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ABSTRACT. Recently, we constructed transitive homeomorphisms on
the Cantor fan and the Lelek fan. In this paper, we construct a family
of uncountably many pairwise non-homeomorphic smooth fans that admit
transitive homeomorphisms. In order to do this, we use our recently de-
veloped techniques of combining Mahavier products of closed relations on
intervals with quotients of dynamical systems. In addition, we show that
the star of Cantor fans admits a transitive homeomorphism. At the end of
the paper, we also construct a family of uncountably many pairwise non-
homeomorphic non-smooth fans that admit transitive homeomorphisms.

1. INTRODUCTION

Many examples of continua that admit transitive homeomorphisms may
be found in the literature, see [1, 2, 3, 4, 8, 10, 11, 14, 15, 16, 19], where
more references may be found. Most of the known examples of such continua
have a complicated topological structure, i.e., they are indecomposable or
they are decomposable but have some other complicated topological property.
However, smooth fans form a family of continua that have been considered
not to be very complicated. In our previous papers, it is shown that the
Cantor fan and the Lelek fan admit transitive homeomorphisms, see [1, 2].
We began to wonder if the Cantor fan and the Lelek fan were special in
this regard among smooth fans. Gradually, we discovered more smooth fans
that admit transitive homeomorphisms. We present in this paper a family
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of uncountably many pairwise non-homeomorphic smooth fans that admit
transitive homeomorphisms. In order to do this, we use our recently developed
techniques from [1, 2] of combining Mahavier products of closed relations
on intervals with quotients of dynamical systems: we define an equivalence
relation ~ on the Mahavier product X of a closed relation F' on an interval
X, equipped with the shift map op, to obtain the quotient (Xg/.,0}) of
the dynamical system (Xp,or). The described technique is applied to our
setting in such a way that the transitivity of the dynamical system (Xz,or)
is automatically transferred to the dynamical system (Xp/~.,0%). Also, the
resulting quotient space Xp/. is a member of our family of smooth fans.
At the end, we use these results to show that there are also examples of
non-smooth fans that admit transitive homeomorphisms. Moreover, we show
that there is a family of uncountably many pairwise non-homeomorphic non-
smooth fans that admit transitive homeomorphisms.

We proceed as follows. In Section 2, we introduce the definitions, notation
and the well-known results that will be used later in the paper. In Section
3, we show that the star of Cantor fans is another example of a smooth fan
that admits a transitive homeomorphism, and then, in Section 4, a family
of uncountably many pairwise non-homeomorphic smooth fans that admit a
transitive homeomorphism is constructed.  In Section 5, a family of un-
countably many pairwise non-homeomorphic non-smooth fans that admit a
transitive homeomorphism is constructed.

2. DEFINITIONS AND NOTATION

The following definitions, notation and well-known results are needed in
the paper.

DEFINITION 2.1. We use N to denote the set of positive integers and Z
to denote the set of integers.

DEFINITION 2.2. Let X and Y be metric spaces, and let f: X —Y be a
function. We use I'(f) = {(z,y) € X XY | y = f(x)} to denote the graph
of the function f.

DEFINITION 2.3. Let X be a metric space, x € X and € > 0. We use
B(x,¢€) to denote the open ball, centered at x with radius .

DEFINITION 2.4. Let (X,d) be a compact metric space. Then we define
2% by
2% = {A C X | Ais a non-empty closed subset of X}.
Let ¢ > 0 and let A € 2%X. Then we define Ny(e,A) = J,. 4 Bla,e). Let
A, B € 2X. The function Hg: 2% x 2%X = R, defined by

Hd(A,B) = inf{s >0 | AC Nd(E,B),B - Nd(&A)},

acA
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is called the Hausdorff metric. The Hausdorff metric is in fact a metric and
the metric space (2%, Hy) is called the hyperspace of the space (X, d).

REMARK 2.5. Let (X, d) be a compact metric space, let A be a non-empty
closed subset of X, and let (A4,) be a sequence of non-empty closed subsets

of X.

When we say A = lim A, with respect to the Hausdorff metric, we
n—oo

mean A = lim A, in (2%, Hy).

n—oo

DEFINITION 2.6. A continuum is a non-empty compact connected met-
ric space. A subcontinuum is a subspace of a continuum, which is itself a
continuum.

DEFINITION 2.7. Let X be a continuum.

1.

10.

11.

12.

The continuum X is unicoherent, if for any subcontinua A and B of
X such that X = AU B, the compactum AN B is connected.
The continuum X is hereditarily unicoherent provided that each of its
subcontinua is unicoherent.
The continuum X is a dendroid, if it is an arcwise connected, heredi-
tarily unicoherent continuum.
Let X be a continuum. If X is homeomorphic to [0,1], then X is an
arc.
A point x in an arc X is called an end-point of the arc X, if there is
a homeomorphism ¢ : [0,1] = X such that ©(0) = z.
Let X be a dendroid. A point © € X is called an end-point of the
dendroid X, if for every arc A in X that contains x, x is an end-point
of A. The set of all end-points of X will be denoted by E(X).
A continuum X is a simple triod, if it is homeomorphic to ([—1,1] x
0) U ({0} x [0,1]).
A point x in a simple triod X is called the top-point or just the top
of the simple triod X, if there is a homeomorphism ¢ : ([—1,1] x 0) U
({0} x [0,1]) = X such that ©(0,0) = z.
Let X be a dendroid. A point x € X is called a ramification-point of
the dendroid X, if there is a simple triod T in X with the top x. The
set of all ramification-points of X will be denoted by R(X).
The continuum X is a fan, if it is a dendroid with at most one rami-
fication point v, which is called the top of the fan X (if it exists).
Let X be a fan. For all points x and y in X, we define Alz,y] to be
the arc in X with end-points x and y, if v # y. If x = y, then we
define Alx,y] = {x}.
Let X be a fan with the top v. We say that that the fan X is smooth
if for any x € X and for any sequence (x,) of points in X,

lim z, =2 = lim Afv,z,] = Alv, 2]

n—o0 n—o0

with respect to the Hausdorff metric.
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FIGURE 1. A Cantor fan

13. Let X be a fan. We say that X is a Cantor fan, if X is homeomorphic
to the continuum | J e Se, where C C [0, 1] is the standard Cantor set
and for each ¢ € C, S, is the straight line segment in the plane from
(0,0) to (c,1). See Figure 1, where a Cantor fan is pictured.

14. Let X be a fan. We say that X is a Lelek fan, if it is smooth and
CI(E(X)) = X. See Figure 2, where a Lelek fan is pictured.

FIGURE 2. A Lelek fan

OBSERVATION 2.8. [t is a well-known fact that the Cantor fan is smooth
and that any subcontinuum of a smooth fan is itself a smooth fan.

An example of a Lelek fan was constructed by A. Lelek in [12]. He
also showed that the set of the end-points of any Lelek fan is a dense one-
dimensional set in it. Also, it is the only non-degenerate smooth fan with
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a dense set of end-points. This was proved independently by W. D. Bula
and L. Oversteegen in [5] and by W. Charatonik in [6]. See [18] for more
information about continua, fans and their properties.

DEFINITION 2.9. Let X and Y be any continua and let f : X — Y be a
continuous mapping. We say that f is confluent, if for every subcontinuum

S of Y and for each component C of f=1(9), f(C) = S.
The following is a well-known result.

THEOREM 2.10. Let X and Y be any continua and let f : X — Y be a
confluent surjection. If X is a smooth fan, then also Y is a smooth fan.

PROOF. See [7, Theorem 13, page 33]. ]

DEFINITION 2.11. Let (X, f) be a dynamical system. We say that (X, f)
is
1. transitive, if for all non-empty open sets U and V in X, there is a
non-negative integer n such that f*(U) NV # (.
2. dense orbit transitive, if there is a point x € X such that its trajectory
{z, f(2), f2(x), f3(x),...} is dense in X. We call such a point x a
transitive point in (X, f).
We say that the mapping f is transitive, if (X, f) is transitive.

DEFINITION 2.12. Let X be a compact metric space. We say that X
admits a transitive homeomorphism, if there is a homeomorphism f : X — X
such that (X, f) is transitive.

DEFINITION 2.13. For non-empty compact metric spaces X and Y, we
usepy : X XY — X andps : X XY — Y to denote the standard projections
defined by p1(s,t) = s and pa(s,t) =t for all (s,t) € X x Y.

DEFINITION 2.14. For an equivalence relation ~ on a space X, we use

1. [z] to denote the equivalence class {y € X | y ~ z} of an element

x € X with respect to ~,

2. X/~ to denote the quotient space {[z] | = € X}, which will always be
equipped with the quotient topology.

OBSERVATION 2.15. Let X be a compact metric space, let ~ be an equiv-
alence relation on X, let ¢ : X — X/ be the quotient map that is defined by
q(z) = [z] for each x € X, and let U C X/... Then

U is open in X/ <= ¢ (U) is open in X.

DEFINITION 2.16. Let X be a compact metric space, let ~ be an equiv-
alence relation on X, and let f : X — X be a function such that for all
z,y € X,

o~y <= f(x) ~ f(y)
Then we let f*: X/ — X/ be defined by f*([z]) = [f(x)] for any x € X.



6 I. BANIC, G. ERCEG, J. KENNEDY, C. MOURON, AND V. NALL

The following proposition is a well-known result.  To experts, it may
be seen as an undergraduate topology textbook result. To our knowledge,
the statement about transitivity is not explicitly given in earlier literature.
However, the whole proof of the proposition can be found in [1, Theorem 3.4].

PROPOSITION 2.17. Let X be a compact metric space, let ~ be an equiv-
alence relation on X, and let f : X — X be a function such that for all
z,y € X,

x o~y <= f(x) ~ f(y)
Then the following hold.

1. f* is a well-defined function from X/ to X/..

2. If f is continuous, then f* is continuous.

3. If f is a homeomorphism, then f* is a homeomorphism.

4. If f is transitive, then f* is transitive.

3. A STAR OF CANTOR FANS

In this section, we construct an example of a smooth fan, the star of
Cantor fans, and show that it admits a transitive homeomorphism.

DEFINITION 3.1. Let F be a smooth fan and let (F,) be a sequence of

smooth fans in the plane such that
1. for each positive integer n, F,, is homeomorphic to F,
2. for each positive integer n, diam(F,,) < %,
3. for each positive integer n, (0,0) is the top of F,, and
4. for all positive integers m and n, F,, N F,, = {(0,0)}.

Any space X that is homeomorphic to | Jo—, Fy, is called a star of F’s.

n=1

OBSERVATION 3.2. Let F be a smooth fan and let X be a star of F's.
Then X is also a smooth fan.

DEFINITION 3.3. Let F' be a smooth fan and let X be a star of F'’s. If F
s a

1. Cantor fan, then X is called a star of Cantor fans, see Figure 3.

2. Lelek fan, then X is called a star of Lelek fans.

3. star of Cantor fans, then X is called a star of stars of Cantor fans.

OBSERVATION 3.4. Note that any star of Lelek fans is again a Lelek fan
and that any star of stars of Cantor fans is again a star of Cantor fans. Also,
note that any two stars of Cantor fans are homeomorphic.

DEFINITION 3.5. We use

1. C to denote the standard middle-third Cantor set in [0,1],
2. I to denote the closed interval [0,1],

3. P to denote the topological product P = C x I,
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FIGURE 3. The star of Cantor fans

4. R to denote the subspace R = PN {(s,t) € I x I | s >t} of the space
P, and

5. ¢ to denote the function ¢ : P — R that is defined by ¢(c,t) = (¢, c-t)
for each (c,t) € P.

see Figure 4.

FI1GURE 4. The spaces P and R
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OBSERVATION 3.6. Note that ¢ is a continuous surjection.

DEFINITION 3.7. For any function f : P — P, we denote by fr the
function fr: R — R, defined by
(Oa 0)7 c=0

fR(Ca t) = _
e(fle7H(et): c#0

for any (c,t) € R.
PROPOSITION 3.8. Let f: P — P be a function such that

FHOY x 1) S {0} x I and F((C\{0}) x 1) € (C'\ {0}) x I.
Then the following hold.

1. If f is surjective, then fgr is surjective.

If f is injective, then fgr is injective.

If f is continuous, then fr is continuous.

If f is a homeomorphism, then fr is a homeomorphism.
If f is transitive, then fgr is transitive.

O WD

PROOF. First, suppose that f is surjective. To show that fg is surjective,
let (c,t) € R. Also, let (cg,tg) € ¢~ (e, t). Since f is surjective, there is a
point (¢1,t1) € P such that f(c1,t1) = (co,to). We treat the following possible
cases.

1. ¢; # 0. It follows that

fr(pler,tr)) = o(fl¢™ (e, 1)) = ¢(f(er, 1)) = p(co, to) = (¢, ).
2. ¢4 =0. Then ¢y = 0 and it follows that (¢,t) = (0,0). Therefore,

fr(p(er,t1)) = fr(#(0,11)) = fr(0,0) = (0,0) = (¢, 1).

It follows that fg is surjective.

Next, suppose that f is injective. To see that fr is injective, let (c1,¢1), (co,t2) €
R be such points that fr(c1,t1) = fr(ca,t2). To see that (c1,t1) = (c2,t2),
we consider the following possible cases.

1. ¢; = 0. It follows that t; = 0 and

fR(Clvtl) = fR(OaO) = (070)'
Therefore, fr(ca,t2) = (0,0). Suppose that ca # 0. Then

Faen,t2) = oo conta)) = o(f (e 2) ).

Since ¢ # 0 and f((C \ {0}) x I) C (C\ {0}) x I, it follows that
ap(f(CQ,Z—Z)) # (0,0). Therefore, fr(ca,t2) # (0,0), which is a con-
tradiction. Therefore, co = 0 and it follows that also 5 = 0. Hence,
(Cl,tl) = (627t2).
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2. ¢; # 0. If co = 0, we obtain a contradiction similarly as in the pre-
vious case. Therefore, co # 0. It follows from fr(c1,t1) = fr(ca,t2)
that o(f(¢ ™ (c1,t1))) = @(f (¢~ (c2,t2))). Therefore, p(f(c1, &) =
o(f(ca, Z—i)) Since f is injective, since f((C'\{0})xI) C (C\{0}) x 1,
and since ¢ restricted to (C \ {0}) x I is injective, it follows that

(c1, %) = (ca, z—z) Therefore, (c1,t1) = (c2,t2).

Thus fr is injective.
Next, suppose that f is continuous and let (¢, t,,) be a sequence of points
in R such that lim (ep,t,) = (0,0) and such that for each positive integer n,
n—o00

(cnytn) # (0,0). Then
i alenst) = T (707 enrta)) = fimn o (£ (en, ) ) =
i o (s 7)) s (e 2)) ) =
Jim (5 (e 2))omn (5 (o0 7)) 2o (e 2)) ) = 020

since nh_)n;O D1 (f (c", Z—n)) = 0 and since the sequence (pg (f (cn, z—z))) is
bounded (by 0 from below and by 1 from above). Note that ¢ is one to one
everywhere except on {0} x [0, 1]. Therefore, fg is continuous also in (¢, t) for
each (c,t) € R\ {(0,0)} (since for each such (c,t), fr(c,t) = p(f(e~t(c, 1))
and since the composition of continuous functions is continuous.)

It follows that fr is continuous.

Next, suppose that f is a homeomorphism. It follows from the previous
claims that also fr is a homeomorphism.

Finally, suppose that f is transitive. Let U and V be non-empty open
sets in R and let U = U \ {(0,0)} and V' = V' \ {(0,0)}. Since R does not
have any isolated points, it follows that U’ and V' are also non-empty open
sets in R. Since ¢ is continuous, it follows that ¢ ~1(U’) and ¢~!(V’) are open
in P and it follows from the definition of ¢ that ¢ ~1(U") N ({0} x I) = () and
e Y V)N ({0} x I) = 0. Since f is transitive, there is a non-negative integer
n such that f™(o=1(U"))Ne~1(V') # 0. Let n be such a non-negative integer
and let (c,t) € f*(e~H(U")) N~ (V'). Since (c,t) € f*(~H(U")) N V'),
then o(c,t) € o(f" (¢~ (U"))NV' = (po foe™ )M (U )NV’ = fR(U')NV’, s0
TRUNV" £ 0. Since fE(U)NV' C fR(U)NV, it follows that fE(U)NV # 0.

0

Therefore, fgr is transitive.

OBSERVATION 3.9. Note that there is a transitive homeomorphism f :
P — P such that f({0}xI) C {0} xI and f((C\{0})xI) C (C\{0})xI. One
such homeomorphism can be constructed using [1, Theorem 3.32, page 17],
where a topological conjugacy of such a homeomorphism is obtained. In [1,
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Theorem 3.32, page 17|, this homeomorphism is constructed by, first, defining
homeomorphisms fi, f2, f3 : [0,1] — [0,1] by

Lt t <

bo_1; ¢>2 M BO=01T0

At) =V, f2(t) = {

W Wi

for any t € [0,1], and then, showing that the function (f1, fa2, f3)ps : D3 X
[0,1] — D3 x [0,1], which is defined by

<f17 f27 fS)Dg (Xv t) = (T3<X)7 fx(l)(t)>
for any (x,t) € D3 x [0,1], is a transitive homeomorphism. Here, D3 de-
notes the topological product D3 = [[p- __ {1,2,3}, where the set {1,2,3} is
equipped with the discrete topology, and T3 denotes the shift map 73 : D3 — D3,
defined by

T3(x) = 7 (..., x(—1),x(0); x(1),x(2),...) = (..., x(—1),x(0),x(1); x(2),...)
for any x € Ds. See [1] for more details.

DEFINITION 3.10. We use

1. ~ to denote the equivalence relation ~ on P, which is defined by
(Cl,tl) ~ (Cg,fz) <~ (Cl,tl) = (CQ,tQ) ort; =ty = 0

for all (c1,t1), (c2,t2) € P.
2. q to denote the quotient map q: P — P/, defined by

q(e,t) = [(Cv t)]

for each (c,t) € P.
3. ~pg to denote the restriction of the relation ~ to R.

OBSERVATION 3.11. Note that P/.. is a Cantor fan, Also, note that R/..,,
is a star of Cantor fans. To see this, let C1 = [%7 1IncC, Cy = [%, %] NnaC,
Cs =[%,5]NC, .... Then C ={0} Uy, Cpn. For each n, let ~, be the
restriction of ~gr to (Cy,, X [0,1]) N R and let R, = ((Cn, x [0,1])) N R)/~,, -
Note that for each positive integer n, R, is a Cantor fan and that R/, =
{[(0,0)]} UU,—, Ry, where [(0,0)] is an equivalent class of (0,0) under ~p.
Since lim,,_, o diam(R,,) = 0, it follows that R/~ is a star of Cantor fans.

THEOREM 3.12. The star of Cantor fans admits a transitive homeomor-
phism.

PRrOOF. By Observation 3.9, there is a transitive homeomorphism f :
P — P such that
RO} < 1) € {0} x 1
and

FUC\{0}) x I) C (C\{0}) x I.
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Fix such a homeomorphism f. By Proposition 3.8, fr is a transitive homeo-
morphism from R to R. It follows from Proposition 2.17 that fF% is a transitive
homeomorphism from R/, to R/,. 0

Suppose that F' is either a Cantor fan, a Lelek fan or a star of Cantor fans.
Then, as seen above, a star of F”’s also admits a transitive homeomorphism (by
Theorem 3.12 and Observation 3.4, since both the Cantor fan and the Lelek
fan admit a transitive homeomorphism as seen in [1] and in [2]). Therefore,
the following open problems are a good place to finish this section.

PROBLEM 3.1. Let F' be a smooth fan that admits a transitive homeomor-
phism. Does the star of F'’s also admit a transitive homeomorphism?

PROBLEM 3.2. Let F be a smooth fan. If a star of F’s admits a transitive
homeomorphism, then does F admit a transitive homeomorphism?

4. AN UNCOUNTABLE FAMILY OF SMOOTH FANS THAT ADMIT TRANSITIVE
HOMEOMORPHISMS

In this section, we present our main result of the paper, an uncount-
able family of pairwise non-homeomorphic smooth fans that admit transitive
homeomorphisms. First, we construct, using a Mahavier product of a closed
relation, a space that is homeomorphic to a subspace of the product of a
Cantor set and an interval in such a way that the shift map on it is a transi-
tive homeomorphism. Second, with some identifications, we get uncountably
many smooth fans while keeping the transitivity of the induced homeomor-
phisms. Great care must be taken to see that the model for the Mahavier
product that we present is what we claim it is. Identifications must also be
done with care to ensure the transitivity of the induced homeomorphisms.

We begin with the following definitions.

DEFINITION 4.1. Let X be a non-empty compact metric space and let
F C X x X be a relation on X. If F is closed in X x X, then we say that F
is a closed relation on X.

DEFINITION 4.2. Let X be a non-empty compact metric space and let F
be a closed relation on X. For each positive integer m, we call

m—+1
X5 :{($1,$2,$3,---,$m+1) € H X |
i=1

for each i € {1,2,3,...,m}, (zs, Ti41) € F}
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the m-th Mahavier product of F', and we call
o)
Xt :{(xl,xg,xg,...) € HX |
i=1
for each positive integer i, (z;,2;+1) € F}

the Mahavier product of F', and

[ee]
XF :{(--~a1'737%727-%.71::1:0;1'1’1.2’1'3)"')E H X |

for each integer 4, (z;,2;11) € F}
the two-sided Mahavier product of F.

DEFINITION 4.3. Let X be a non-empty compact metric space and let F
be a closed relation on X. The function 0}' : X;E — X;E, defined by
U;C(xl, T2, T3, Tq,...) = (T2,T3,Ta,...)
for each (x1,x9,23,24,...) € X, is called the shift map on Xj. The
function o : Xp — Xp, defined by
op(o e, T 3,0, T_1,T0;T1,22,%3,.-.) = (..., T_3,T_2,T_1,%0, T1; T2, T3,...)
for each (..., x_3,x_2,2_1,%0;Z1,T2,T3,...) € Xp, is called the shift map

on Xp.

OBSERVATION 4.4. Note that op is always a homeomorphism while cr}
may not be a homeomorphism.

DEFINITION 4.5. Let X be a compact metric space, let F be a closed
relation on X and let x € X. Then we define
UZ(x) = {y € X | there are n € N and x € X} such that x(1) = x,x(n) = y}
and we call it the forward impression of x by F.

THEOREM 4.6. Let X be a compact metric space, let F' be a closed relation

on X, let {fo | @ € A} be a non-empty collection of continuous functions from
X to X such that F~' =J,c4 T'(fa), and let {gg | B € B} be a non-empty
collection of continuous functions from X to X such that F' = Jzcp'(9s)-

If there is a dense set D in X such that for each s € D, Cl{UE(s)) = X, then
(X, 0f) is transitive.
PROOF. See [1, Theorem 4.8, page 18]. 0
THEOREM 4.7. Let X be a compact metric space and let F' be a closed

relation on X such that p1(F) = p2(F) = X. The following statements are
equivalent.

1. The map (J'; is transitive.
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2. The homeomorphism op is transitive.

PRrROOF. The theorem follows from [1, Theorem 4.5, page 17]. ]

Next, we define a space X, which will be used to construct our uncount-
able family of pairwise non-homeomorphic smooth fans that admit transitive
homeomorphisms.

DEFINITION 4.8. We use X to denote the set
X=([0,1]U[2,3]U[4,5]U[6,7]U...)U{o0}.

We equip X with the Alexzandroff one-point compactification topology T ; i.e., T
is obtained on X from the Alezandroff one-point compactification (also known
as the Alexandroff extension) of the space [0, 1]U[2, 3|U[4, 5]U[6, T)U. .. (which
is a subspace of the Euclidean line R) with the point oo. See [9, pages 166-171]
or [20, pages 135-145] for more information on (one-point) compactifications.

Note that this topology is precisely constructed below by defining a met-
ric.

1

5% and

OBSERVATION 4.9. For each non-negative integer k, let ¢ = 1 —
let

X = [q0,q1] U [g2,q3] U [q4,q5] U [g6, g7} U ... {1}

(we equip X with the usual topology). Note that the compacta X and X are
homeomorphic.

DEFINITION 4.10. Let X be the compactum from Observation 4.9 and let
h: X — X be any homeomorphism such that for each non-negative integer k,
h(qr) = k. On the space X, we always use the metric dx that is defined by

dx(a,y) = [A7'(y) = h™ ' (2)]
forall xz,y € X.
OBSERVATION 4.11. Note that the topology Ta, on X, that is obtained

from the metric dx, is exactly the one-point compactification topology T on
X. Also, note that (in this setting) for each non-negative integer k,

1

DEFINITION 4.12. For each non-negative integer k, we use Iyy1 to denote
Iiy1 = [2k, 2k + 1].

OBSERVATION 4.13. Note that for each positive integer k,

1

dlam(Ik) = W
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DEFINITION 4.14. We use the product metric Dx on the product Hzozfoo X,
which is defined by

dx(x(k), y(

Dx(x,y) = sup{ olk] k) | kis an integer}

for allx,y € [[re X

OBSERVATION 4.15. Since X is compact it follows that for all x,y €
HZO:—OC X’
d k k d k k
sup {7X(X(2ll’|Y( ) | k is an integer} = max {w | k is an integer}
and, therefore, for all X,y € H:O:—oo X,

W | k is an integer}.

Next, we define the closed relation H on X that will play an importaint
role in our construction of an uncountable family of pairwise non-homeomorphic
smooth fans that admit transitive homeomorphisms.

Dx(x,y) = max{

DEFINITION 4.16. We use H to denote the closed relation on X that is
defined as follows:

H:{(t,t%) |tell}u{(t,(t72)2+2) |t612}u
{(t,t+2) | tellu12u13u14u...}u
{(t,t—2) | t612u13u14u15u...}u
{(t,t) | t€I3UI4UI5U16U...}U{(oo,oo)};

see Figure 5. We also use O’?_} to denote the shift map on the Mahavier product
XJI; and oy to denote the shift map on the two-sided Mahavier product Xy .

First, we prove that the shift map oy is transitive (Theorem 4.17). To
do that, we use Theorems 4.6 and 4.7.

THEOREM 4.17. The dynamical system (Xp, o) is transitive.

PROOF. Since p1(H) = p2(H) = X, it suffices to see that (X};,0};) is
transitive (by Theorem 4.7). We use Theorem 4.6 to do so. Let fi, fa, f3 :
X — X be defined as follows. For each z € X let

3; x € [0,1]
r—22+2; x€(23]
; MRS X\ ([07 1] U [2’3])3

)

fi(z) =

8
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.'.IZ .~ IZ .
/]
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L|
2
L /]
Alalivi

II 12 13 14 15 oo

N NN
N N N

FIGURE 5. The relation H on X

r+2; z€Upgloktt
o) = Qo -2 xeUpeybrs2
00; T = 00,
and
T3, z €10,1]
r+2; xeUpeybri2
r—2; x€Upeg Lokts
00; T = 00.

fa(x) =

Note that fi, fo, and f3 are homeomorphisms from X to X such that H =
D(f1) UT(f2) UT(f3). Similarly, H=' = T(fy )Y UT(f; ) UT(f5 ). So, all
the initial conditions from Theorem 4.6 are satisfied. To see that (X[}, 07;) is
transitive, we prove that there is a dense set D in X such that for each s € D,
ClUF(s)) =X. Let D = (0,1) U (2,3) U (4,5) U (6,7) U... Then D is dense
in X. Let s € D be any point and let £ be a non-negative integer such that
s € (20,204 1). Note that

$,8—2,8—4,5—6,...,5—20 €U (s)



16 I. BANIC, G. ERCEG, J. KENNEDY, C. MOURON, AND V. NALL

and let t = s —2¢. Then t € (0,1). It follows from the definition of H that
for all non-negative integers m, n and k,

5 4 k2 e UB() -

use n-times the cube-root function, m-times the squaring function and then
do the translation for k times; note that in the definition of fi, fo and f3,
the linear functions are used to jump between non-linear functions in any
combination possible. It follows from Theorem [1, Lemma 4.9, page 19] that

{t% +k-2|m,nkeNU{0}} is dense in X. Since
{t%"fma | m,n,keNU{O}} CUD() CUD(s),

it follows that U7 (s) is dense in X. Therefore, by Theorem 4.6, (X};,07;) is
transitive. |

Next, we examine the space Xp.
DEFINITION 4.18. For each positive integer k, we use Ly to denote
Ly = {( oyt t_1,t0;5t1, 12, .. ) e Xy | ty € Ik}

OBSERVATION 4.19. Note that for each positive integer k, Lyj is compact

and that
Xy = (U Lk> U{(...,00,00;00,...)}

k=1
PROPOSITION 4.20. For each positive integer k, diam(Ly) < 5.

PROOF. Let k be a positive integer and let n be an integer. We consider
the following possible cases.

1. |n| < k. Then

dx(x(n),y(n)) _ |h"'(x(n)) = b= (y(n))] _ de(etinh—1 — @2(k-lnh-2 _

2In| 9ln| = 9ln|
(1 - m) - (1 - 22(k_l\n\)_2) _ 22(k—1\n\)—2 - 22(k+1\n\)_1 o
oln| o 9ln| o
1 1 L (ogepn 1 1 gatinl

92k—[n|—2  92k+3[n|—1 _ 92k+1 (2 e 93[n] = 92k+1 27 <

L o3k _ 1 _ 1
92k+1 T 92k+1-3—k = 9k—2"

2. |n| > k. Then

dx(x(n),y(n) _ 1 _ 1 _ 1

< .
2|n| — 9In| ok 2k—2
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Therefore,

diam(Ly) = sup{Dx(x,y) | X,y € Ly} =

sup{max{w ’ n is an integer} | x,y € Lk} <

1 o 1
sup{rnaux{Qk—_2 ’ k is an 1nteger} | x,y € Lk} = op2
O

DEFINITION 4.21. We define the functions fi 2, f1,3: [1 = X as follows.
For each t € I, we define

fia(t) =135 and fis(t) =t+2.

We also define the functions fo1, fa2, f23 : Ia = X as follows. For each
t € I, we define

fgyl(t) =1— 2, fgyg(t) = (t — 2)2 + 2 and f2$3(f) =t+2.

Also, for each positive integer k, we define the functions fi 1, fi,2, fr3 : Ix —
X as follows. For each t € Ii,, we define

fk,l(t) =t—-2, fk’g(t) =t and fk73(t) =t+2.

We also use H to denote H = {f12, fi.3} UUpeol{fr1s fr2, o3} (see Figure
5 above — the relation H contains as a subset the union of the graphs of the

defined functions).

OBSERVATION 4.22. Let x € Xy \ {(...,00,00;00,...)}. Then there is a
unique point h = (..., h_o,h_1,ho; h1, ha,...) € [[e_ . H such that for each
integer k,

x(k+ 1) = hp(x(k)).
Let k be any integer. Then for each positive integer £ the following hold. If
{ =1, then
L if hi = fo2, then hit1 € {fo2, fe3}
2. if hi = fo3, then hgt1 € {fov1,1, fer1,2, fey13}-
If £ = 2, then

1. if hiy = fe, then hyp1 € {fe—1,2, fe—1,3}-

2. if h = foz2, then hxt1 € {fe1, fo2, fo3}-

3. if hi, = fo3, then hiy1 € {fex1.1, fer1,2, for1.3}-

If ¢ > 2, then
1. if his = fea, then hygr € {fe—1,1, fo—1,2, fe—1.3}-

2. if hy = fo2, then hyy1 € {fon, fe2, fo3}
3. if hi = fo3, then hyyr € {feg1.1, for1,2, fra1,3}-
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DEFINITION 4.23. We define K to be the subset of the set [[pe. . H, de-
fined as follows. For any pointh = (..., h_o,h_1,ho;h1,ha,...) € [ H,
h € K if and only if for each integer k and for each positive integer £ the fol-
lowing hold.

1. If ¢ =1, then

(a) if b, = fe2, then hyy1 € {fe2, fo3}
(b) if hie = fo3, then by € {fe,1, forr2, fer1,3}

2. If £ =2, then

(a) if hiy = fe1, then hyyr € {fo—12, fi—1,3}
(b) if hiy = fe2, then hxy1 € {fe1, fe2, fe3}-

(¢) if hiy = fo3, then hi1 € {fog1,1, fotr1,2, for1,3}-
3. If £ > 2, then

(a) if hiy = fe1, then hyp1 € {fo—11, fo—1.2, fe—1.3}-
(b) if hi = fe2, then hiq1 € {fo1, fe2, fe3}-
(¢) if hiy = fo3, then hi1 € {foq1,1, for1,2, for1,3}-

We will also use h(j) to denote h(j) = h;.
DEFINITION 4.24. For each positive integer k, we define
Kk:{hEK ‘ h(O)ZIk%X}.

OBSERVATION 4.25. Note that

o0
K= U K.
k=1

OBSERVATION 4.26. For each x € Xy and for each positive integer k, x €
Ly, if and only if there is a unique point h = (... h_o,h_1, ho; h1,ha,...) €
Ky such that for each integer j,

x(j+1) = h;(x(5))-

DEFINITION 4.27. Let fi1 = fi,2, let k be a positive integer and let for
each integer €,
k+[£]
A= U {fix, fiz2s fis}

i=max{k—|£|,1}

We equip each Ay with the discrete topology. Then we use Cy to denote the
set

C = H Ay.
{=—0c0

OBSERVATION 4.28. For each positive integer k, Cy is a Cantor set and
K C Ck.
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DEFINITION 4.29. For each positive integer k and for each h € Ky, we
define

Apn = {x € Ly, | for each integer j,x(j + 1) = h(j)(x(5))}
OBSERVATION 4.30. Note that for each positive integer k,
L, = U Ak,h‘

heKy

Let k be a positive integer and let h € Ky. Since for each integer j, h(j)
is an increasing homeomorphism from an interval I, to an interval I, it
follows that Apy is an arc in Ly. For each of the end-points e of the arc
Ap n, all coordinates of e are either all non-negative even integers or they are
all non-negative odd integers. Also, note that for all hy, hs € Ky,

h)i #hy = Agn, NAgh, = 0.

THEOREM 4.31. Let k be a positive integer. Then Ky, is a closed subset
of Ci and Ly is homeomorphic to K x [0, 2%%1]

PROOF. First, we show that Ly is homeomorphic to Ky x [0, 22"%1] Let
v : Ky x [0, 2%%1] — Ly be defined by

gD(h,t) = ( cey t,g, t,l, to, t17 tg, .. )
for any (h,t) € Ki x [0, 5z2—], where to = 2%~ . ¢ + 2k — 2 and for each
integer j,
tiv1 =h(j)(t;).
Then ¢ is a homeomorphism. Since Lj is compact, it follows that Kj x
[0, 2%%1] is compact. Therefore, K}, is a closed subset of Cy,. ]

OBSERVATION 4.32. Note that in the proof of Theorem 4.31, the home-
omorphism ¢ is constructed in such a way that for each x € Ly, if all the
coordinates of x are even integers, then pa(p~1(x)) = 0. In particular, if
all the coordinates of x are even integers, then x(0) is an even integer. Since
x(0) € Iy, it follows that x(0) = 2k — 2. By the definition of the homeomor-
phism ¢, x(0) = 22— . ¢ + 2k — 2. Therefore, 2k — 2 = 22k~ .t + 2k — 2 and
t =0 follows.

THEOREM 4.33. For each positive integer k, Ky is a Cantor set.

PROOF. Suppose that there is a positive integer k such that Ky, is not a
Cantor set. Note that K, is a totally disconnected metric compactum since
by Theorem 4.31 it is a closed subset of a Cantor set. Since Ky is not a
Cantor set, it follows from [18, Theorem 7.14, page 109] there is an isolated
point in K. Let h € K be an isolated point of Kj. First, we show that h is
an isolated point in K. Suppose that h is not an isolated point in K. Then
for each positive integer n, there is a positive integer 4,, such that i,, # k and
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there is h,, € K;, such that D(h,,h) < 1, where D is the product metric on
K, defined by
d(t(k), g(k)

D(f,g) = sup{ S| ) | k is a positive integer}

for all f,g € K (here, d is the discrete metric defined by d(f(k),g(k)) = 0
if f(k) = g(k), and d(f(k),g(k)) = 1 if £(k) # g(k)). Therefore, for each
positive integer n, d(h,(0),h(0)) < 1. This is a contradiction since for each
positive integer n, h, # h and, therefore, d(h,(0),h(0)) = 1 and 1 £ %.
Therefore, h is an isolated point in K. It follows that Ay is an isolated arc
in Xy (meaning that there is an open set U in Xg such that Ay C U and
X\ Aen)NU = 0).

Let x € Xy be any transitive point in (Xg,op). If x is an element of
an isolated arc A in Xy, then (since by Theorem 4.17, oy is a transitive
homeomorphism) there is a positive integer n such that o} (x) € A and,
therefore, o (A) = A. It follows that Xy is the union of n mutually disjoint
arcs: o (A), 04 (A), o3 (A), ..., 0% (A), which is a contradiction. It follows
that x is not an element of an isolated arc. Let A be an isolated arc in Xy
and let U be an open set in Xy such that A C U and (Xz \ A)NU = . Then
for each non-negative integer k, 0% (x) ¢ U (note that if off (z) € U, then A
would contain a point with a dense orbit, which we already concluded is not
possible above). It follows that x is not a transitive point in (Xg, og), which
is a contradiction. 0

DEFINITION 4.34. Let C be the standard middle-third Cantor set in [0, 1].
For each positive integer k, we use Cy to denote Cy = C N [cg,di], where
¢ =0,d = %, and for each positive integer k, cpi1 = di + 3% and dp+1 =
Ci4+1 + ﬁ

OBSERVATION 4.35. Note that for each positive integer k, Cy is a Cantor

set and that
C= (U C’k> U{1}.

k=1
Also, note that for all positive integers k and £,

k£l = C,NCr=0.

In the following theorem, we obtain a model for our two-sided Mahavier
product Xz. This will be used later in Theorem 4.46 where we show that the
members of our uncountable family are in fact smooth fans.

THEOREM 4.36. There is a homeomorphism

0 Xy — (G (Ck X [02%1_1})> u{(1,0)}

k=1
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such that for each x € Xy, if all the coordinates of x are even, then o(x) =
(c,0) for some c € C.

PROOF. For each positive integer k, let
fk K — Ok
be a homeomorphism. By Theorem 4.31, each L is homeomorphic to Ky x

[0, 2%%1] For each positive integer k, let

1
Uk:Lk_>Kk>< |:0722k7—1:|

be a homeomorphism such that for each x € Ly, if all the coordinates of x are
even, then ps(vg(x)) = 0 (such a homeomorphism does exist by Observation
4.32). Then

0 X — (G (i x Jo. 2%11})) U{(1,0)},
k=1

defined by

w(x) = (1,0); x=(...,00,00;00,...)
(fr(p1(vi(x))), p2(vK(x))); there is k € N such that x € Ly,

for each x € X, is a homeomorphism such that for each x € Xy, if all the
coordinates of x are even, then p(x) = (¢, 0) for some ¢ € C. See Figure 6,

where the space (Uzozl (Ck X [0, QQ%ID) U{(1,0)} is presented. 0
1
2
0

s

FIGURE 6. The space ( (Ck x {0, 22,11])) u{(1,0)}

k=1
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DEFINITION 4.37. We choose and fix one of the homeomorphisms

o: Xy — (G (Ck X [0,22,}_1D> U{(1,0)}

such that for each x € Xy, if all the coordinates of X are even, then p(x) =
(¢,0) for some c € C, and we denote it by o.

The short intuitive description (suggested to us by one of the referees) of what
the transitive homeomorphism oy now does to Xy in this homeomorphic
representation ¢(Xp), follows. Represent each point of the Cantor set C'\
{(0,1)} = UC}; by a sequence of positive integers, with restrictions that for
any k > 2, k can be followed by k — 1, k, or k + 1, while £ = 1 can be
followed by 1 and 2. One can then order this space with a lexicographical
ordering, and equip it with a product topology. Then og maps each vertical
arc of Xy over a point (1,2, xs,...) € C homeomorphically onto a vertical
arc of Xy over o(x1,x2,3,...) = (x2,23,...) € C, where o is a shift on the
symbolic space. On vertical arcs, oy is just a linear mapping, except for arcs
over symbolic sequences which start with (1,1) (on which it acts as z — ¥/x),
and arcs over symbolic sequences which start with (2,2) (on which it acts as
x +— (x —2)2 +2). It should not be difficult to see transitivity of oy using
this symbolic representation. We leave the details to the reader.

Next, we use the space Xy and the model that we obtained in Theorem
4.36 to construct a family of uncountable many pairwise non-homeomorphic
smooth fans. First, we introduce the following definitions.

DEFINITION 4.38. We use A to denote the product
A={1,2} x {3,4} x {5,6} x {7,8} x {9,10} x ...
OBSERVATION 4.39. Note that A is uncountable.

Using the set A, we define three relations on Xj; see Definitions 4.40,
4.42 and 4.43.

DEFINITION 4.40. We define the relation =~ on Xy as follows: for all
x,y € Xy, we define x =y if and only if one of the following holds:

1. x=y,

2. pa(po(x)) = p2(po(y)) = 0;
see Figure 7.

DEFINITION 4.41. For each positive integer k, k > 3, we use My, to be the
following subspace of Lg: My = {(...,t,t;t,...) | t € I}

Note that there are infinitely many of these M} ’s, and that plays a neces-
sary role in creating the uncountable family of smooth fans. Also, note that
the shift map restricted to these Mj’s is the identity, and that is crucial in



FANS THAT ADMIT TRANSITIVE HOMEOMORPHISMS 23

I

FIGURE 7. The relation ~ from Definition 4.40

==

maintaining the transitivity of the induced map after identifications using the
following relation.

DEFINITION 4.42. Let a = (a1, az,as,...) € A. Then we define the rela-
tion ~4 on Xg as follows: for all x,y € Xy, we define x =, y if and only if
one of the following holds:

1. x=y,

2. there is a positive integer k and there is an i € {1,2,3,...,ax} such

that either
(a) x € My2,5 andy € Mgz, 5., and

(b) p2(po(x)) = p2(¥o(y))

(a) y € My2,5 and x € My2,9,,, and

(b) p2(po(x)) = p2(po(y)).
3. there is a positive integer k and there are i,5 € {1,2,3,...,ar} such

that
(a) X € My2yoq; andy € My o4 ;, and
(b) p2(o(x)) = p2(po(y))-

See Figure 8, which illustrates how the arcs Myzyo11, My2yo.10, My2y9.3,
ooy My2404,, are being glued to the arc M2y o.

DEFINITION 4.43. For each a = (a1,as2,as3,...) € A, we define the relation
~a on Xg by
X~y <= X =Yy orthereis a € A such that x =, y
for allx,y € Xp.
OBSERVATION 4.44. Note that ~4 is an equivalence relation on Xy .
DEFINITION 4.45. For each a € A, we use Fy, to denote the quotient space
Fo=Xpg/~,.

THEOREM 4.46. For each a € A, F, is a smooth fan.
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M,
a1 Mﬁ-2+1
B 777%&2@,
AR | B | ] | I‘ S [
- w
L2, Lyzpi Ly2iz1a, Lyzizion

FIGURE 8. The relation =, from Definition 4.40

PROOF. First, let a = (a1, a2,as,...) € A and let

i (G (cx x [02%11})> U{(1,0)} = C x [0,1]

be the inclusion function. For each positive integer k£ and for each integer
i€{0,1,2,3,...,ax}, let Ay ; be the connected component of C' x [0,1] such
that

i(My2y94i) C Agzyo;
see Figure 9.

Alkﬁz

Ak’+2,0 A B2l Ak’+2.a,,

I

FIGURE 9. The arcs Ag; in C x [0, 1]

Mﬁm

Next, let ~1 be the equivalence relation on C' x [0, 1], defined as follows.
For all (Cl,tl), (CQ,tz) e C x [0, 1], we define that (Cl,tl) ~1 (CQ,tz) if and
only if one of the following holds.

].. (Cl,tl) = (627t2),
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2.t =t2=0.
Note that (C' x [0,1])/~, is a Cantor fan. We also define ~s to be the equiv-
alence relation on C x [0,1], defined as follows. For all (c1,t1), (c2,t2) €
C x [0, 1], we define that (c1,t1) ~2 (c2,t2) if and only if one of the following
holds.

L (c1,11) = (c2,t2),
2. there is a positive integer k and an integer ¢ € {1,2,3,...,ax} such
that either
(a) (Cl,tl) (S Ak2+2,0 and (Cz,tg) S Ak2+2,iv and
(b) t1 = ta,
or
(a) (c2,t2) € Ap2yo and (c1,t1) € Ag24o,;, and
(b) t1 = ts.
3. there is a positive integer k and there are integers i, € {1,2,3,...,ax}
such that
(a) (c1,t1) € Ap24o0,; and (ca,t2) € Ap24o 5, and
(b) tl - tg.
Finally, we define the equivalence relation ~ on C x [0,1] as follows. For all
(c1,t1), (c2,t2) € C x [0, 1], we define
(c1,t1) ~ (ca,t2) <= (c1,t1) ~1 (c2,t2) or (c1,t1) ~2 (c2,t2).
Next, let
r:Cx[0,1] = (C x [0,1])/~,
be the quotient map defined by
r(et) = (¢, )]~ ={(d,s) € C x[0,1] | (d,s) ~1 (¢,1)}
for each (c,t) € C' x [0, 1] and let
q:C x[0,1] = (C x[0,1])/~
be the quotient map defined by
qlet) = (e, )]~ ={(d,s) € C x [0,1] | (d, s) ~ (c,1)}
for each (¢,t) € C' x [0,1]. We use F to denote F' = (C x [0,1])/~. Let
g:(Cx[0,1])/n; = F
be defined by
g(l(e,t)]~) = alr ™ ([(e, )] )

for any (c,t) € C x [0,1]. Note that g is a well-defined confluent surjection.
Since (C' x [0,1])/~, is a smooth fan (in fact, it is a Cantor fan), it follows
from Theorem 2.10 that F' is also a smooth fan. Finally, let

p: Xy — Fa
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be the quotient map defined by

p(x) =[x ={y €Xpg |y ~ax}
for each x € Xpg. Then
f:Fa— F,
defined by
F(x]) = a(ilpo(p™ ([x]))))

for any x € Xy, is an embedding of F}, into the smooth fan F. Therefore, Fy
is a smooth fan. 0

In Theorem 4.48, we prove that each F, admits a transitive homeomorphism.
In it, we use the following observation.

OBSERVATION 4.47. Let a € A. For all x,y € Xy,
X~ay & op(x) ~aou(y).
THEOREM 4.48. Let a € A. The mapping o} : Fa — Fy, defined by

oy ([x]) = [on(x)]
for each x € Xy, is a transitive homeomorphism.
PrROOF. By Theorem 4.17 and Observation 4.4, oy is a transitive home-

omorphism. It follows from Observation 4.47 and from Proposition 2.17, that
o7} is a transitive homeomorphism. 0

OBSERVATION 4.49. Note that for each positive integer k, this transitive
homeomorphism o, restricted to My/~, = {[x] | x € My}, is just the iden-
tity.

DEFINITION 4.50. We use F to denote the family

F={F,|acA}.
By Theorems 4.46 and 4.48, each member of F is a smooth fan that admits

a transitive homeomorphism. Recall that by Observation 4.39, A is uncount-
able. So, if we show that for all a,b € A,

a#b = F, and F}, are not homeomorphic,

then this proves that F is a family of uncountably many pairwise non-homeo-
morphic smooth fans that admit transitive homeomorphisms. In the following
definition, we define the new concept of JuMas, which will be used to prove
this.

DEFINITION 4.51. Let X be a fan with the top o. We define the set
JuMa(X) as follows:

JuMa(X) =
{z € X\ {0} | there is a sequence (e,) in E(X) such that ILm en =x}.
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DEFINITION 4.52. Let X be a fan with the top o. For each e € E(X), we
use Axlo,e] to denote the arc in X from o to e.

PROPOSITION 4.53. Let X and Y be fans with tops ox and oy, respec-
tively, and let f: X — Y be a homeomorphism. Then for each e € E(X),

|Ax[ox,e] N JuMa(X)| = |Ay[oy, f(e)] N JuMa(Y)|.
Here |S| denotes the cardinality of S for any set S.
PROOF. The lemma follows from the fact that for each x € X,
z € JuMa(X) = f(z) € JuMa(Y),
which is easy to see and we leave the details to the reader. O

COROLLARY 4.54. Let X andY be fans with tops ox and oy, respectively.
If there is e € E(X) such that for each ¢’ € E(Y),

| Ay [0y, €'] N JuMa(Y)| # |Ax [ox, e] N JuMa(X)],
then X andY are not homeomorphic.

PRrROOF. The corollary follows directly from Proposition 4.53. 0

THEOREM 4.55. For all a,b € A,
a#b = F, and F}y are not homeomorphic.

PROOF. Let a,b € A be such that a # b. Let 0, and oy be the tops of
the fans F, and Fy,, respectively. Since a # b, there is a positive integer k
such that a(k) # b(k). Then either a(k) = 2k —1 and b(k) = 2k or a(k) = 2k
and b(k) = 2k — 1. Without loss of generality we assume that a(k) = 2k — 1
and b(k) = 2k. It follows from the definition of the relation ~, that in Fj,,
there is an end-point e € E(F,) such that

|Ap, [0a,€] N JuMa(Fy)| = 2k — 1.
Note that it follows from the definition of the relation ~y, that for each e’ €
E(Fy),

‘Apb [ob,e’] N JuMa(Fb)| #2k—1.
Therefore, by Corollary 4.54, F, and F}y are not homeomorphic. 0

Finally, we state and prove Theorem 4.56 — the main theorem of the paper.

THEOREM 4.56. There is a family of uncountably many pairwise non-
homeomorphic smooth fans that admit transitive homeomorphisms.

PrOOF. The collection F is such a family. By Theorem 4.55, F is
uncountable, since A is uncountable. By Theorem 4.46, for each a € A, F,
is a smooth fan and by Theorem 4.48, o7; is a transitive homeomorphism on
F,. This completes the proof. 0

The following open problem is a good place to finish the section.
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PROBLEM 4.1. Is there a smooth fan X with the top o that has the fol-
lowing properties?
1. X does not admit a transitive homeomorphism.
2. For each € > 0, for each e € E(X) and for each x € Ax|o, €], there is
¢ € E(X)\ {e} such that

B(z,e) N Ax|o,€'] # 0.

5. AN UNCOUNTABLE FAMILY OF NON-SMOOTH FANS THAT ADMIT
TRANSITIVE HOMEOMORPHISMS

In this section, we construct a family of uncountably many non-smooth
fans that admit transitive homeomorphisms.

DEFINITION 5.1. Let F be a fan with top o. For each end-point e € E(F)
of the fan F, the arc in F from o to e is called a leg of F. The set of all legs
of F is denoted by L(F).

In Definition 4.50, a family F of uncountably many pairwise non-homeo-
morphic smooth fans that admit transitive homeomorphisms was constructed.
Also in this section, we continue working with the family F.

DEFINITION 5.2. Let F' be the Cantor fan, defined by F = J ¢ Se, where
C C[0,1] is the standard Cantor set and for each c € C, S, is the straight line
segment in the plane from (0,0) to (c,1). For each X € F, let ¥x : X — F
be an embedding. We use € to denote the family

E={Ux(X)| X e F}.
We denote the members of the family € by Fy:
E={F\| e A}

OBSERVATION 5.3. Note that for each A € A, Fy is a smooth fan such

that F\ C F. Also, for each \ € A,

1. there is a transitive homeomorphisms oy : F\ — F)\
2. there is a leg Ay € L(F))

such that

1. for each x € Ay, pr(z) =z, and
2. AxNJuMa(Fy) = 0.

For each \ € A, we choose and fix such a homeomorphism oy and such a leg
Ay. We also assume for the rest of the paper that for all A1, o € A,

A1 # A2 = F), is not homeomorphic to F},.

DEFINITION 5.4. For each A\ € A, we use ay to denote the end-point of
F)\ that is defined as follows:

E(F,\) NAy = {a>\}.
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OBSERVATION 5.5. Note that for each A € A,
Ay = {t-a)\ | te [0,1}}.

DEFINITION 5.6. For each A € A, we define the relation ~y on F\ as
follows. For each A € A and for all x,y € F, we define that

x ~\y <= x =y or there is ¢t € [0, 1] such that = t-a) and y = (1—¢t)-a,.

PROPOSITION 5.7. For each \ € A, ~ is an equivalence relation on F)
such that for all z,y € F},

rony = oa(x) ~x ealy)-
PRrROOF. The proof is straight forward. We leave it to the reader. 0

DEFINITION 5.8. For each A € A and for each x € F\, we define [z] to
be the equivalence class of x with respect to the relation ~:

[@x={y € Fx |y ~xa}.
We also define Jy to be the quotient space
In=Fr/~,
and we use qy to denote the quotient map qy : Fx — Jx, defined by
ax (@) = [z]x
for each x € F).

OBSERVATION 5.9. It follows from [9, Theorem 4.2.13] that for each A € A,
J is metrizable. Since for each A € A, F) is connected and compact and since
qx 18 continuous, it follows from Jy = qx(F)) that also Jy is connected and
compact. Therefore, for each A € A, Jy is a continuum.

THEOREM 5.10. For each A € A, ¢} : Jx — J, defined by ¢5([z]n) =
[pa(x)]x for each x € Fy, is a transitive homeomorphism.

PROOF. For each A € A, ¢, is (by Proposition 5.7) a transitive homeo-
morphism, such that for all z,y € F),

x ~y Y = oa(x) ~a oa(y).

It follows from Proposition 2.17 that for each A € A, ¢} is a transitive home-
omorphism. 0

DEFINITION 5.11. For each A € A and for each e € E(F)y), we define the
subsets K, C F\ and L, C Jy by

K.={e-t|tel0,1]} and L.={[e-t]x |t €[0,1]}.

OBSERVATION 5.12. Let A\ € A. Note that for each e € E(F)), K. €
L(Fy), and that K,, = Ax.
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PROPOSITION 5.13. For each A € A, and for each e € E(F)), Le is an
arc in Jy.

PROOF. Let A € A and let e € E(F)). We consider the following cases.
1. e = a). Note that

Loy ={lax -t | te [0,%}}:{{t-%,(1—t)-%} It e [o%]}
Let h : Lo, — [0,1] be defined by
h(lax - t]x) =2t

for each ¢ € [0, 3]. We show that h is a homeomorphism. Note that
is a bijection. To show that h is continuous, let U be any open set in
[0,1]. We show that h~1(U) is open in L,, by using Observation 2.15.
Note that

hYU) = {[%t-a,\})\ | teU} :{{%t-a,\,(l—%t) -a,\} |teU}

and that
o (b)) = {%t cay[teufu{(1- %t) cay|teU}.

Then g, ' (h~(U)) is a union of two open sets in Ay, therefore, ¢y ' (h~*(U))
is open in Ay. It follows that h=1(U) is open in L,, . This proves that
h is continuous. Note that Ay is compact (since it is an arc), therefore,
since Lo, = qr(Ay), it follows that L, is compact. Hence, h is a con-
tinuous surjection from a compact space to a metric space. It follows
that h is a homeomorphism. This proves that L,, is an arc in Jj.

2. e # ay. We show that L, is an arc by showing that it is homeomorphic
to K. Let H: L. — K, be defined by

H([t-ely)=t-e

for each t € [0,1]. We show that H is a homeomorphism. Note that
H is a bijection and that for each t € [0,1], [t - €]y = {¢-e}. Next,
we show that H is continuous. Let U be any open set in K.. Note
that ¢, '(H~Y(U)) = U. It follows that ¢y (H~'(U)) is open in K.
Therefore, H~!(U) is open in L. by Observation 2.15. This proves
that H is continuous. Note that K. is compact (since it is an arc),
therefore, since L, = q\(K,), it follows that L. is compact. Hence, H
is a continuous surjection from a compact space to a metric space. It
follows that H is a homeomorphism. Therefore, L. is an arc in Jy.

Therefore, for each e € E(F)), L. is an arc in J). 0

OBSERVATION 5.14. Let A € A. Note that L, is an arc with end-points
[(0,0)]x and [% “ax]a-
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In Theorem 5.18, we prove that each Jy is a fan. In its proof, we use
Lemma 5.15.

LEMMA 5.15. Let A € A and let A be a subcontinuum of Jy. The following
statements are equivalent.

1. The preimage g *(A) is not connected.

2. An L, = {[(0,0)]x} or there is s € (O, %) such that AN Ly, =

{t-axlx | £ € [0,5]}.

ProoF. To prove the implication from 1. to 2., suppose that AN L, #
{[(0,0)]»} and that for each s € (0, %), ANLy, #{[t-ax]x |t €]0,s]}. Then
ANLy =0or AN Ly, = L,,. In both cases, g, '(A) is connected. Next,
we prove the implication from 2. to 1.. If AN Ly = {[(0,0)].}, then ay is
an isolated point of q{l(A). Therefore, in this case, qA_l(A) is not connected.
Next, suppose that there is s € (O, %) such that ANLy = {[t-ax]x | t € [0, s]}.
Choose and fix such an s. Let U = {(1 —1t)-ax | t € [0,s]}. Then U is clopen

in gy ' (A). Since U # g5 *(A), it follows that also in this case, g; '(A) is not
connected. 0

OBSERVATION 5.16. Let A € A and let A be a subcontinuum of Jy such
that the preimage q/(l(A) is not connected. Note that
L. if AN Ly, = {[(0,0)]5}, then g5 *(A) has ewactly two components,
C1 = {ax} and Oy = ¢ (A) \ C1.

2. if there is s € (0, %) such that AN Lq, = {[t-ax]x | t € ]0,s]}, then
@5 ' (A) has ezactly two components, C1 = {(1—1)-ay | t € [0,s]} and
Cy = QXI(A) \ C1.

DEFINITION 5.17. Let X and Y be continua and let f : X — Y be a
continuous function. We say that f is semi-confluent, if for any subcontinuum
C of Y and for all components C1 and Co of f~1(C), f(C1) C f(Cy) or
f(C2) € F(Ch).

THEOREM 5.18. For each A € A, Jy is a fan.

PrOOF. Let A € A. We show that the quotient map gy : F — Jy is a
semi-confluent surjection. Since gy is a quotient map, it is a surjection. To

see that it is semi-confluent, let C' be any subcontinuum of Jy. We consider
the following cases.

1. q/(l(C) is connected. Then for all components C; and Cy of q)fl(C),
2 (C1) € aa(Ca) or ga(C2) € ga(Ch) (since C1 = Co = g5 (C)).
2. ¢ '(0) is not connected. By Lemma 5.15, ¢ ' (C) N Ly, = {[(0,0)]»}

or there is s € (0, %) such that ¢y *(C) N La, = {[t-ax]x | t €[0,s]}.
According to this, we consider the following two cases.
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(a) ¢y (C) N La, = {[(0,0)]x}. By Observation 5.16, gy *(C) has
exactly two components: C; = {a)} and Cy = ¢, '(C) \ Ci.
Note that gx(C1) € ga(Ca).

(b) Thereis s € (o,%) such that g5 *(C)NLa, = {[t-ax]x | ¢ € [0, 5]}

By Observation 5.16, q/(l(C) has exactly two components, C; =
{(1—=1t)-ar|te0,s]}and Cy = ¢, '(C)\ C;. Note that also
in this case, g»(C1) C gx(C2).

It follows that ¢y : F)\ — J) is a semi-confluent surjection. Now it follows
from Mackowiak’s result [13, Theorem 5.6], which says that a semi-confluent
image of a fan is a fan, that J) is a fan. 0

THEOREM 5.19. For each A € A, the fan Jy is not smooth.

PROOF. Let A € A and let (zx) be a sequence of points in F) such that
1. for each positive integer k, there is e, € E(F)) \ {ax} such that
z € K¢, \ {(0,0), ex},

2. for all positive integers k,¢ and for all e, f € E(F)) such that z; €
K\ {(0,0)} and =, € K\ {(0,0)},

kA0 = e f.

3
I = — -ay.
3 kgnoozk 4 “

It follows from the construction of the family F that such a sequence exists.
Since g, is continuous, it follows that

lim gx(zx) = ¢ ( a )
Note that for each positive integer &,

ax(zr) = [z = {22}

and that

(o) =[zol,~{7og o} -]
q)\4 /\—4 A)\—4 )\74 /\—4 )\)\ ay-

Note that Lq, is an arc in Jy with end-points [(0,0)]x and [§-ax]x. Therefore,

qA(% . aA) is a point in the interior of the arc L,,. Next, for each positive
integer k, let e, € E(Fy) \ {ax} be such that

T € Kek \{(070)>€k};
let si € (0,1) be such that z = si - e, and let
Ak = {ﬁ c €k | te [O,Sk]} and B = {[t . ek],\ | te [07Sk]}.
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Also, let

A:{t-a,\|t€ [O,Z}} and B={[t-a>\]>\|t€ {O,ﬂ}

Note that for each positive integer k, xj is an end-point of Ay, and that % “a)

3
is an end-point of A. Since klim T = 1 -ay and since F is smooth, it follows
—00

that
lim A, = A.

k—o0

On the other hand, note that
1. for each positive integer k, ¢gx(zy) is an end-point of By,

2. qx(3 -ax) = [4 - ax], is an end-point of B,
3
3. lim gy(zg) = q)\(f -aA), and
k—o0 4
4. lim By = L,, but L., # B.
k—o0
This proves that the fan Jy is not smooth. 0

THEOREM 5.20. For all M\, Ay € A,
A1 # Ao = F), and F), are not homeomorphic.

PROOF. Let A1, A2 € A be such that A; # Ay. Then F), is not homeomor-
phic to F), since there is e € E(F),) \ {ax, } such that for each f € E(F),)},

|AF,,[(0,0), f] N JuMa(Fy, )| # [Ar,, [(0,0),e] N JuMa(Fy,)|.
Choose and fix such a point e € E(F),) \ {ax, }. Note that
AFAI [(0, 0), CL>\J n JuMa(FAl) =0.

It follows from the definition of the relations ~, and ~,, that for each
element [.f]/\z € E(J)\Q)7

|4, [100,0)]xs, [f1x] N JuMa( i, )| # [Auy, [[(0,0)]x,, [e]a,] N JuMa(Jy, )]
Therefore, by Corollary 4.54, Jy, and J,, are not homeomorphic. O

Finally, we prove the main result of the paper.

THEOREM 5.21. There is a family H of uncountably many pairwise non-
homeomorphic fans that are not smooth and that admit transitive homeomor-
phisms.

PROOF. Let
H= {J)\ ‘ A€ )\}.
It follows from Theorem 5.20 that |#| = |€|. Since the family F is uncountable
and since |€| = |F|, it follows from Theorem 5.19 that H is a family of un-
countably many pairwise non-homeomorphic non-smooth fans. By Theorem
5.10, for each X € H, X admits a transitive homeomorphism. 0
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