GLASNIK MATEMATICKI
Vol._18 (38) (1983), 77-85.

ON THE PETROVIC INEQUALITY FOR CONVEX
FUNCTIONS

J. B, Petarié, Beograd

Abstrgcet. In this paper we give some generalizations of well-known Petrovié’s
inequality for convex functions.

M. Petrovi¢ [14] (see also [10, p. 22]) has proved the following
theorem:

THEOREM A. If f is a convex function on the segment I = [0, a],
fx,€el(i=1,..,n) and %, + ... + x, €1, then
F)+ .o +fE) S flx+ .. +2) + (-1 f0). M

T. Popoviciu [15] has considered the more general inequality

g.; puf(x) S 5( gl pox) + (é‘l P — DF(0), ()

and he obtained that (2) holds for p; >0 and %, 2 0= 1,...,%).

P. M. Vasié¢ [17] (see also [18]) showed that the result of T.
Popoviciu is not valid, and proved that (2) holds if p; = 1 and x; = 0
(=i n),

F. Giaccardi [7] has generalized the inequalities (1) and (2). The
conditions for validity of such an inequality were weakened by P. M.
Vasi¢ and Lj, Stankovi¢ [19] (see also [9]). Their result is the following
theorem:

THEOREM B. Let p; 2 0 and x,(i = 1, ...,n) be real numbers
which satisfy

n 7
(% — o) (kgl e —%)20(0=1,..,n), kglpk X # %o (3)
Then, for every convex function f,

glplf(xi) < A4f( é:l pi %) + B( éjx P — D f(x0) 4
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where

4= (ig DXy — %o gli’x)/( gx D1 % —%o), B= éj?i x‘/(.-gi" % = Xo)-

&)
If xo =0, then (4) reduces to (2).

In [19], the following result was proved:

THEOREM C. Let x;,p;,(¢=1,...,n) be real numbers such that

17 n=1 n
%n (Zl Pix; — %) 20, P2 0, Xy ‘21 pix 20, Zl Pz # 0. (6)
i= i= i=

Then, for every convex function f,

Py(ps%3f) 2 Pyey (b5 %3 f) @)

where
Py ) =F( 3 pus) = 3 puf () + (3 o= DFO)

For some further generalizations of the inequalities (2) and (4)
see [8], [11], [17] and [19].
I. Olkin [12] (see also [4], [5]) has proved the following result:

THEOREM D. Let 12 h 2 ..2h20and a, 2 ... 20, 2
= 0. Let f be a convex function on [0, a;]. Then

U= 3 DRSO + 3 (— D hfla) 2

> £( kg(— 1%~ fi, ;). ®)

Results, which prevised this inequality ([2], {3], [16], [20], [21]),
are given in [10, pp. 112 and 113)].

R. E. Barlow, A. W. Marshall and F. Proschan [1] have proved
a generalization of Theorem D (see Remark 2).

In [13] the following generalization of Theorem D was given:

THEOREM E. Let the real numbers piy ..., p, and x; 2 =z
Z X 2 %o 2 0 satisfy the conditions

0SPS1(k=1suumy 3 o> 0 (20 >0

E
where P, = Y pi. If f is a convex function, then the reverse inequality.
in (4) holds. =}
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In this paper we shall prove, starting with the Fuchs genera-
lization of the Majorization theorem (see [6]) some generalizations
of the previous results. Fuchs’ result can be written in the following
form:

THEOREM F. Let ay 2 ...2 a5 b2 ...2bs and ¢y5 .54
be real numbers such that

k., k s 3
Zl qia; = 21 Gbi(k=1,..,s—1), E; 9¢at=_2141bi,
i= = = g

hold. Then, for every convex function f, the inequality

§1 af@) s, glqu(bi) o)
is valid.

Now, we shall prove the following theorem:

THEOREM 1. Let %1 2 .. 2 X S X0 2 Xpat = e S %y (M E

€(0,1,....n) and Py, ...,p, be real numbers such that x;€l(i=
=0,1,..;n; Iis an interval in R), ipl x el and
i=1

3 n n 13
glpl ( ;—:xp' X, —x)20(1SkSm), 2:,‘?1 ('rglpr % —x)<0

(10)
m+12 k< 0.

Then, for every convex function f on I, the inequality (4) holds. If the
reverse inequalities hold in (10), then the reverse inequality in (4) holds.

Proof. By substitutions
G =Xty =1 =m+2,..,8+1);
bl = .zlpl x‘ G=1, cn,_n + 1);
: P
and
. S y . [ )
s=ntla=3nm (=hantib=% a=n6=
=
=1,.M); buys = %0» Gmsr =B —Pp); b= %115 ¢ = pi~s
G=m+2,.,n+1);

from Theorem F, we get Theorem 1.
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Remark 1. For %, = ... = %, = %, the conditions (10) become

k n

.SIP:( ler Xp— %) 2 0 k=1,.., ”): (11)
and for xo = %1 = ... 2= %,

.___kal(zprxr_xi)<0 (k=1,..,n) (12

Ifpz00=1,. ,n), the conditions (ll) and (12) can be replaced
by the conditions Z by % = %y and Z p1 % £ %, which are com-

=1
pletely equivalent to the condition (3)
From Theorem 1, for x, = 0 we get:

THEOREM 2, Let the real numbers %, Z ...Zx,202
Z Xy = 2%, (me(0, 1, .., n)) and Pys .oy Pa satzsfy the con-
ditions  x, el(z =1,.,n;0el), Z pixel and (10) Then, for
every convex function f on I, the mequalzty (2) holds. If the reverse ine-
qualities in (10) hold, then the reverse inequality in (2) is valid.

Now, we shall give some special cases of Theorems 1 and 2.

THEOREM 3. Let %1 2 ... Z Xy = X0 = X¥ma1 = 200 Z Xy (M €

€(0, 1, ..., n)) be real numbers suck that xel(@@=01,.,,n), x, 20
and x,,,+1 <0

(a) If p is real n—tple such that

0SS P21(k=1,...,m),0S PSlh=m=1,..,1)
_ (13)
(Pk=P ""Pk—l),

;1}:;;5 Sor every convex function f:I —> R, the reverse inequality in (4)

® I ﬁ;l 2% €1 and if either
P,,;l(k=l,...,m), Fk§0(k=m+],...,n); (14)

Pi20(k=1.,m), Byzl1k=m+1,..,n); (15)
then (4) holds.
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Proof. (a) For k=1, ...,m we have

k n 13 k—1 .
glpi( > pex, — xi) :(glprxr_xk)Pk—l— glPi(xl+1 — %) =

r=1

m—1 7 —
=Pk(men—"xk+.glpi(xi—'xi+l)+‘ z Py (x; — x;_4) +

i=m+1

k—1 k—1
+ ZIPi(xiH — %) = Py (Xm P — x1) -+ (1 — Py) lei(xi-.LI —x)+
m—1 n
+ Py szi (e — %41) + Py ._Z_Hpi (i —%-1) =
k—1
= Py (P, — Dx,+ (1 — Py g:lpi(xux —x) +
m—1 n o __ —
+ Py _gk(Pi_1)(xi_xi+1)+Pk__z+ll')i(xi_xi-—1)=Pk(Pn.t+1xm+1+
k—1
F P D5+ (= PYS P — ) +

m—1 n —
+ Py ~Zk(Pi — D — x40 + Pk'_z_i—zPi (% —%-1) =0,
Analogously, for 2 =m + 1, ..., n we have

3 2005 pre = 2) = Py (emas Pes = D b 2 P)

r=

_. m—1 _ k —
+ .glpi(xi_xl+l)+Pk'z Py — 1) (e — %-1) +

k
f=m+2

+(1"—ﬁk) i Fi(xi—l“xi)—o-

i=k+1

v

Pixigo and 02 z Ptxig

v

Using (13) we also have x; =

v

n
2 x, wherefrom we have x;, = zl Di % 2 X
P

Using the above identities we can prove ().
From Theorem 3, for x, = 0 we get:

THEOREM 4. Let %32 ...2%,202x,,12 ... 2x,(me
€0, 1,..,m), sl G=1,..,n) and p,, ..., pn be real numbers.
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@ If (13) holds, then for every convex function f : I — R the re-
verse tnequality in (2) is valid.

(#) If the conditions of Theorem 3(b) are fulfilled, then (2) holds.

Remark 2. In [1], the following result was given:

Let ; £ ... €%, 202 5,41 £ ... £ x,. (@) Reverse inequality
holds in (2), if and only if (13) holds. () (2) holds if and only if there
exists < m such that P,<0, i<j; P21, j<i<m, P, 50,
izZm+1, or there exists j =m such that P, <0, i< m; P, = 1,
m+12i<j; Py<0,i>].

For j =1 and j = n, from (), we get (i) from Theorem 4.

Using Theorem 2, we can extend the conditions under which
the inequality (7) holds. Namely, from it we obtain that inequality

f@ia,+g:a) —qif(a) —qaf(azx) + (g1 + 92 — DfO)z0 (16)
holds if:

a; = a, 20 and

g1(gq1a, +q2a, —a)20, g:(q1a; +g2a —a;) +¢2(q1 a1 +

+4g2a, —a) 2 0 (17
Orogalgaz and

g2(q1a, +g2a, —ax) £ 0, g, (g1a, +¢q2a, —a;) +q,(q;,a, +
+ 420, —ay) 20; (18)
of a, 202 a, and
g1(1a1 +q2a, —a,) 20, ¢,(g1a1 +9g2a, —a) = 0. (19)

The reverse inequality in (16) holds if in (17), (18) and (19) the re-
verse inequalities holds.

n—1
Using the substitutions: a, = x,, @, = 3. pi X141 = Pw g2 = 1;
i=1

n—1
and a@; = Y P x;, a3 = X, q1 = 1, g2 = pa, we get that (7) holds if
i=1

n n n—1
0% Z2%z20, 2 px 2 2 pix% 20; (20)
i=1 i=1 i=1
or
7 n—1 n
%202 D pixpy %, 2 D P T D D Xis 21
i=1 i=1 i=1

or if either of the conditions (20) and (21) hold, with the reverse ine-
qualities.
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The reverse inequality in (7) holds if

—1 n—1 n
nzpixi;xng()}zpixi:zpixi;(); (22)
i=1 i=1 =1

or
n—1 ” n—1
x,z02 ZP.‘«\'U Xy 2 prxiz Zpixi; (23)
i=1 i=1 i=1

or if either of the conditions (22) and (23) hold, with the reverse
inequalities.

By combining the condition (21) and the corresponding condition
with the reverse inequalities, we obrtain (6).

The author is grateful to Professors I. Olkin and P. M. Vasi¢
for the useful suggestions.
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O PETROVICEVO] NEJEDNAKOSTI ZA KONVEKSNE FUNKCHE

¥. E. Peéarié, Beograd

Sadrzaj
U c¢lanku je dokazana slijede¢a generalizacija poznate Petroviceve
nejednakosti za konveksne funkcije

TEOREMA 1. Neka su , Z ... 2 XnZ X0 2 X1 Z ... 2%y (M E

0,1, ...,n) © pys..., Pu takvi realni brojevi da x, €I (i=0, 1,...,n),
i pix €l i da va#i (10). Tada za svaku funkciju f konveksnu na I va#i
i=1

(4), gdje su A i B definisani sa (5). Ako u (10) vafe suprotne nejednakosti,

tada suprotna nejednakost vasi i u (4).

U specijalnom slu¢aju dobija se:

TEOREMA 3. Neka su {2 ... 2 X X0 Z Xpy = ... 2 X, (M €

0, 1,..., n)) takvi realni brojevi da x; € (=0, 1,..., 1), Xy 2 0, %y, 1 <O.

(a) Ako je p takva realna n-torka da vagi (13), tada za svaku kon-
veksnu funkciju f 1 I — R, vagi suprotna nejednakost u (4)
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®) Ako S pyx; € I ako vasi ili (14) ik (15) tada vasi (4).
i=1

Za x, = 0, iz Teorema 1 i 3 dobijaju se respektivno Teoreme 2 i
4, a takode su dobijeni neki rezultati koji se odnose na rafiniranje Pe-
trovi¢eve nejednakosti.



