Flasnik 2es
Matematicki

SERIJA III

www.math.hr/glasnik

Masa Dorié

Polynomial entropy on the n-fold symmetric product and its
SUSpPension

Manuscript accepted
May 11, 2026.

This is a preliminary PDF of the author-produced manuscript that has
been peer-reviewed and accepted for publication. It has not been
copyedited, proofread, or finalized by Glasnik Production staff.



POLYNOMIAL ENTROPY ON THE n-FOLD SYMMETRIC
PRODUCT AND ITS SUSPENSION

MaSA Dori¢
Matematicki institut SANU, Serbia

ABSTRACT. We prove that the polynomial entropy of the induced map
F,(f) on the n-fold symmetric product of a compact space X and its sus-
pension are both equal to nhye (f), when f: X — X is a homeomorphism
with a finite chain recurrent set CR(f). We also give a lower bound for
the polynomial entropy on the suspension, for a homeomorphism f with
at least one wandering point, under certain assumptions.

1. INTRODUCTION

Every continuous map f : X — X on a compact metric space X in-
duces a continuous map (called the induced map) on the hyperspace 2% of all
nonempty closed subsets. Its subspace, namely the hyperspace F,(X) of all
nonempty subsets with at most n points (for all n € N), is of main interest
in our paper. Furthermore, Barragin defined the n-fold symmetric product
suspension in [5], n > 2, as the quotient space

SFu(X) = Fo(X)/F1(X).

They show that SF,(X) is a compact metric space and define the induced
map SF,(f) which is also continuous.

In the last decades a series of results was obtained that show possible
relations between the given (individual) dynamics on X and the induced one
(collective dynamics) on the hyperspaces. Without attempting to give com-
plete references, we mention just a few: Borsuk and Ulam [10], Bauer and Sig-
mund [8], Romén-Flores [29], Banks [4], Acosta, Illanes and Méndez-Lango [1].

2020 Mathematics Subject Classification. 37B40, 54F16, 37A35.
Key words and phrases. Polynomial entropy, homeomorphism, hyperspace, n-fold
symmetric product, symmetric product suspension.
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In [6], Barragdn et al. studied the dynamical properties of the dynamical sys-
tem (SF,(X),SF,(f)), and more generally (SE"(X),SE™(f)), in [7].

Kwietniak and Oprocha in [18], Lampart and Raith [24], Herndndez and
Méndez [16], Arbieto and Bohorquez [2], and others studied the topological
entropy of the induced maps.

The topological entropy is a classical measure of complexity of dynami-
cal systems; one that measures the average exponential growth of the num-
ber of distinguishable orbit segments. For dynamical systems with vanishing
topological entropy, this growth rate is subexponential, so it is justified to
measure it at the polynomial scale. The notion of the polynomial entropy
was first introduced by Kurka in [19] for open covers. Marco defined it for
dynamical systems in metric spaces in the context of Hamiltonian integrable
systems (see [25, 26]). It has been further studied in various contexts by
Labrousse [20, 21, 22], Labrousse and Marco [23], Bernard and Labrousse [9],
Artigue, Carrasco—Olivera and Monteverde [3], Haseaux and Le Roux [15],
Roth, Roth and Snoha [30], Correa and de Paula [11], etc.

Some dynamical properties of the topological entropy remain the same
for the polynomial entropy, such as the conjugacy invariance, the finite union
property and the product formula. However, some of them differ, for ex-
ample the power formula, the o-union property, the variational principle
(see [25, 26]). In addition, the topological entropy of a system is equal to
the topological entropy of the same map, restricted to the non-wandering set.
Unlike this, the set of wandering points is visible for the polynomial entropy.
For example, Labrousse showed in [22] that if a homeomorphism of a com-
pact metric space possesses a wandering point, then its polynomial entropy
is greater or equal to 1 (see Proposition 2.1 in [22]). Moreover, as Hauseux
and Le Roux pointed out in [15], the polynomial entropy is particularly well
adapted to the wandering part, since the growth of wandering orbits is always
polynomial (see the remarks after Proposition 2.3 in [15]).

In [12], the authors computed the polynomial entropy of the induced maps
F,(f) and C(f) when f is a homeomorphism of a circle or an interval with
finitely many non-wandering points. Those results heavily rely on the coding
techniques developed in [15] and slightly generalized in [17], which apply only
to the case when the non-wandering set is finite (so every non-wandering
point is actually periodic). The condition regarding the finite number of non-
wandering points comes naturally, because of the aforementioned growth of
wandering orbits, which is polynomial.

In the present paper, we prove that the polynomial entropy of the dy-
namical system (SF,(X),SF,(f)) is equal to the polynomial entropy of
(Fn(X), Fr(f)), and that they are both equal nhyo(f, X), under the assump-
tions that X is compact and f : X — X is a homeomorphism with a finite
chain recurrent set. Since it is needed that F,,(f) has a finite non-wandering
set in order to apply the aforementioned method, the assumptions for map f
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have to be a little stronger than NW(f) being finite. One sufficient condition
is that CR(f) is finite. An important class of dynamical systems that have
finite chain recurrent sets are Morse-Smale dynamical systems.

Comparing to the results obtained in [12] for (F,,(f), F,(X)), we gener-
alise them for an arbitrary homeomorphism on a compact X with a finite
chain recurrent set and complement them with results regarding the suspen-
sion (and subsequently the generalised suspension).

THEOREM 1.1. Let X be a compact space, f : X — X a homeomorphism
with a finite chain recurrent set and n > 2. Then

hpot(SFn(f), SEW (X)) = hpot (Fu(f), Fn (X)) = nhpor(f, X).

Furthermore, in contrast to the condition of a finite chain recurrent set,
we turn our attention to homeomorphisms with at least one wandering point.
We obtain a similar result to that in [13]:

THEOREM 1.2. Let X be a compact space and f : X — X be a homeo-
morphism with as least one wandering point xo. If the sets ay(zo) and wy(xo)
are finite, then hyot(SF,(f)) = n, for alln > 2.

Finally, we apply all the results to the setting when X = [0,1] and X = S!.

2. PRELIMINARIES

2.1. Polynomial entropy and coding. Suppose that X is a compact metric
space, and f : X — X is continuous. Denote by df (x,y) the dynamic metric
(induced by f and d):

f — k k
dp(w,y) = | max  d(f*(z), f*(y)).
Fix Y C X. For € > 0, we say that a finite set E C X is (n,¢)-separated if
for every x,y € E it holds df(x,y) > . Let S(n,e;Y) denote the maximal
cardinality of an (n,e)-separated set F, contained in Y.

DEFINITION 2.1. The polynomial entropy of the map f on the set Y is

defined by
log S Y
hpot(f;Y) = lim lim sup w.
e—0 p—ooo logn

If X =Y, we abbreviate hpo(f) := hpot(f; X). The polynomial entropy,
as well as the topological entropy, can also be defined via coverings with sets
of d'j-diameters less than ¢, or via coverings by balls of d} -radius less than e,
see p. 626 in [26]. We list some properties of the polynomial entropy that are
important for our computations (for the proofs see Propositions 1 —4 in [26]).

(1) hpot(f*) = hpo(f), for any k > 1.
(2) IfY C X is a closed, f-invariant set, then hpo(f;Y) = hpor(fly)-
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(3) IfY = UjL, Y; where Y; are f-invariant, then
hpot(f3Y) = max{hpo (f;Y;) | j =1,...,m}.
DHIff:X—>X,9g:Y—>Yand fxg: X xY — X xY is defined as
(f x 9)(z,y) == (f(2),9()), then hpo(f x g) = hpot(f) + hpot(9)-
(5) hpot(f) does not depend on a metric but only on the induced topology.
(6) hpo(+) is a conjugacy invariant (meaning if f: X — X, g: X' — X/,
¢ : X — X' is a homeomorphism of compact spaces and goy = po f,
then hpol(f) = hpol (g))
(MHIf:X — X and g: X' — X' are semi-conjugated, meaning that
¢ : X — X' is a continuous surjective map of compact spaces and
goy=o f7 then hpol(f) = hpol(g)'

For z € X, w-limit set is defined as:
wy(x) == {y € X | 3 a strictly increasing sequence N 3 ny, — oo f"*(z) = y},
and, for a reversible map f, a-limit set is defined as:
af(zx) = {y € X | 3 a strictly increasing sequence N 3 ny — oo f~™*(z) — y} .

If X is compact, the set wy(x) is nonempty, closed and f-invariant. The same
is true for af(x), when f is reversible.

A point z € X is non-wandering if for every neighborhood U of x there
is n > 1 such that f™(U)NU is nonempty. We denote the set of all non-
wandering points by NW (f). The set NW (f) is closed and f-invariant. Also,
we denote the set of all fixed points by Fix(f).

In order to define another important invariant subset, let us begin by
defining an e-chain. We say that a tuple (y1,...,yx) is an e-chain if
A(f(yi),yit1) <&, 1 <i<k—1. A point x € X is e-pseudo-periodic if there
exists an e-chain that starts and ends at z. Finally, a point z € X is chain
recurrent if x is e-pseudo-periodic for all € > 0. We denote the set of all chain
recurrent points by CR(f). The set CR(f) is a closed and f-invariant set
which contains NW(f).

We now give a brief description of the coding procedure used for comput-
ing the polynomial entropy for maps with a finite non-wandering set. These
results were first obtained in [15] for homeomorphisms with only one non-
wandering (hence fixed) point, but were later generalised in [17] for continu-
ous maps with finitely many non-wandering points.

Let Y be any f-invariant subset of X. We first define a coding relative
to a family of sets F. Let

F={N",Ys...,Y1}
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where Y; C X \ NW(f) and

L
Yoo =Y\ [ J V.
j=1

Let z = (zo,...,2Zn—1) be a finite sequence of elements in Y. We say that a
finite sequence w = (wy, ..., w,—1) of elements in F U {Yy} is a coding of z
relative to F if z; € wy, for every j = 0,...,n — 1. We will refer to w as a

word and to w; as a letter.
Let A, (F;Y) be the set of all codings of all orbits

(z, f(2),..., "7 (x))

of length n relative to F, for all z € Y. If #.4,,(F;Y) denotes the cardinality
of A, (F;Y), we define the polynomial entropy of f, on the set Y, relative to
the family F as the number:

hpot (f, F;Y) := limsup log 84, (73 Y) Y).
n—o00 logn
We abbreviate hpoi(F;Y) := hpoi(f, F;Y) whenever there is no risk of
confusion. When we are dealing with a noncompact Y, we can relate the
polynomial entropy hpe(f;Y) and the polynomial entropy relative to a one
point family 7 = {K NY}, for all compact K C X:

PROPOSITION 2.2. [Proposition 3.2 in [17]] Let Y C X be an f-invariant
set containing exactly one non-wandering point. Then it holds:

hpot (f;Y) = sup{hpot({KNY};Y) | K € X \ NW(f), K compact}.
0

The polynomial entropy is a conjugacy invariant on compact spaces, but
we can generalize that property in some instances for non-compact spaces,
too. We used this generalization implicitly in the proof of the main Theorem
A in [12]. The previous proposition will be used in order to prove the following
result:

PROPOSITION 2.3. Let f1 : X7 — X7 and fy : Xo — X5 be homeomor-
phisms on compact metric spaces X1 and Xo. Let A C X1 and B C X5 be
imvariant subsets that contain exactly one non-wandering point of the map
f1 and fo, respectively. If there exists a homeomorphism H : A — B, then

hpol(fl;A) = hpol(f2;B)'
PrOOF. Note that the homeomorphism H induces a bijection between
{KNA|K CX;\NW(f1), K compact}

and
{LNB|LCX3;\NW/(f2), L compact}.
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If w = (wp, ..., w,—1) is a coding of an orbit (z, f1(x),...,(f1)" '(z)) in
A (consisting of letters KN A and Yy, := A\ K), then (H(wy), ..., H(wn—1))
is the coding of an orbit (H(z), f2(H (x)),...,(f2)" '(H(z))) in B (consisting
of letters H(KNA) and Y, := X2\ H(KNA)), and vice versa. Therefore, for
a fixed compact K, the sets A, ({K NA}; A) and A, ({H(K N A)}; B) have
the same cardinality. We finish the proof by applying Proposition 2.2. 0

2.2. Hyperspaces and induced maps. For a compact metric space (X,d), the
hyperspace 2% is the set of all nonempty closed subsets of X. The topology
on 2% (namely, the Vietoris topology) is induced by the Hausdorff metric

dr(A,B) :=inf{e >0| AC U.(B), BCU:(A4)},
where
(2.1) Us(A) ={zr e X |dzA) <e}.

We consider a closed subspace Fj,(X) of 2%, n > 1, consisting of all finite
nonempty subsets of cardinality at most n, with the induced metric. The
set Fy,(X) is called the n-fold symmetric product of X. Both spaces 2% and
F,(X) are compact metric spaces with respect to the Hausdorff metric.
If f: X = X is continuous, then it induces continuous maps 2/ : 2%X —
X and F,(f) : Fo(X) = Fo(X), Fu(f) =27 |5, (x) by:

27(A) = {f(2) | = € A}.

If f is a homeomorphism, then this is also true for both 27 and F,,(f). Because
of the following commutative diagram, it is clear that (F,(f), F,.(X)) is a
factor of (f*™, X*™), 50 hpot (Fn(f), Fin(X)) < hpot (f ", X*™) = nhyo(f, X).

f><'n,

X><n XXTL

b

F,
F(X) 2 By ()
Here, X*" =X x --- x X, f*"(x1,...,2,) = (f(x1),..., f(x,)) and
n
m(x1,...,2,) = {x1,...,2,}, which is a continuous surjective map. The

metric d on the product space X *" is given with:
d(('%'l) s ,.’L'n), (yh s 7yn)) = max {d(xiv yz)}
1<ig<n
Note that all the p-metrics, 1 < p < oo are equivalent on X *™.

EXAMPLE 2.4. If X = [0, 1], then F5(X) can be identified with the triangle
whose vertices are (0,0), (0,1),(1,1) and F;(X) is homeomorphic to the line
segment joining (0, 0) and (1,1). If X =S, then F5(X) is homeomorphic to



POLYNOMIAL ENTROPY ON THE n-FOLD SYMMETRIC PRODUCT AND ITS SUSPENSION

the Mébius band and Fi(X) is homeomorphic to the manifold boundary of
the Mabius band.

2.3. Suspensions. Let X be a compact metric space and n € N, n > 2.

DEFINITION 2.5. The n-fold symmetric product suspension of the contin-
uum X 1is the quotient space

with the quotient topology.

We denote the quotient map by ¢ : F,(X) = SF,(X) and q(F1(X)) =
Fx. Let us remark that

SF.(X) ={{4} [ A € Fo(X)\ Fi(X)} U{Fx},

and that using the appropriate restriction of ¢, we have that SF,,(X) \ {Fx}
is homeomorphic to F,(X) \ F1(X). It is a well known fact that SF,(X) is
also a compact metric space (see 3.10 in [27]).

Let us now define the induced map of f on the n-fold symmetric product
suspension SF,(f) : SF,(X) — SF,(X), by:

(2.2) SFa(f)(A) = { %j"(f)(q_l(A)))’ A B

If f: X — X is continuous, then SF,(f) is also a continuous map (see
p. 126 in [14]) and the following diagram commutes.

Fo(x) Y0 g (x)

L
SFu(f)

SF,(X) % SF,(X)

If f: X — X is a homeomorphism, then so is SF,(f). Namely, since
q is injective on F,(X) \ F1(X), and SF,(f)"!'(Fx) = Fi, we conclude that
SF,(f) is injective. Since ¢ is surjective, SF,(f) is a continuous bijective
map from a compact space to a Hausdorff space, which is known to be a
homeomorphism. At this point we already see that (SF,(f),SF,(X)) is a
factor of (F(f), Fn(X)), 80 hpot(SFn(f)) < hpot(Fn(f)). Our goal is to
prove hpol('SFn(f)) = hpol(Fn(f)>'

EXAMPLE 2.6. If X = [0, 1], then SF>(X) is obtained by collapsing F (X)
to a point, and this space is again homeomorphic to a triangle. If X = S!,
then SF5(X) is homeomorphic to the quotient space of Mobius band, with its

boundary collapsed, which is known as a model for the real projective space
RP2.
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3. FINITENESS OF NW (F,(f))

As we already mentioned, in order to apply the method described in [15]
and in [17], the non-wandering set of F,,(f) has to be finite. As we can see
from Examples 14 and 15 in [31], the non-wandering set of the induced map
F,(f) is not directly connected with the non-wandering set of f, as one might
think. One way to achieve finiteness of NW (F,,(f)) is that we assume that
CR(f) is finite, as we will now prove. Let us start with an auxiliary lemma.

LEMMA 3.1. Let X be a compact metric space. Let A,B € Fn(X), A=
{a1,...,ax} and B = {b1,...,bm}, 1 < m,k < N. There exists €y such
that for every € < eo the following is true: if dy(A,B) < e, then there
exist N—tuples (a1,...,an) € 7 1H(A) and (B1,...,Bn) € 7~ 1(B) such that
d((ah . ,aN), (ﬁl, ce ,ﬁN)) < E.

PROOF. Let § := rggld(ai, a;), €0 = 0/2, € < g9 and suppose that
dp (A, B) < e. Then, from the definition of Hausdorff metric, we have that
(Vie{1,...,k})(Fji € {1,...,m}) d(a;,b;,) <e.
Note that for i # [, we have that b, # b;,. Indeed,

6 < d(ai, ar) < d(ag, bj,) + d(bj, p,,) + d(bj,, ar)
<2+ d(bj“bjl) <+ d(bji7bjz)'

Therefore d(bj,,b;,) > 0, and consequently b, # bj;,. We conclude that it
has to be m > k.

We can now explain how we define (ay,...,ax) € 77 1(A4) and
(B1y--.,8n) € 7 1(B). Firstly, (a1, ...,ax) = (a1,...,ax) and (B, ..., Bk) =
(bjy,--.,bj,). Then let {Bit1,...,08m} be the elements from {b1,...,0n} \
{bj,,...,b;. }. The corresponding {ax41,...,am} can be chosen from
{a1,...,ax}, in such way that d(ay, 5p) <e¢, for p e {k+1,...,m}. Indeed,
if this weren’t the case, then dy (A, B) > e. For the remainder of the pairs of
coordinates, if there are any (m < N), we can just repeat any of the already
used pairs. In this way we obtained N-tuples which are close, when their
projections in Fy(X) are close.

0

THEOREM 3.2. Let X be a compact metric space and f : X — X a
continuous map such that CR(f) = Fix(f) = NW(f) is a finite set. Then

NW(Fn(f)) = Fix(Fn(f)) = {{z1,..., 2} | 1 <k < N, z; € Fix(f)}.

PROOF. Let A € NW(Fn(f)), A={a1,...,ar}, k < N. If we show that
(at,...,ar) € CR(f*F), f**: X*F — X*F then using the fact that CR(f x
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g) = CR(f) x CR(g), we have that a; € CR(f), 1 < i < k. Since CR(f) =
Fix(f), we have that A € Fix(Fn(f)). Let us show that (a1,...,ar) €
CR(f**). More precisely, we will construct an e—chain starting and end-
ing at (a1,...,ax), for an arbitrary € > 0. Note that it is enough to find an
e—chain starting and ending at any permutation of (a,...,ax).

Since is A is non-wandering, for every n € N, choose B(A,1/n). There
exists B,, € Fy(X) and m,, € N such that

du (A, Bn) <1/n,  du(A, Fy"(f)(Bn)) <1/n.

We can also choose (my,)nen to be strictly increasing sequence.

If we denote by 771(A4) = {aj1,...,a,} € X*N there exists P, depend-
ing on N, such that p < P. Also, there exists @ such that if we denote
by 7 1(B,) = {bi,.... by} € XN we have that g(n) < Q. Using
Lemma 3.1, we can conclude that for every n € N, there exist i,,j, €
{1,...,p} and l,,,m, € {1,...,¢(n)} such that

d(ai,, b) < 1/n, (2, (P 0)) < 1/n
Since the set {1,...,p} is finite, there exists i € {1,...,p} and a subse-
quence (py) of (n) such that
d(a;,, b]r):n) < 1/pn.
Similarly, there exists ro € {1,...,¢(n)} and a subsequence (k) of (py)
such that

d(ayy, b7) < 1/k,.

To

Now we have

d (aj,, . (F)™ (bf ) < 1k
By repeating the same reasoning once again, we find a new subsequence
of (ky), denote it with (s,), and jo € {1,...,m} such that

d (a,, (FN)™" (b)) < 1/sn.

Furthermore, as before, there exists Iy € {1,...,Q} and a subsequence
(tn) of (sn) such that

d (o, (£ (bf2)) < 1/t

To summarize, we have

(o, bly) < Uty d (a3 ()" (7)) < 1/t
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If we denote a;, = (a1, ..., an) and bir = (B, ... ,65\7), then d(aj,ﬁ;") <
1/tn, for all 1 < j < N. Similarly, if we denote aj, = (y1,...,7n) and
bfg = (87", ...,6%), we have that d(v;, f™n ((5;”)) <1/t,, forall 1 <j < N.

N —tuples a;, and a;, both have exactly k£ mutually different coordinates.
We discard all the sequences (ﬁ;), and alike f™tn ((5;"), that have the same
limit, and leave just one with the said limit. We are left with k£ sequences
(ﬁjt”) and k sequences (f™n» (5;")) We will now use simpler notation for the
obtained inequalities. We have d(p;,c}) < 1/t, and d(rj, f*(d})) < 1/ty,
for all 1 < j < k. Note that A = {a1,...,ax} = {p1,---,06} = {r1,..., 7%}
and {c{,...,c}} = {dt,...,d}}. As before, denote p = (p1,...,px), T =
(ri,...,1e), ¢ =(cf,...,c}) and d"™ = (d},...,d}).

Let 2,y € X**. Then for € > 0 choose § < £/2 such that
3.1) d(z,y) <& = d(f**(x), ")) <e
and ng € N such that

d(p,c") <4, d(r,(f**)*(a")) <e/2

for n > ng. This also implies that for every permutation u € Sy of order [,
s€{0,...,l—1} and n > ng

(3.2) d(p®(x), (FF) = (p*(d")) < /2,
since the distance doesn’t change if we permute both k—tuples in the same
way.

Let v be the permutation in Sy mapping (cf°,...,¢c.°) = c™ to

(d°,...,d;°) = d™ and m such that v = Id. Denote p; = v(p). Let u be
the permutation in S, mapping p; to (rq,...,7;) = r and [ such that u! = Id.
We have that
(3.3) d(p,c™) <0 < d(v(p),v(c™)) < & d(p1,d™) < 0.
Applying (3.1) to (3.3), we obtain
(34) A(f**(pr), f**(d™)) <e.
Furthermore,
d(u(d"™), (f*F)*mo(d™)) < d(u(d™),r) +d(r, (fF)o (d™))
=d(d™, ") +d(r, (fF) o (d™))
=d(d™,p1) +d(r, (fF)o (d™))
<e/24+¢€/2=¢,
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Therefore, for every s € {0,...,l — 1}, we have that
(3:5) d(p* (d™), (fF)mo (p==H(d™))) < e.

Let us finally construct an e-chain starting and ending at p;. We will
explain why every first term in each line is preceded by the last term in the
previous line in an e-chain. Elements in each line are trivially elements of an
e-chain. We can go from the first to the second line because of (3.4). For the
following [ — 2 lines we apply (3.5). And, lastly, we use (3.2), for s =1 — 1.

P1,
@), ()2 ), (R,
), ), (FFR (™)), (R (),
(™), PR GR@), (PR @A), () (R (),

@), @), (P4 @), (R i ),
pH(r) =pa

4. MAIN RESULTS AND PROOFS

Let f: X — X be a homeomorphism with finitely many chain recurrent
points. Since CR(f) is finite and invariant, we conclude it consists of only
periodic points. We can pass from f to f*, for some k > 1, so that all the chain
recurrent points become fixed. This change does not affect the polynomial
entropy, since we have that hp.,(f*) = hye(f). It is clear that this is also
true for the map F,(f), i.e.

hpot(Fa(F*)) = hpot(Fa(£)*) = pot (Fa(f))-
Let A € SF,,(X). Then, since the appropriate restriction of ¢ is a home-
omorphism, we have:

(SE()"(A) = (aFu(Fa )" (A)

_ S aFu(HFeHA) fA£F
1) a { Fx if A= Fi
= SE.(f*)(A).
We see that

ot (SFn(F5)), SE(X)) = hpot (SFn(f)F), SFu (X))
= hpol(SFn(f)vSFn(X))v

so we can, from now on, consider homeomorphisms f with CR(f) = Fix(f).
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LEMMA 4.1. Let X be a compact space and f : X — X a homeomorphism
with a finite chain recurrent set CR(f) = Fix(f). Then SF,(f)) has a finite
non-wandering set and NW(SF,(f))) = Fix(SF,(f))), for all n > 2.

PrOOF. The set Fix(SF,(f))) is finite because it is contained in a fi-
nite set (Fix(F,(X)) \ {F1}) U{Fx}. Let A € SF,(X) such that A €
NW(SF,(f)) \ Fix(SF.(f)). Since A # Fx, we have that A = ¢(A), for
some A with more than one element. Let U be a neighbourhood of A in
F,(X). Then ¢(U) is a neighbourhood of A. Define i := ¢(U) \ Fx. Follow-
ing that A is a non-wandering point, there exists k > 1 so that

(SEL(FFU)NU #0.

Then, following the definition of the map SF,,(f) and a simple property
that (SF,.(f)* o q=qo (F.(f)":

0 # (SF.()"U) nU = (SE.(f))*(a(U)) Na(U) = a((Fa(£)*)(U) N ().

Since ¢ is a bijection on F),(X) \ F1(X), we can conclude that:

(Fo(f)HU)NU #0.

Since U was an arbitrary neighbourhood of A, we see that A € NW (EF,,(f)).
From Theorem 3.2, we have that NW (F,(f)) = Fix(F,,(f)), and finally:

SEL()(A) = q(Fn(f))a™ (A) = q(Fu(f))(A) = ¢(4) = A,
which shows that A € Fix(SF,(f)). 0

THEOREM 4.2. Let X be a compact space, f: X — X a homeomorphism
with a finite chain recurrent set and n > 2. Then

hpol(SFn(f)’SFn(X)) = hpol(Fn(f)an(X)) = ”hpol(f» X)

PROOF. As we explained, we can consider all the chain recurrent (and
then consequently non-wandering) points to be fixed points. Let

Gn i ={{z1,...,zn} |z € X, #x5,1,5 € {1,...n}} C F(X).

Since f is a bijection, G,, is f-invariant. Similarly, SF,(f) and the restriction
of g are bijections, so ¢(G,) is SF,(f)-invariant. We are going to apply
Proposition 2.3 for:

Xl::Fn(X)7 A::G’na leZFn(.f)a
X, : =SF,(X), B :=q(G,), fo:=8F.(f),
H:=q.
If f has exactly n fixed points {z1,...,2,}, then the sets G,, and ¢(G,,)
contain exactly one non-wandering point {z1,...,z,}. If f has less than n

fixed points, then the sets G, and ¢(G,,) do not contain any non-wandering
points. In this case, we will add a one-clement set {Z}, f(Z) = Z to G,, and
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Fy to ¢(G,,), while keeping the same notation, to meet the requirements of
Proposition 2.3. This will not affect the polynomial entropies (see property (3)
on page 4) and ¢ will remain a homeomorphism on G,. Also, G,, and ¢(G,,)
remain f- and SF,(f)-invariant, respectively. If f has more than n fixed
points, say k, then there are (z) non-wandering points in G,,. Again, without
changing the notation, we remove all the non-wandering points from G,,, and
add a one-element set {z}, f(Z) = & to G,, and F; to ¢(G,). Since every
removed point is fixed, the remaining points in G,, constitute an f-invariant
set. The same is true for ¢(G,,), being SF,(f)-invariant.
Seeing that all the conditions are fulfilled, we have:

(4.2) Ppol(SFn(f); 4(Gn)) = Ppot (Fn(f); Gn)-

Once again, we will apply Proposition 2.3, but this time for the following
setting:

Xl;:Xxn7 AZ:ﬂ'_l(Gn), flzzfxn7
X2 L= FIL(X)7 B:= Gn, f2 L= Fn(f)7
H:=m.

First note that 7~1(G,,) is f*™-invariant, since f and the restriction of 7
are bijections. Following the same reasoning as before, there is either exactly
one non-wandering point, or there is none (either instantaneously, or after
removing all the fixed points), so we add one point to the sets 77 1(G,,) and
G, - point (Z,...,Z) and {Z}, respectively. H will remain a homeomorphism,
and the entropies are not changed. We can conclude that

(4.3) hpol(Fn(f); Gn) = hpol(fxn§ W_l(Gn))'

Using the elementary property of polynomial entropy, as well as (4.2) and
(4.3), we have the following:

hpol(SFn(f)aSFn(X)) = hpol(SFn(.f)§q(Gn))
hpol(Fn(f)§ Gh)
hpol(fxn;ﬂfl(Gn))'

Therefore, it is enough to show that

(44) hpol(fxn; ﬂ-_l(Gn)) = hpol(Fn(f)v Fn(X))

Note that if we prove that hpe(f*™; 7 1 (Gr)) = nhpo(f, X), then (4.4)
is true. Namely,
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hpol(Fn(.f)an(X)) < hpol(fxnaXxn)

(4.5) = nhpol(f7X)7
hpol(Fn(f)7 Fn(X)) = hpol(Fn(f); Gn)
(4.6) D Dot (777 H(G)

- nhpol(va)v
so we conclude that hpor(Fr(f), Fr(X)) = nhpe(f, X).

Let us now present the proof of the following equality:
LEMMA 4.3. hpot(f*"; 77 HGy)) = nhpa(f, X).
PROOF. One inequality is trivially true:

hpot(F*™; 1 H(G)) < Pyt (f77, X ™) = nhyor(f, X).

Notice that the set 771(G,,) is the set of n-tuples where all the coordinates
are mutually different. Hence,

XX = 771(G) U (UG o) U (Fix(£™) v (G)),

where the union is taken over all k and «(k), with & > 2 being the least
number of mutually equal coordinates and «(k) the set of parameters which
determines the positions of these coordinates. For clarity, let us explicitly
write one set G (which will be used later in the proof) from the family of sets

Gl ak):
G =Gy ={(z,z,23,...,,2n) | z,2; € X,i € {3,...,n}}.

There are finitely many sets G, o(x) for a fixed n and they are all f*"-invariant
and compact. Let us remark that they are not necessarily disjoint, which is
not a problem for using the finite union property of the polynomial entropy
2.1. Since hpo (<™, Fix(f*™) N7~ 1(G,)) = 0, we have that:

nhpol(va) = hpol(fxnyXxn) = krréf%?){hpol(fxn; W_I(Gn»; hpol(fxn; Gk,a(k))}

We can conclude that hpe(f*™; 7 H(Gr)) = nhpe(f, X) after we prove
that hpol(fxn; Gk,a(k)) < (n - 1)hpol(f; X)
Firstly, let us show that hpe(f*™; G) = (n — 1)hpa(f, X). The following
diagram, where ¢(21,...,2n-1) = (z1,21,22,...,Tp—1) is a homeomorphism,
establishes that fpe(f*™ G) = hpor(f* D, X ¥~ = (n — D)hpoi(f, X).
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Xx(n—1)fx("71)Xx(n—1)

|,
7" ¢

Also, hpot(f*™; Ga,a(k)) = hpot (f*"; G), for all a(k), because sets G and
G'2,a(k) are homeomorphic via the map that exchanges proper coordinates, so
hpot (f*7; Goaky) = (n = Dhypo(f, X).
Finally, let & > 2. Then hpo(f*"™; Gram)) = (0 =k + 1)hpo(f, X), using
the same reasoning as before, so we have that hpe(f*"; Gramk)) < (0 —

1)hpol(fa X)

This completes the proof of our main theorem, since we proved that
hpot (SER(f), SFn (X)) Z hpot(Fu(f), Fu(X)) as well as hpoi(Fr(f), Fu (X)) =
nhpol (f7 X) 0

Barragdn et al. defined the space (SE(f),SEJ(X)), n > m > 1 in [7]
as the quotient space

SFM(X) = Fu(X)/Fin (X)),

with the quotient topology. They proved that SF(f) is a continuous map
on the compact SF™(X), when f is a continuous map on a compact space
X. Copying the proof of the main Theorem 4.2 verbatim, we can show that
the same results are true for the dynamical system (SE™(f), SE™(X)).

THEOREM 4.4. Let X be a compact space, f: X — X a homeomorphism
with a finite chain recurrent set and n > m > 1. Then

hpot (SR (f), SEF (X)) = hpot (Fn(f), Fn (X)) = nhpor (f, X).
0

As we mentioned in the introduction, we obtained the results regarding
the polynomial entropy on F,,(X), for specific spaces X = [0, 1] and S* in [12].
We complement them with the results on the symmetric product suspension,
using the main Theorem 4.2 and the fact that hpe(f, [0,1]) = hpe(f,S!) =1
when the set NW (f) is finite. Let us note that for X = [0,1] and S the set
NW (F,(f)) is finite, by Proposition 5 in [12].

COROLLARY 4.5. Let f :[0,1] — [0,1] be a homeomorphism with finitely
many non-wandering points. Then hpo(Fr(f)) = hpot(SFL(f)) = n, for all
n = 2.

COROLLARY 4.6. Let f : S — S' be a homeomorphism with finitely many
non-wandering points. Then hpoi(Fn(f)) = hpot(SFL(f)) =n, for alln > 2.
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Let us now consider a homeomorphism f : X — X on a compact space
X with a non-wandering set that is not necessarily finite. We studied home-
omorphisms with at least one wandering point in [13] and obtained a lower
bound for the polynomial entropy of (F,(f), F,,(X)). We will show a similar
result for SF,,(f), under an additional assumption.

THEOREM 4.7. Let X be a compact space and f : X — X be a homeo-
morphism with as least one wandering point xo. If the sets ay(xo) and wy(xo)
are finite, then hyot(SE,(f)) = n, for alln > 2.

PrOOF. We will use the same notation as in the proof of Theorem 6 in
[13]. Define z,, = (f™(x9)), n € Z and
Y :=0¢(z,) ={xn | n € Z} Uayr(zo) Uwy(zo).
The set Y is compact and contains finitely many non-wandering points, i.e.
the points in af(xo) Uws(xo). Since SF,(Y) is an SF,(f)-invariant subset of
SF,(X), we have
T.4.2

hpol(SFn(f)van(X)) >hpol(SFn(f)78Fn(Y)) - hpol(Fn(f)an(Y))-

Now, following the aforementioned proof from [13], which is done by defining
a semi-conjugation with a subshift, we have that

hpot (Fn(f), Fu(Y)) 2 n.
0

Again, in the same way, we can prove the previous result for the gener-
alised suspension SF*(X):

THEOREM 4.8. Let X be a compact space and f : X — X be a homeo-
morphism with as least one wandering point xq. If the sets ar(xo) and wy(xo)
are finite, then hypot(SET(f)) = n, for alln > m > 1.

COROLLARY 4.9. Let f : [0,1] — [0,1] be a homeomorphism satisfying
f#1d and f2 #1d. Then hyoi(SF(f)) = hpot(Fu(f)) = n, for alln > 2.

PRrROOF. We can assume that f is strictly increasing (otherwise, consider
12 instead of f). Since in this case Fix(f) = NW(f), there exists at least
one wandering point zo. In order to deduce this result we only have to com-
ment on the fact that af(x¢) and wy(xg) are in fact one-element sets, since
ngrfoo f™(xo) exists. 0

Not all orientation-preserving homeomorphisms f : S' — S! with at least
one wandering point {zo} will meet the condition of finite ay(zo) and wy(zo).
If the rotational number p(f) is irrational, then it is a known fact that the
universal w-limit set is either S' or a Cantor set. In the latter case, f possesses
a wandering point (see Proposition 6.8 in [32]) and wy is not finite.
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