,
were first described by Robert G. Gallager in the early 1960’s (see [6]), with
the purpose to obtain high data rates and insignificant error probabilities
on noisy channels without the need for demanding equipment. MacKay and
Neal examined them as well, demonstrating in the late 1990s that they have
significantly better performance on Gaussian channels than conventional con-
volutional or concatenated codes ([13]). They showed that LDPC codes per-
form very close to the Shannon limit, almost as close as turbo codes. This
performance close to the Shannon limit is one of the main motivations for
investigating LDPC codes.

An LDPC code is a binary linear code defined by a sparse parity-check
matrix H, which means that H contains a very small number of non-zero
elements. More precisely, a matrix is sparse if more than half of its elements
are equal to zero, i.e., if its sparsity (the ratio between the number of zero-
valued elements and the total number of elements) is greater than 0.5. An
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LDPC code is called (s, t)-regular if each column of the parity-check matrix H
has weight s and each row has weight ¢. The Tanner graph of the LDPC code
defined by the parity-check matrix H, is the incidence graph corresponding
to the incidence structure with the incidence matrix H. It is a bipartite
graph consisting of two sets of vertices, called bit nodes and check nodes,
where a bit node is adjacent to a check node if that bit is included in the
corresponding parity check equation. The Tanner graph G associated with
the parity-check matrix H of an LDPC code C has an adjacency matrix of the
0 H
HT 0
of the LDPC code.

The girth of the LDPC code defined by H is the girth of the corresponding
Tanner graph. Short cycles in the Tanner graph of a code, especially cycles
of length four, negatively impact the bit error rate (BER) performance of
the code. The shorter the cycles, the greater the negative effect. Since the
Tanner graph is bipartite, the length of a cycle must be even and at least
four. Therefore, when constructing LDPC codes, the aim is to construct
LDPC codes with girth at least six.

LDPC codes without cycles of length four were constructed from different
combinatorial structures, for example, in [3, 10, 11, 17].

It is known that the error floor performance of LDPC codes depends on
the existence of certain substructures of the Tanner graph. For an additive
white gaussian noise (AWGN) channel, structures called trapping sets have
a harmful effect on the iterative decoding performance of an LDPC code.
Especially, their subclass called absorbing sets contributes significantly to the
error floor. Therefore, examining the existence of absorbing sets is important
for LDPC codes. More information on error floors of LDPC codes can be
found in [15] and [16].

In [4], the authors investigated LDPC codes without cycles of length four
from Deza graphs. A Deza graph with parameters (n,k,b,c) is a k-regular
graph with n vertices such that any two of its vertices have b or ¢ common
neighbours.

In this paper, we investigate LDPC codes without cycles of length four
obtained from adjacency matrices of Deza digraphs. We follow the definition
of a Deza digraph, the directed version of a Deza graph, introduced by Wang
and Feng in 2006 ([19]), and also used in [20] by Wang and Li.

A digraph T is said to be regular of valency k if there exists a constant
number k such that |u™| = |u~| = k for each vertex u in T', where u™ denotes
the set of all out-neighbours of u and v~ denotes the set of all in-neighbours
of u.

form . The Tanner graph can help us to examine the properties
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DEFINITION 1.1. A regular digraph T’ with n vertices with adjacency ma-
triz A is an (n,k,b,c)-Deza digraph if

AAT = kI +bB + cC, (b< c)

where B and C' are symmetric non-zero binary matrices such that B+C+1 =
J. Here J is the all-one matriz of order n, and I is the identity matriz of
order n.

We will assume that I has at least two vertices. Also, we will assume that
the digraphs in this paper do not have more than one arc from one vertex to
another, and no arcs from a vertex to itself.

REMARK 1.2. As noted in [19], the definition of a Deza digraph can
be stated in an equivalent form. An (n,k,b,c)-Deza digraph is a k-regular
digraph with n vertices such that any two of its vertices have b or ¢ common
out-neighbours. In other words, for any two distinct vertices u and v, it holds
that |Ny| € {b,c}, where N, , = uT Not.

Note that this definition of Deza digraph is different than the one by
Zhang and Wang from 2003 ([21]).

In [1], the authors examined another variant of directed Deza graphs,
which they referred to as directed Deza graphs of type II. A digraph I" with
adjacency matrix A is said to be normal if AAT = ATA. A directed Deza
graph of type II, as defined in [1], is a normal Deza digraph when regarding
the definition of Wang and Feng from [19]. In the remainder of this paper,
we will use the definition from [19].

For more information on concepts from graph theory and coding theory,
we refer the reader to [5], [9] and [14].

The paper provides a description of the construction of LDPC codes using
Deza digraphs and an analysis of the codes. It is organized as follows. In
Sect. 2, we present a construction of LDPC codes using Deza digraphs with
parameters (n, k, 0, 1), and we describe the properties of the constructed codes.
In Sect. 3, we describe how LDPC codes can be obtained by applying the
Cartesian product of certain Deza digraphs, and the Kronecker product of an
adjacency matrix of a Deza digraph with parameters (n, k,0,1) or (n,k,1,1)
and a permutation matrix. We also use some other combinatorial objects in
the construction of LDPC codes.

2. LDPC cODES FROM DEZA DIGRAPHS WITH PARAMETERS (n,k,0,1)

Let A be an adjacency matrix of an (n,k,b,c)-Deza digraph I'. A is
a (0,1)-matrix that has a constant row sum and a constant column sum,
both equal to k. Consequently, the obtained binary code C with parity-check
matrix A is then a (k, k)-regular code of length n and dimension equal to
n — ranko(A).
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The sparsity of the adjacency matrix A of an (n, k, b, ¢)-Deza digraph, as
well as for any other k-regular digraph with n vertices, is equal to 1 — % The
obtained code C' will be an LDPC code under the condition that 1 — % > %,
ie., if n > 2k.

As mentioned earlier, when constructing LDPC codes, we aim to avoid
cycles of length four in the Tanner graph corresponding to the given parity-
check matrix. A cycle of length four will exist in the Tanner graph of the
code defined by the parity check-matrix A, if and only if there exist two
vertices of the digraph I' with more than one common out-neighbour. When
constructing an LDPC code without cycles of length four from the adjacency
matrix A of an (n, k, b, ¢)-Deza digraph, it follows that b,c € {0, 1}. Note that
for an (n, k,0,0)-Deza digraph, A will be an incidence matrix of a symmetric
2-(n, k,0) design, where k € {0, 1}. Consequently, either the design has empty
blocks or it is a symmetric 2-(n, 1,0) design. Similarly, for an (n, k, 1, 1)-Deza
digraph, A will be an incidence matrix of a symmetric 2-(n, k, 1) design, i.e., of
a projective plane. LDPC codes constructed from projective planes have been
extensively studied in the literature (see, e.g., [12]). Therefore, in the rest of
the paper, we will focus on LDPC codes constructed from (n, &, 0,1)-Deza
digraphs.

REMARK 2.1. For an (n, k, b, ¢)-Deza digraph I', and a vertex x € V(T'),
let « denote the number of vertices from V(I') that have b common out-
neighbours with x, and let 8 denote the number of vertices from V(I") that
have ¢ common out-neighbours with z. Then by [19, Proposition 1.2] the
numbers a and 3 do not depend on the choice of the vertex z, and specifically
for b =0 and ¢ = 1 we obtain:

a=n—1-k+k B=k —k

So, for an (n, k,0, 1)-Deza digraph T, each vertex of I" has exactly one common
out-neighbour with k2 — k vertices, and zero common out-neighbours with all
the remaining vertices.

REMARK 2.2. When I is an (n, k, 0, 1)-Deza digraph, it follows that § =
k? — k > 0, and therefore, k > 2. For k = 2, the obtained code C will be an
LDPC code if n > 4. The following proposition states that for k& > 3, C will
always be an LDPC code.

PROPOSITION 2.3. Let I' be an (n,k,0,1)-Deza digraph with adjacency
matriz A, where k > 3. Then the code C defined by A as its parity-check
matriz is an LDPC code.

PROOF. Let z be a vertex of I'. By Remark 2.1, there exist k2 —k distinct
vertices that have one common out-neighbour with z, and at least one vertex
that has zero common out-neighbours with z. Consequently, for the number
n of vertices in T, it holds that n > k* — k + 2. Since k> — k + 2 > 2k for
k > 3, it follows that n > 2k. O
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The conditions stated in Remark 2.2 exclude trivial cases, and therefore,
in the remainder of the paper we will suppose that these conditions hold, that
is, that the codes constructed from Deza digraphs are LDPC codes.

2.1. Parameters of LDPC codes from (n,k,0,1)-Deza digraphs. In this sub-
section, we present the results obtained regarding the parameters of LDPC
codes constructed from (n, k,0, 1)-Deza digraphs.

REMARK 2.4. The minimum distance of an LDPC code of girth at least
six, with column weight & is at least k + 1 (see [7, Theorem 1.8]).

The immediate consequence of Remark 2.4 is the following lemma.

LEMMA 2.5. Let T be an (n,k,0,1)-Deza digraph with adjacency matriz
A, where n > 2k, and C the LDPC code defined by A as its parity-check
matriz. Then the minimum distance of the code C is at least k + 1.

COROLLARY 2.6. Let T be an (n, k,0,1)-Deza digraph with adjacency ma-
triv A, where n > 2k, and C' the LDPC code defined by A as its parity-check
matriz. Then the dimension of the code C is at most n — k.

PROOF. Let d be the minimum distance of C'. By the Singleton bound it
follows that d < n — dim(C) + 1. Since Lemma 2.5 asserts us that d > k+ 1,
it follows that dim(C) <n—-d+1<n—k. 0

2.2. Absorbing sets. As previously stated, absorbing sets are a type of trap-
ping sets that significantly contribute to the error floor ([18]), and therefore
have a negative effect on the decoding performance of an LDPC code.

Let C' be an LDPC code obtained from a parity-check matrix A and let
G be the corresponding Tanner graph. We say that a set T of a bit nodes
from G is an (a,b) trapping set in G, if there are exactly b check nodes of odd
degree in the subgraph G[T] of G induced by T'U N(T'), where N(T) is the
neighbourhood of T. The most harmful trapping sets are those with small
sizes and small ratios g. An absorbing set is a trapping set T" such that every
bit node in G[T7] is adjacent to fewer check nodes of odd degree than of even
degree.

REMARK 2.7. Let A be an adjacency matrix of an (n,k,0,1)-Deza di-
graph. Let T be an (a,b) absorbing set in the Tanner graph G of C' corre-
sponding to the parity-check matrix A. Then it can be easily shown that b is
even if and only if a is even or k is even (see proof of [3, Remark 4.1]).

THEOREM 2.8. LetT" be an (n, k,0,1)-Deza digraph with adjacency matriz
A, where n > 2k. Furthermore, let C' be the LDPC code defined by A as the
parity check matriz, and let T be an (a,b) absorbing set in the corresponding
Tanner graph G. Then it holds:
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PROOF. Let = be a bit node from T'. It is of degree k, so it is adjacent to
k check nodes in G[T]. Since T is an absorbing set, at least || + 1 of those
check nodes adjacent to x must be of even degree. Each check node of an even
degree adjacent to = in G[T] must be adjacent to at least one other bit node
from T. Since these check nodes can have at most one common neighbour,
no two of them can be adjacent to the same bit node other than x. It follows
that the size a of the absorbing set T is at least ng + 2. 0

3. CONSTRUCTIONS OF LDPC CODES

3.1. LDPC codes from the Kronecker product of an adjacency matriz of a
Deza digraph and a permutation matriz. An infinite family of LDPC codes
whose Tanner graphs do not have cycles of length four can be constructed
by applying the Kronecker product of the adjacency matrix of an (n, k,0, 1)-
Deza digraph and a suitable permutation matrix. An analogous construction
starting from Deza graphs instead of Deza digraphs was described in [4], using
the protograph "copy and permute" operation.

THEOREM 3.1. LetT" be an (n, k,0,1)-Deza digraph with adjacency matriz
A, where n > 2k, and let C be the [n, k', d] binary LDPC code defined by A
as its parity-check matriz. Furthermore, let m be a positive integer and P a
permutation matriz of order m. Then A,, = A® P, where ® is the Kronecker
product, is an adjacency matriz of an (nm,k,0,1)-Deza digraph T, and the
binary code C,, with the parity-check matriz A, is an [nm,k'm,d] LDPC
code.

PRrOOF. The digraph T, is a regular digraph of valency k with nm ver-
tices. The matrix A,, is obtained from A by replacing every occurrence of one
with a permutation matrix P, and every zero element with a null-matrix of
order m. It can be easily seen that any two rows of A,, have either one or zero
common ones, i.e., any two vertices of I',;, have either one or zero common out-
neighbours. Furthermore, both zero and one appear as the number of common
out-neighbours for some vertices, and therefore, ', is an (nm, k, 0, 1)-Deza
digraph.

The dimension of C,, equals

nm — ranks(A,,) = nm — m - ranky(A) = mk’.

A minimal set of linearly dependent columns from A,, can only contain
columns from different blocks of columns of size m, but with the same in-
dices within the blocks and is, therefore, equal to the minimal number d of
linearly dependent columns of A. Consequently, the minimum distance of C,,
is equal to d. 0

Similarly, we can also use an adjacency matrix of an (n,k, 1,1)-Deza di-
graph, instead of an (n,k,0,1)-Deza digraph, and apply an analogous con-
struction. We again obtain an infinite family of larger Deza digraphs with
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b = 0 and ¢ = 1, and consequently an infinite family of LDPC codes with
corresponding Tanner graps of girth at least 6. The adjacency matrix of an
(n,k,1,1)-Deza digraph is an incidence matrix of a symmetric 2-(n, k, 1) de-
sign, i.e., of a projective plane PG(2,q), ¢ = p®, where p is prime and s a
positive integer. For ¢ = 2°, we can determine the parameters of the obtained
larger LDPC codes more precisely.

REMARK 3.2. Let A be an incidence matrix of the projective plane -
PG(2,q), where ¢ = 2°. Let C be the LDPC code defined by the parity check
matrix A. As stated in [12], the LDPC code C' is (¢ + 1,¢ + 1)-regular and
has parameters [n, k', d], where:

n=q¢4+q+1, K=n—-3—-1=¢*+¢—3°, d=q+2.

THEOREM 3.3. Let T be an (n, k,1,1)-Deza digraph with adjacency matriz
A which is an incidence matriz of the projective plane PG(2,q), q = 2°,
and let C' be the binary LDPC code defined by A as its parity-check matriz.
Furthermore, let m > 2 be a positive integer and P a permutation matriz
of order m. Then A,, = A® P, where ® is the Kronecker product, is an
adjacency matriz of a ((¢*+q+1)m, q+1,0,1)-Deza digraph Ty, and the binary
code Cy, with the parity-check matriz Ay, is a [(¢®*+q+1)m, (¢*+q—3%)m, ¢+2)]
LDPC code.

We omit the proof of Theorem 3.3, since it is analogous to the proof of
Theorem 3.1.

REMARK 3.4. We can make these constructions from (n, k,0,1) and (n, k, 1, 1)-
Deza digraphs even more general by putting different permutation matrices
of the same order on the positions of ones in the adjacency matrix A of a
Deza digraph. This generalization gives a greater diversity of parameters for
the obtained LDPC codes.

3.2. LDPC codes from the Cartesian product od Deza digraphs. In the sequel,
we describe how LDPC codes corresponding to (n, k,0, 1)-Deza digraphs can
be obtained by applying the Cartesian product of Deza digraphs that satisfy
certain conditions.

For two digraphs I'y and T'y, the Cartesian product, or the directed prod-
uct as it is called in [19], T’y x I's from I'; to I's is a digraph with the vertex
set VI'1 x VI'y and the arc set:

{((Ul,UQ), (U17U2)) ‘ (Ul =v1 A (UQ,’UQ) (S AFQ) V ((uhvl) c AF1 N ug = UQ)}.

REMARK 3.5. Let A; be the adjacency matrix of the digraph I'y, and As
the adjacency matrix of the digraph I's. Then an adjacency matrix A of the
Cartesian product I'y x I'y is given by:

A=A @1, + I, ® Ao,
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where ® is the Kronecker product of matrices, n; = |[VI'1| and ng = |[VT'3|. In
other words, the matrix A can be obtained by replacing every occurrence of
one in A; with the identity matrix of order ns, every main diagonal entry with
the matrix As, and every other zero element with the null-matrix of order ns.

A digraph is called asymmetric if it has at most one arc between a pair
of vertices, i.e. it does not contain oppositely oriented arcs between the same
vertices. This implies that there cannot be two ones on the symmetric po-
sitions in the adjacency matrix of an asymmetric digraph. The Cartesian
product T'y x 'y is asymmetric if and only if both I'; and I'y are asymmetric.

In the following theorem, we state the conditions under which the Carte-
sian product of Deza digraphs is a Deza digraph with parameters b = 0,c = 1.
In the proof, we use the result from [19, Theorem 3.6], which states that for
any two distinct vertices u = (ug,uz) and v = (v1,v2) from the Cartesian
product I'y x I'y of digraphs it holds: | N, ,|=

‘Nuz,vzla lf uy = v,

‘Nul’v1|, lf Ug = V2,

2, if 8(U1,U1) = a(vl,ul) = a(UQ,Uz) = a(UQ,UQ) = 1,

1, if O(u1,v1) = O(va,ue) =1 and A(vy,u1) # 1 or Auz,va) # 1,
1, if O(v1,u1) = O(ug,v2) =1 and I(ug,v1) # 1 or I(ve,us) # 1,
0 otherwise.

)

THEOREM 3.6. Let 'y be an (nq1, ki, b1, c1)-Deza digraph and let T'y be an
(na, k2, ba, c2)-Deza digraph, where (b1, c1), (b2, c2) € {(0,0),(0,1),(1,1)}, and
where at least one of the digraphs 'y, T's is asymmetric and both are non-empty
(i.e., k1, ko > 0). Additionaly, if (b1,c1) = (ba,c2) = (1,1), then suppose that
either T'y and Ty are both distinct from the (3,2,1,1)-Deza digraph, or one
of them is the (3,2,1,1)-Deza digraph and the other is an asymmetric Deza
digraph whose adjacency matrix contains two zeros on symmetric positions. It
follows that the Cartesian product ' =T'1 x 'y is an (nina, k1 + k2,0, 1)-Deza
digraph.

PRrROOF. It is easy to see that I'y x I's is a regular digraph of valency
k1 + ko with nino vertices. Since at least one of the digraphs I'y and I's
does not contain oppositely oriented arcs between the same vertices, the case
|Ny.w| = 2 is not possible, and therefore, | N, | € {0,1} for any two vertices
uw and v from I

When at least one of the pairs (b1,c1), (ba,c2) is equal to (0,1), it is
obvious that |V, , | takes both values, 0 and 1. We will show that for (b1, ¢;) =
(b2, c2) = (0,0) or (by,c1) = (b2, c2) = (1,1), |Ny,»| also takes both possible
values. Let A be an adjacency matrix of I'y x I'y given by A = 4; ® I,,, +
I, ® Az, whose block structure is described in Remark 3.5.

1. Suppose that (b1,c1) = (ba,c2) = (0,0). Then the scalar product
of any two rows of A from the same block of rows is equal to zero.



LDPC CODES FROM DEZA DIGRAPHS 9

Furthermore, the scalar product of any two rows from different blocks
of rows, that are on the same position within the blocks, is equal to
zero. Since ki, ko > 0, A contains a submatrix of the following form:

Ay oo T
M=| @
B - A,
where B is either the null-matrix or the identity matrix.

i) If Ay is asymmetric, then B must be the null-matrix. In that
case, let r be the row of A that corresponds to the first row of
M. Further, let s be the row of A that corresponds to the row
from the last block of rows in M, in which the part within the
block As starts with a one (such a row exists, since ko > 0).
Then the scalar product of the rows r and s is equal to one.

ii) If Ay is asymmetric, regardless of whether B is the identity
matrix or the null-matrix, we can again choose the same rows
r and s as in the previous case and obtain the scalar product
equal to one.

. Suppose that (b1,c1) = (ba,c2) = (1,1). Then the scalar product
of any two rows of A from the same block of rows is equal to one.
Furthermore, the scalar product of any two rows from different blocks
of rows, that are on the same position within the blocks, is equal to
one.

i) Assume that I'; and T'y are both distinct from the (3,2,1,1)-
Deza digraph. In that case, both A; and As contain at least one
element equal to zero outside the main diagonal in each of its
rows and columns. Then A contains a submatrix of the form:

Ay -+ O
M= | |,
B - A

where B is either the null-matrix or the identity matrix. Let B
be the null-matrix and let r be the row of A corresponding to
any row from the first block of rows of M. Further, let s be the
row of A corresponding to a row from the last block of rows of
M, such that r and s are on distinct positions within the blocks.
Then the scalar product of these two rows is equal to zero. Now,
suppose that B is the identity matrix. Let s be the row of A
that corresponds to the first row of the last block of rows of M.
Further, let r be the row of A that corresponds to the row from
the first block of rows in M, that is not the first row in this
block of rows, in which the part within the block As starts with
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a zero. Then the scalar product of the rows r and s is equal to
Zero.

ii) Assume that one of I'y, 'y is the (3,2, 1, 1)-Deza digraph and the
other is an asymmetric Deza digraph whose adjacency matrix
contains two zeros on symmetric positions.

If Ty is the (3,2,1,1)-Deza digraph, then all the off-diagonal
blocks of A are equal to the identity matrix, so A contains a
submatrix of the form:

Ay - T
M=|
I - A

Let (i,7) and (j,i), with ¢ # j, be the symmetric positions on
which As has elements equal to zero. Take r to be the row of
A that corresponds to the i-th row of the first block of rows of
M, and take s to be the row of A that corresponds to the j-th
row of the last block of rows of M. Then the scalar product of
r and s is zero.

Finally, suppose that I's is the (3,2, 1, 1)-Deza digraph and that
T'y is an asymmetric Deza digraph whose adjacency matrix con-

tains two zeros on symmetric positions. In this case A contains
a submatrix of the form:

Ay - 0
M = : .o
0 - A
The scalar product of the row r of A that corresponds to any
row from the first block of rows in M and the row s of A that
corresponds to any row from the last block of rows in M, such

that r and s are on distinct positions within the blocks of rows,
is then equal to zero.

0

REMARK 3.7. Note that the only asymmetric (n,k,1,1)-Deza digraph
whose adjacency matrix does not contain two zeros in symmetric positions is
the asymmetric (7,3, 1, 1)-Deza digraph, i.e, its adjacency matrix is an asym-
metric incidence matrix of a symmetric 2-(7,3,1) design. For an asymmetric
(n, k,1,1)-Deza digraph whose adjacency matrix does not contain two zeros in
symmetric positions, the equality n = 2k + 1 must hold. Using the necessary
condition k(k — 1) = A(n — 1) for the existence of a symmetric block design,
it is easy to prove the fact mentioned above.
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THEOREM 3.8. Let A be the adjacency matriz of the Cartesian product
I'y x 'y, where 'y and 'y are Deza digraphs that satisfy the conditions of
Theorem 3.6, such that ning > 2(k1 +ke). Then the binary code C defined by
the parity-check matriz A is a (k1 + k2, k1 + k2)-regular LDPC code of length
ning. The dimension of the code C' is at most niny — max{ne, k1 + ko} and
the minimum distance is at least k1 + ko + 1. Furthermore, the Tanner graph
of the code C corresponding to A has girth at least siz.

PRrROOF. The result follows from Theorem 3.6, Remark 3.5, Lemma 2.5
and Corollary 2.6. ]

REMARK 3.9. As a special case of the previous theorem we can take
' =T's. Let A; be an adjacency matrix of an asymmetric (n, k, 0, 1)-Deza
digraph I';, where n > 2k, so that the code C; defined by A; as parity-
check matrix is an LDPC code. Then for arbitrary nonnegative integer m,
the Cartesian product I' = x,,I'y is an (n™, km,0,1)-Deza digraph whose
adjacency matrix A defines a parity-check matrix of a (km, km)-regular LDPC
code of length n™.

3.3. LDPC codes from distance-regular graphs. In [20], Wang and Li describe
several constructions of Deza digraphs from incidence structures associated
with distance regular graphs. The cases in which they produce (n,k,0,1)-
Deza digraphs can be used to obtain LDPC codes.

DEFINITION 3.10. A connected graph A = (X, R) with diameter d is a
distance-regular graph (DRG for short) if for all integers h,i,j5 € {0,1,...,d},
and for all z,y € X such that O(z,y) = h, the number

ply =1{z € X |0(x,2) =1, 0(,y) = j}

is independent of the choice of x and y. The numbers pfﬁj are the intersection
numbers of the DRG A. We will denote ¢; = p;;l’l, for1<i<d.

As an immediate consequence of [20, Theorem 4.1.], for co =1 and d > 4
we obtain the following result.

THEOREM 3.11. Let A be a bipartite DRG with a bipartition X1U Xs with
2n wvertices and with diameter d > 4 and valency k, for which co = 1. Let
A be the incidence matriz with zero main diagonal entries of the incidence

structure (X1, X3), defined by
x € X1 is incident with y € Xo if and only if d(x,y) = 1.

Then the digraph I' with the adjacency matriz A is an (n, k,0,1)-Deza digraph,
and for n > 2k the binary code with the parity-check matriz A is a (k,k)-
reqular LDPC' code of length n. The dimension of the code C is at most
n — k and the minimum distance is at least k + 1. Furthermore, the Tanner
graph of the code C has girth at least siz.
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The second construction of Deza digraphs from distance regular graphs by
Wang and Li, which uses maximal cliques, directly gives (n, k,0,1)-Deza di-
graphs and is described in [20, Theorem 4.2.]. The constructed Deza digraphs
from this construction can also be used to obtain LDPC codes.

3.4. LDPC codes from divisible design digraphs. As noted in [1], a divisible
design digraph with parameters (v, k, A1, A2, m,n) is a directed (v, k, A1, A2)-
Deza graph of type II, i.e., a normal (v, k, A1, A2)-Deza digraph in the sense
of our definition.

In [2, Theorem 2.17], the authors have proven the existence of divisible
design digraphs with parameters (n? — 1,n,0,1,n + 1,n — 1), for each n an
odd prime power. The digraphs in question were constructed from certain
skew balanced generalized weighing (BGW) matrices. As an immediate con-
sequence, we obtain the following result.

THEOREM 3.12. Let n be an odd prime power. Then there exists a normal
(n? —1,n,0,1)-Deza digraph, and therefore there also exists an (n,n)-regular
LDPC code of length n® — 1, dimension at most n®> —n — 1 and minimum
distance at least n + 1, whose corresponding Tanner graph has girth at least

6.

3.5. LDPC codes from Cayley digraphs. In the sequel, we consider the (n, k, 0, 1)-
Deza digraphs that are constructed from Cayley digraphs.

DEFINITION 3.13. Let G be a group, and let S be a subset of G such that
the identity element e of G is not in S. The Cayley digraph Cay(G,S) is a
directed graph with the vertex set G and the set of arcs {(g,9s) | g € G,s € S}.

REMARK 3.14. Let Z[G] be the set of all formal sums of elements of the
group G with coefficients from the set Z. For any subset S of G, we will
denote by S the sum of all elements of S in the group ring Z[G].

In [19, Theorem 2.2|, the authors provided the necessary and sufficient
condition for a Cayley digraph to be a Deza digraph. The question we
have raised in this work is whether there exists a Cayley digraph that is
an (n,k,0,1)-Deza digraph. The results we have obtained are summarized in
the following theorem.

THEOREM 3.15. Let G be a group with identity element e, such that |G| =
n. Letk > 2 and let S = {a,...,ar} be a k-subset of G that does not contain
e. The Cayley digraph Cay(G,S) is an (n,k,0,1)-Deza digraph if and only if
for
C ={aia;" 4,5 €{1,2,...,k},i # j},
it holds that |C| = k(k — 1), where e + B+ C = G, for a nonempty subset B
of G.
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PROOF. Let S~' = {a;"',...,a; '} be the set of inverses of the elements
of S. Now it follows

S-S T=(ay+ - +ag)a;" +---+a;")
=ke+ai(ay' + - +a;")+ta(a; a3t ++a;)+ -
+ aplal"+ -+ apty).
For any two vertices u and v of I' = Cay(G, S), |Ny,| is equal to the

coefficient of v=1u in S+ S—1. The proof now follows from [19, Theorem 2.2|.

0

REMARK 3.16. The sets B, C' and {e} from Theorem 3.15 form a partition
of G.

REMARK 3.17. Suppose that there exists a Cayley digraph Cay(G,S)

that is an (n, k,0, 1)-Deza digraph. According to Theorem 3.15, the inequal-
ity |G| > k(k — 1) + 2 holds.
If |C| = k(k—1) and B is the empty set, i.e., |G| = k(k—1)+1, then the corre-
sponding Cayley digraph is an (n, k, 1, 1)-Deza digraph. Its adjacency matrix
is an incidence matrix of a symmetric 2-(n, k, 1) design, i.e., of a projective
plane.

COROLLARY 3.18. Let I’ be a Cayley digraph that is an (n,k,0,1)-Deza
digraph, where n > 2k, and let A be an adjacency matriz of I'. Let C be an
LDPC code C defined by A as its parity-check matriz. Then C is a (k,k)-
reqular LDPC' code of length n. The dimension of the code C' is at most n—k
and the minimum distance is at least k + 1. Furthermore, the Tanner graph
of the code C defined by the parity-check matriz A has girth at least six.

REMARK 3.19. If G is a cyclic group, then the Cayley digraph I' =
Cay(G, S) is circulant, i.e., the vertices of I" can be ordered so that its adja-
cency matrix is a circulant matrix.

PRrOPOSITION 3.20. Let G be a cyclic group with identity element e and
let S be a k-subset of G that does not contain e. Let I' = Cay(G,S) be a
Cayley digraph that is an (n, k,0,1)-Deza digraph, where n > 2k, and let A be
an adjacency matrix of I'. Then the LDPC' code C' defined by the parity-check
matriz A is a cyclic code. If A is a circulant matriz and if m is the largest
number of consecutive zeros within a row of A cyclically, then the dimension
of C is at most n —m — 1.

PROOF. As a consequence of Remark 3.19, C is a cyclic code. If m is
the largest number of consecutive zeros within a row of A cyclically and A
is circulant, then any m + 1 consecutive rows of A cyclically are linearly
independent. The 2-rank of A is therefore at least m + 1, so the dimension of
the code C' is at most n —m — 1. 0
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REMARK 3.21. Let GG be a cyclic group of order n with generator o and
identity element e and let S = {a1,...,ar} be a k-subset of G that does not
contain e. Let a; = o% for j € {1,2,...,k}, where 1 < i; < iy < ... <
ir < n — 1. Furthermore, let I' = Cay(G, S) be a Cayley digraph that is
an (n,k,0,1)-Deza digraph, where n > 2k, with an adjacency matrix A and
let C' be the LDPC code defined by A as its parity-check matrix. Then the
dimension of the code C' is at most n — m — 1, where

m:maX{ig*le71,i37i271,.”,l’k7ik,1*1,77,7%']94»1'171}.

In other words, m is the maximum number of consecutive zeros cyclically, in
the binary vector of length n that has ones exactly on the positions i, for

je{l,... k).

We have constructed Cayley digraphs of cyclic groups that are (n, k,0, 1)-
Deza digraphs for k£ € {2,3,4,5}, up to certain values of n in each case.
Information about the non-trivial LDPC codes, that are non-isomorphic to
repetition codes, whose parity-check matrices are adjacency matrices of these
graphs, is presented in Tables 1 - 4. Trivial codes and repetition codes also ap-
pear, but they are excluded from the tables. Up to isomorphism, there exists
exactly one code with each of the given parameters, for fixed values of n and k.
Moreover, we have checked whether the codes with the same parameters corre-
sponding to different values of k are isomorphic. The results we obtained show
that LDPC codes with the same parameters, but listed in different tables, are
isomorphic in all cases except for the [24,4,8] LDPC codes constructed from
Cay(Z24,{1,3,17}) and Cay(Za4, {1,2,4,17}), and [30, 8, 8] LDPC codes con-
structed from Cay(Zs0,{1,3,9}) and Cay(Zso,{1,2,9,13,15}).

Some of the constructed codes, marked with *, achieve an upper bound for
the minimum distance, for the given length and dimension, and are therefore
optimal (see [8]). The codes marked with ** are near-optimal codes, i.e., their
minimum distance is one less than the upper bound. All constructed codes
are cyclic.

4. CONCLUSION

In this paper, we give a construction of LDPC codes using Deza digraphs
with parameters (n, k,0, 1). By taking an adjacency matrix of a Deza digraph
with parameters (n,k,0,1), where n > 2k, as a parity-check matrix of an
LDPC code, the corresponding Tanner graph does not contain cycles of length
4. Using the constructions described in the paper, infinite families of LDPC
codes with various parameters can be obtained. Moreover, we have shown that
we can obtain optimal and near-optimal LDPC codes from Deza digraphs.
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TABLE 1. Parameters of the non-trivial LDPC codes, other
than repetition codes, constructed from the cyclic Cayley di-
graphs that are (n, 2,0, 1)-Deza digraphs, n < 20

Parameters of Deza digraphs Cayley digraph LDPC Girth

(6,2,0,1) Cay(Zg, {1,3}) [6,2,3]** 6
(8,2,0,1) Cay(Zs,{1,3}) [8,2,4]** 8
(9,2,0,1) Cay(Zo,{1,4}) 19,3,3]** 6
(10,2,0,1) Cay(Z10,{1,3}) [10,2,5]** 10
(12,2,0,1) Cay(Zi2,{1,3}) [12,2,6] 12
Cay(Z12,{1,4}) [12,3,4] 8
Cay(Zi12,{1,5}) [12,4,3] 6
(14,2,0,1) Cay(Z14,{1,3}) [14,2,7] 14
(15,2,0,1) Cay(Zys,{1,4}) [15,3,5] 10
Cay(Zy5,{1,6}) [15,5,3] 6
(16,2,0,1) Cay(Zis,{1,3}) [16,2,8] 16
Cay(Zys,{1,5}) [16,4,4] 8
(18,2,0,1) Cay(Zis,{1,3}) [18,2,9] 18
Cay(Zis, {1,4}) [18,3,6] 12
Cay(Zis,{1,7}) [18,6,3] 6

(20,2,0,1) Cay(Zap,{1,3}) [20,2,10] 20
Cay(Zg(), {1, 5}) [2074,5] 10
Cay(Z20,{1,6}) [20,54] 8

and by the European Union - NextGenerationEU, project number uniri-iz-25-
46-KonGeoGraGru.
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TABLE 4. Parameters of the non-trivial LDPC codes, other
than repetition codes, constructed from the cyclic Cayley di-

graphs that are (n,5,0,1)-Deza digraphs, n < 40

Parameters of Deza digraphs Cayley digraph LDPC Girth
(24,5,0,1) Cay(Z94,{1,2,4,10,21}) [24,2,16]* 6
(27,5,0,1) Cay(Z27,{1,2,5,18,20}) [27,2,18]* 6
(28,5,0,1) Cay(Zss, {1,2,4,14,21}) [28,3,16]* 6
(30,5,0,1) Cay(Zs0,{1,2,4,10,15}) [30,2,20]* 6
Cay(Zso,{1,2,5,14,21}) [30,4,10] 6
Cay(Z30,{1,2,7,10,20}) [30,4,16]* 6
Cay(Zs0,{1,2,9,13,15}) [30,8,8] 6
(31,5,0,1) Cay(Zs31,{1,2,4,9,20}) [31,5,16]* 6
Cay(Zs31,{1,2,4,8,16})  [31,15,6] 6
(33,5,0,1) Cay(Zs3,{1,2,4,10,21}) [33,2,22]* 6
(35,5,0,1) Cay(Zss5,{1,2,4,10,17}) [35,3,20]* 6
Cay(Zs5,{1,2,4,18,30}) [35,4,14] 6
(36,5,0,1) Cay(Zss,{1,2,4,10,15}) [36,2,24]* 6
Cay(Zs6,{1,2,4,13,18}) [36,4,12] 6
Cay(Zss, {1,2,4,16,29}) [36,6,8] 6
Cay(Zs6,{1,2,4,18,31}) [36,6,12] 6
(39,5,0,1) Cay(Zs9,{1,2,4,9,31})  [39,2,26]* 6
Cay(Zsy,{1,2,7,30,32}) [39,12,12] 6
(40,5,0,1) Cay(Z40,{1,2,4,8,20}) [40,4,16] 6
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