Flasnik 2es
Matematicki

SERIJA III

www.math.hr/glasnik

Mohit Mittal

On a Variant of Pillai’s problem involving convergent
denominators of quadratic irrationals

Manuscript accepted
July 9, 2026.

This is a preliminary PDF of the author-produced manuscript that has
been peer-reviewed and accepted for publication. It has not been
copyedited, proofread, or finalized by Glasnik Production staff.



ON A VARIANT OF PILLAT'S PROBLEM INVOLVING
CONVERGENT DENOMINATORS OF QUADRATIC
IRRATIONALS

MoHIT MITTAL

Birla Institute of Technology and Science, Pilani, India

ABSTRACT. Let (ga,n)n>0 be the sequence of convergent denomina-
tors to the simple continued fraction expansion of a. In this paper, using
Baker’s theory of linear forms in logarithms, we show that there are only
finitely many integers c such that the equation ga,n —gg,m = ¢ has at least
two distinct solutions (n,m), with n,m large. Here, «, 8 are quadratic
irrationals with Q(«) # Q(3). In specific instances, we further employ the
Baker-Davenport reduction technique to solve the equation go,n —qg,m = ¢
completely and explicitly list all solutions.

1. INTRODUCTION

In 1931, Pillai [28] proved that for fixed positive integers a and b, with
min(a,b) > 2 and °8a/logp irrational, the number of solutions (x,y) to the
Diophantine inequalities 0 < a” — b¥ < ¢ is asymptotically equal to

(log c)?
2(log a)(log b)
as ¢ — oo. This work drew Herschfeld’s [19, 20] attention, who proved, in
1935, that the Diophantine equation
27 —3¥ =c,

has at most one solution when || is sufficiently large and fixed. Following
this, in 1936, Pillai [29, 30] considered the more general Diophantine equation
(L.1) a® — b =g,
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2 M. MITTAL

where a, b, ¢ are fixed nonzero integers with a > b > 1. He showed that for
coprime a and b, sufficiently large values of ¢ allow at most one positive integer
solution (x,y). Further, he put forth two conjectures. The first conjecture
states that the only integers ¢ that admit at least two representations of the
form 2% — 3¥ come from the set {—1, 5,13}, with explicit representations

2% 32 =_-1=2-3,
2 -3 =5=2°-3,
28 _35=13=2%-3.

This conjecture was confirmed by Stroeker and Tijdeman [33] in 1982. (See
also [4].)

Secondly, he conjectured that, for fixed nonzero ¢, equation (1.1) has at
most finitely many solutions in integers a, b, z, and y, all greater than one.
The case ¢ = 1 is Catalan’s conjecture, one of the famous classical problems in
number theory. In 1976, Tijdeman [34] proved that equation (1.1) with ¢ =1
has only finitely many solutions. Catalan’s conjecture was proved in 2002 by
Mihailescu [24]. However, Pillai’s conjecture remains unproven for ¢ > 2.

The first work in the direction of replacing powers of positive integers by
terms of a linear recurrence sequence was done in 2015 by Ddamulira, Luca
& Rakotomalala [14]. They considered the Diophantine equation

F,—2"=c¢,

and explicitly determined all integers ¢ that have at least two distinct repre-
sentations.
In 2016, Chim, Pink & Ziegler [7] considered the Diophantine equation

Fn_Tm,:ca

where c is a fixed integer and (F},)n>0, (Tm)m>0 are the sequences of Fibonacci
numbers and Tribonacci numbers, respectively. This type of equation can be
viewed as a variation of Pillai’s equation. They showed that the only integers
¢ having at least two distinct representations of the form F,, — T}, come from
the set

c={0,1,-1,-2,-3,4,-5,6,8,—10,11, —11, —22, —23, —41, —60, —271} ,

and also gave all representations of each ¢ € C.
In the same year, Chim, Pink & Ziegler [8] considered the Diophantine
equation

U, -V, =c,
where ¢ is a fixed integer and (U,)n>0, (Vin)m>o are linear recurrence se-
quences satisfying the dominant root condition. By finding an effective upper
bound for |¢|, they showed that there are finitely many choices of ¢ which
have at least two distinct representations of the form U, — V,,. We refer to
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[5, 9, 10, 11, 12, 13, 16, 17, 18] and the references therein to get more insight
into the theme of this paper.
In this paper, for a fixed integer ¢, we study the equation

qa,n — 48,m = C,

which is a variation of Pillai’s equation. Here, (ga,n)n>0 and (ggm)m>o are
the sequences of convergent denominators arising from the continued fraction
expansions of quadratic irrationals « and [, respectively. This problem has
not been addressed previously, as the linear recurrence sequences do not satisfy
the dominant root condition (see Remark 1). We refer to [25] and [31] for some
more results that involve sequences of convergent denominators.
For specific choices of quadratic irrationals a and 3, the sequences (ga,n)n>0

and (¢8,m)m>0 become Lehmer sequences [3] of the type

I 52:1711 if n is odd,
n(R,—1) = P

52_7]2
Here, R € Z. and &, n are the roots of the quadratic equation 22—v/Rz—1 = 0.
In these cases, we explicitly solve certain Diophantine equations and exhibit
all of their solutions. We begin with the following theorem:

if n is even.

THEOREM 1.1. Let «, 8 be real quadratic irrational numbers with simple
continued fraction expansions

a=1[ap,0;---,00,r6—1,00,0, - - -, 00,59—1)5 70 > 0,50 > 1,
B=1la1,0; -1, —1,b1,0,--.,b1,6,-1),71 > 0,81 > 1,

and Q(a) # Q(B). Let (qu,i)i>0,(¢8,:)i>0 be the sequences of denominators
of the convergents to the continued fraction expansions of «, 3, respectively.
Then there exist effectively computable constants N*, M* depending only on
a, B, respectively, and an effectively computable finite set C with the following
property: an integer ¢ has at least two distinct representations of the form
do,N — qa,m with N > N* and M > M* if and only if c € C.

Let a,b € N such that 2 < a < b. For a = [0;1,a] and 8 = [0;1, ], we
explicitly compute an upper bound for the size of the solutions. Moreover, for
2 < a < b < 5, we effectively compute the set C. We note that for o = [0;1, a],
the sequence of convergent denominators is a Lehmer sequence with R = a.
We prove

THEOREM 1.2. Let a,b € N with 2 < a < b. Let o, be real quadratic
irrational numbers with simple continued fraction expansions

a=1[0;1,a], B=1[0;1,0],

and Q(a) # Q(B). Let (qu,i)i>0,(¢8,:)i>0 be the sequences of denominators
of the convergents to the continued fraction expansions of «, 3, respectively.
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If ¢ is an integer that has at least two distinct representations of the form
Qo,N — 48,M; €. C = Ga,N, — 48,M; = Qa,N, — 48,M, With N1 > N3y > 2 and
My > My > 2, then

mazx(Ny, My) < 1.1793 x 10%°1og® 051 x log®(9.06 x 10'*log? 05 1),
where 0g 1 = (0+2+V>+4b) /3,

In particular, for a = 2 and b = 3 we extend Theorem 1.2 to find the
effectively computable set C. Therefore, we have the following theorem:

THEOREM 1.3. Let o = [0;1,2] and 8 = [0;1,3]. The only integers c
that have at least two distinct representations of the form qo,Nn — qg,m with
N, M > 1, belong to the set

C={-4,-1,0,10,37}.

Furthermore, for each ¢ € C, two distinct representations of the form ¢ =
Goa,N — q8,M 1S shown below:

Gos —qsa=15—19=[-4]=1-5=qa1—qs3,
qa,s—q3,3:4—5::3—4:qa,2—qﬁ,2,

Qa,S_QB,2:4_4:@:1_1ZQa,1_QB,la
Qo — 053 =15—5=[10]=11 1 =qgu1 —gs1,
Qo7 — Qpa =56 —19=[37] =41 —4 = go6 — gpo-

For other choices of a = [0;1,a] and 8 = [0;1, b], where
(a,b) € {(2,4),(2,5),(3,4),(3,5),(4,5)}, the set C along with two distinct
representations of each ¢ € C is shown in Section 7.

Note that it is important to choose N > 1 and M > 1. Otherwise,
there would be infinitely many ¢’s having two distinct representations. As
an example, for a = [0;1,a] there are infinitely many integers cyy = 1 —
gs,m, M > 0, that have two distinct representations of the form

Qa0 — 98,M = qa,1 — 48, = 1 — qg,m-

Remark 1.4. We note that for a real quadratic irrational number «, the
sequence of convergent denominators of its continued fraction expansion sat-
isfies a linear recurrence relation, but the associated characteristic polynomial
may not have a dominating root. For instance, if & = /27, then its continued

fraction expansion is [5; 5, 10] and ¢;+4 = 52¢;4+2—q;, i > 0. The characteristic
polynomial is z* — 5222 + 1 and its roots are :i:\/26 + 15\/§7 :I:\/26 — 15v/3.
To circumscribe this issue, we use an argument of Pethé [26] (see also Lenstra
and Shallit [21]) to split the sequence into finitely many subsequences, each
satisfying the same binary recurrence relation (with different initial terms, see
Section 2).
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In Section 2, we mention some preliminary results. In Sections 3, 4, and 5,
we prove Theorems 1.1, 1.2, and 1.3, respectively.

2. PRELIMINARIES

Let o be a real quadratic irrational number. Let its simple continued
fraction expansion be a = [ag;...,a,—1,bo,...,bs—1], 7 > 0,8 > 1. Let
(ga,i)i>0 be the sequence of denominators of the convergents to . Then by
Pethé [26, Lemmata 1 & 2] (see also [21, p. 352]), (¢a,i)i>0 satisfies the linear
recurrence
(22) Qo,i+2s — taQa,iJrs + (*1)SQQ,i = 07 1 Z r,

where t, is defined as

t, = trace H <b1] (1)>

0<j<s
The next lemma gives a Binet-type formula for the convergent denominators.

LEMMA 2.1. Let a be a real quadratic irrational number with simple
continued fraction expansion [ag;...,Gr—1,b0,...,bs—1], ¥ > 0,s > 1. For
j=0,...,5—1, let qu = Qasitjt+r, 1 > 0. We have

(2'3) qu = Cg,)lefx,l - C((xj,)Zafx,% >0,
where
to + /2 —4(-1) te — /22 —4(-1)
9a 1= ) Goz 2 = ;
’ 2 ’ 2
C(j) _ qﬁf)l - Ga,gq,(j,% S0 ¢ i) _ q,(j)l - 9&,1(12%
ol 0&,1 - 0&,2 ? Tl 904,1 - 904,2

PROOF. From (2.2) and the definition of q((j;z, we have

qg,2'+2 - taq((xj,zurl + (_1)8(1(;,2 =0,:20.

For a fixed j, the subsequence (qSZ) satisfies the above equation. The
/>0

corresponding characteristic equation is 22 — t,x + (—1)° = 0, whose roots

are 0,1 and 0, 2. By [32, Theorem C.1(a)], the Binet-type formula can be

) )

ol and Coo

written as in (2.3), where ¢
and ¢ = 1 in (2.3) gives

are to be determined. Setting i = 0
2y = ) - )

qgﬁ = 087)1904,1 - Caj,)z@a,%

Solving these yields the stated expressions. 0
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Using the above lemma, we note that 1 < 0,1 <ty +1and =1 < 8,2 <1.

We recall that two complex numbers u;, and us are said to be multiplica-
tively independent if for integers ki and ks, u’flu’;Q = 1 implies k1 = ko = 0.
The following lemma provides a sufficient condition for the multiplicative in-

dependence of 0, and 63;.

LEMMA 2.2. Let o, be real quadratic irrational numbers with simple
continued fraction expansions

a=1[ap,0;---,00,r6—1,00,0, - - - , 00,50—1)5 70 > 0,50 > 1,
B=1la1,0; -1, —1,b1,0,---,b1,5,-1),71 > 0,81 > 1.
If Qo) # Q(B), then 041 and g1 are multiplicatively independent.

PROOF. Let (pa,n)n>0 and (ga.n)n>0 be the sequences of convergent nu-
merators and denominators, respectively, to the continued fraction expansion
of a. Referring to [21], (pa,i)i>0 satisfies the linear recurrence

Pa,i+2s9 — tocpa,i+50 + (_1)80pa,i = 07 ] > To.
In a manner similar to Lemma 2.1, we have
s = dh6h, — A, i 20,

(7) €)) J [€))
) _ pa 1—0a,2py 0 G _ Pa71*9a 1Pao . T
d 1= W and da, = m Since a = hmn*)oo

for any ﬁxed j, we have

Pa,n

da,n

where

P 0, Dl 0t
B T D T

Hence, a € Q(0,,2) and therefore Q(a)) C Q(fn,2). As [Q(042) : Q] =
we have either [Q(a) : Q] = 1 or [Q(a) : Q] = 2. If [Q(e) : Q] =
then a is a rational number, which is not possible. So, Q(a) = Q(04,2)
Qy/Z — A(=1)) = Q(6a,1).

Now suppose 0,,1 and 6g; are multiplicatively dependent. Then there
exist integers u,v such that 05 | = 05 ,. As Q(0a,1) N Q(05,1) = Q, we get
0n1 € Q. This gives 0 ; = 0, = +0, 7, which yields Ga v = £1. Since

Q(Oa)l) is a real quadratlc field, we get 9m1 = 41, which is a contradiction.
a0

= N

LEMMA 2.3. Let o be a real quadratic irrational number with simple con-
tinued fraction expansion [ag;...,ar—1,bg,...,bs—1], 7 > 0,8 > 1. Then there
exists a positive integer N depending only on o such that for Ny > No > N,
we have

n n
Ca,39a711 < ‘qale - qOé,N2| < Ca;49a,11
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PROOF. Recall that q(()fz = Qu,si+j+r, from this we obtain g, v = ¢4,

Using equation (2.3), we have

qz()zj}n.:cg)lal 8)20/2

(J)

Asn — o
q(()f)n ~ 053,)192,1
Hence,

qa,N = Q((lj?n ~ C(j) O

Therefore, there are positive constants Cq 5, Cq 6 such that Cas/Cos < Oq1
and

w1y as N — oo,

Ca7592,1 < qa,N < Ca,(igg,h N > NOa

where Ny is a sufficiently large integer.
For N1 > Ny > Ny,

G0, Ny — Qo Na | < [Ga, Ny |+ [Ga,v, | < Ca6(04) +057)

1 n
D,

(2.4) < Ca 401

where Ca74 = ZCO(’(;.
For N7 > Ny > Ny. If nqy # no, then

o,l?

190, Ny — Qo.No | 2 1ga,Ny | = [da,n, | > Ca 500l — Casliy
Ca,fi n
=Cas (1 T ot Oait
Coz 6
2.5 >C 1——="—)6".
( ) = 0¢75< Ca,SeaJ) a,l

If ny = no, then using equation (2.3), we have
gas = oz = |(52) = G300 = () — )0,

(0 =) - e - (322 o

»
a,l

n1
a,l”

Since N; = sn; + j; +r for i = 1,2, with n; = ny and N; > N», we obtain
(j1) _ (Jz)

j1 > jo. For, suppose c 1 =¢C . Using Lemma 2.1, we deduce
6y - foi) = Oa,2(a5y — %)),

This gives 6, 2 is a rational number, which is a contradiction. Therefore,

. . ni
c((ill) £ c((l”) Hence, c(“) £ c(”) Since limy,, 00 (za—f) = 0, there exists
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904,2 "
904,1

n* € N such that

Exj.,ll) _c ((3721) |

© 2y — el

e
—= ny > n*.

Let N§ = max(Ny, sn* + jo + r). Therefore
’c(a],ll) - C((:izl) -
(2.6) |G, Ny — Ga,No | 2 fea,lv

for Ny > Ny > Ng
Combining equations (2.5) and (2.6), we have

(2.7) |G, Ny — Ga,No | = Ca,393,11»

c C(1'11)_6(1'21)
. ,6 . @, @,
where Cp 3 = min <Ca,5 (1 - cu,:aa,l) s MINQ< < jy <s—1 2>-

Combining inequalities (2.4) and (2.5), we get the desired result. 0

The following lemma establishes the irrationality of the algebraic expres-
sion that arises in the proof of Theorem 1.2.

LEMMA 2.4. Let a be a real quadratic irrational number with simple con-
tinued fraction expansion [0;1,a]. Let c(aj))l,ﬁml, and 0,2 be as defined in
Lemma 2.1. If ny > no, then

C(jl)enl _ c(()‘j’?l)gnzl ¢ Q

a,l Ya,l a,

PROOF. By virtue of Lemma 2.1, ji, j2 € {0,1} with

0 _ a+Vda L fa 1
a,l 2\/CTE ' Ta,l \/@7

a+2+4++d,

where d, = a®+4a and 0, ; = . It is worth noting that d, is not a

perfect square. For, suppose d, = w? for some integer w. This gives (a+2)? =
w? + 22, If ged(w, 2) = 1, then (w, 2, a + 2) is a primitive Pythagorean triple,
which is not possible. If ged(w,2) = 2, then (w/2)? + 1 = (a+2/2)2, which is
not possible. Thus the claim follows.

Now, depending upon the parity of n; and ng, there are four cases. It
suffices to consider two, as the remaining cases follow analogously.
Case(i): m1 and ng are even (that is, j; = jo = 0).
Suppose to the contrary that c(jll)ﬂml - c(j21)0”21 — abVda (gm g2y ¢ Q.

«, «, «, «, 2+/d, a,l a,l
Consider the automorphism of Q(v/d,) that takes v/d, to —/d,. This gives,
a+ \/E a — \/di

TENCa (g —gn) = Va9, — 07,).
2\/@ ( a,l a,l) _2\/£( a,2 a,2)
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Since 0q,1 - 0a,2 = 1, we obtain

At (Y
, at+Vd,
As the right-hand side is negative and the left-hand side is positive, this is a
contradiction. The same argument applies when n; and ne are odd.
Case(ii): ny is odd and ng is even (that is, j; = 1, jo = 0).

Suppose to the contrary that c,(lj’ll) 00l — 0321)93721 = f}”di@;bjl - “;ﬁegfl € Q.

Consider the automorphism of Q(v/d,) that takes v/d, to —/d,. This gives,
Ga,l anl a—+ \/EanQ 9&,2 ny a— da 6”2

/*da a,l 9 /*da a,l — /*da a,2 /*da a,2°
Since 0,1 - 0a,2 = 1, we obtain

O O T =T 6T = (60 60,
Let us define the sequence S = (Si)izor as S; = 9};71 + 9;,1'1. Then Sp,+1 =
Sna+1— Sny < Snyt1- Since the sequence S is strictly increasing and ny > no,

this is a contradiction. A similar argument follows when n; is even and ns is
odd. ]

Next, we recall the definition and some basic properties of the absolute
logarithmic height function h(-). If ¢ is an algebraic number with minimal
polynomial f(X) = do(X — M) ... (X —6) € Z[X],

d
h(d) = é <log do + Z max(0, log |6(i)|)>

i=1
denotes its absolute logarithmic height. If §1, d2 are algebraic numbers, then
h(d1 £ d2) < h(d1) + h(d2) + log 2,
(2.8) R(6165Y) < h(81) + h(d2),
h(81") = [m|h(d1) (m € Z)
(see [35, Property 3.3]).
The following lemma due to Chim, Pink & Ziegler [8] gives a lower bound

for the absolute logarithmic height of the product of powers of multiplicatively
independent algebraic numbers.

LEMMA 2.5. Let K be a number field and suppose that 61,92 € K are
multiplicatively independent. There exists an effectively computable constant
Do > 0 such that for n,m € Z, we have

6’!7,
h <(5;) > Do max(|n|, |m|).
2

We will use the following lower bound for linear forms in logarithms due

to Matveev [22, 23]. (See also [2, 6].)
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LEMMA 2.6. Let T be a positive integer. Let 01,...,d7 be non-zero real
algebraic numbers and log d1,...,logdr be some determinations of their com-
plex logarithms. Let D be the degree of the number field generated by 01, . .., 7
over Q. Forj=1,...,T, let A;- be a real number satisfying

Ay > max (Dh(3;),|1og d5],0.16) .
Let ky, ...,k be rational integers. Set
B =max(|ki|,...,|kr|) and A= 0h7 — 1.
If A #0, then
log|A| > —1.4 x 30T 3T*5D?log(eD) A} - - - Al log(eB).
We shall need the following lemma due to Pethé & de Weger [27].

LEMMA 2.7. Let a > 0, ¢ > 1, g > (¢°/c)¢, and let x € R be the largest
solution of x = a + g(logx)¢. Then,

x < 2°(at° + g%/ log(c°g))°.

The next result is a slight variation of a result due to Dujella and Pethé
[15], which itself is a generalization of the result due to Baker and Davenport
[1]. For z € R, let ||z|| = min (z — |z], [z] — x) be the distance from z to the
nearest integer.

LEMMA 2.8. Let M be a positive integer. Let q be a convergent denomi-
nator to the continued fraction of the irrational v such that ¢ > 6 M, and let
Ay, Ag, k be real numbers with A1 > 0 and Ay > 1. Let € := ||rq|| — M ||vq|| -
If £ > 0, then there is no solution to the inequality

O<m'y—n—|—m<AIAQ_’C

log(A1e
in positive integers m,n and k with m < M and k > M
log As
3. PROOF OF THEOREM 1.1
In what follows, C7,C5,... and the constants implicit in the symbol
< depend only upon sg, 51,000, - - -, @0,ro—1, 00,05 - - -, 0,50—1,@1,05 - - -, G171 1,

b1,05+ .5 b1,5 -1
Let ¢ be an integer. Assume that (N1, My) # (N2, M) are pairs of indices
with No < Nj such that

(3.9 €= Ga,N, — 48,M; = qa,Ny — 4B, M2
ie.
(3.10) Ga,Ny — qa,N; = G8,My — 4B,M;-

Since the sequences (qa,i);~q» (45.i);>, are either strictly increasing or would
eventually be strictly increasing, there exists Ny, M7 € N such that for i; >
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io > N{" and ji > jo > MY, qai, > qay, and qg j, > qg,j,, respectively. We
will choose N* > Ni and M* > M{. Hence, Ny > Ny > Ni and M; > My >
M7 . Further N7 # Na, since otherwise we either have M; = My or My # Mo
with both M;, My < M. Without loss of generality, we assume N; > Na,
which implies ga,N, — ¢a,N, > 0. Using equation (3.10), gg,am, — 98,m, > 0
and therefore M; > M.
Write Nl = son,-+ji+r0, 0 < .71 < S0 — 1 and Mz = s1m; +p; +1r1, 0 <
pi < 81— 1 for i =1,2. For technical reasons, we assume that N > 2sg + g,
so that ny > 2. In fact, for Ny < 2sg + 7, there will only be finitely many
possibilities for c.

Applying Lemma 2.3 for f3, there exists M such that for M; > My >
M* = max(M{, M{), we have

C,305"1 < lag,a — ap,ms| < Cp a3

Let N* = max(Ng§, Ny). For Ny > Ny > N*, we combine the above equation
with (2.4), (2.7), and (3.10), to get

(3.11) Ca 305" < |da,Ny — da,N,| = la8,0, — a8,m,] < Cp b}
and

Cp305"1 < lag, i — 45,00 | = 90,8y — da,n, | < Caalpy
Using the above equation, we get

log 0 1 + 2log™ (Cas/cy 5)

(3.12) my < Ciny, where Cy = log 01

since n; > 2 and log™ (z) = max(log z, 0).
Now, using equations (2.3) and (3.10), we get
O — el Oy — 00 + 5003 = oo — e — ooy
(3.13) +coms.
There are 4 possible cases:
(i) n1 = ng and my = mao;
(ii) n1 =mng and mq > mo;
(iil) nq1 > n2 and my = mo;
(iv) n1 > ne and mq > ma.
In each of these cases, we show that m; < log®ni, where < indicates that
the constant involved depends only on « and f3.
Case (i): n; = ng and my = mo.
Using equation (3.13), we have

(e = edomy — (Y — clhony = (efy) — )05 — () — cff3)ogs,
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i.e.
(e — ey — () — 0 = (el — ey — (cffy) — ef3)05.
Since |0q2| < 1, |03,2] < 1, we get

(e = e — () — o3| < Co.

If cfﬁ) — c(;i) = 0, then, using Lemma 2.1, we obtain

8~ o) = Oalafy) — o)

We observe that the left-hand side is an integer, while the right-hand side is
an irrational. Therefore, p; = ps. We recall that M; = sym; + p; + r1, this
gives My, = M,, which contradicts our assumption that M; > M,. Hence,

c(ﬁpj) - cg?r‘l’) # 0. Dividing by ’(cgﬁ) - cgpj))ﬁgﬁ , we get
coil —eai! Oantsr’ — 1| < Cs
antp <
oy — ey ey — ey o
Cs
(3.14) = g
8,1
where 03 = %
’Cﬂpi ~ 51
Let ‘ 4
P ki R
1 (p1) _ (p2) @171 -

€1 —Cai
C(jl) _(G2) g

_ al ~Ca1 Y1 . . .
IfT'y =1, then o G2 o) 93,11 . Taking heights and applying Lemma 2.5,

€1 T8
we get
(3.15) max(nq,my) < 1.
If 'y # 1, then we apply Lemma 2.6 with T'= 3, D = 4,
(J1) (42)
_ _ o Ca,l _Ca,l
01 =041, 02 =031, 03 = o )
8,1 8,1
k1 =mny, ko =—mq, k3 =1,

Al <1, Ay <1, A< 1.
Using (3.12), we can take B = max(Ci,1)n;. Then
log |T'y — 1| > —C4log(e max(Cq,1)ny).
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Comparing with (3.14), we obtain
- Cy(1 +logmax(C1, 1) + logni) + log C3

my

log 631
Therefore,
my < 05 log ni,
20, (2 4+ log™ C1) + 2logt C
where Cy = 1 ( o8 1) o8 3 since ni > 2.

log 63,1
From the above inequality and (3.15), we obtain

mp K logn; < log3 ni.

Case (ii): n; = ny and m; > mo.
Using equation (3.13), we have

(3.16)

() — ey — (e — 2oy, = Vo — Ty oms —cPoms 4 crRoms,
ie.

(e =iy — VO = (el =)oty el 0 — el 053 +cf3 033,

Since |0q2| < 1, |03,2] < 1, we get

) = S0 — o] < |ey) — o]+ ||+ 0 + ||
Dividing by cgj i)%’% we get
j 1 (41) (42) (p1) (p2)
c((jfl) — c(a]fl) mg=m 1| < ’%,2 —Caa | T ‘65,2 + ’05,2 cgi)@gﬁ
T 305 SR
Cs Cy
N
Cs
(3.17) < G
8,1
Let
C(jll) _ (j21)
Py = =5 0anbs1"
8.1
C(Jl) _ec J2) g™
_ a,l a,l 7B . . § .

If I's = 1, then o0 g Taking heights and applying Lemma 2.5,

C a,l

8,1 ’
we get

(3.18) max(ni, my) < 1.
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If I'y # 1, then we apply Lemma 2.6 with T'=3, D =4,
() — )

o

01 =0a,1, 02 =051, 03 =

ki =ni1, ko =—-mq, k3 =1,

Al 1, A<l Ay <.
Using (3.12), we can take B = max(C1, 1)n;. Then

log [Ty — 1| > —Cylog(e max(Cy, 1)nq).
Comparing with (3.17), we obtain
Cy(1 + logmax(C1, 1) + logny) + log Cs

mip —meo <

log 031
Therefore,
my —mg < Ciglogny,
2Cy (2 +1log™ C) + 2log™ C
where C1g = ? ( & 1) & s since ni > 2.

log 63,1
Again using equation (3.16), we have
(e =)0 eV 05 3 053 = (e =30ty — cffy 051y + 13 0515
Since [0q,2] < 1, |05,2] < 1, we get

(p2) .

() — oy — eop + P on + |

< |y - 52| + ey

I ey 05 - o5

=0, then

(53 = e,

< |29 = )| + [y

+ ’c(;;) .

Since cgjll) # cgj), we obtain that n; < 1. Hence, by (3.12), m; < 1.

Assuming ’c(ﬂlﬁ)ﬁgﬁ - cgfr‘i)ng"l’ £ 0, we divide by it to obtain

ct(lj,ll) B C(ocj,21) ni g—mi 1| < ‘(08712) B C((XJ’QQ))‘ * C(BIE) + ng;) 1
_ Vg1 T = “(m1—m- ’ :
) = oyt B R B

We now find an upper bound for the expression 1/ cg’jp—cg’j?e;ﬁmlf""?)|. The
sequence (1/6% ,)i>1 decreases to 0. Therefore, there exists a ky € N depending
only on 3 such that

1 C(Pl)
< %, for all k > k.
9/3,1 QCﬁpj
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Therefore,
(p2) (p2) (p2) (p1)
() a1 - (p1) _ B2 () “B1 | CBa
c - > min | |c - yee s |C - , .
8,1 Hgfi—mz - < B,1 0571 8,1 92?1_1 2
Finally, we get
(41) (42)
(3 19) Ca’ll - Ca?l ng=mi 1| < @
’ (p1) _ (P2)6m2—m1 a,1V3,1 — eml
€81 ~ %1781 pi1
bet (41) (42)
F = Ca]’ll _ Co‘j’zl ni p—mi
3 cgﬁ) — Cgp2)0$§7m1 a,1Vp,1
C(jll) _ c(jzl) lei
— o, «, _ s .
If T's = 1, then ) Jpgmam g Applying Lemma 2.5, there
CB 1 Cﬂ,l 1 a,l

exists an effectively ’computable constant Dy, such that

C(jl) _ C(j2)
«,l a,l
Dy max(ny,my) < h ( d d ) .

(p1) (p2) gmz—m
oo~ 051"

Applying (2.8), we get

h Cz(ij,ll) - C(aj ,21)
(p1) _ (P?)gmzfml
€1 T €311

IN

h (03,11) — c&jﬁ)) +h (cgﬁ) - cgi)ﬁgffml)

< h(eY) + (D) + h(eD) + h(c?
log 631

+ (m1 — mg)—=—= + 2log 2.

As noted above,
m1 —meo < Cyplogny.
Hence,
(3.20) max(ny, my) < logn;.
If I's # 1, then we apply Lemma 2.6 with T'=3, D =4,

(J1) _ C(j21)

Ca,l

01 =041, 62 =051, 03 = ,
@ Cg?i) _ cépi)9?§7m1
ki =mn1, ks = —mq, k3 =1,
Al <1, Ay <1, A < logn;.
Using (3.12), we can take B = max(C1,1)n;. Then

log |T's — 1| > —C12log(e max(Cy, 1)ny) logn;.
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Comparing with (3.19), we obtain
- C12(1 + logmax(Cq, 1) + logny ) logny + log Cq4
mi .

log 631
Therefore,
my < Cizlog?ny,
2012 (2 +1og™ C1) + 3logT C
where C13 = 12 ( & 1) & ~u since n; > 2.

log 051
From the above inequality, (3.18), and (3.20), we obtain

my <K 10g2 ny <K log3 ni.
Case (iii): It is similar to case (ii). Following a similar procedure, we get
ny <K log2 ni.
Hence,
my K log2 ny <K log3 ni.
Case (iv): n; > ng and mq > ma.
Using equation (3.13), we get
e O — V05 =l 0y + e 0 — e300 — oY — o5
+ cg? g)ﬁgf;.
Since [0a,2| <1, |0p,2] < 1, we get
o - oy

‘c < Chis+ cgna 4 cgi)%rg.

a,l Ya,1 a,1l Ya,l
Dividing by cg’i)ef;; and using (3.11), we get
j j (p2)
W g | Cu R o D
(py) “e,1Y8, - = " (p1) pmy m T ym
oy cgremy gy 5y O
Cla Cgi) Ot . 00 Cgﬁ) 1
T R A
Cuy Cz(xj,21) Cpa 1 Cgi) 1

= (p1) pm1 ») C '0"1*712 (p1) '9m1*m2
101 cpr Y3 Pan cg Y1

1 1
Scmmax{em—nz’gm—mz}
a,l

81
C1s
— min(eml’ gﬁ’l)min(nlfnz,mlfmg) :

(3.21)
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Let .
T, Cg ,11) 00 ,11

gy
(1) g™
IfT'y =1, then E;l) = gfb’ll . Taking heights and applying Lemma 2.5, we get
C a,l
8,1 ’

(3.22) max(ni, my) < 1.
If 'y # 1, then we apply Lemma 2.6 with T'= 3, D = 4,
Y
01 =041, 02 =031, 03 = o1

(p1)’
1

k1 =nq, ko =—mq, k3 =1,
Al <1, A<« 1, Ay <.
Using (3.12), we can take B = max(C,1)n;. Then
log|T'y — 1] > —C1glog(e max(C1, 1)ny).
Comparing with (3.21), we obtain
- C16(1 + logmax(Cy, 1) + logni) + log 015'
log min(6q 1,68,1)

min(ny — ng, my — Mma2)

Therefore,
min(ny — ng,m; —me) < Ci7logng,
2C16 (24 log™ C1) +2log™ Ci5

since ni > 2.
logmin(6y.1,65,1) b=

where C17 =

If min(ny, — ng,m1 —m2) = ny — ne, then, using equation (3.13), we have
e Oty — e 0n — V05 =cln o0, — R 0nz — o705 — o5
(p2)
+ cﬁé 92”3
Since [0q,2] <1, |05,2] < 1, we get

e —eom — g | < O+ o

Dividing by cgj 1)%’?1, we get
(J1) (J2) pna—na
Ca1 — ca,l eoz,l — C(19

(3.23) o) 92}195771"1 -1 < g

€51 8,1
Let _ )

C(aj 11) - CEXJ 21)92217n1 _
F — i ) » Hnl 9 m1.
5 (p1) al1”8,1

8,1
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(J1) (42) gna—n1 my

¢t —er0 0

If s = 1, then 2t —2loel  — “5
C(Pl) m
8,1 ol

an effectively computable constant Dy, such that

Cg 11) - C(aj 21)93217n1
Dy max(ny,my) < h ’ =

. Applying Lemma 2.5, there exists

(p1)
g1

Applying (2.8), we get
(1) (42) gna—na
coy —eny0 ; ;
h a,l a,l Ya,l S h (0811) o C((yjzl)azzlinl) + h(cgji))
c(ﬁpll) , 1Y, ;

log 04,1

< h(eZV) + h(F2)) + (ny — o)
+ log 2.

+h(cP)

As noted above,
ny —ng < Cyrlogng.
Hence,
(3.24) max(ng,my) < logn;.
If I's # 1, then we apply Lemma 2.6 with T'= 3, D = 4,
C(Otj 11) - Cg,zl) 92,21_n1

(p1)
cﬁj

01 =104, 62 =031, 63 =

’

ki =mn1, ko =—mq, ks =1,
Al <1, Ay <1, Ay < logn;.
Using (3.12), we can take B = max(Ci,1)n;. Then
log|Ts — 1| > —Cy log(e max(C1, 1)ny) logn;.
Comparing with (3.23), we obtain
Ca0(1 + logmax(C1, 1) + logny) logny + log Cig
log 051 '

mp —mo <

Therefore,
my — mo < Coy log2 ny,
2C5 (2+ log™ Ci)+3 log™ Chg
log 0571

where Cy; = since ny > 2.

If min(ny — na,m1 — ma) = my — ma, then, we get
ny —ng < Coo log2 ny.
Using both cases,

max(n; — ng, my —ms) < log®n;.
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By again considering equation (3.13), we get

e O — e — Vo5 + 05 = Y0,
+elRoms.

Since |0q2| < 1, |03,2] < 1, we get

(jl)gnl

(42) pn2
a,l Ya,1 c 0

o, Ya,l

— V05 + 705

g

We now proceed as in Case (ii). Either m; < 1 or we have

19

— el — 05

< Cas.

C(ahl) —cgﬁ)GZﬁ_”l ng-mi _ Cas 1
Z aVs1 — = 1 g
By - fopr g0 - fpops| O
Cay
(3.25) < g
8,1
Let
L. — oy = Bopr
6 — a,1Vp,1
Ay -
(41) (42) gn2—n1 m1
_ Cal — Cal ea,l _ 9531 :
If T'¢ = 1, then o) e gmamm g Applying Lemma 2.5, there
8,1 8,1 78,1 @

exists an effectively computable constant Dy, such that

) C(J'z)enzl—m

< a,l ol Va,
DO max(nl’ml) - h ( (p1) _ (pz)amzfml
Ca1 T 1781

Applying (2.8), we get

) |

c(jll) N C(jzl)enzfm 1) (i) (o) (p2)

a, a1 Ya, 71) _ (J2) gna—n1 p1) _ (p2) pmao—my

h (C(Bpl) - Cgm)eglzml) <h (Ca,l Cal 90“1 ) +h (05,1 Cs1 95’1 )
1 1 1

(p1

< h(edV) + h(e2) + (e

log 631
2

+ (m1 —ma2) + (n1

As noted above,
max(n; — ng, my —ms) < log®ny.
Hence,

(3.26) max(ny,my) < log® ny.

)) + h(cgﬁ)) +2log 2

_ nz)

log 64,1
—5
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If I'g # 1, then we apply Lemma 2.6 with T'=3, D =4,

(J1) (J2) pna—nay
Ca,l - ca,l 904,1

01 = 04,1, 62 =0p1, 03 = C(gzﬁ) - cﬁf?ﬁgﬁ’ml ,
kv =n1, ko =—mq, k3 =1,
AL <1, Ay <1, Ay < log®ny.

Using (3.12), we can take B = max(C1,1)n;. Then
log [T — 1| > —Cag log(e max(Cy, 1)ny) log® ny.

Comparing with (3.25), we obtain

e < Ca6(1 + logmax(Cy, 1) + logny) log® ny + log Cay
1 .

log 031
Therefore,
my < Cyrlog®ny,
2Ca6 (2 +log™ C1) + 4log™ C:
where Cy7 = 20 ( & 1) & T since ny > 2.

log g1
From the above inequality, (3.22), (3.24), and (3.26), we obtain
m; K log3 ni.
In all four cases, we have proved that
m1 <K log3 ni.
Now, using equation (3.11), we get
ny < Cag log3 ny.

Therefore, ny < Cyg 10g3 n1. We now use Lemma 2.7 with a = 0,¢ = 3,9 =
C3y = Cas. (If necessary, we can replace Cag by €2.) We thus obtain

ny < 21605, log®(3Cs59).

Since ny is bounded, m; will also be bounded. Hence, N1 and M; are bounded.
Therefore, the cardinality of the set C is finite. Hence, Theorem 1.1 is proved.

4. PROOF OF THEOREM 1.2

Let ¢ be an integer which has two distinct representations as shown in
equation (3.9). We note that for our choices of a and 3, we have sg = 51 = 2
and rg =71 =0, thus, N; =2n; 4+ j;, 0 < j; <land M; =2m; +p;, 0 < p; <
1, i = 1,2. For technical reasons, we assume that ny > 6. Since « = [0;1, al,
we have gn,0 =1 = gq,1 and

_ Jaga,N—1+ Ga,n—2 if N is even,
oo = Go,N—1+ qa,n—2 if N is odd.
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2 ++/d
Let d, = a® 4+ 4a and 0,1 = %ﬂ. Then
a++d g _a- Vvd a gt
Qa,ZZ 2\/> 2\/* «, 1
—1
a 1 g Jo,l h—¢

qo, 2041 = .
« \/* al \/CTa a,l

We have the following inequalities:

11 a+d, ,
79 o ML e
cu1<q 2Z<10 2\/* a,l
7 9041 9 0&1

< Qu < - 9
8 \/>u1 Ga,2041 ] \/7

From the above inequalities, we have

9 0
9LN/2J< o N alGLN/QJ N > 0.
2 (o' 1 q ) 8 \/7 «, 1 —
90(111
We note that 81“/d“ < 04.1. Referring to equation (2.7), for N1 > Ny > 2, we
2

have

1 Ny /2 9 08,1 M /2
Qf%,f/ V< gany — ol = 1000 — asan| < gpan, < 3 \/79}3 n

As [ 8] =ny and [ M| = my, we have

1 9 0Os
4.27 —y < =
( ) 2\/@ a,l 8 \/7 8,19
therefore .
log(3 - ) T log(2v/da) log 0 1
ny < mi .
log 0.1 log 04,1
9 z+2+Va*tdw 0.17 4 log(2vx? + 4z)
As y = log and y = = are de-
8 24 /'1.2 + A log(z+2+\2/1' +41‘)
9
creasing functions of x for x > 2, we get log (8 . % < 0.17 for b > 3, and
% < 1.60 for a > 2. Therefore,
log 05,1
4.28 < 1.60 — 0
(4.28) n1 +my 108 6ot

Similarly for M; > My > 2, we have

0o 1
log(2 - Zb) + log(2v/dy) log O
10g 051 log 05,1

my <
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log(3 - 2:1) + log(2/dy)

Since < 1.55 for 2 < a < b, we have
log 95’1
(4.29) < 155 + ny 280
! ! log 831

As in the proof of Theorem 1.1, the bound obtained in Case (iv) is the
largest among all cases; therefore, we discuss only Case (iv).
Case (iv): ny > ng and mq > mo.
Using equation (3.13), we get

e Oy — fV 05| < |elly | + (e | + [ ey |+ ey | + el onn + o,
Vd, —a 9;,11  Val4dr—x

Since ——— > is a decreasing function of x for

Wi, V' ' 2Ptz

x>2,and 2 <a < b, we get

(4.30) cgé) + cfjg) + ‘c(ﬁpg) + ‘c(;;) <2 <\/;T\a/£a + \/2(7\17/£b> <0.77.
Therefore,

cemy — gl < 0.77 + 2 v e
Dividing by ng i)%’% we get

Cg,11)‘92,11 0.77 Cg,21)92,21 Cgf?)%'fi

GV ’ Celen bvem e

077, 3105

(P1)0m1 (pl)eml
11 51V
Va2 + 4z and x4+ 2+ + 4z
R — n =
T+ Va? 44z Y T+ Var? 44z

ing functions of x for x > 3. So,

First, we compute an upper bound for the term by using

that the functions y = are decreas-

0
(1) (p1) =7 a m1 b4/dp mi—m
R LA~ S v S

_154yd, 1 b+2+dy 1
b+Vd, 03] b+Vd,  0pT™

094 127
S op e
2.21

(4.31) (because mq > ma).

- pra—ma

5,1
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Next, we compute an upper bound for Cg,zl)GZ?l/cg‘f}’ogf} by using that the func-

2+ Va2 +4
tion y = et Ve e is a decreasing function of = for x > 3. Using

2(z + Va? + 4x)

equation (4.27), we deduce

)

Vst rY 05 Oah T Vi b+Vd 053 o
< ban 2Vdy,  90951Vd, 1
SV, bV, AV, o™

Cg,21)92,21 Cgi) _ 0o . 001 < On1  2Vdy 004 1

(4.32) _ 9anb51 1 2.85 01
| 20+ Vdy) 00" T e
Finally,
%_1 _ 221 28500,
o | T opTm T
1 1
<5.0600,1 [ o +
65»1 904,1
1 1
(4.33) < 101200 max | i o |
a,l 8,1

(41) pn1
Let Ty = ﬁ If T7 = 1, then 08,11)92,11 — Cgﬁ)ggﬁ which is not possible
8,1 7,1
because Q(a) # Q(8). As I'; # 1, we apply Lemma 2.6 with T =3, D = 4,

c(jll)
61 = ea,ly 62 = 96,17 53 = ﬁ7

8,1
ki1 =mny, kx = —mq, k3 =1,

Al =2logf,.1, Ay =2logbs ;.

Using (2.8), A (d3) < h(cSy) + n(cy) .

Now,
a++Vd, logda logdd,
hl—=2)<h dg) + h(2+/d,) = —,
<2da>(a+\/ )+ h(2v/d,) 7t 3
and

0o logl,1 logd,
2 < = =2 2 -
h ( ﬁda> < h(0a1) + h(V/da) 5 T
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4 logda logad,
Since log 4a+log 4d, > log 6,1 +logd,, we have h (08,11)) < % + %.

log4b  log4d j
Similarly, h (cgﬁ)) < 08 %. Since 2 < a < b, h (055,11)/c§3‘f})) <

log4b + log4d, < 5logfs . Therefore, we may take A5 = 20logfs ;. By
using equation (4.29), we can take B = 2n;. Then

log |T'7 — 1| > —4.3736 x 10**(1 4 log(2n1))(10g 04.1) log® 03,1
Comparing with (4.33), we obtain
min(ny — ng, m1 —mg) < 8.75 x 104 log® 0p,1logny.
If min(ny — n2,m1 — ma) = ny — ng, then using equation (3.13), we have
Oy — 00 — V05 = Y, — Yo, — o5 - e
+ C(BZE)OZT;

Using |0a.2| < 1, |0p,2| < 1, and (4.30), we get

03,11)92,11 - Cg,21)92,21 - Cgi)%ﬁ + C(054722) + C(éfé) + ngii)egﬁ

< }cﬁig)

+ ‘cgjz)

<077+ c02oms.

Dividing by cgf i)%’ﬁ and using inequality (4.31), we get
c(of,ll)ez,ll - C(o{?l)egfl 3 0.77 Cﬁfi)%ﬁ
V05 VR o5
2.21
(4.34) < G
8,1
Let _ _
I — 08,11) - 08,21) Z,zfnl g g=m
8 (1) 1781
8,1

Suppose I's = 1. By Lemma 2.4, we have cﬁjjfeg}l - c((jfl)HZfl ¢ Q. Since
Q(a) # Q(B), the equality cvgm _ G2)gna _ (Pr)gma o impossible. Hence,
a,l Ya,l a,l Ya,l 8,1 V5,1
I's # 1. We apply Lemma 2.6 with T'=3, D = 4,
(41) (42) gna—ny
coy —cynil
01 =0q4,1, 62 =031, 63 = ol ol ol

=

ki =mn1, ko =-—mq, k3 =1,
Al =2logf,,1, Ay =2logbs1.

Applying (2.8), we get
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h(3) < b () = cRapm ) +n (o)

< hed)) 4+ (ESD) + hef) + (m — ) B0t loga
As
B) + (D) + h(edY) < 3 (log b+ log ddy) < - log .1
and n; — ns < 8.75 x 10* log2 03,1 logny,
we get

log 6, 15
08 Yol + 5 log 6,1 + log2

h(85) < 8.75 x 10* log? 03,1 1logny
< 8.75 x 10%* log3 03,1 logn,.

Therefore, we may take A5 = 3.5 x 101° log® 03,1 logn.
Using equation (4.29), we can take B = 2n;. Then

log [T's — 1| > —7.3567 x 10%%(1 4 log 2n1) log 04 1 log* 05 1 logn; .
Comparing with (4.34), we obtain
my — me < 1.54 x 10%° log4 03,1 log2 ny.
In a similar manner, we can show that if the min(ny —nz, m; —ms) = mi —ma,
then ny — ny < 1.54 x 1022 log* 5.1 log® ny.
Hence,
max(n; — ng,m; —me) < 1.54 X 10% log® 03,1 log? ny.
By again considering equation (3.13), we get
oo — o — drYoms 4 ctVors = UYon, — o, — oy oy
+elRoms.
Using |0a,2| <1, |05,2] < 1, and (4.30), we get

08,11)92,11 - 08,21)02?1 - Cgﬁ)@Zfi + C%’fi)%fi < ’ngj,lQ) + ’C((lj,é) + C,(Blg) + ‘Cg?;)
(4.35) <0.77.

(p1)

Since 77— < ;ﬁ(;}z) holds for all k£ > 1, in particular for k = m; —ms, we deduce
B,1 €31

cgji) — cgﬁ)ﬁgﬁfml > Cﬁf,i)/z > 0. Dividing by ‘cgﬁ)egﬁ — cgﬁ)ﬁgﬁ # 0, we
get
() _ (G2) gna—
et —Cai bt " L e A< 0.77 1
Z A1 T = Zma | ‘
Ry - e ) o] O
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_ z+V22tdax ; ;
Asy = 3 iii, s a decreasing function of x for x > 3, we get

(41) (J2) gna—na
coy —eny0 . .
a,l a,1 Ya,1 g g=ma 1l < 0.77 1 < 1.54 1

_ a,1Y 5,1 = Ty pgmi = 3 g gm
oy - evop™ S %1 S O
1.87
(4.36) S 9,,771/1.
8,1
Let , _
Ty — Cg,ll) - 68,21)92,217711 ni p—my
= o5
o) — g m
Suppose I'y = 1. By Lemma 2.4, we have c(aj’ll)ﬂgjl - cgfl)HZfl ¢ Q. Since

Q(a) # Q(B), the equality 6311)93,11 - 053?392?1 = cﬁfi)%”,i - cg,i)Ggf? is impos-
sible. As I'g # 1, we apply Lemma 2.6 with T' =3, D = 4,
(]1) (.72) no—"n1
COt 1 - Ca 1 9& 1
51 = Bt G2 =051, 03 = ool
oy — cfyogs ™
kl =ni, k2 = —my, k3 - 1’

Al = 2logb,.1, Al = 2logbs,1.

Applying (2.8), we get

B (85) < B(eSY) + h(el3) + h(eED) + hlel3)) + 210 2 + (1 — ma) 2222
log 6,
+(m _nQ)%.

As noted above,
max(n; — ny, m; — mo) < 1.54 x 10% log4 03,1 log2 ni,
and h(cgfl)) + h(cgﬁ)) + h(cép,ll)) + h(cgﬁ)) < 10logfg ;.

This gives
h(83) < 1.55 x 10*? log® 05 1 log® ny

and therefore, we may take A4 = 6.2 x 1022 log® 05, log® n;.
Using equation (4.29), we can take B = 2n;. Then

log [Tg — 1| > —1.3558 x 10*3(1 + log 2n;) log 0 1 log® 05 1 log® ;.
Comparing with (4.36), we obtain
my < 2.72 x 10%3 log 841 log5 051 log3 ny.
Now, using equation (4.28), we get
ny < 2.73 x 1043 log6 051 log3 ny.
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On combining all four cases we have n; < (3.02 x 10" log® 051 logny ). We
now use Lemma 2.7 with @ = 0,¢ = 3,9 = 2.73 x 10%10g° 5 ;. We thus
obtain

ny < 216 x 2.73 x 10 1og® 05 1 log® (3 x 3.02 x 10 log® 05 1)
< 5.897 x 10* log® 05 1 log®(9.06 x 10* log® 05 1 ).
Hence,

max(Ny, M;) < 1.1793 x 106 1og® 65 1 x 1og®(9.06 x 10**1og? 05 ;).

5. Proor or THEOREM 1.3
Using Theorem 1.2 for a = [0;1,2] and 8 = [0; 1, 3], we get
max(Ny, M;) < 7.7 x 1051,
Now, using equation (4.29), we have
my < nq < 3.9 x 10°.

We applied a brute force computer search for solutions in the range 1 <
Ny < N1 <400 and 1 < My < M; < 340. These solutions are listed in
Theorem 1.3. Therefore, from now onwards 401 < N; < 7.71 x 10°'. In

particular ny; > 200.
(J1) gna
a,l Ya,l

Now we consider the inequality (4.33) and recall that I'; = g
c mq
8,1 78,1

. Taking
A :=logT7, we get

(p1)

C(jl)
A =nylogbs1 —mylogbsq + log RCILI
1

Assuming that [e* — 1| < 1, we get [A| < 1. Since the inequality |z| <
2|e® — 1] is true for all nonzero x € (—3, 1), we get

202
A 0 1 1
| ‘ < 20.24 a,1 X max 92,1177”‘2, W .
If A > 0, then we have the following inequality
U1 (p1)
log 0,1 log (ca,l /Cﬁ,l ) 20.240,, 1 _ _
0 1 : (0057,
< nllog 05,1 m log 61 < log 651 max Ve B.1
If A < 0, then we have the following inequality
(p1) (1)
log 0.1 log (ﬁ fedlk ) 20.240, 1 _ B
0< = — AN (9"2 n170m2 ml)_
m log 641 Lt log 6,1 log 6q.,1 max o1 B:1
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In particular, for A > 0, c(()ill) = % and cgﬁ) = 3;/\%T7 we apply Lemma 2.8
: log a1 log(2+v/3) 1 A 20.240 1
th — L — g — 1 a,l — )

W1 Y IOg 95’1 10g(5/2+\/ﬁ/2) , K 10g eﬂyl og Cg&) ’ 1 log Qﬂyl )

(A2, k) = (0a,1,m1—n2) or (05,1, m1—ms), and M = 3.9x10°!. The continued
fraction expansion of v is [0;1,5,3,1,2,4,1,29,3,1,...]. We consider the 105th
convergent of the irrational v such that ¢ = ¢195 > 6M. This gives ¢ >
0.35261 and therefore, either ny —ng < 10g(o.§5%)/log b1 <95, 0r mp —mo <
log (533351 log 5., < 80. For other choices of A, cg711)7 and c(Bpi), we summarize
the results in Table 1. We note that all of these calculations were performed
using SageMath.

If [e* — 1| > 1, then

NG

A 1 1
< |€ - ].| < 10.1295“1 X max W7 W .
a,l 5,1
Therefore, min(m; — ma,n1 — ng) < 3. Combining this with the results
obtained in Table 1, we infer that either n; — ny < 96 or m; — mo < 81.
Now, when 11 — ny < 96, we consider the inequality (4.34) and recall that
(J1) _ (j2)0n2_n1
Coz,l Ca,l a,l ni g—mi .
I's = 0011051 " - Taking Ay :=logT's, we get

i

Exj ,11) - C((xj ,21) 93,2177“
o

Since the inequality |z| <

c
Ay =nqlogl,,1 —mylogls + log (

1
4

1

Assuming that ‘eAl — 1| < 7, we get [Aq] < 3.

2|e” — 1] is true for all nonzero = € (—3, 1), we get

4.42

|Aq] < gri—me

B1
If A; > 0, then we have the following inequality
0< log 0.1 N ) cEj}f — cgzl)GZ?l_"l 4.42 " 1

n -m o .
Yogbs, | logfss © ) logls1 037 ™

If Ay <0, then we have the following inequality

(p1)
log 05,1 1 €51 4.42 1
—— 1 A : < X )
mi log (9&,1 ni+ log 00(71 og C(aj,ll) . 08,21) 02?1—711 ]Og 90“1 egfifmz

In particular, for A; > 0, ciill) = 71;\/\/;, C((xji) = 1;‘\/5, and cf,f, 11) = 3;\/‘/2;?17

1 0 1 (G1) _ (G2) g—t
we apply Lemma 2.8 with v = o8 a’l, Kt = log ( Zet (cp“‘)l 2 ,
log 031 log 63,1 eyl
4.42

1
1= logs,1’

As =031, k = mq —ma, and M = 3.9 x 10°!. We consider
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the 109th convergent of the irrational v such that ¢ = g199 > 6 M. For each
possible value of ny —no =t =1,...,96, we get € > 0.00288 and therefore,
(1) (2)

A .
my — mg < log(godsss)/log 65,1 < 83. For other choices of Ay, ¢y, ¢y, and
(p1)

Czqs We summarize the results in Table 2. As noted above, these calculations
were performed using SageMath.
If !eAl — 1‘ > i, then

1 2.21
1 < |eA1 -1 < g
8,1

Therefore, m; — mo < 1. Finally, we conclude that if n;y — ny < 96, then
my1 —mo < 85. Next, if my; — mgy < 81, then we proceed in a similar manner
and summarize the results in Table 3.

Finally, if my —msg < 81, then n; —ny < 101. Combining the results obtained
so far and taking the maximum of the bounds, we get n; — no < 101 and
my1 —mg < 85. Now, we consider the inequality (4.36) and recall that I'g =
C(jl) _ c(jz)enz—vu

«,l a,l Ya,l

GO O

Ut —m
a,le[ﬁ,l

1. Taking A3 :=logT'y, we get

a,l a,l Ya,l

(p1)
51

we get |Az| < . Since the inequality |z| <

c(jl) N C(jz)enzfnl
A3 =nqlogl,1 —milogls + log ( cg”)ag’?ml) .
) )1

1

Assuming that |eA3 — 1| < i

2|e” — 1] is true for all nonzero = € (—3, 1), we get
3.74
8,1
If A3 > 0, then we have the following inequality
log 04,1 1 C(aj11) - Cg21)9221_n1 3.74 1
0<ng — —m o} (p’) (p’) — < X e
log /.1 log .1 ey —egogaTm logfs1 031

If A3 < 0, then we have the following inequality

0cm o800 L egy) — gy ep™ 374 1
1log 9%1 1 1 00(71 C(ajll) _ c(gjzl)egzl—n1 log 9%1 97;& .

In particular, for Az > 0, ) = 12V3 (U2) _ 148 - (p1) _ 3+v2L 5

a,l 2y3 7 Tal 2v3 7 7B,1 2v/21
cgji) — 3;\/\2*2171’ we apply Lemma 2.8 with v = 122 Z;j,
o = log ( cg.,ll) _cg,zl)eg’ﬁ >’ L= ﬂ, Ay = 05, k = ma,
og s Cgi) _ C(ﬁ)gﬂff log 631

and M = 3.9 x 10°'. We consider the 112th convergent of the irrational
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such that ¢ = g112 > 6M. For each possible value of ny —ny =t =1,...,101,
and m; —mg = t; = 1,...,85, we get ¢ > 0.00009 and therefore, m; <
108 (55005 )/1og 05, < 87. For other choices of Ag, c(offl), cgﬁ), c(ﬁ'ﬁ), and c(ﬁ;ﬁ),
we summarize the results in Table 4. As noted previously, these calculations
were also performed using SageMath.

For the values of c((ill), cgfl), cg i), and cg? §)7 given in the last row of Table 4,
the case where n; — ny = 2 and m; — my = 2 is treated separately. This is
because the value of € turns out to be negative for all convergent denominators
greater than 6M.

When ny — ng = 2 and m; — mae = 2, we consider the inequality (4.35) and
obtain the following

lei =0, <0.77.
Dividing by 6%, we get ‘0;;;9;31 - 1‘ < L.
log 6 1.54
If 70,7 — 1\ <1 then |Boel M 0% Ryrallng €N,
o log 63,1 ny nlb’a’l log g1
1.54
we have —————— < —, therefore,
n19a71 logfsg1 = 2ny
logbo1 ™y 1
logbsr 1 2n?’
log 6
and this implies that ™ jas to be a convergent of the irrational 981
n1 log 651
Recall that n; < 3.9 x 10°!. Using this, the convergent with denominator less
log 6
than or equal to 3.9 x 10%! closest to 08 Vo1 could cither be P10 op 102,
0gug.1 q101 q102

log 0,1 _ P02
log 05,1 q102

log 641 _ piot
log 03,1 q101
104 o log 01 _ bio2

T |logfs1  quoz

1 1
It < ‘egjie;j}l ~1

> _ log 04,1 _ Pio2
log 05,1 q102
. This implies n; < 176.

, , we have

Since min <

9x 10~

- 71192}1 log 9[3,1
0.77 . .

, then — < —— which gives n; < 0.86.

4 Gafl

Therefore, when ny — ny = 2 = my — ms, we get n; < 176.

If [efs — 1] > i, then

1 A 1.87

—<le™ -1 < ——.

4~ | = 973”1
Therefore, m; < 1. Finally, combining all the bounds on my, we have m; <
91. Now, using inequality (4.28), we have n; < 109. Combining the bounds
on ny, we have n; < 176. Likewise, we proceed in the other three cases (Cases
(i), (ii), and (iii)) and get a bound which is lower than n; < 176. Finally,
we get N7 < 353, which contradicts our assumption that N; > 401. Hence,
Theorem 1.3.
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6. COMPUTATIONAL RESULTS

TABLE 1. Computational results for Theorem 1.3.

(1) (p1) A

a1 C5a q € ny —ng < my —mg <
12%5 3;];? >0 quos 0.35261 ny —ny <95 my —ma < 80
<0 qioa 0.34567 n1 —n2 <95 my —mgo <80
22%5 ?»;7/2317 >0 qios 0.08583 ny —ns <96 my —my <81
<0 qioa 0.07888 n1—no <96 my; —mo <81
2;/5 % >0 qio5 0.41249 ny —n2 <95 my —ms < 80
<0 g4 0.40555 n1—n9 <95 myp —mgo <80
1;/5 % >0 quos 0.24746 n1 —n2 <95 my —mo < 80
<0 qro4 0.24051 ny —n2 <95 m3 —mgy <80
TABLE 2. Computational results for Theorem 1.3.
cgll) cﬁjj) cg? i) A gq € my —me <
1+v3  1+v3  3+V21
273 W 2t | > 0 qio9 0.00288 my —mo <83
<0 qio9 0.00730 myq —mgy < 83
1+v3  1+v3  5+V21
2v3 23 2vo1 >0 qio9 0.01266 my —mo <82
<0 qio9 0.00293 mi —mo < 84
1+v3  2+V3  3+V21
2v3 2V3 2val >0 qio9 0.00719 mq —mo < 82
<0 qio9 0.00153 mi —mo < 84
1+v3  2+v3  5+V21
23 W 22l >0 q109 0.00362 my —mo < 83
<0 qio9 0.00758 m1 —mo < 83
2+v3  14+v3  3+v21
23 W 2t | 0 qi10 0.00043 my; —mo <85
<0 qi10 0.00210 m; —mo < 84
24+v3  1+V3  5+v21
23 273 V3l >0 qioo 0.00725 mq —meo < 82
<0 qi111 0.00994 my —mo <84
2;/55 288 SZL S0 g9 000153 ma —map <83
<0 qio9 0.00518 mi —mo < 84
2+v3  24+V3  5+v21
23 W 22l >0 q109 0.00304 mp —mo < 83
<0 qio9 0.00182 m; —mo < 84
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TABLE 3. Computational results for Theorem 1.3.
Cg,11) cgpll) c,(Bpi) Ay g € ny —ng <
l,jfg 3;%? 32+j2£17 >0 qigo 0.00573 my —no < 99
<0 qioo 0.00515 n; —mne <99
12%5 PRl BBl S 0 gip 002362 ny —np <99
<0 qi11 0.02374 nq —no <99
12%5 3;g 5;]% >0 qiog 0.00093 nq —ng < 101
<0 gqio9 0.00060 n;—no <100
12%5 5;g 5;]; >0 qiog 0.00069 nq —ns < 101
<0 qio9 0.00303 ni—n9 <99
2;],35 32,%317 32+g >0 qigg 0.00118 nq —na < 101
<0 qipo 0.00049 n; —mno <100
2;]; 5;\/2317 3;];? >0 g1 0.02121 ny —ne < 99
<0 qio9 0.00360 n; —mne <99
22%3 32+g 5;g >0 qioo 0.01133 ny —ne < 99
<0 gqioo 0.02401 ng; —ne <97
22%5 52%3?1 52+\/ﬁ2?1 >0 quog 0.00226 nq —ns < 100
<0 qoo 0.00391 n;—n9 <99
TABLE 4. Computational results for Theorem 1.3.
cg’ll) cfji) cgj i) c(; i) A3 ¢ € my <
12%3 1;/; 3;]5 3;];‘17 >0 g2 0.00009 mq < 87
<0 g¢qi13 0.00006 m1 <90
12%5 22%5 32%3?1 32%317 >0 qu3 0.00009 my <89
<0 gq13 0.00001 m1 < 90
1;],35 1;]; 52+g 3;];? >0 g2 0.00006 mq < 87
<0 qu2 6x107% m; <90
Lof 28 SR 3L 150 gy 000003 my <90
<0 qi13 0.00003 my < 90
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Cij,l1) 08,21) Cgﬁ) Cgﬁ) As ¢ € mi <
12%5 22%5 S;g 5;% >0 g3 5x107¢ my <90
<0 q113 2 x 1076 my < 91
12%5 1;/35 3;/2? S;g >0 g3 0.00005 my <89
<0 qus 0.00010 m; <89
12%5 2;]; 52+g 5;];? >0 quz 0.00005 mq < 89
<0 qi13 0.00003 my < 90
l,jf; 1;\/? eyl Sﬂﬁ? >0 quz 8$x10°° my <90
<0 qus 0.00016 my <89
22%5 1;/55 32%3?1 3;% >0 g 0.00012 m; <86
<0 qu2 0.00004 m; <89
2;/5 22%5 Syl S;g >0 qus 0.00014 my <88
<0 qi13 0.00002 m1 <90
2;]; 1;]; 52+j2£17 3;%217 >0 qu3 0.00006 m; < 89
<0 g113 0.00001 my <91
2;]; 2;\/? 5;],%7 3;];? >0 qus 0.00001 my <90
<0 quz 0.00001 m; <90
22%3 22%5 3;];? 5;&7 >0 g3 0.00023 my <88
<0 qi13 0.00018 my < 89
22%5 12%5 32+\/ﬁ'?1 52%217 >0 quz 2x107¢ my <91
<0 qi13 0.00003 mp < 90
2;]; 12%5 5;];? 5;g1 >0 ¢z 0.00001 mq <90
<0 qu3 9x107% my <Ol
20/ 2y Sl SIS0 gy 000002 my <90
<0 ¢4 0.00004 mq1 <90

C ={-2,5,6,10,40}.

7. APPENDIX

(i) For a = [0;1,2] and 8 = [0;1, 4], we have

33
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The following list shows two distinct representations of each ¢ € C :
Go,3 — 48,3 :4—6::3—5:%,2—%,27
Qoo — Q7 =209 — 204 =[5]=11 -6 = gas — gs.3,
Gos — G5 =41 =35 =[6] =11 =5 = ga1 — gs.2,
Gos = o2 =15 =5 =[10] =11 1=ga.4 — g5,
oo — a6 = 209 — 169 = =41 —1=qus—qa1.
(i) For a =[0;1,2] and 8 = [0;1, 5], we have
C={-37,-3,0,8}.

The following list shows two distinct representations of each ¢ € C :
Qoa—qss =11—48 = =4—41=qa3— qpa;
Gos—qss=4—T=[=3]=3-6=qa>—qso,

Gos —qpa =41 —41 =[0]=1—1=ga1 — gz,
Qo7 — Qa5 =56 —48 =[8] =15 — 7= g5 — qa.5.
(iii) For a = [0;1,3] and 8 = [0;1, 4], we have
C=1{-5-1,0,18,86}.

The following list shows two distinct representations of each ¢ € C :

Gos —Qsa=24—29=[-5|=1-6=qa1—qs3
Qa,3_QB,3:5_6::4_5:qa,2_QB,27
qa,s—q6,2=5—5=@=1—1=qa,1—%,1,

Gos — o3 = 24— 6 =[18] =19~ 1 = a4 — g5,
Qo7 — Qpa =115 —29=[86]=91 =5 = ga 6 — gpo-
(iv) For a = [0;1,3] and B8 = [0;1, 5], we have
C={-166,-2,18}.
The following list shows two distinct representations of each ¢ € C :
o0 — qp.0 = 2089 — 2255 = =115 — 281 = qo.7 — qa.6,
Gos —qp3=5—-T=[-2|=4-6=qa2—qp2,

Gos —Gp2 =24 —6=[18]=19 1 =qo4 — qs,.

(v) For a = [0;1,4] and 8 = [0;1, 5], we have
C={-6,-1,0,28,163} .
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The following list shows two distinct representations of each ¢ € C :

Gos — qpa =35 —Al =[—6]=1-T7=qa1 —qs3,
o —qp3=6—T=[-1]=5-6=qa2—qpp2,
qa,3—qB,226—62@21—12%,1—%,17
Qo — Q3 =35—T=[28]=29—1=qo4—qs.1,

o7 — Qpa = 204 — 41 =[163] = 169 — 6 = a6 — gp.2-
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