Flasnik 2es
Matematicki

SERIJA III

www.math.hr/glasnik

Sasa Novakovié¢
A note on some polynomial-factorial Diophantine equations

Manuscript accepted
September 2, 2024.

This is a preliminary PDF of the author-produced manuscript that has
been peer-reviewed and accepted for publication. It has not been
copyedited, proofread, or finalized by Glasnik Production staff.



A NOTE ON SOME POLYNOMIAL-FACTORIAL
DIOPHANTINE EQUATIONS

SASA NOVAKOVIE

ABSTRACT. In 1876 Brocard, and independently in 1913 Ramanu-
jan, asked to find all integer solutions for the equation n! = x2 — 1. It
is conjectured that this equation has only three solutions, but up to now
this is an open problem. Overholt observed that a weak form of Szpiro’s-
conjecture implies that Brocard’s equation has finitely many integer solu-
tions. More generally, assuming the ABC-conjecture, Luca showed that
equations of the form n! = P(x) where P(z) € Z[z] of degree d > 2 have
only finitely many integer solutions with n > 0. And if P(z) is irreducible,
Berend and Harmse proved unconditionally that P(z) = n! has only finitely
many integer solutions. In this note we study diophantine equations of
the form g(z1,...,zr) = P(z) where P(z) € Z[z] of degree d > 2 and
g(z1,...,xr) € Zlx1,...,x] where for the x; one may also plug in A™ or
the Bhargava factorial n!g. We want to understand when there are finitely
many or infinitely many integer solutions. Moreover, we study diophan-
tine equations of the form g(z1,...,zr) = f(z,y) where f(z,y) € Z[z,y] is
a homogeneous polynomial of degree > 2.

1. INTRODUCTION

Brocard [5] and independently Ramanujan [19] asked to find all integer
solutions for n! = 22 — 1. Up to now this is an open problem, known as Bro-
card’s problem. It is believed that the equation has only the three solutions
(z,n) = (5,4),(11,5) and (71,7). Overholt [17] observed that a weak form of
Szpiro’s-conjecture implies that Brocard’s equation has finitely many integer
solutions. Using the ABC-conjecture Luca [15] proved that diophantine equa~
tions of the form n! = P(x) with P(x) € Z[z] of degree d > 2 have only finitely
many integer solutions with n > 0. If P(z) is irreducible, Berend and Harmse
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[3] showed unconditionally that P(x) = H,, has finitely many integer solutions
where H,, are highly divisible sequences which also include n!. Furthermore,
they proved that the same is true for certain reducible polynomials.

Without assuming the ABC-conjecture, Berend and Osgood [2] showed
that for arbitrary P(z) of degree > 2 the density of the set of positive inte-
gers n for which there exists an integer = such that P(z) = n! is zero. We
believe that the arguments presented in loc.cit. can also be applied in more
general situations, implying, for instance, that the density of the set of pos-
itive integers solving nq!A™ ---n, A" = P(z) is zero. Further progress in
this direction was obtained by Bui, Pratt and Zaharescu [8] where the au-
thors give an upper bound on integer solutions n < N to n! = P(z). For
a detailed overview on results about, for instance, Ramanujan—Nagell type
equations bA™ + D = 22 and exponential diophantine equations in general we
refer to [7], [20] and [21]. Of course, there are several polynomials P(z) for
which P(z) = n! is known to have either very few integer solutions or none
(see for instance [6], [9] and [18]). known as Brocard’s problem [5]. Berndt
and Galway [4] showed that the largest value of n in the range n < 10° for
which Brocard’s equation 22 — 1 = n! has a positive integer solution is n = 7.
Matson [16] extended the range to n < 10'? and Epstein and Glickman [12]
ton < 10%.

Starting from Brocard’s problem there are also studied variations or gen-
eralizations of 22 — 1 = n! (see for instance [11], [13], [24], [25] [26]). For
instance Ulas [24] studied, among others, diophantine equations of the form
2"n! + A = y? and proved that the Hall conjecture (which is a special case
of ABC-conjecture) implies that the equation has only finitely many integer
solutions. Note that 2"n! can also be formulated using the notation for the
Bhargava factorial nlg. Then 2"n! = nlg, with S = {2n + bjn € Z}. We
do not recall the definition of the Bhargava factorial and refer to [1] or [23]
instead.

In the present note we are interested in the following problem: let g(z1, ..., z,) €
Zlz1,...,z,] and f be polynomials where either f € Q[z] or f € Q[z,y]. Then
consider the diophantine equation

g(x1, .y xy) = f.

For any of the x; in g we may also plug in A™ or n!s. We think that this
is a reasonable generalization. Of course, formulated in this generality there
are plenty of g and f such that the diophantine equation has infinitely many
(positive) integer solutions. Several (exponential) diophantine equations are
of the above form. Below we mention only a few examples:
(i) superelliptic equations.
(ii) Erdos-Obldth type equations: take g(x1) = 1 and plug in n! and let
g(z,y) = 2P £yP or take g(z1,22) = x1 L2 and plug in n! respectively
m! and let f(x) = aP.
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(iii) Thue-Mahler equation: take g(x1,...,xr) = 1 - T2z, and let x; =
P
(iv) Thue-equation: take g(z1,...,xz,) = m and let f(z,y) be a homoge-
neous polynomial of degree > 3.
(v) Brocard’s problem: take g(x1) = x1 and plug in n! and let f(z) =
22 — 1. More generally, let f(x) be any polynomial of degree > 2 and
we get the diophantine equation considered in [15].
(vi) Ramanujan-Nagell type equation: take g(x1) = bz1 + D and plug in
A" for some positive fixed A and let f(z) = z2.
(vil) Fermat equation: take g(z1,x2) = 2} + 24 and let f(z) = z™.
(viii) generalizations of Brocard’s problem, see [23]: take g(z1) = 1 and
plug in n! and let f(z,y) be any irreducible binary form of degree > 2.
(ix) generalizations of Brocard’s problem, see [10]: take g(x1,x2) = —23+x9
and plug in n! and let f(z,y) = 22 +y? — A.

In the examples (i) to (viii) from above, conditionally or unconditionally
there are only finitly many integer solutions. In some situations the exact
number of integer solutions is known. So from a structural point of view one
can ask for a geometric characterization of the polynomials g and f (or the
variety defined by g — f = 0) such that the diophantine equation g = f has
finitely many solutions. For instance, if the hypersurface defined by g — f is of
general type (i.e. if the degree is large enough), the Bombieri-Lang conjecture
states that the set of rational points is not Zariski dense. So if g — f describes
a curve in P2, Falting’s theorem tells us that there are only finitely many
rational and therefore integer solutions. Pluging in n! or n!A™ into one of the
variables of g still gives only finitely many integer solutions. But often we
encounter diophantine equations that are not of general type or that produce
varieties of higher dimension where only few structural results concerning the
existence and number of rational points are available. At this point, one can
also try the so called modular approach which was used in Wiles’ celebrated
proof of Fermat’s last theorem. The idea is, roughly speaking, to assign to
a diophantine equation a so called Frey-Hellegouarch curve. Hopefully, this
curve is an elliptic curve with minimal discriminant A = C - DP. Then look
at the Galois-representation of the p-torsion of the curve and conclude, for
instance, by results of Mazur that the representation is irreducible. Now one
can apply Ribet’s theorem to obtain that the representation gives rise to some
newform of level N. If one can prove that there are no such newforms of level
N, one finally finds that the considered diophantine equation has no non-tivial
solutions. Besides equations of Fermat-type, this approach was also applied
to exponential diophantine equations such as generalized Ramanujan-Nagell-
equations. For details we refer the reader to the survey of Siksek [22] and
references therein.
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In the present note we will not use the modular approach. Instead,
we make use of elementary arguments, the ABC or weak form of Szpiro’s-
conjecture and indirectly of diophantine approximation and methods from
algebraic number theory. At some points the proofs can certainly be simply-
fied, but I wanted to make the arguments as detailed as necessary.

We recall the ABC and the weak form of Szpiro’s-conjecture which can be
found for instance in [14]. For a non-zero integer a, let N(a) be the algebraic

radical, namely N(a) =[], , p. Note that
(1.1) N =]]r<]]r<4
pla p<a

where the last inequality follows from a Chebyshev-type result in elementary
prime number theory and is called the Finsler inequality.

CONJECTURE 1.1 (Weak form of Szpiro’s-conjecture). There exists some
constant s > 0 such that for mutually prime integers A, B and C with A+ B =
C the inequality

(1.2) |ABC| < N(ABC)®
holds.

CONJECTURE 1.2 (ABC-conjecture). For any € > 0 there is a constant
K (e) depending only on € such that whenever A, B and C are three coprime
and non-zero integers with A+ B = C, then

(13) max{|A], | B|, |C]} < K(e)N(ABC)*+*
holds.

The ABC-conjecture from above implies the weak form of Szpiro’s-conjecture.

In the following let g(z1, z2, ..., x¢) = bx1 -T2 - - - x4 In all the variables we
plug in n! or n!A™. Formulated in the notation of the Bhargava factorial, we
plug in nlz or nlg, where S = {An + bln € Z} for some fixed positive integer
A. Therefore, we want to study diophantine equations of the form

bng!- - n LAY - Afe = f(x)
and
byl n AV - AR = f(2,y),
where ¢ < r, r > 0 and f(z) and f(z,y) are polynomials with rational
coefficients. For a better readibility and to keep it clearer, we prove the
results in the present work for ¢ = r. However, we would like to note that all
results also hold for ¢ < r.

THEOREM 1.3. Fiz a non-zero integer b and positive integers Ay, ..., A,.
If d > r, then the equation bny!AT" ---n A" = z@ has only finitely many
integer solutions. If d < r, then bny! AT ---n A" =z has infinitely many
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integer solutions, except when b < 0 and d is even, where there are no solu-
tions.

REMARK 1.4. The statement of Theorem 1.3 remains true if z% is replaced
by az? with fixed positive rational number a.

THEOREM 1.5. Let f(z) € Q[z] be a polynomial of degree d > 2 which
1s not monomial and has at least two distinct roots. Fixz a non-zero inte-
ger b and positive integers Ay, ..., A.. Then the ABC-conjecture implies that
bnylAT" -+ n AP = f(x) has only finitely many integer solutions with n; > 0.

We want to point out that we can generalize Theorem 1.5 by following its
proof. In fact, it is used that N(bny!AT! - n, AM) = o(bni!AT* - - - n, AP
as (ny,..n,) = 0o. We can argue as in the proof of Theorem 1.5 to obtain:

THEOREM 1.6. Let f(x) € Q[z] be a polynomial of degree d > 2 which is
not monomial and has at least two distinct roots and F(nq,...,n,) a function
satisfying N(F(n1,..n.)) = o(F(n1,..n,)) as (ni,...,n,.) — oo. Then the
ABC-conjecture implies that f(x) = F(ni,...,n.) has finitely many integer
solutions.

Since nl|nlg, we see that for all primes p, the p-adic valuation from the
definition of n!g tends to infinity as n — oo. Therefore, N(n!s) = o(nlg) as
I — oo. From this, it follows that N(nils, ---n.ls,) = o(nilg, ---n.ls,.) as
(n1,...,n;) = 0o0. Theorem 1.6 then implies:

COROLLARY 1.7. Let f(z) € Q[z] be a polynomial of degree d > 2 which
s not monomial and has at least two distinct roots. Then the ABC-conjecture
implies that f(x) = nils, - n.ls, has finitely many integer solutions.

Note that Theorems 1.3, 1.5 and 1.6 generalize the results in [15] and
some of the results in [24] and [23]. Dabrowski [10] asked whether equations
of the form n! + A = 22 + y? have finitely many positive integer solutions
and Ulas [24] studied equations of the form z? — A = n!! where n!! denotes
the double factorial. Other equations involving the double factorial have also
been studied in [24]. As mentioned above, Luca [15] proved uncoditionally
that ¢ = n! has only finitely many solutions for d > 2. Takeda [23] consid-
ered, more generally, equations of the form f(x,y) = n! where f(z,y) is an
arbitrary binary form of degree > 2. He proved, among others, that if f(z,y)
is irreducible of degree > 2, then there are only finitely many n such that n! is
represented by f(z,y). With Thue’s theorem one has finitely many solutions
if the degree of f(x,y) is at least three. In loc.cit. it is furthermore observed
that the same holds for certain reducible polynomials f(x,y). So in view of
this fact and, for instance, the work of Erdés and Oblath [6], it is reasonable
to ask, for example, whether f(z,y) = nlg or f(x,y) = n!! have only finitely
many integer solutions when f(z,y) is a (homogeneous) polynomial of degree
at least two.
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Theorems 1.8, 1.10, 1.11 and 1.13 make a small step in this direction.

THEOREM 1.8. Let f(x,y) = agz? + ag—129 ly + - + a12y?~! + apy? €
Zlz,y] be an irreducible homogeneous polynomial. Fiz some non-zero integer
b and positive integers Ay, ..., A,.. If d > r > 1, then there are finitely many
(n1,...,ny) such that bng! AT - - n A" is represented by f(z,y). If r > 2,
then the diophantine equation

bnylATY - n AT = f(x,y)
has finitely many integer solutions with n; > 0.

COROLLARY 1.9. For any irreducible f(z) € Z[zx] with degree d > r, the
equation f(x) = bny! AT - n, A has only finitely many integer solutions.

Theorems 1.10, 1.11 and 1.13 deal with the case of some reducible poly-
nomials.

THEOREM 1.10. Let f(z,y) € Zlx,y] be a polynomial with factorization
f(xv y) = fl(xa y)el o fu(x7 y)eua

where f;(x,y) are irreducible homogeneous polynomials of degree d;. Fiz some
non-zero integer b and positive integers Ay, ..., A,.. Now if d; > 2 and die; +
<o+ dyey, > 1 oorif min{diey,...,dye,} > r, then there are only finitely many
(n1,...,n,) such that = bnylAT* - - n A" is represented by f(z,y). If r > 2,
then the equation

bnilATY - n AT = f(x,y)
has only finitely many integer solutions.

Theorem 1.10 treats equations such as f(x,y) = (2y)*(z — y)* = nlm!

but can not be applied to zy(xz £ y) = 3™n!. Theorems 1.11 and 1.13 below
try to include cases where Theorem 1.10 can not be applied (see the examples
on page 13 and 14).

THEOREM 1.11. Let P(z),Q(y) be polynomials with rational coefficients
such that at least one of the two has at least two distinct roots. Set f(x,y) =
P(2)?Q(y) + Q(y)?P(z) and fix some non-zero integer b and positive integers
Ay, ..., A.. Then the ABC-conjecture implies that

bnylATY - n AT = f(z,y)
has only finitely many positive integer solutions (n1,...,ny, x,y) with n; > 0.
We want to stress that the assumption of the existence of at least two
distinct roots is necessary to conclude that there are only finitely many posi-

tive integer solutions. Consider for instance P(z) = x and Q(y) = y and the
equation

P(2)’Q(y) + Q(y)*P(z) =2-n!-m! - I!
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Choosing = = y, we see that
203 =2-nl-ml-1

has infinitely many solutions according to Theorem 1.3. In this context we
make the observation that Theorem 1.3 has the following consequence.

COROLLARY 1.12. Let f(x,y) = agr®+aq_129 1y +---+ayjzy?! + agy?
be a homogeneous polynomial of degree d. Assume ag+---+aqg >0 orag >0
or ag > 0. Furthermore, let b > 0 and d < r. Then the diophantine equation

bnylATY - n AT = f(z,y)
has infinitely many integer solutions with n; > 0.

There are certainly more cases where the equation of Corollary 1.12 has
infinitely many solutions. Our aim was just to point out that in case d < r
there are usually infinitely many solutions. Notice that Theorem 1.1 also
implies that the equation in Corollary 1.12 has only finitely many integer
solutions with z = y if d > r. We do not know whether there are only finitely
many solutions with x # y and ged(z,y) # 1 in case d > r.

PROBLEM 1.1. Let f(x,y) be a homogeneous polynomial of degree d with
rational coefficients. Fix a non-zero integer b and some positive integers
Ai, ..., Ay and assume d > r. Furthermore, let Si,...,.S, be infinite subsets
of Z. Does the equation bnils, ---n,ls, - A" - Ag" = f(x,y) have only
finitely many integers solutions (ni, ..., Ny, M1, ...,mq, x,y) ¢ Are there infin-
itely many solutions if d < r?

A related problem is the following:

PROBLEM 1.2. Let f(x,y) be a homogeneous polynomial of degree d with
rational coefficients. Let S1, ..., S, be infinite subsets of Z and fixr some non-
zero integer b. Give some characterization for when f(x,y) = blils, -+ l,!s,
has finitely many or infinitely many integer solutions?

Another result is this direction is obtained if A1, ..., A4 in Problem 1.1 is
a set of distinct primes. Using the Thue-Mahler Theorem, we can show the
following;:

THEOREM 1.13. Let f(x,y) = 225y® £ y*2° where s > 0 is an arbitrary
but fized positive integer («, B) with ged(a, B) = 1 one has ged(P(a), Q(B))) =
1 and p1,...,pq a set of primes with py < ... < pq. Fiz some non-zero integer b
and assume f(x,y) has at least three pairwise non-proportional linear factors
over C. Then the weak form of Szpiro’s-conjecture implies that

bpit - -pie - ny AT - AT = f(x,y)

has only finitely many integer solutions (1, ..., 24, N1, ..., N, T, y) with z; > 0
and n; >0 and ged(x,y) = 1.
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2. PROOF OF THEOREM 1.3

We give the proof only for the cases r = 1,2, since the arguments for
arbitrary r > 2 are analogous. So let r = 1. We consider the equation

bnlA™ = 2.

If n > 2max{A, |b|}, then there is a prime number p in the interval (n/2,n)
wich is larger than max{A, |b|}. The prime p will appear with exponent one
in bn!A™. Since d > 1, the number bn!A™ cannot be a perfect power.

Now let » = 2. We consider

(2.4)

bn!A"m!B™ = z°.

If n > 2max{ A, B, |b|}, then there is a prime number p in the interval (n/2, n)
which is larger than max{A, B, |b|}. There are three cases to consider.

)

2)

3)

So we
cases.

1)
2)

3)

n > m. In this case we see that the prime p will appear with exponent
at most two in the product bn!A"m!B™. Since d # 2, the product
bnlA"m!B™ cannot be of the form x?. Therefore, there are no integer
solutions if n > 2max{A, B, |b|} and n > m.

n < m. In this case m > 2max{A, B, |b|}. Then there is a prime
number p in the interval (m/2, m) which is larger than max{A, B, |b|}.
Again, this prime p will appear with exponent at most two in the
product bn!A™m!B™. Since d # 2, the product bn!A"m!B™ can-
not be of the form x¢. Hence, there are no integer solutions if n >
2max{4, B, |b|} and n < m.

n = m. In this case equation 2.4 becomes

b(n!)2(AB)" = 2.

As n > 2max{A, B, |b|}, the prime number p in the interval (n/2,n)
will appear with exponent two in the product b(n!)?(AB)". Since
d # 2, the product b(n!)?(AB)" cannot be of the form z?. Therefore,
there are no integer solutions if n > 2max{A4, B, |b|} and n = m.

are left with n < 2max{A, B, |b|}. Again, we consider the following

m < n. In this case there can be only finitely many integer solutions
(n,m, z) satisfying 2.4.

n = m. In this case there can be only finitely many integer solutions
(n,n, z) satisfying 2.4.

n < m. In this case, either we must have n < m < 2max{A, B, b}
or n < 2max{A4,B,b} < m. Clearly, if n < m < 2max{A, B, |b|},
there can be only finitely many integer solutions (n,m, z) satisfying
2.4. Now if n < 2max{A, B, |b|} < m, we conclude from 2) from above
that there is a prime number p in the interval (m/2, m) which is larger
than max{A4, B,|b|}. This prime p will appear with exponent at most
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two in the product bn!A"m!B™. Since d # 2, the product bn!A"m!B™

cannot be of the form z¢.

Summarizing, we see that the equation 2.4 can have only finitely many integer
solutions. This completes the first part of the proof.

Now let us consider the case d < r. Obviously, there are infinitely many
integer solutions for x = bni!AT*nglAZ? -+ n,!A" . Therefore, we assume
d > 2. Notice that in case b < 0 and d is even the equation has no solution.
So we consider the equation

x? = bny 1A ng A2 -, AT

where b > 0 and d arbitrary or b < 0 and d odd. Since d < r, we can rewrite
the equation as

ot = by | AT g AD? - ngl A - (ngyi AT - omp AT,

Now we set ngy1 = ngye = --- =n, = 1l and ny = ng = ---ng_1 = m and
ng = m + 1. Then the equation becomes

2= (A A)™ - (m)? - bAg - Agyr - Ap - (m+1).
We rewrite again:
4 = (A1mAd)(m_(d‘l))~(m!)‘i~b'(A1H'Ad)(d‘l)~Ad~Ad+1~~Ar~(m+1).
Now we want to choose m such that m — (d —1) = m —d+ 1 = ds. This is
equivalent to m +1=d(s+1). If b > 0, we set

Ri=b-(A;--Ag) ™V Ay Agyr--- A,

Then the above equation becomes

= (Ay- A (M) Rd - (s + 1).
Now we can set s = (Rd)*¥~! — 1 where ¢ > 0 is any positive integer and see
that m — (d — 1) = d - ((Rd)!*~! — 1) is a multiple of d. Notice that d > 2 by

assumption and hence s > 1. Our diophantine equation becomes
td—1__ —
o = ((Ar--- Ag) BT (d(Rd) ™ = 1)) - (Rd)")).

This shows that we can find infinitely many interger solutions (z,n, ..., n,)
with n; > 0. If b < 0 and d odd, we set

R = |b|-(A1---Ad)(d*1) CAg - Agyr - Ay
Then R = (—1)R’ and the diophantine equation becomes
2l = ((Ay -+ Ag)(BO"T=Dyd(d(Rd)H= = 1)) - (Rd)Y))? - (1),
Choosing t odd, we conclude that td is odd. Thus td—1 is even. Since d > 2 it
follows that (Rd)**~! — 1 > 0. This shows that there are also infinitely many
integer solutions in this case. Note that the solutions are constructed only

using the fixed integers b, Ay, ..., A, and the given degree d. This completes
the proof.
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3. PROOF OF THEOREM 1.5

Multiplying the equation bni!A7* ---n, A" = f(x) by a certain integer,
we may assume that f(x) is a polynomial with integer coefficients. So without
loss of generality, we assume

flx) = apz® + a12* + .t ay

with a; € Z. Now multiply the equation bni! A" - --n, A" = f(x) by d%ad™'.
We obtain
Y+ by by = c(ng AT AT

for a constant ¢, where ¢ = bddag_1 and y := apdx. Notice that b; = diaiaé_l

so that we can make the change of variable z := y+ %. Since we are assuming
that f(z) has at least two distinct roots, the change of variable produces a
polynomial that does not have a monomial of degree d — 1. Therefore we get
the following equation

(3.5) 24 epd?% 4 4 g = c(ny| AT - n AT,

Notice that ¢; are integer coefficients wich can be computed in terms of a;
and d. Now let Q(X) = X¢ + 3 X972 4+ ... + ¢4 and notice that when |z| is
large one has

||

(3.6) 5 <@ < 2]z|".

For the rest of the proof we denote by C, Cs, ... computable positive constants
depending on the coefficients a; and eventually on some small € > 0 which
comes into play later by applying the ABC-conjecture.

Whenever (nq,...,n,, z) is a solution to ni!AJ* - - - n, A = f(x) we con-
clude from (3.5) and (3.6) that there exist constants C; and Cs such that

(3.7 |d - log|z| — log(n AT -+ - A < Cy,

for |z] > Cy (see [15] equation (10)). Now let R(X) € Z[X] be such that
Q(X) = X+ R(X). Since f(z) is not monomial and has at least two distinct
roots, R(X) can be assumed to be non-zero, let j < d be the largest integer
with ¢; # 0. We rewrite (3.5) as

c(ng!ATY -+ LADT)
2= ’

27 + czzj_2 + ...t =
Let R1(X) be the polynomial

R(X)
R1 (X) = Xd*j
It is shown in [15] there are constants C3 and Cy > Co such that

0 < |Ri(2)| < C3|z)7 72,

=X 24t
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for |z] > C4. So we have

c(ny!ATY - - LA

2+ Ry(2) = gy

For D = ged (27, R1(2)) we have
2 n Ri(z)  c(ni!A7" - n, A7)

D D 24=iD
Applying the ABC-conjecture to A = %, B= RlT(Z) and C = %,
we find
2|7 2Ry (2)e(n AT - n LAY L
(3.8) 5 < CsN( s )

where C5 depends only on €. It is shown in [15], p.272 that

|2l

(3.9) N(5) < I,
Ri(z), Cs|z)P2
(3.10) N( 5 ) 3D ,

Moreover, we have
c(n!ATY -+ o LATT)

N -
( 24=iD

) < N(©N (A - -0, lA™) < N()N(ny!A™) - - N(n LA™,

This gives
c(nq!ATY -+ LATT)
231D
where Cg = N(¢)N(A;)---N(A,). From (1.1) it follows
c(nq!ATY -+ LATT)
231D
and from (3.9), (3.10) and (3.11) we get
|2]9 Ri(2) nylATY - LA C3C¢| 27 ~14(mattnr)
3.12) N(—)N . L
( ) ( D ) ( D Zd_]D ) D
From inequalities (3.8) and (3.12), we obtain
j J=lg(mtetng)
[z _ (IZI (1)
D D
ﬁ < 2%., inequality (3.12) implies that

N(

) < N(e)N(ni!ATY) - N(n, A7) < CgN(nq!) -+ N(n,!),

(3.11) N( ) < Cgd™ - 4" = 064(n1+---+nr)

e

(3.13)

If we choose € =
|Z|1/2 < ‘Z‘1+6_€j < 084(n1+"'+nr)(1+6),
or simply
10g‘2’| < Cony + ... + Con, + Cp.

Thus
d- 10g‘2| < 011n1 —+ ...+ C’llnr -+ 012.
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This gives
(3.14) log(ny!AT* - nlAY) < Cy +d - log|z] < Ciing + ... + Ciing + Chs.
We can simplify 3.14 and finally obtain

log(ny!) +log(na!) + - - +log(n,!) < Ciani + Crang + -+ Cran, + Ci3.

Now we can conclude that only finitely many (nq,...,n,) satisfy (3.14). We
give the argument for » = 2. So lets consider an inequality of the form

log(n!) 4+ log(m!) < A'n+ B'm + C’

where A’, B’ and C' are positive constant intergers. Assume there are infin-
itely many pairs (n,m) of natural numbers satisfying the inequality. There
are three cases:

1) infinitely many n and finitely many m: let s denote the maximum of
these m and ¢ the minimum. Then we have

log(n!) +log(t!) < A'n+ B's + C’
and therefore
log(n!) < A'n + E'
where E’ = log(t!)+ B’s+C" is a constant. With Stirling’s formula for
approximating n!, we find that there are only finitely many n satisfying

log(n!) < A'n + E'.

This gives a contradition.
2) infinitely many m and finitely many n: reverse the role of n and m.
3) infinitely many n and infinitely many m: the argument is similar.
At some point log(n!) exceeds A’'n and log(m!) exceeds B'm + C’.
Therefore infinitely many n and infinitely many m is impossible.

Since there are only finitely many (nq,...,n,) satisfying (3.14), we finally
conclude from (3.7) that |z| < Cy5. This completes the proof.

4. PROOF OF THEOREMS 1.8 AND 1.10

To prove the statement of Theorem 1.8 we have to imitate the proof of
Theorem 4.1 in [23]. We follow the notation of [23]. Let f(z,y) = aqz? +
ad_lxd_ly + -+ ag_12y" + apy? be an irreducible polynomial and let Kp
be the splitting field of f(xz,1). Denote by Cr the set of conjugacy classes
of the Galois group Gr = Gal(Kr/Q) whose cycle type [h1,..., hs] satisfies
h; > 2. For a cycle o, the cycle type is defined as the ascending ordered
list [hq,...,hs] of the sizes of cycles in the cycle decomposition of o. For
further details we refer to Chapters 2, 3 and 4 in [23]. Of particular interest
are the proofs of Lemma 2.1, Lemma 3.1, Theorem 3.6 and Theorem 4.1 of
loc.cit.. We proceed with our proof. Since d > r > 1, we conclude from [23,
Lemma 2.1] that Cp # 0. Now let C € Cp be a fixed conjugacy class of
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Gr. We say that a prime p corresponds to C' if the Frobenius map (p, Kr/Q)
belongs to C' (see [23], chapter 2 for details). Let g = ged(ag, ..., ag) and
N = gp1-- -puqll1 ---gl where ¢; are primes corresponding to a conjugacy
class in Cr satisfying ged(q, aAmoeq) = 1 where a € {aq,a0} and p; are the
other primes (see [23, Lemma 3.1] for details). Here A,,,q denotes a certain
modified discriminant of f(z,1) and is defined by

Af()
ged(anp, ..., ag)?n—2’

Amoal =

The assumption d > 2 and [23, Lemma 3.1] then imply that if N is rep-
resented by f(z,y) and ¢|N for a prime ¢ corresponding to C' satisfying
ged(q,aApmoq) = 1, then N is divisible by ¢¢ at least. Without loss of
generality, let n, > n,._qy > --- > ny and assume n, is big enough, say
n, > 2max{|b|, A, ...A,}. Since the second smallest positive integer divisible
by ¢ is 2¢, there is no solution for bnq!AT* -+ - n, A = f(z,y) if ¢ < n, < 2q.
Indeed, since g < n, < 2q we see that 2¢ < 2n,. and hence ¢ < n, < 2q < 2n,.
This implies % < ¢ < n,.. Since n, > 2max{|b|, A1, ...A, } and since d > r, we
see that ¢? does not divide bni!A}* ---n,.!A". Now apply [23, Theorem 3.6]
(as in the proof of Theorem 4.1 of loc.cit.) to conclude that there exists a prime
q' corresponding to C with ¢’ € (q,2q) and satisfying ged(q', aAmoq) = 1.
Therefore, by the same argument as before, if ¢ < n, < 2¢’ there are no
integer solutions for bni!AT* ---n, A" = f(z,y). By an induction argument
we conclude that whenever ny > ¢ there are no integer solutions. This shows
that there are only finitely many (ni,...,n,) such that bnq!A7* -+ n, 1A is
represented by f(z,y). Now if r > 2, we have d > 3 and we can use Thue’s
theorem to conclude that there are indeed only finitely many integer solutions.
The proof of Theorem 1.10 follows exactly the lines of the proofs of Theorems
4.3 and 4.7 in [23].

If all d; > 2, then proceed as follows: let Kp, be the splitting field
of fj(x,1) and denote by Cr, be the set of conjugacy classes whose cycle
type has sizes > 2. Now let ¢ be a prime corresponding to a conjugacy
class C € Ny_, CF; satistying ged(q, alpmoq) = 1.Assume N is represented by
f(z,y). Therefore, there are g, yo such that q|f(zo,yo). Then there exists
a polynomial f;(z,y) = ajydj:cd-f + -+ + ajoy® such that g|f;(xo,y0). Now
ged(q, almog) = 1 with a € {aq,a0} implies ged(q, a(§)Aj moa) = 1 where
a(j) € {aja,,aj,0}. Here Aj 04 denotes the modified discriminant of f;(z,1).
It follows from [23, Lemma 3.1] that ¢¢| f(z,y). As in the proof of Theorem 1.8
above, we assume without loss of generality that n,. > --- > n; and choose
n, big enough. Again, one concludes the statement from an inductions ar-
gument. The rest of the proof is the same as in the proof of Theorem 1.8.
Now let min{dses,...,dye,} = d; e, and assume d;, = 1 and ¢;, > 1. Then
one can argue as in [23, Theorem 4.7] to conclude that, let’s say, ¢ divides
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f(z,y) at least e;, > 1 times. Again, the rest of the proof is as in the proof
of Theorem 1.8 above.

5. PROOF OF THEOREM 1.11

For a solution (nq,...,n,, a,3) we consider % and Q(DB) where D :
D(a, ) = ged(P(a), ( )). Applying the weak form of Szpiro’s conjecture

to A — PDa)’B: Qg) andC:w,weﬁnd
bnﬂA”l . TLT'A?7 f(Oé 6) s s\n s\n
L :‘ )‘<H~N(n1!...nr!) < H - (45)™ . (45)™
Here H = N(A;--- A,) is a constant. Now Stirling’s formula (see [17]) yields
., N1 Ny
ar(Byna o (Bryne
(Bym (U <yt
and since
nyl-on !l < bnglAT - on AT
we obtain

(Mmoo (Dryne o p3 L (gemly L (gene ),
e e
Arguments similar to the arguments in the proof of Theorem 1.5 yield that
this inequality is satisfied only for finitely many (ni,...,n,.). Now the ABC-

P@) p_ QW) g ¢ = D)

conjecture applied to A = yields

masel| 21 | 9O 1€y LNt on ) < L@yt

where L(e) = N(A;--- A,)-K(e). Here K(€) denotes the constant obtaind di-
rectly from the ABC-conjecture. Since there are only finitely many (n4, ..., n,)
satisfying
nilAT - AR = P(a)?Q(B) + Q()*P(a)

we cannot have infinitely many « and 3 such that A, B and C grow constantly.
So either we have finitely many a and § (in this case we are done) or we have
infinitely many « and g such that A, B and C' do not grow constantly. Notice
that there must be infinitely many « and infinitely many 8. Suppose for a
moment there were only finitely many, say, a but infinitely many 5. But then
B must grow constantly which is excluded. So let us assume that there are
infinitely many « and 3 satisfying

ny AT AT = P(a)?Q(B) + Q(B)*Pla).
Because of

manef| 2 |9 Gy o peyareeyme . aree,
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this can happen only if there exist constants s, r such that for infinitely many
pairs «, 8 we have sD = P(a) and rD = Q(f) and hence Q(3) = ZP(a).
Such solutions (ny,...n,, «, B) therefore satisfy

roor
nylA7 - AT = (;

Now consider the Polynomial P'(z) := (£ 4 Z;)P(z)3. According to Theo-
rem 1.5, the diophantine equation

P'(z) =n AT -+ n AR

has only finitely many integer solutions, thus contradicting our assumtion of
having infinitely many a. We may reverse the role of aw and 5. This completes
the proof.

EXAMPLE 5.1. The ABC-conjecture implies that n! = 2%y + y?z and
n! = y?z — 2%y have finitely many integer solutions (n,x,y) with x and y
being coprime. This does not follow directly from Theorem 1.11, but one can
go through the proof to see that for P(x) = = and Q(y) = y the numbers
P(«a) and Q(B) are allways coprime for coprime « and 8. Therefore, there is
no need to divide by the greatest common divisor and we have

max{|P(a)],[Q(B)],|CI} < Le)(41 )™ (41,

This inequality implies that there can be only finitely many coprime x and y
satisfying the equation n! = z2y + y?x. The same is true for n! = 22y — 3%z
or for (2n)! = 2%y + y3x.

6. PROOF OF COROLLARY 1.12

If ag+ -+ + a9 > 0 then we can set x = y. The diophantine equation
simplyfies to (ag + -+ + ag) - x¢ = bny!A}* -+ -n,!A". Theorem 1.3 implies
that we can find infinitely many solutions. Now let ag > 0. Set x = sy for
some big enough positive integer s. Then the equation becomes

(ags® + ag_1847 4 4 ag) -y = by LA - n, AT

Since we can choose s big enough such that (ags? +aq_154 ' +---+ag) > 0,
we conclude with Theorem 1.3 that there are infinitely many integer solutions.
The same argument applies to the case ag > 0 except that we take y = sz for
a big enough positive s.

7. PROOF OF THEOREM 1.13

Notice that f(z,y) = 2°y*(2°+y®). For asolution (z1, ..., Zm, N1, ..., Ny, @, 3)
with coprime « and (3, the numbers o, 8° and o® + 3% are mutually coprime.
We can use weak form of Szpiro’s-conjecture and argue as in the proof of
Theorem 1.11 to obtain

|bp"17’1 ...pfrl" ’TLl!A’;Ll ...nlA?lll — |f(a7/8)| < C.pl...pm . (4S>TL1 ...(43)7“’
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where C'= N(b- A; --- 4;). Since

ar(Pym (B <y
e e
and since
nyl gl < |bpit i o ng AT - g A
we have

n
( e
It is an exercise to conclude that the later inequality is satisfied only for

finitely many (n,...,n;). Now applying Thue-Mahler (see [21], Theorem 7.2)
yields that the equation

has only finitely many integer solutions (z1, ..., Zm, N1, ..., Ny, T, y) with
ged(z,y) =1 and z; > 0.

™ -~~(%)’” <O pre P (45T (45mT ),

EXAMPLE 7.1. Consider the diophantine equation z2y+y?x = 7"n!. No-
tice that %y + y?x = xy(x £ y) satisfies the assumptions of Theorem 1.13.
Then the weak form of Szpiro’s-conjecture implies that the equation has
finitely many integer solutions (m,n,z,y) with m,n > 0 and ged(z,y) = 1.
Another example is given by z%y? + y*2? = 3™m!n!. One can ecasily verify
that that z*y? — y*2? satisfies the assumptions of Theorem 1.13.
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