Flasnik 2es
Matematicki

SERIJA III

www.math.hr/glasnik

Yangcheng Li and Yong Zhang

On the Diophantine system involving pairs of triangles with the
same area and the same perimeter

Manuscript accepted
July 15, 2026.

This is a preliminary PDF of the author-produced manuscript that has
been peer-reviewed and accepted for publication. It has not been
copyedited, proofread, or finalized by Glasnik Production staff.



ON THE DIOPHANTINE SYSTEM INVOLVING PAIRS OF
TRIANGLES WITH THE SAME AREA AND THE SAME
PERIMETER

YANGCHENG LI AND YONG ZHANG

South China Normal University and Changsha University of Science and
Technology, People’s Republic of China

ABSTRACT. Many authors studied the problem that rational trian-
gle pairs (triangle-parallelogram pairs) with the same area and the same
perimeter. In this paper, we give a unified description of this problem by
using the affine transformation in a rectangular coordinate system. Ac-
cording to the fact that two triangles with the same area and the same
perimeter determine an affine transformation, this problem can be reduced
to solving a specific Diophantine system. Moreover, we will give some
rational parameter solutions to this Diophantine system.

1. INTRODUCTION

A rational (Heron) triangle is a triangle with rational (integral) sides and
rational (integral) area. Many authors studied two or more triangles with
the same area and the same perimeter. Prielipp [23] proved that there are
no two such distinct right triangles, Bradley [1] (also see [26]) showed that
there are no three such isosceles triangles, Hirakawa and Matsumura [12]
obtained a unique pair of right triangle-isosceles triangle, Choudhry [5] (also
see [2, 15, 21]) investigated two or more distinct Heron (rational) triangles,
Juyal and Moody [14] studied Heron triangle and right triangle pairs. More
results can be found in [6, 20, 25].
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For triangle and quadrilateral pairs, Guy [11] proved that there is no
non-degenerate such integral right triangle-rectangle pair. Several authors
studied other cases, such as Zhang [27] (integral right triangle-parallelogram
and Heron triangle-parallelogram pairs), Lalin and Ma [16] (6-triangle-w-
parallelogram pairs). For more results, we can refer to [3, 4, 8, 28, 29, 30, 31].

Suppose the areas of two polygons are A;, Ay, and the perimeters are
Py, P, respectively. We say that the areas and perimeters of these two poly-
gons are in fixed proportions (a, §) respectively, if they satisfy the following
relationship

Ay = aAy, Py=pP,

where o and S are positive rational numbers. When o = 8 = 1, it corresponds
to two polygons with the same area and the same perimeter.

Li and Zhang [17, 18, 19] obtained infinitely many pairs of rational trian-
gles (pairs of cyclic quadrilaterals, pairs of triangles and some special quadri-
laterals) with areas and perimeters in fixed proportions («a, 3) respectively.

In this paper, we use affine transformations to uniformly describe the
problem of two rational triangles having the same area and the same perime-
ter. In this process, we can not only get all the existing results but also obtain
more rational solutions.

The structure of this paper is as follows. In Section 2, we introduce
several equivalence relations and discuss some of their simple properties. In
Section 3, we focus on the weak metric equivalence relation and obtain the
set VLa(Q) to describe the affine transformation between two weakly metric
equivalent rational triangles. In Section 4, the set V Lo(Q) is used to uniformly
describe the existing conclusions that two rational triangles are weakly metric
equivalent, and to get more such pairs. In Section 5, the affine transformation
is also used for describing the problem that triangle and parallelogram pairs
having the same area and the same perimeter. In Section 6, we consider the
rational triangle pairs or rational triangle-parallelogram pairs with areas and
perimeters in fixed proportions («, 3), respectively, where « and /3 are positive
rational numbers.

2. SOME EQUIVALENCE RELATIONS

The purpose of this paper is to study the problem of two rational triangles
with the same area and the same perimeter by using affine transformations.

On an affine plane, the affine transformation is a one-to-one, onto function
which preserve parallelism. All affine transformations form a transformation
group G 4. In this paper, the affine transformation is confined to a rectangular
coordinate system. Let f be an affine transformation and P be a point with
coordinates (x,y). Suppose that the point P becomes f(P) with coordinates
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(2',y"). We have the following transformation formula:

2.1) &’ = anr + apy + b,

. Y = a1 + axny + by.

Let T be a triangle and f(T') be the image of T. Let A and A’ be the areas
of T and f(T) respectively, then we have A’ = | det(My)|A, where M is the
transformation matrix of f, i.e.,

Mf: a11 a2
a21 a2

We first introduce several equivalent relations, which enable us to relate
this problem to number theory, algebra, geometry, and topology.

Affine equivalence relation: For any two rational triangles T7 and Tb, if
there exists an affine transformation f such that f(71) = T3, then we say that
T, and T5 are affine equivalent and denote it as T} ~, T5.

Metric equivalence relation: For any two rational triangles T7 and 75, if
there exists an isometric transformation f such that f(77) = T5, then T} and
T5 are metric equivalent, denoted as T} ~,,, Ts, or simply denoted as T} = T5.

Area-preserving equivalence relation: Two rational triangles T7 and T are
area-preserving equivalent if the areas of T and Ty are the same, denoted as
Ty ~a Ts.

Perimeter-preserving equivalence relation: Two rational triangles T7 and
Ty are perimeter-preserving equivalent if the perimeters of 77 and 75 are the
same, denoted as T7 ~p T5.

Weakly metric equivalence relation: Two rational triangles 77 and T5 are
weakly metric equivalent if they have the same area and the same perimeter,
denoted as Ty ~,, Ts, or simply denoted as Ty ~ T5.

Similarity equivalence relation: Two rational triangles 77 and 75 are sim-
ilarity equivalent if they are similar, denoted as T} ~4 T5.

Let us point out some simple properties of these equivalence relations.

(1) An affine transformation is uniquely determined by the images of three
ordered non-collinear vertices; therefore, any two non-degenerate triangles are
affine equivalent.

(2) If two triangles Ty and T are metric equivalent, then they are con-
gruent, and vice versa. The transformation between T} and T3 is an isometric
transformation. It should be noted that isometric transformations only in-
clude translation, rotation and reflection. All isometric transformations form
a group, denoted as G, which is a subgroup of the affine transformation
group G4.

(3) In order to make the areas of triangles 77 and T5 the same, we only
need to make the determinant of the matrix corresponding to the affine trans-
formation between T7 and Ts equal to +1. Obviously, all such transformations
also form a group, denoted as G,. Moreover, Gy < G, < G4 holds.
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In order to discuss other equivalence relations, we first consider the cor-
respondence between sets, group actions, and equivalence relations from a
general perspective.

We know that a group action can naturally induce an equivalence relation.
Conversely, given an equivalence relation on a set X, we can also find a group
G such that the group action of G on X just induces this given equivalence
relation.

Let X be a non-empty set, and Sx be the transformation group on set
X. ~ is any equivalence relation on X. X/ ~ is the corresponding quotient
set. For the convenience of description, we introduce a mapping

p: X/ ~— S,

where S is a certain sufficiently large set, and ¢ is injective. Let 7 be the
natural mapping from X to X/ ~. A mapping ¢ can be induced by the
mapping ¢, that is, 9 = ¢ o 7. The mapping ¢ has a simple property:
v,y € X, po(x) = ¢o(y) &z ~y.

THEOREM 2.1. The set
G ={g9€Sx | Ve X, po(gr) = po(z)}

is a group, and the equivalence relation induced by the action of group G on
X is exactly the given equivalence relation.

PrOOF. The condition for constructing the set G is equivalent to that
for any x € D (where D is any equivalence class of X), and for any g € Sx,
if gr € D, then g € G. Now we prove that the set G forms a group. First,
for any z € D, the identity transformation e is in GG because ex = x € D.
Let g1,92 € G. For any « € X, we have po(g2g12) = po(g12) = po(z), so
g2g1 € G. Also, suppose g € G. Since gr € D, there exists y € D such that
gr =y. Then g7'y = g7lgx = 2 € D, so g~ € G. Therefore, the set G
forms a group. 0

3. WEAK METRIC EQUIVALENCE RELATION AND THE SET V Ly(Q)

The focus of our next research is weak metric equivalence relation. For
a rational triangle T, we wish to find an affine transformation f such that
f(T) is weakly equivalent to T, i.e., f(T') ~ T. Let Vi,V2 and V5 be the
three vertices of the rational triangle 7. Since an isometric transformation
maps a rational triangle T' to a congruent rational triangle, we can adjust
the position and orientation of T in the plane via translation, rotation and
reflection. Hence we impose the following constraints on 7" and f(7).

In a rectangular coordinate system, we put the rational triangle 7" in the
first quadrant. The vertex V; is at the origin of the coordinate system, the
vertex V3 is on the positive z-axis and the vertex V3 is above the z-axis (see
Figure 1). Let f(V4), f(V2) and f(V3) be the three vertices of the rational
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triangle f(T). We can make f(V}) coincide with V7, that is still at the origin.
f(V3) is on the positive z-axis and f(V3) is above the z-axis.

Y

f(Va)

Vs

f(V1)
oW f(Va) Va

> T

FIGURE 1. Rational triangles 7" and f(7T').

In other words, the rational triangles to be discussed are confined to the
following set

T: {T ‘ ‘/1 = (050)5‘/2 = (7"0)7‘/;3 = (S,t),’l" S R*,S S RZOvt S R*}7
where R* = {z € R | > 0} and R>9 = {x € R | > 0}. We first prove

THEOREM 3.1. If V3 = (0,0),V2 = (r,0) and V3 = (s,t) are the three
vertices of the rational triangle T, then r,s,t are rational numbers.

PROOF. Since T is a rational triangle, the side length |V V5] is a positive
rational number, therefore, » = |V1V4| is a positive rational number. Since
the area A = %rt of the rational triangle T' is a positive rational number,
therefore ¢ = % is also a positive rational number. Let us denote wy = |V4 V3|
and wg = |V2V3|. Then we have

2412 = w%
(s —7)? +t* = ws.
Subtracting the two equations yields
r? +w? — w2
2r '
Thus, s is a rational number. 0

S =

According to Theorem 3.1, we can describe the set ¥ more precisely as
T={T | V1 =(0,0),Vo = (r,0),Vz = (s,t),7 € Q*,s € Qx¢,t € Q"},

where Q* = {z € Q | z > 0} and Q>0 = {z € Q | # > 0}. Therefore, the
set T is a countable set. We first consider the partition of ¥ generated by the
equivalence relation.
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(1) Since any two rational triangles are affine equivalent, therefore ¥ has
only one affine equivalence class, that is, ¥ = [T], for all T € ¥, and any
rational triangle can be a representative element.

(2) In any metric equivalence class in set ¥, there are only finitely many
elements. Specifically, the cardinality of [T],, is at most 12, that is, |[T],,| <
12. In fact, a triangle has only three vertices. It is required that one of them is
at the origin (there are three selection methods), another one is on the z-axis
(there are two selection methods), and the last one is in the first quadrant
(there are two choices because of symmetry). Therefore, for any T € T, we
have |[T]m] < 12.

(3) The following lemma shows that for any positive rational number n,
there exists an area-preserving equivalence class in which the area of a rational
triangle T is n, and |[T] 4] = oco.

LEMMA 3.2. [10] Fiz a positive integer n. There are infinitely many
rational triangles with area n.

(4) For perimeter, we can ask the following question:

QUESTION 3.3. Given Py € Q*, does there exist a rational triangle T' such
that the perimeter of the rational triangle T is exactly Py?

Question 3.3 is easily solved: for any Py € Q*, take the parameter k =

P,
2m(m0+ in the right triangle (k(m? — 1), 2km, k(m? + 1)), where m > 1.
(5) For weak metric equivalence, we can also ask the following question:
QUESTION 3.4. Given Ag, Py € Q*, does there exist a rational triangle
T such that the area and perimeter of the rational triangle T' are exactly Ag
and Py, respectively.

It is not difficult to find that to make f(7) € T, we only need by = b =
az1 = 0 in the transformation formula (2.1). In addition, to make the areas of
T and f(T) be the same, as long as the determinant det(My) of My is equal
to £1. The sign of the discriminant det(My) determines the orientation of
the rational triangle f(7"). Up to an isometry, we may always assume that
det(My) = 1. Therefore, My can be assumed to be in the following form

Loy
Mf_{(a) a}’

where a € Q*,b € Q. Thus, the transformation formula (2.1) becomes

Let




ON THE DIOPHANTINE SYSTEM INVOLVING PAIRS OF TRIANGLES 7

It is easy to check that the set ULo(Q) forms a group under the multiplication
of matrices. Let

U=A{f|M;eULy(Q)},
This is a subgroup of G,. Obviously, the natural action of U on ¥ is given by
the map
UxT—>%, (f,T)— f(T).
Suppose the area of T' € ¥ is Ap, then the orbit of T in ¥ is the set
v ={T" € T | the area of T" is Ar}.

But the group UL,(Q) is not the set that we need, because we cannot guar-
antee that T and f(T) have the same perimeter.
For any T € T, take the set

Up ={f [ f(T) ~T,f €U}, and UpL2(Q) = {My | f € Ur}.

1 0
0 1
UT1 LQ(@) n UT2L2 (@) for any Tl,Tg € %. Let

V= UUT.

Tex

Obviously, for any T € ¥, there is [ = { } € UrL2(Q). Moreover, I €

Correspondingly, let
VL (Q) ={My | f eV},

which is the set we will discuss next.
From the set V', we have

THEOREM 3.5. If Th ~ T,, then there is a f € Up, C V such that
f(1) =Ty.

PRroOOF. This is obvious because any two rational triangles are affine
equivalent. More specifically, suppose the vertices of the rational triangle T}

are (0,0), (r,0), (s t), and those of T3 are (0,0), (R,0),(S,T). Then we can
take a = § = ? and b = Sii, and the corresponding affine transformation
f satisfies f(T1) = T». O

The set V' L>(Q) is not empty, because I = [(1) (1)

} € VIL3(Q). Obviously,

for any rational triangle T', f1(T) =T.

For any f € V, there is a rational triangle T" such that f(T) ~ T. Obvi-
ously, f~1(f(T)) = T is weakly metric equivalent to f(T). Therefore, for any
feUr, f_l € Uf(T) cV.

However, the set V Ly(Q) may not form a group, because it is not clear
whether the composition of weak metric affine transformation is closed. Tak-
ing any f,g € V such that f(T1) ~ T1 and ¢g(T5) ~ T3. The question
is whether we can find a rational triangle 7' such that g(f(T)) ~ T or
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f(g(T)) ~ T. If there is a positive answer to this question, the set V L2(Q)
can form a group.

Taking any f € V, there is a rational triangle 7" such that f(T") ~ T.
Assuming that rational triangle 7" is similar to T, then f(7") ~ T".

For the set V L3(Q) or V, we have the following two basic questions:

(1) Given a rational triangle T, is there a f € V| f # I, such that f(T) ~
T? In other words, in the set Ur, besides the element I, are there any other
elements?

(2) Given any f € V,f # I, such that f(T) ~ T, is there a rational
triangle 7" € ¥ that is not similar to T such that f(T") ~ 7’7 That is, for
two different and non-similar 77 and 75, in the intersection of the sets Up,
and Urp,, besides the element I, are there any other elements?

To solve question (1), we give the following two lemmas:

LEMMA 3.6. [5] Given any scalene rational triangle Ty, whose sides do
not, in any order, satisfy the Diophantine equation
3.1) zt — xgy — 2324+ 3x2yz — J:y3 + Snyz
' — 6xyz? + 3x2° + y4 — 232 + 3y — 24 = 0,
there exists a second rational triangle Ts such that Ty ~ Ts.

The result of Lemma 3.6 [5] explicitly constructs the three sides of T3 from
the three sides of triangle T7, and proves that 77 and T, are not congruent.
However, the explicit expressions are too complex to be presented here.

LEMMA 3.7. [5] Given any scalene rational triangle Th, there exist infin-
itely many rational triangles that are weakly metric equivalent to T;.

Lemma 3.6 requires that the three sides of the scalene triangle 77 do not,
in any order, satisfy Eq. (3.1). In fact, this condition can be removed. We
first present the following lemma.

LEMMA 3.8. ([7],[22, Theorem 5.3 (b)]) Let C be a curve of genus g > 2
over Q, and J be its Jacobian variety. Let p be a prime number. Suppose that
the rank of J(Q) is smaller than g, and p > 2g. Then, we have

#C(Q) < #C(Fp) + (29 - 2),

where #C(Q) denotes the number of rational points of C over Q, and #C(F,)
denotes the number of rational points of C' over IF,.

REMARK 3.9. In the same paper, Choudhry [5] gives all the rational
solutions of Eq. (3.1) as follows:
x =p(m + n)(2m> + m?n + 2mn? — n?),
(3.2) y =p(m —n)(2m>® — m*n + 2mn? + n?),
2z =2p(m? + 3n*)m?,
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where m, n and p are all rational numbers. In fact, with at most one exception,
the triangle given by (3.2) is not a rational triangle. To illustrate this point, we
only need to show that the area of such a triangle is not a rational number.
Since (3.2) is homogeneous, we can let p = n = 1. According to Heron’s
formula, the square of the area of such a triangle is

(m? +1)(3m* + 6m? — 1)(m — 1)*(m + 1)*m?, m > 1.

Therefore, we need (m? + 1)(3m* + 6m? — 1) to be a perfect square, say w?.
This is a hyperelliptic curve

Co: w? = (m? +1)(3m* + 6m? — 1).

This is a curve of genus 2. By the package of Magma, the Mordell-Weil rank
of the Jacobian variety of Cy over QQ is at most 1. Here are the inputs and
outputs:

> _<m>:=PolynomialRing(Rationals());

> C:=HyperellipticCurve((m~2 + 1)*(3*m"4 + 6*m~2 - 1));

> ptsC:=RationalPoints(C:Bound:=1000000) ;

> ptsC;

{e (-1 :-4:1), (-1 :4:1), 1 :-4:1), (1 :4:1) @}
> J:=Jacobian(C);

> RankBound(J) ;

1

We check that Cyp has good reduction at 7 and #Co(F7) = 4. Therefore, by
applying Lemma 3.8, we obtain that #Co(Q) < 6. Excluding the four points
(1, £4), the curve Cy contains at most two more rational points (which may
not exist at all). If they exist, one satisfies m > 0 and the other satisfies
m < 0. Obviously, (£1,+4) are degenerate points. Therefore, with at most
one exception, Lemma 3.6 holds for any scalene rational triangle.

Lemma 3.6 gives a positive answer to question (1), and Lemma 3.7 shows
that there can be an infinite number of such f € Ur. By Lemma 3.7, we give
the concept of weak similarity of affine transformation.

DEFINITION 3.10. Let f,g € V, if there is a rational triangle T and
h €V such that f(T) = h(g(T')), then f and g are weakly similar, we write
itas f~g.

THEOREM 3.11. For anyT € %, if f € Ur and g € Ur, then f and g are
weakly similar. The converse also holds.

ProoOF. Since f(T) ~ T and g(T) ~ T, then f(T) ~ g(T). By Theorem
3.5, there exists h € Uyy C V such that f(T) = h(g(T)). The converse also
holds. 0
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For question (2), it is easy to see that f(T') ~ T for any rational triangle
T when f = f;. For a general f € V, there should be f(T') ~ T only for some
specific rational triangles T'. Therefore, we have the following conjecture:

CONJECTURE 3.12. If f € V. f # f1, there are only a finite number of
dissimilar rational triangles T € T such that f(T) ~ T. In other words, for
two different and non-similar Th and Ts, the set Up, NUr, is a finite set.

It is not clear whether the set V is closed under the composition of weakly
metric affine transformation. However, in some special cases, this is possible.
By lemma 3.7, we can get a sequence of rational triangles {T},},n > 1, in which
any two rational triangles are weakly metric equivalent. By Theorem 3.5, we
can use {7}, } to construct a sequence { f,} such that f;(T;) = T;41,i > 1. We
have the following theorem:

TuEOREM 3.13. If f1,--+, fu € {fu}, k 2 1, then fi--- fi € V. Gener-
ally, fr---fi€V, k>i>1.

We have a certain grasp of the properties of the set VL2(Q), but the
conditions satisfied by a and b are not specific. Next, we show that the values
of a and b are determined by a Diophantine system.

For a rational triangle T' € ¥, the coordinates of the three vertices of T'
are

Vi = (an)a Vo= (T70)7 Vs = (Sat)a
where r € Q*, s € Q>0,t € Q*. Thus, the sides of the rational triangle T" are

ViVa| =1, [ViVa| = V/s2 + 12, [VaVs| = /(s — r)* + £2.

Since the sides of rational triangle 7" are rationals, we thus have
s+t =0, (sfr)2+t2 =0, re Qs € Qxp,t € Q™.
By the transformation f, the coordinates of the three vertices of f(T') are
r s
FA) = (0.0), f(V2) = (£,0), f(Va) = (© +bt.at).

Then, the sides of the rational triangle f(7T') are

FOAFVR)] = =, 1F(0A)F(Va)| = \/ (2 +0) +(a®

r
a

[f(V2) f(Vs)| = \/(S 7 +bt> + (at)2.

a

To ensure that the sides of f(T') are rational, we have

s 2 2 _ s—r ? 2 _
(a+bt> + (at) —EI,( . +bt> + (at)? = 0.
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Since T and f(T) are weakly metric equivalent, they have the same perimeter,
ie.,

r+\/m+\/m = Zﬂ/(z + bt)2 + (at)2+\/<s - ~+ bt>2 + (at)”.

Therefore, for any rational triangle T € ¥, its corresponding weakly metric
affine transformation f is completely characterized by the following Diophan-
tine system

(3.3)

where b € Q, s € Q>0, a,7,t, w1, ws,ws, wy € Q*.

THEOREM 3.14. For any pair of rational triangles Ty and T» that are
weakly metrically equivalent, there is at least one rational solution of Eq. (3.3)
corresponding to them.

PROOF. It is obvious from Theorem 3.5. O

Assume that r, s and ¢ satisfy the first two equations, then (a,b) = (1,0)
is a solution of Eq. (3.3). The corresponding affine transformation is fr.
Moreover, (a,b) = (1, ’”’tQS) is also a solution of Eq. (3.3). This corresponds
to reflecting the rational triangle T" about the line x = 3.

Suppose (a,b,r,s,t) is any solution of Eq. (3.3) and k is any positive
rational number, then (a,b, kr, ks, kt) is also a solution of Eq. (3.3), which
means that Eq. (3.3) is homogeneous with respect to r, s and ¢.

THEOREM 3.15. Assume that r,s,t satisfy the first two equations, and
that the corresponding rational triangle Ty is scalene. Then there are infinitely
many pairs (a,b) that satisfy Eq. (3.3).

PROOF. It can be obtained from Lemmas 3.6 and 3.7. 0

Let S be the solution set of Eq. (3.3). In particular, let S, ;¢ be the
solution set with respect to (a,b). Thus, the set V Ly(Q) can be expressed as

VLQ(Q) = {M | M e UL?(Q)7 (avb) € S(T‘,s,t)}a

which gives an accurate description of the set V Ly(Q).
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Now we discuss whether the composition of weakly metric affine transfor-
mations in the set V is closed according to the solution set S. The question
can be described as: Suppose (a1,b1,71, $1,t1) € S and (ag, by, 72, $2,t2) € 5,

if (a,b) = (alag, Z—i + agbl) or (a,b) = (alag, 2—12 + albg), does Eq. (3.3)
have a rational solution? If there is a positive answer to this question, the set

V L2(Q) can obviously form a group. Thus, we have the following question.

QUESTION 3.16. Does the set V Ly(Q) form a group?

4. CONCRETE WEAKLY METRIC AFFINE TRANSFORMATION

In this section, we will discuss two problems. One is using the set V L2 (Q)
to uniformly describe the existing results that two rational triangles with the
same area and the same perimeter. The other is applying the set V L2(Q) to
find more weakly metric equivalent rational triangles.

4.1. Existing results. We first give a unified description of the existing results,
focusing on the following four cases.

Case 4.1.1. T and f(T) are right triangles. This result was originally
obtained by Prielipp [23]; we provide a new proof here.

THEOREM 4.1. [23] There are no two distinct right triangles that are
weakly metric equivalent.

PROOF. After an isometric transformation, we can always align the two
legs of any right triangle exactly with the z-axis and y-axis, which gives s = 0.
Therefore, without loss of generality, we may assume that r = 2km, s = 0,t =
k(m? — 1),k > 0,m > 1. Then the coordinates of the three vertices of T" are

Vi = (0,0), Vo = (2km,0), V3 = (0,k(m? —1)).
The coordinates of the three vertices of f(T') are
f(1) = (0,0), f(Va) = (2]Zmo> , f(V3) = (bk(m? — 1), ak(m? — 1)).

Since f(T) is a right triangle, we can take b = 0, then w3 = ak(m? — 1). Eq.

(3.3) now becomes

4k>m?
a2

+ a?k*(m? — 1) = wi,

(4.1)
2k

2km(m +1) = Tm +ak(m? — 1) + wy.

Eliminating w4 in Eq. (4.1), we have
(a—1)((m? — 1)a — 2m) = 0.
Then a = 1 or a = —2™-. Obviously, when a = 1 or a = 22, f(T) and T

m2—1" m2—1’
are congruent. Therefore, there are no two distinct right triangles are weakly

metric equivalent, which is obtained by Prielipp [23]. 0
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Case 4.1.2. T and f(T) are isosceles triangles. This result was originally
obtained by Bradley [1] and Yiu [26]; we provide a new proof here.

THEOREM 4.2. [1, 26] There are no three isosceles triangles that are
weakly metric equivalent at the same time.

PROOF. After an isometric transformation, we can always align the base
of any isosceles triangle exactly with the z-axis, in which case s = 3.
Case 4.1.2.1. Take r = 4km,s = 2km,t = k(m? — 1),k > 0,m > 1, then
the coordinates of the three vertices of T" are
Vi = (0,0), Vo = (4km,0), V3 = (2km, k(m? —1)).
The coordinates of the three vertices of f(T') are

702) = 0.0), 5%) = (7,0)  £05) = (222 4 bioe? — 1), ak(m - ).

Since f(T) is an isosceles triangle, we can take b = 0, then ws = wy. Eq.
(3.3) now becomes

(4.2) m
2k(m + 1) = —— + 2wy.
a
Eliminating w4 in Eq. (4.2), we have
(a—1)((m —1)%a* + (m — 1)%a — 4m) = 0.
Then
1-mEvm?2+14m+1
2(m —1) '
When a =1, f = f7, this is a trivial case. Since a € Q*, then a has at most
one nontrivial positive rational solution, which leads to the fact that there are
no three isosceles triangles are weakly metric equivalent at the same time.
Case 4.1.2.2. Take r = 2k(m? — 1),5 = k(m? — 1),t = 2km, k > 0,m > 1,
then the coordinates of the three vertices of T" are
Vi =(0,0), Vo = (2k(m?* —1),0), Vz = (k(m? — 1), 2km).

The coordinates of the three vertices of f(T') are

f(V1) = (0,0), f(Va) = (Wo) , f(V3) = (Hmz_l) +2bkm,2akm> .

a=1lora=

Since f(T) is an isosceles triangle, we can take b = 0, then ws = wy. Eq.
(3.3) now becomes

k2(m? — 1)2
(4.3) a?
4km? =

+4a’k*m? = wi,
2k(m? — 1)
a

+ 2wy.
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Eliminating wy in Eq. (4.3), we have
(a—1)(a*+a— (m*—1))=0.

Then
—14++v4m?2 -3
5 .
Hence, a has at most one nontrivial positive rational solution, then there are

no three isosceles triangles are weakly metric equivalent at the same time, this
case was studied by Bradley [1] and Yiu [26]. O

a=1lora=

Case 4.1.3. T is a right triangle and f(T) is an isosceles triangle. This
result was obtained by Hirakawa and Matsumura [12, 13], and we present a
new proof here.

THEOREM 4.3. [12, 13] There exists only one pair of right triangle and
isosceles triangle that are weakly metric equivalent.

PROOF. After isometric transformation, we can always align the two legs
of right triangle T with the z-axis and y-axis, and place the base of isosceles
triangle f(T') on the z-axis.

Take r = 2km, s = 0,t = k(m? — 1),k > 0,m > 1. Then the coordinates
of the three vertices of T are

Vi = (0,0), Vo = (2km,0), Vz = (0,k(m? —1)).
The coordinates of the three vertices of f(7") are

2km

Vi) = (0.0), f(Va) = ( 70) (V) = (bk(m? — 1), ak(m® — 1))

Since f(T') is an isosceles triangle, we can take bk(m?—1) = 2 then w3 = wy.

Eq. (3.3) now becomes

k2m2
a2

+ad®k*(m? —1)? = w?,

(4.4)
2k

2km(m +1) = L
a

Eliminating w, in Eq. (4.4), we have

(4.5) (m 4+ 1)(m —1)%a® —m?*(m + 1)a + 2m?* = 0.
By the map
U— a(m—l)7 v _2(m2 —2m—1)7
m m(m +1)

we can transform Eq. (4.5) into the hyperelliptic curve

C:V2=U%—2U*+ 1203 + U? — 12U + 4.
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This is a curve of genus 2. By the package of Magma, the Mordell-Weil rank
of the Jacobian variety of C; over QQ is at most 1. Here are the inputs and
outputs:

> _<U>:=PolynomialRing(Rationals());

> C:=HyperellipticCurve(U"6 - 2*U~4 + 12+U"3 + U"2 - 124U + 4);
> ptsC:=RationalPoints(C:Bound:=1000) ;

> ptsC;

{1 :-1:0, :1:0,1:-2:1), (-1 :2:1),
0O:-2:1), 0:2:1, A:-2:1), @A:2:1),

(6 : =217 : 6), (5 : 217 : 6) @}

> J:=Jacobian(C);

> RankBound(J);

1

Finally, we check that C; has good reduction at 5 and #C; (F5) = 8. Therefore,
by applying Lemma 3.8, we obtain that #C;(Q) < 10. Hence, the only finite
rational points in C; are

5 217
(0,+2), (£1,+£2), <6,im>.

Obviously, (0,£2) and (+1,+2) are degenerate points. From the rational
points (%, :t%g), we obtain

(a,m) = 8 16 or (a,m) = 4 27
T \3 1 T \44’ 5 )
When k£ = 121 or k = % respectively, it corresponds to the unique pair of

right triangle and isosceles triangle obtained by Hirakawa and Matsumura
[12, 13], i.e., (135,352,377), (132, 366, 366). 0

Case 4.1.4. T and f(T) are rational triangles. We present a result origi-
nally obtained by Choudhry [5] and give a new proof herein.

THEOREM 4.4. [5] There exist infinitely many pairs of rational triangles
that are weakly metric equivalent.

PROOF. In this case, we only give the affine transformation corresponding
to a parameter solution obtained in [5]. The sides of T" and f(T) are given
respectively by

ar = (R*+1)(S*+ S+ 1),
by =S(S+1)(R*+5%+S+1),
c1=R*+(S2+S+1)?,
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and
as = (R 4+ 5%)(S% + S+ 1),
by = (S+1)(R*+ 5%+ S +1),
co = R*S? + (5% + 5+ 1)?,
where R, S are arbitrary positive rational numbers. Take

r=R*+(S*+S5+1)%
SS+1)(R?+ S+ S+ 1)(S?+R+S+1)(S?—R+S5+1)
S44+283+ R24352+25+1 ’
‘o (252 +25+2)(R*+ S*+ S+ 1)RS(S+1)
- S4 4283+ R2 4352425 +1 '

Then
S* 4283+ R24+35%24+25+1

T RS2+ ST 4295+ 35212511
b— (5 —1)b(R,S)

 2SR(S* 4293 + R2 +352 428 +1)(R252 + 54+ 293 + 352+ 25 +1)’
where

b(R,S) = R6S? — (S? + S+ 1)(S* +5° -S>+ S+ 1)R*
— (257 +35 +2)(S? + S+ 1)°R* — (S* + S +1)°.
O

4.2. New parametric solutions of Eq. (3.3). We can get more solutions by
directly solving Eq. (3.3). We are concerned with the following two cases.
Case 4.2.1. s =0, T is a right triangle.

THEOREM 4.5. There exist infinitely many pairs of right triangles and
rational triangles that are weakly metric equivalent.

PROOF. Take r = 2km,s = 0,t = k(m? — 1),k > 0,m > 1, then
wy = k(m? — 1), wy = k(m? +1).
From the third equation of Eq. (3.3), we have
E*(m? —1)%(a® + b?) = w3.
Then

a=2cp, b=c(p? 1), ws = ck(m®> —1)(p*> +1), ¢ >0, p> 1.
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Eq. (3.3) now becomes

k 2
(k7 = 1)(m? 1) = £} k2o 17 =k
(4.6) N p
2km(m+1) = sz + ck(m? —1)(p* + 1) + wy.

Eliminating wy in Eq. (4.6), we have
@7 p(® +1)(m® = 1)e® = p(m® + (p+ L)ym — p)e +m =0,
then

oo Pm=Dp+m(m+1))+ VA(c)
WM -1
where
A(e) = p*m* = 2p(p* — p+ 2)m® + p*(p* + )ym? = 2p(p* — p* — 2)m + p*.
To get the rational solutions of Eq. (4.7) with respect to ¢, it needs A(c) be a
perfect square, say w?. Using a method described by Fermat (see [9, p. 639)]),
it’s easy to get the following solutions
mo el ptoptl o pPopt-d
o pp—2) "’ P(p+1)

such that A(c) is a perfect square. Take m = %, by Eq. (4.7), we get

p P+p+1

C:p?—ﬁ—l’ = 2p3 +3p2 +2p+1°

Take ¢ = —£—, then

p2+17
c— 0 T_2k(p2+p+1) t_k(p+1)(2p2+p+1)
b p2 b p4 9
2p? 21
o= X, _pE-1)
p?+1 p*+1
k(p + 1)(2;02 +p+1) k(p2 + 1)(2p2 +2p+1)
wy = 1 , W2 = 4 ’
P D
y E(p+1)(2p> +p+1) w (p* 4 2p® +4p®> +2p + Dk
3 = 3 ) 4 = 1 )
P p

this is a parametric solution of Eq. (3.3). When & > 0 and p > 1, the
parameters 7, t, a, wi, ws, w3, wy are all positive, which implies that both the
rational triangles T and f(T) are non-degenerate. Verified that when k& > 0
and p > 1, the rational triangles 7' and f(T) are distinct.

Let us consider the rational points on the quartic curve

C:w® = A(c).
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By the map ¢:
¥ — W +1)m? — 60" — p* — 2)m + 6p* + 6puw)
= — ’
y = - Y(mw)
m
where

Y (m,w) = 54p(p*((p° — p+ 2)m® — p(p* + 1)m> + 3(p® — p* — 2)m — 2p)
+((* = p* = 2)m — 2p°)w).
We can transform C into the elliptic curve
& Y2 = X3 21p*(p° — 12p° + 38p* — 36p° + 49p? — 24p + 48) X
+ 54pt(p® — 6p* + p — 12)(p° — 12p* + 38p° — 36p> + p — 24).
The discriminant of &, is
A(p) = 544195584p° (p* — 10p® + 17p? + 8p +16)(p — 1)*(p* + 1)%.

Hence, A(p) # 0, so &, is non-singular.
It is easy to check that the elliptic curve &, contains two rational points

Q = (3p(p® — 6p* +p —12),0), P = (3p*(p*> — 6p + 1),108p*(p + 1)).

1

By the inverse map ¢~ ", we have

6p(Yp — 3(p® — p? — 2)X + 9p*(p° — Tp* + Tp® — 15p> — 2))
(X —3p?(p? — 6p + 1)) (X — 3p2(p? + 6p + 1))

We can get more parametric solutions by the group law, such as

2P — (3(p6 — 4p® + 38p* — 16p> + 25p2 — 12p + 12)

(p+1)° ’
108(2p? + 1)(2p° — 4p* + 5p3 — 2p® +3p — 2)

(p+1)° '

From the rational point [2]P, we obtain
_ plp+1)
pP—p+1’
then
p+1 pPP—p+1

Tl T opriop-1
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Take ¢ = s2+L then

2p2+17
e o ke 1) k2= 1)(2p? +1)
Pt P -p+1)3?
Lo et 1)p-1)
22 +1° 22 +1
k(2p—1)(2p* + 1) k(2p* +4p% —2p + 1)
wp = , W2 = )
(p? —p+1)2 (p? —p+1)?
(P*+1)(2p—1)k(p+1) kp(5p* — 2p + 2)
w3 = B) 2 » Wa = 2 2
(P —-p+1) P*-p+1)

When k£ > 0 and p > 1, the parameters r,t, a, wi, ws, w3, wy are all positive,
which implies that both the rational triangles T and f(7T') are non-degenerate.
We check that the rational triangles T and f(T") are distinct provided p # 2.
We have verified that these parametric solutions are not presented in existing
literature. 0

Case 4.2.2. s # 0, T is a rational triangle.

THEOREM 4.6. There exist infinitely many pairs of rational triangles that
are weakly metric equivalent.

PRrROOF. Take s = 2km,t = k(m? — 1),k > 0,m > 1, then
wy = k(m? 4+ 1).
From the second equation of Eq. (3.3), we have

2k((m? + 1)c — 2m) _ k((m* +1)c? —4me+m? + 1)
-1 W2 2-1 ’

T =

where c is a rational number.
From the third equation of Eq. (3.3), we have

2km 2 2 272/ 2 2 2
T+bk(m —1)| +a°k*(m® —1)° =w3.

Let

2
? +bk(m? —1) = d(p? — 1), ak(m? — 1) = 2dp,

then

2dp b p(p? — 1)d? — k*m(m? — 1)

“= E(m2—-1)" dkp(m? — 1)

, W3 = d(p2 + 1)7



20 Y. LI AND Y. ZHANG

where p > 1. Eq. (3.3) now becomes

(4.8)
2002 — 12 — 1) — (m2 — m2 e — 29m) k2 2
(dp(p (- 1) (Cg_l)d;)(( +1)e—2 )k) Ay — .
m? c—2m m? — m? c—2m)k?
2k(( chj)l 2m) _ ( 1)((<62 Jrl)lip 2R 4 + 1) + w

Eliminating w, in Eq. (4.8), we have

dp((p* + 1)d — k(m® +1))c?
(4.9) —k(m —1D)(p((m+1V)p+m —1)d — k(m + 1)(m? + 1))c
—p(p® + 1)d* + kp((m? — 1)p + 2m)d — 2k*m(m? — 1) = 0,

then

o (m* = 1)k? — p((m? = D)p+ (m — 1)?)k £ \/A(c)
2p(k(m? +1) = (p* + 1)) ’

where

Ale) = (m* —1)%k* — 2dp(m* — 1)((m?* — V)p + (m + 1)*)k3
+ d*p((m? — 1)%p® + 2(m? — 1)(3m? + 2m + 3)p?
+ (m+1)*p + 8m(m? — 1))k*
—4d’p*(p* + 1)((m* = )p + (m + 1)*)k + 4d*p* (p + 1),

To get the rational solutions of Eq. (4.9) with respect to ¢, it needs A(c) be
a perfect square, say w?. Since the discriminant A(e) is homogeneous with
respect to k and d, we can let d = 1. Using a method described by Fermat
(see [9, p. 639]), it’s easy to get the following solution

B 2(m? 4+ 1)p? + (m + 1)?
~(m? 4 1)((m? = Dp+ (m +1)?)

such that A(c) is a perfect square. By Eq. (4.9), we get

_ (m+1)(m? +1)p* + (m — 1)(m? + 1)p + 2m(m + 1)
(m? +1)((m+1)p* — (m —L)p+m +1)
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By some calculations, we obtain

. 2mA+1p* = (m—Dp+m+1)(m* + L)p
(m+1)2(m2+1)p—m2+1)
22(m?2 + D)p? + (m+1)%)m
(m? +1)((m? = D)p+ (m + 1))’
(m —1)(2(m* + 1)p? + (m +1)%)

b

Tt m A D e 1)
_ 2((m—1p+m+1)(m?+1)p
(m —1)(2(m? + 1)p* + (m +1)2)’
b b(m, p)
(m* = 1)(2(m? + 1)p> + (m + 1)?)((m? = L)p + (m + 1)?)p’
where

b(m,p) = (m* = 1)*p” + 2(m* — 1)(m? + 1)°p* + 4(m + 1)*m(m* + 1)’
—2(m+ D*m* = D)p? — (m + D*m? + 1)%*p — (m + 1)>m(m — 1).

And
_2(m?+ 1)p? A (m+ 1)
T A D Dptm+1)
wy — M= D@ + Dp* + 4(m? +m + Dp® = 2(m” — Dp + (m + 1)°)
(@(m2 + Dp — (m2 — D)((m — Dp+m+ 1) ’
ws =p* + 1,
oy = ((5m* + 6m? +5)p? —2(m + 1)(m — 1)%>p+2(m? + 1)(m + 1)?)p

(m+1)2m2+Lp—(m?—-1))((m—1L)p+m+1) ’

this is a parametric solution of Eq. (3.3). When m > 1 and p > 1, the
parameters 7, t, a, w, we, w3, w4 are all positive, which implies that both the
rational triangles 7" and f(7') are non-degenerate. After verification, when

p # —:Z'fi and p # 2(;1:11), the rational triangles T' and f(7T) are distinct.

Let us consider the rational points on the quartic curve

C:w? = Alc).
By the map ¢:
3pX (k,w)
X :T,
v 108p?(p* 4+ 1)Y (k, w)

k3 ’
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where

X (k,w) = ((m? = 1)?p® + 2(m? — 1)(3m? + 2m + 3)p® + (m + 1)*p
+8m(m? — 1))k* — 12p(p® + 1)((m?* — Dp+ (m + 1)Hk
+ 24p(p? +1)% — 12(p? + Dw,

Y(k,w) = (m* = 1)((m* = 1)p+ (m+1)*)k* — (m* — 1)*p*
+2(m? — 1)(3m? + 2m + 3)p + (m + 1)*p + 8m(m? — 1))k?
+6p(p* + 1)((m? = Dp+ (m + 1)*)k — 8p(p* + 1)
—(((m* = Dp+ (m+1)*)k — 4(p* + 1)w.

We can transform C into the elliptic curve
g(m,p) D Y= X - 27p2A4(m:p)X + 54])3146(7717]))7
where

Ag(m,p) = (m? — 1)*p® — 4(3m? — 2m + 3)(m? — 1)3p°
+ 2(19m* — 20m> + 50m? — 20m + 19)(m? — 1)%p*
—4(m+1)*(m — 1)(3m?* — 2m + 3)*p?
+ (m + 1)%(49m® — 90m® + 223m* — 300m?® + 223m? — 90m + 49)p?
—8(m +1)°(m — 1)(3m? — 2m + 3)p + 16(m?* + 3)(3m? 4+ 1)(m? — 1),
Ag(m,p) = ((m* = 1)%p* — 2(m* = 1)(3m* — 2m + 3)p” + (m + 1)"p
—4(m? — 1)(3m* — 2m + 3))((m? — 1)*p°
—4(3m? — 2m + 3)(m?* — 1)3p°
+2(19m* — 20m> + 50m? — 20m + 19)(m? — 1)%p*
—4(m +1)3(m — 1)(3m? — 2m + 3)%p3
+ (m 4 1)2(m® +102m® — 113m* 4 84m?® — 113m? + 102m + 1)p?
—8(m+1)%(m — 1)(3m? — 2m + 3)p + 32m(3m? 4 2m + 3)(m? — 1)?).

p+l

P the discriminant

By some calculations, we can check that when m #
A(m,p) of E, py is not 0, then &y, ;) is non-singular.
It is easy to check that the elliptic curve &, ;) contains two rational

points

Q = (X1(m,p),0),
P = (Xa(m,p), 216p*(p* + 1)(m* — 1)((m* = )p+ (m + 1)?)),
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where

X1(m,p) = 3p((m? — 1)%p® — 2(m? — 1)(3m? — 2m + 3)p?
+ (m+1)'p — 4(m® = 1)(3m® — 2m + 3)),

Xa(m,p) = 3p((m® — 1)*p” + 2(m* — 1)(9m* + 2m + 9)p?
+ (m+ 1)*p + 4(m?* — 1)(3m? + 2m + 3)).

1

By the inverse map ¢~ ", we have

C12p( + DR(X,Y)
(X = X1 (m, p)) (X — Xa(m,p))’

k=

where
E(X,Y) =Y +3p((m? — 1)p+ (m+1)*)(X — 3p((m* — 1)*p®
—2(m? = 1)(3m? = 2m + 3)p* + (m + 1)*p
—4(m? = 1)(3m* — 2m + 3))).

Similar to Case 4.2.1, we can get more parametric solutions by the group
law. From the rational point [2]P, we get

k= 2(p2 + Dp((m —1)p+m+1)
(m —1)(2(m? + 1)p? + (m + 1))’

then
2(m? — 1)p? +4pm +m? — 1

= 2(m?+p—m?+1

By some calculations, we obtain

(p? +1)(2(m* + 1)p — m? + 1)
(m2—1Dp2—(m—-12p+m2 -1
_ 4(p®> + Dp((m — Dp+m + 1)m
(m —1)(2(m? + 1)p? + (m +1)2)’
_ 200" + Dp((m® — Dp + (m +1)%)
2(m? 4+ 1)p? + (m + 1)?
2(m® + )p? + (m +1)°
P +1)((m? = 1)p+ (m +1)2)’

b= —

t

’

b(m, p)
2(m? = Dp((m? = D)p + (m + 1)2)(p* + 1)(2(m? + 1)p* + (m + 1)?)’
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where

b(m,p) = dm(m? — 1)*p" — 4(m? — 1)(m* — 2m® — 2m? — 2m + 1)p°
2

+4(m + 1)*m(3m? — 2m + 3)p° 4+ 8m(m? — 1)(m? + 4m + 1)p*
+4(m + 1)?m(3m? + 2m + 3)p® + 3(m — 1)(m + 1)°p?
+4(m + D*mp + (m — 1)(m + 1)5.
And
wy = 220 FD((m = Dp &+ m + 1)(m? + 1)
(m —1)2(m* + 1p* + (m+1)%) -
_ @+ D(m+ 1202 + 1)p* + 4(m® + m + 1)p® —2(m® — D)p+ (m +1)*)
((m+1)p? = (m=1)p+m+1)(2(m* + 1)p* + (m +1)?) ’
ws =p? +1,
wy — (P* + 1)((5m* +6m> + 5)p* = 2(m + 1)(m — 1)p + 2(m* + 1)(m + 1)*)p

(m—1((m+1)p?>—(m—Lp+m+1)(2(m?+1)p2+ (m+1)?) ’

this is a parametric solution of Eq. (3.3). When m > 1 and p > 1, the
parameters r,t, a, w1, wo, w3, ws are all positive, which implies that both the
rational triangles T' and f(7T) are non-degenerate. After verification, when

p # Z—f} and p # 2(7:;:11), the rational triangles T and f(T') are distinct.

We have verified that these parametric solutions are not presented in existing
literature. o

5. TRIANGLE AND PARALLELOGRAM PAIRS

In this section, we consider the problem that triangle and parallelogram
pairs have the same area and the same perimeter.

5.1. The corresponding Diophantine system. A triangle cannot be transformed
into a parallelogram by affine transformation, but the parallelogram is com-
posed of two congruent triangles (see Figure 2), which allows us to study this
problem by the affine transformation.

Let V1, V5 and V3 be the three vertices of rational triangle T, and T € ¥.
Let f(V1), f(V2), f(V3) and f(V4) be the four vertices of parallelogram L. Let
f(T) be a triangle with f(V4), f(Va) and f(V3) as vertices. Let A and A’
be the areas of rational triangle T' and f(T), respectively. Considering the
affine transformation f from T to f(7T') such that A = 2A’, then the area of
parallelogram L is equal to the area of rational triangle T. The transformation
matrix My can be taken as

Ly
Mf:{z(? a}’



ON THE DIOPHANTINE SYSTEM INVOLVING PAIRS OF TRIANGLES 25

Yy
Va
f(Va) f(Va)
%4 \‘\ s
Offin) fOh) Vo o

FIGURE 2. Rational triangle T" and parallelogram L.

where a € Q*,b € Q. In order to ensure that rational triangle T and par-
allelogram L have the same perimeter, we have the following Diophantine
system.
S =,
(577")2 + % = w3,
(51) ( S 2 2 2
— + bt) + (at)” = w3,
= (at)” = w3
r
2a
where b € Q, s € Q>o, a,r,t, w1, w2, ws € Q*.

7"+w1+w2=2( +w3),

THEOREM 5.1. For any pair of rational triangle and parallelogram with
the same area and the same perimeter, there is at least one rational solution
of Eq. (5.1) corresponding to them.

PRrOOF. This is obvious. O

5.2. Euxisting results. We use Eq. (5.1) to discuss the existing results, focusing
on the following two cases.

Case 5.2.1. T is a right triangle and L is a rectangle. This result was
obtained by Guy [11], and we give a new proof here.

THEOREM 5.2. [11] There is no right triangle and rectangle pair with the
same area and the same perimeter.

PRrROOF. Take r = 2km,s = 0,t = k(m? — 1),k > 0,m > 1, then
wy = k(m?* — 1), wy = k(m? +1).

Since L is a rectangle, we can take b = 0. Eq. (5.1) now becomes

(5.2) 2km(m +1) =2 <k;” + ak(m? — 1)> :
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Solving Eq. (5.2), we get

- m? +m £ /A(a)

2(m2-1)

where
Ala) = m* —2m3 +m? + 4m.

To get the rational solutions of Eq. (5.2), we need to make the discriminant
A(a) be a perfect square, say w?. By the map
_3(m?+10m — 12w + 13)
B (m—1)? ’

108(m? — 2m? + Tm + 2 — (m + 3)w)
- (m—1)? ’

X

Y =

We get an elliptic curve
E:Y?= X®—675X + 13662.
The discriminant of £ is —3809369088, so £ is nonsingular.

The inverse map is
X2 +30X —99 —12Y
T (X +33)(X —39)
2(X3 — 27X2 4+ 2727X — 31293 — 6(X + 33)Y)
B (X +33)(X — 39)2
By means of SageMath software, the rank of £ is 0, and £ only has degenerate
solutions

w =

(X,Y) = (—33,0), (3, £108), (39, +:216).

Here are the inputs and outputs:

sage: E = EllipticCurve([0, O, 0, -675, 13662])
sage: E.rank()

0

sage: E.torsion_points()

[(-33 : 0: 1), (0:1:0), (3:-108: 1),

(3 : 108 : 1), (39 : -216 : 1), (39 : 216 : 1)]

Therefore, there is no right triangle and rectangle pair with the same area
and the same perimeter, this case was obtained by Guy [11]. 0

Case 5.2.2. T is an isosceles triangle and L is a rhombus. This result was
obtained by Zhang and Peng [28], and we provide a new proof here.

THEOREM 5.3. [28] There is no isosceles triangle and rhombus pair with
the same area and the same perimeter, with at most four exceptions.
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PROOF. Case 5.2.2.1. Take r = 4km, s = 2km,t = k(m? — 1),k > 0,m >
1, then
W] = Wy = k(m2 + 1).

Since L is a thombus, then Eq. (5.1) becomes

2 2
<2Zm> = (k:;n + bk(m? — 1)> + a’k*(m?* — 1),

(5.3)

k
2he(m 4+ 1)? = M.
a

Eliminating a in Eq. (5.3), we have
16(m — 1)*(m + 1)*6* + 8(m — 1)(m + 1)°b

5.4
(5-4) —3m® — 18m® + 211m* — 572m> + 211m? — 18m — 3 = 0.

The discriminant of Eq. (5.4) with respect to b is
A(b) = (m? + 11m? — 5m + 1)(m® — 5m? + 11m + 1).

Obviously, we need to make A(b) be a perfect square, say w?. We consider
the curve

Ci:w? = (m®+11m? — 5m + 1)(m® — 5m? + 1lm + 1).

This is a curve of genus 2. By the package of Magma, the Mordell-Weil rank
of the Jacobian variety of C; over QQ is at most 1. Here are the inputs and
outputs:

> _<m>:=PolynomialRing(Rationals());

> C:=HyperellipticCurve((m~3+11*m~2-5*m+1)*(m~3-5+m~2+11*m+1)) ;
> ptsC:=RationalPoints(C:Bound:=1000000) ;

> ptsC;

{¢ (1 :-1:0, @:1:0), O:-1:1),

0:1:1), 1 :-8:1), 1 :8:1) e}

> J:=Jacobian(C);

> RankBound (J);

1

We check that C; has good reduction at 5 and #C; (F5) = 8. Therefore, by
applying Lemma 3.8, we obtain that #C;(Q) < 10. Excluding the four points
(0,£1) and (1,=£8), the curve C; contains at most four more rational points
(which may not exist at all). If they exist, two satisfy m > 0 and the other
two satisfy m < 0. Obviously, (0,+1), (1,+8) are degenerate points. Hence,
this case admits at most two exceptions.

Case 5.2.2.2. Take r = 2k(m? — 1), s = k(m? — 1),t = 2km,k > 0,m > 1,
then

wy = wy = k(m? +1).
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Since L is a thombus, then Eq. (5.1) becomes

<k(m2 = ”)2 = (k(mz —U, 2bkm)2 + (2akm)?,

(5'5) a 2a

4k(m? — 1)
—

4km?* =
Eliminating a in Eq. (5.5), we have
(5.6) 166*m* + 8bm® — 3mS + 16m* — 32m? 4 16 = 0.
The discriminant of Eq. (5.6) with respect to b is
A(b) = (m® —2m? + 2)(m® + 2m? — 2).
We consider the curve
Co: w? = (m® — 2m? + 2)(m® + 2m? — 2).

This is a curve of genus 2. By the package of Magma, the Mordell-Weil rank
of the Jacobian variety of Co over Q is at most 1. Here are the inputs and
outputs:

> _<m>:=PolynomialRing(Rationals());

> C:=HyperellipticCurve((m~3 - 2*m~2 + 2)*(m"3 + 2*m"2 - 2));
> ptsC:=RationalPoints(C:Bound:=1000000) ;

> ptsC;

{¢ (1 :-1:0, @:1:0, (-1 :-1:1),

(-1 :1:1), 1 :-1:1, 1 :1:1) e}

> J:=Jacobian(C);

> RankBound (J) ;

1

We check that Co has good reduction at 5 and #Cy(F5) = 8. Therefore, by
applying Lemma 3.8, we obtain that #C5(Q) < 10. Excluding the four points
(1, £1), the curve C; contains at most four more rational points (which may
not exist at all). If they exist, two satisfy m > 0 and the other two satisfy
m < 0. Obviously, (£1,+1) are degenerate points. Hence, this case admits
at most two exceptions. 0

5.3. New parametric solutions of Eq. (5.1). We can get more solutions by
directly solving Eq. (5.1). We are concerned with the following two cases.
Case 5.3.1. s =0, T is a right triangle.

THEOREM 5.4. There exist infinitely many right triangles and parallelo-
grams with the same area and the same perimeter.

PRrROOF. Take r = 2km,s = 0,t = k(m? — 1),k > 0,m > 1, then
wy = k(m?* — 1), wy = k(m? +1).
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From the third equation of Eq. (5.1), we have
E2(m? —1)%(a® + b*) = w3,
then
a=2cp, b=rc(p? —1), w3 =ck(m? —1)(p> +1), ¢ >0, p> 1.
Eq. (5.1) now becomes

(5.7) 2p(p? + 1)(m? — 1)c® — 2m(m + 1)pc +m = 0,
then
_ m(m+1)p £ /A(c)

2P T 1) — 1)
where
Ale) = p*m* = 2p(p* — p + 1)m? + p*m? + 2p(p? + 1)m.

To get the rational solutions of Eq. (5.7) with respect to ¢, it needs A(c) be a
perfect square, say w?. Using a method described by Fermat (see [9, p. 639]),
it’s easy to get the following solutions

I Ok
4p(p? —3p+1)
such that A(c) is a perfect square. By Eq. (5.7), we get
(p—1)°
P+ D(p? —4p+1)
By some calculations, we obtain

a0 e K=V k@ +2p - D(p* =2 1)(p* —dp+ 1)
’ 2p(p? = 3p+1)’ 16p?(p? — 3p + 1)? ’
L 2(p—1)%p =1+
(P> +1)(p? —4p+1)’ (P*+1)(p* —4p+1)’
and
wy = FP A2 = D0 —2p — )(p* — dp + 1)
16p2(p? — 3p+1)2 ’
 k(p® — 8p™ + 44p° — 152p° + 246p* — 152p° + 44p? — 8p + 1)
e 16p(p* — 3p + 1) ’
wy = P A+ D@ 2 - D —2p— D(p — 1)?

16p%(p? — 3p + 1)2 ’

this is a parametric solution of Eq. (5.1). When k > 0,14+ 2 <p < 32—\/5,
the parameters r,t,a,wy,ws,ws are all positive, which implies that both T
and f(T) are non-degenerate.

Let us consider the rational points on the quartic curve

C:w® = A(c).



30 Y. LI AND Y. ZHANG

By the map ¢:
- 3p(6(m? — 1)p* — p(13m? 4+ 10m + 1) + 6(m? — 1) + 12w)
a (m—1)2 ’
v — 108pY (m, w),
(m—1)%
where

Y (m,w) = p((m — 1)(m? 4+ 4m + 1)p? — m(m + 1)(3m + 1)p
+(m—1)(m? +4m +1)) — (m — D)p* — (3m + V)p +m — L)w.
We can transform C into the elliptic curve
& Yi= X3 21p?(12p* — 12p® 4 25p% — 12p + 12) X
+ 54p* (12p* — p + 12)(6p® — p + 6).
The discriminant of &, is
A(p) = 34012224p° (4p* — 12p3 + 9p? — 12p + 4)(p® + 1)*.

Hence, A(p) # 0, so &, is non-singular.
It is easy to check that the elliptic curve &, contains two rational points
Q = (=3p(6p® —p +6),0), P = (=3p(6p* — 25p + 6), —216p°(p” — 3p + 1)).

1

By the inverse map ¢~ ", we have

(X + 3p(6p? —p+6))(X — 3p(6p* — 11p + 6)) — 12pY
(X 4+ 3p(6p? —p+6))(X + 3p(6p? — 25p + 6))

We can get more parametric solutions by the group law. From the rational
point [2] P, we obtain

_ (P* —4p + 1)?

=212 +2p 1)
then

PP —dp+1
A -1
By some calculations, we have
B B 2k(p? —4p +1)? _ 16k(p—1)*p(p* —3p+1)
TP D210 P r2p - 120 -2p— 1)
P —dp+1 (p+1)(P*—4p+1)

2p—12% " dp(p — 1) ’
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and
wy — — 0k = D'p(p* ~3p +1)
(P*+2p—1)2(p> —2p—1)%’
2k (p® — 8p7 + 44pS — 152p° + 246p* — 152p3 + 44p® — 8p + 1)
e (P*+2p—1)2(p> —2p— 1) ’
A(p* +1)(p* - 3p+1)(p — 1)*k(p* — 4p +1)
(P*+2p—1)2(p> —2p— 1) ’
this is a parametric solution of Eq. (5.1). When k > 0,14+v2 < p < %, the
parameters r,t,a,wi, ws,ws are all positive, which implies that both T" and

f(T) are non-degenerate. We have verified that these parametric solutions
are not presented in existing literature. 0

w3 =

Case 5.3.2. s # 0, T is a rational triangle.

THEOREM 5.5. There exist infinitely many rational triangles and paral-
lelograms with the same area and the same perimeter.

PROOF. Take s = 2km,t = k(m? — 1),k > 0,m > 1, then
wy = k(m? 4+ 1).
From the second equation of Eq. (5.1), we have
. 2k((m?* + 1)c — 2m) _ k((m® +1)¢® — 4me +m? +1)
-1 ’ -1 ’
where c is a rational number.
From the third equation of Eq. (5.1), we have

w2

k 2
(;” + bk(m? — 1)) + a2k (m? — 1) = w?.

Let
Fm o bkm? = 1) = d(p? — 1), ak(m? —1) = 2dp,
a
then
2dp 2p(p? — 1)d? — k*m(m? — 1) 9
“ k(m2 —1)’ 2dkp(m?2 — 1) » wy = d(p”+1),

where p > 1. Eq. (5.1) now becomes
2dp((p* + 1)d — k(m?* + 1))c?
(5.8) —k(m —1)(2p(m — 1)d — k(m + 1)(m?* + 1))c
—2p(p* + 1)d* + 4dkmp — 2k*m(m? — 1) = 0,
then

. kE(2(m — 1)%pd — (m* — 1)k) £ \/A(c)
B 4dp((p? + 1)d — k(m? + 1)) ’
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where

Ale) = (m* = 1)2k* — 4dp(m* — 1)(m + 1)%k3
+4d?p(4m(m?® — 1)p® + (m + 1)*p + 4m(m? — 1))k?
—16d3p? (p* + 1) (m + 1)%k + 16d*p* (p* + 1)%.
To get the rational solutions of Eq. (5.8) with respect to ¢, it needs A(c) be
a perfect square, say w?. Since the discriminant A(c) is homogeneous with
respect to k and d, we can let d = 1. Using a method described by Fermat
(see [9, p. 639]), it’s easy to get the following solution
2
1
[
m?*+1

such that A(c) is a perfect square. By Eq. (5.8), we have

2(m(m +1)p* + (m — 1)(m* + 1)p + m(m + 1))
(m2+1)((m+1)p2—2(m—1)p+m+1)

By some calculations, we obtain

4((m+ Dp? —2(m — Vp+m + 1)p(m? + 1)
(m+1)((m2=1)p2—4(m2+1)p+m2-1)’
_ 2(p?2 + 1)m ‘e (P?+1)(m? —1)
m?2+1

b

m2+1
B 2p(m? + 1)
T -1y
m(m? — 1)p* — 2(m? + 1)2p> + 2m(m? — 1)p? +2(m? + 1)%p + m(m? — 1)
- 2(m? — D)p(p* + 1)(m? + 1) ’

b:

wy =ws =p* + 1,
_ (m B 1) . wg(m,p)
(m+1)((m2=1)p2—4(m2+1)p+m2-1)’

W9 =

where
wa(m, p) = (m+1)?p*—4(m?—1)p*+(10m>+4m+10)p*> —4(m?—1)p+(m+1)2.

2 \/7
Whenm > 1,1 <p< 2A(m +1)+mel4+10m2+3, the parameters r, t, a, w, we, w3
are all positive, which implies that both T and f(T") are non-degenerate.

Let us consider the rational points on the quartic curve

C:w® = A(c).
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By the map ¢:
12pX (k, w)
X :T,
432p*(p* + 1)Y (k, w)
Y = ,
k3
where

X(k,w) = (4m(m? — D)p? + (m + 1)*p + 4m(m? — 1))k?
—12p(p?® + 1)(m + 1)%k + 24p(p* + 1) — 6(p* + 1w,
Y(k,w) = (m* = 1)(m+ 1)%k3 — 2(dm(m? — 1)p* + (m + 1)*p + 4m(m? — 1))k?
+12p(p? + 1)(m + 1)%k — 16p(p? + 1)? — ((m + 1)%k — 4(p* + 1))w.
We can transform C into the elliptic curve
Emp) y2= X3-— 432p2A4(m,p)X — 3456p3A6(m,p),
where
Ag(m,p) = 4(m? + 3)(3m? + 1)(m? — 1)%p* — 4(m — 1)(3m? — 2m + 3)(m + 1)°p?
+ (25m° — 42m® + 119m* — 140m® + 119m? — 42m + 25)(m + 1)*p?
—4(m —1)(3m* — 2m + 3)(m + 1)°p + 4(m* + 3)(3m?* + 1)(m? — 1),
Ag(m, p) = (2(m* = 1)(3m® — 2m + 3)p* — (m +1)"p
+2(m? — 1)(3m? — 2m + 3))(8m(3m? + 2m + 3)(m? — 1)%p*
—4(m —1)(3m? — 2m + 3)(m + 1)°p?
+ (m® 4 54m® — 49m* 4 52m> — 49m? + 54m + 1)(m + 1)*p?
—4(m —1)(3m? —2m + 3)(m + 1)°p + 8m(3m? + 2m + 3)(m? — 1)?).

By some calculations, we can check that the discriminant A(m, p) of &y, py is
not 0, then &, ;) is non-singular.

It is easy to check that the elliptic curve &, ;) contains two rational
points

Q = (X1(m,p),0),
P = (X2(m,p),864p°(p* + 1)(m* — 1)(m +1)*),
where
X1(m,p) = — 12p(2(m? — 1)(3m?* — 2m + 3)p?
— (m+1D*+2(m? — 1)(3m? — 2m + 3)),
Xo(m,p) = 12p(2(m? — 1)(3m? + 2m + 3)p?
+ (m+1)*p 4 2(m? — 1)(3m? + 2m + 3)).
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1

By the inverse map ¢~ ", we have

B 24p(p® + Dk(X,Y)
(X = Xy(m, p))(X = Xa(m, p))’

k=

where
E(X,Y) =Y +6p(m+ 1)*(X +12p(2(m? — 1)(3m?* — 2m + 3)p?
— (m+ 1) +2(m? —1)(3m? — 2m + 3))).
By the group law, we get
[2]P = (12(3(m? — 1)%*p* — 2(m* — 1)(3m? — 2m + 3)p°
+ (m 4 1D)2(Tm? — 10m + 7)p? — 2(m?* — 1)(3m? — 2m + 3)p + 3(m? — 1)?),
—216(p* + 1)%(m? — 1)2((m? — 1)p? — (3m? — 2m + 3)p + m? — 1)).
From the rational point [2] P, we have

4p

k=
m2—1’

then
(m?* — 1)p? +8mp +m? — 1
(m?2—-1Dp2 —4(m?2+1)p+m?2—-1°

c=—

By some calculations, we obtain

o @A D(m? = )p? — (4(m* + D)p+m? -1 8mp
(m?2—1)p%2—2(m—1)2p+m?—1 ’ m2—1’ P
1 b (m? —1)p? —8mp —m? +1
a = — =
2’ 4dp(m?2 —1) ’
4p(m? + 1
w = PED 2
m* —1
(m+1)%p* — 4(m? — 1)p* + (10m? + 4m + 10)p? — 4(m? — 1)p + (m + 1)?
W9 =

(m+1)((m+1)p2—-2m—1)p+m+1) ’

this is a parametric solution of Eq. (5.1). When

VPP —ap+1)(p* +4p+1)
p?—4p+1

1<p<24+V3, m>lorp>2++V3, 1<m< ,
the parameters r,t,a,wy,ws,ws are all positive, which implies that both T
and f(T) are non-degenerate. We have verified that these parametric solutions
are not presented in existing literature. 0
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6. AREAS AND PERIMETERS ARE PROPORTIONAL

In this section, we consider the problem that rational triangle pairs or
rational triangle-parallelogram pairs with areas and perimeters in fixed pro-
portions (a, B) respectively, where « and [ are positive rational numbers. The
existing results can be found in [18, 17, 19]. We only give the Diophantine
systems corresponding to Eq. (3.3) and Eq. (5.1), respectively.

Case 6.1. Rational triangle pairs.

The transformation matrix M; can be taken as

L p
w=[§ )
where a € Q*,b € Q. The corresponding Diophantine system is
2412 = w%,
(s —7)? +12 = wd,
2

(% + bt) + (at)? = w?,

a

a(s —r) ? 2 2

——— 4+ bt ] + (at)* =wy,

a

(6.1)

ar
?+w3+w4:6(r+w1+w2),

where b € Q, s € Q>9, , B,a,r,t, w1, ws, w3, ws € Q*. A parametric solution
of Eq. (6.1) is as follows.

e g 2Rap® =57 kB2(p? — 1)(2ap® — (0 +1)5%)
’ p*(ap—B2) pt(ap — 2)? ’
2P _ pa(p®—1)
B+ B+
_ kBP0 - D)2’ — (p® +1)B?)
B pt(ap — 52)? ’
w, = F@ DB~ 2ap(p? + 1)5” + 2a%°)
pt(ap — 2)? ’
_ kaB(p* —1)(2ap® — (p* +1)58%)
B p*(ap — 52)? ’
(B0 41) —4aBPp’ + Ppt(p® +1))Bk
B (ap — 2)%p* ’

w3

W4

/32
where p > max {1, E}'
Case 6.2. Rational triangle and parallelogram pairs.
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The transformation matrix M; can be taken as

= b
— | 2a
v [ 2]
where a € Q*,b € Q. The corresponding Diophantine system is
2 4+t2 = w%,

(8—7”)2+t2 :w§7

(6.2) s ) 2 _ 2
(2a+bt) + (at)” = ws3,
ar
2 (% +w3) = B(r + w1 + wa),

where b € Q, s € Q>0, o, B,a,7,t,wi, w2, ws € Q*. A parametric solution of
Eq. (6.2) is as follows.

a0 o @+ Va2 k(P +1)%? - 8p?BY)((p° + Da — 4p5?)?
’ 2((p* + Do — 3pp?)8%p’ 16((p* + 1) — 3p32)> B4p? ’
_ AW+ Da=2p8M)pp _ ((P* 1o —2pB%)B(p* — 1)
(p* + 1)((p* + Do — 4pp?)’ (P + D((p* + Do — 4pp?) ’

_ k(@? +1)%a® — 8p°BY)((p* + Da — 4pp°)?
- 16((p* + 1)a — 3pp2)2 pp? ’
k((p? + 1)t — 8pB%(p* +1)°” + 40p?B*(p® + 1)%® — 128p°8%(p? + 1) + 160p™3°)

1

w2 16((p2 + 1)a — 3pB2)231p? ’
wn — (7P D)o = 2pB)k((p + Do — 4pB%) (0 + 1)%a® — 8p°")

° 1633((p? + 1) — 3p52)2p? ’
where p > 1, 2V - o 3pB

P2+1 P2+1 .
The solutions of Eq. (6.1) and Eq. (6.2) can be discussed similarly to Eq.
(3.3) and Eq. (5.1), respectively.
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