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Motivation

Theorem (Mazur, 1978)

Let E/Q be an elliptic curve. Let p be a prime such that E admits
a rational p-isogeny. Then

p ∈ {2, 3, 5, 7, 11, 13, 17, 19, 37, 43, 67, 163}.

It can be rephrased in terms of Galois representations;

It can be rephrased in terms of modular curves;

It plays an important role in the modular method.
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The modular method for Diophantine equations

ap + bp + cp = 0→ Ep,a,b,c : Y 2 = X (X − ap)(X + bp)

Figure: Source: M. H. Şengün’s PhD Thesis

Arrows on the RHS go both ways because, in the classical case, for
p > 3 mod p modular forms are just reductions of modular forms.
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Some notation

GK - the absolute Galois group of K ;

p - a rational prime;

E an elliptic curve defined over K ;

ρE ,p : GK → Aut(E [p]) ∼= GL2(Fp) is the representation

arising from the action of GK on the p-torsion points in E (K );

E has a p-isogeny defined over K if and only if ρE ,p is
reducible.

ρE ,p ∼
(
λ ∗
0 λ′

)
,

where λ, λ′ : GK → F×p are characters such that λλ′ = χp is
the mod p cyclotomic character.
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Theorem (Mazur, 1978)

For any elliptic curve E defined over Q and any prime p > 163, the
representation ρE ,p : GQ → GL2(Fp) is irreducible.

Question

For a general number field K, is there a constant BK such that for
any elliptic curve E/K and any prime p > BK , the representation
ρE ,p is irreducible?

Short answer: No, due to the possible presence of elliptic curves
with CM whose rings of endomorphisms are contained in K .
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Theorem (Serre, 1972)

For general K , given E/K without CM, there exists a constant
BE ,K such that for any prime p > BE ,K , the representation ρE ,p is
surjective.

Question (aligned to Serre’s uniformity question)

For a general number field K, is there a constant BK such that for
any elliptic curve E/K without CM and any prime p > BK , the
representation ρE ,p is irreducible?

Fact: If E has CM, its j(E ) is an algebraic integer. In particular
For any prime ideal q, we have vq(j(E )) ≥ 0.
Idea (already appears in the work of Mazur for K = Q)
If ρE ,p is reducible for some large p, there should be a restricted
set of primes that divide the denominator of j(E ).
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ap + bp + cp = 0→ E : Y 2 = X (X − ap)(X + bp)

j(E ) =
24(b2p − apcp)

(abc)2p

The elliptic curve has (potentially) multiplicative reduction at q if
and only if ordq(j(E )) < 0.

Theorem (Ţ., ’20)

Let K be a quadratic imaginary number field of class number one.
Assume Serre’s modularity conjecture holds over K. Then, for any
prime p ≥ 19, the equation ap + bp + cp = 0 does not have
solutions in coprime a, b, c ∈ OK \ {0} such that
2 | NormK/Q(abc).
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Suppose K is a quadratic field

Theorem (Najman-Ţ. ’21 )

Let K be a quadratic field and let q > 5 be a rational prime that is
unramified in K. Suppose an elliptic curve E/K has potentially
multiplicative reduction at all primes q of K above q and posses a
p-isogeny defined over K. Then p ≤ 71 if either:

1 q is inert in K.

2 q splits in K as q1q2. Given x ∈ X0(p)(K ) the quadratic point
arrising from E and its Galois conjugate xτ ∈ X0(p)(K ), both
x and xτ reduce to the same cusps when taken modulo q1 and
q2, respectively.

More general versions are presented in the work of Banwait and
Derickx arXiv:2203.06009 and Michaud-Jacobs arXiv:2203.03533.
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The proof makes use of the modular curve X0(p)

As a Riemann surface, Y0(p) = Γ0(p)\H. By adding the cusps
∞, 0 we make it into a compact Riemann surface X0(p).

X0(p) is an algebraic curve defined over Q and has good
reduction at primes q 6= p.

The cusps are rational points: ∞, 0 ∈ X0(p)(Q).

The j-map: j : X0(p)→ P1. The poles of j are the two cusps.

The Atkin-Lehner involution wp : X0(p)→ X0(p) swaps the
cusps.

X0(p) parametrises elliptic curves with p-isogenies: if E/K is
an elliptic curve with a rational p-isogeny, ϕ, then

(E , ϕ)→ [(E , ϕ)] = x ∈ X0(p)(K ).

In this case, j(x) = j(E ).
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Let τ be the non-trivial element in Gal(K/Q).

Let x ∈ X0(p)(K ) be the point corresponding to (E , ϕ), and
let y = (x , xτ ) ∈ X0(p)(2)(Q) be the point on the symmetric
2-th power of X0(p).

Fact

The point y ∈ X0(p)(2)(Q) reduces to (∞,∞)Fq after possibly
applying an appropriate Atkin-Lehner involution.
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Theorem (Mazur)

There is an optimal quotient Je0 (p)(Q) of the Jacobian whose rank
is zero.

Define f2 : X
(2)
0 (p)→ Je0 to be the composition of the natural

map

X
(2)
0 (p)→ J0(p)

(α1, α2) 7→ [α1 + α2 − 2∞]

and the quotient map J0(p)→ Je0 (p).
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Key result

Theorem (Kamienny ’92)

For p > 71, the map f2 : X0(p)(2) → Je0 (p) is a formal immersion
at (∞,∞)Fq .

Consequence: If f2(y)− f2((∞,∞)) = 0, then y = (∞,∞).

But we only know that redq(f2(y)− f2((∞,∞))) = 0̃ ∈ Je0 (p)(Fq).

Here we use that Je0 (p) has rank 0 over Q and we use injectivity of
torsion to deduce that f2(y)− f2((∞,∞)) = 0.

This implies that y = (∞,∞) and contradicts the hypothesis that
x ∈ X0(p)(K ) is non-cuspidal.

12 / 20



Key result

Theorem (Kamienny ’92)

For p > 71, the map f2 : X0(p)(2) → Je0 (p) is a formal immersion
at (∞,∞)Fq .

Consequence: If f2(y)− f2((∞,∞)) = 0, then y = (∞,∞).

But we only know that redq(f2(y)− f2((∞,∞))) = 0̃ ∈ Je0 (p)(Fq).

Here we use that Je0 (p) has rank 0 over Q and we use injectivity of
torsion to deduce that f2(y)− f2((∞,∞)) = 0.

This implies that y = (∞,∞) and contradicts the hypothesis that
x ∈ X0(p)(K ) is non-cuspidal.

12 / 20



Generalizations?

Fact

It was essential to assume that y = (x , xτ ) ∈ X0(p)(Q)(2) reduces
to (∞,∞)Fq or to (∞, 0)Fq .

However, this is not always the case. If q = q · qτ splits on K ,
it might well be the case that x reduces modulo q to ∞ and
xτ reduces modulo qτ to 0. There are plenty of such
examples.
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Some computational examples

This elliptic curve has a p = 79-isogeny and also multiplicative
reduction modulo both primes of K lying above 11.

Computation uses code accompanying “Computing points on
bielliptic modular curves over fixed quadratic fields” by
Philippe Michaud-Jacobs and “Computing quadratic points on
modular curves X0(N)” by Adzaga, Keller, Michaud-Jacobs,
Najman and Ozman.

14 / 20



Some computational examples

This elliptic curve has a p = 79-isogeny and also multiplicative
reduction modulo both primes of K lying above 11.

Computation uses code accompanying “Computing points on
bielliptic modular curves over fixed quadratic fields” by
Philippe Michaud-Jacobs and “Computing quadratic points on
modular curves X0(N)” by Adzaga, Keller, Michaud-Jacobs,
Najman and Ozman.

14 / 20



Similar examples can be found for p = 37, 43, 53, 61, 83, 89, 101
and 131, completing the list of primes p for which X0(p) is
bielliptic (Bars ’99).
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X0(p)
(2)

Figure: Diagram taken from “Ogg’s Torsion conjecture: Fifty years
later” by Balakrishnan and Mazur
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Here come Q-curves

Theorem (Michaud-Jacobs ’22)

For q 6= p, if (x , xτ ) ∈ X
(2)
0 (p)(Q) reduces to (∞, 0)Fq then

xτ = wp(x).
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Strategy for Diophantine equations

If not a CM-point, x corresponds therefore to a quadratic
Q-curve, i.e. to a rational point on X+

0 (p) = X0(p)/〈wp〉. A
result of González ’01 implies that j(x) = α

Mp , where α is an
algebraic integer which satisfies(

TrK/Q(α),M
)

= 1,
(
NK/Q(α),Mp

)
= Mp−1.

Controlling the primes of multiplicative reduction and
Diophantine equations

E := Ea,b,c,p : Y 2 = X (X − ap)(X + bp).

The j-invariant of this elliptic curve has the formula

j(E ) =
24(b2p − apcp)

(abc)2p
.
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Continuation. K is fixed imaginary quadratic

Suppose that a, b, c ∈ OK are coprime and satisfy (a variant
of the Asymptotic) Fermat equation ap + bp + cp = 0, for
some prime exponent p. One can construct the Frey elliptic
curve

With such results one can prove that if p is large and ρE ,p is
reducible, then j(E ) is integral outside a finite set S .

The Fermat equation can be written as
(−a/c)p + (−b/c)p = 1. Observe that (−a/c)p and (−b/c)p

are solutions to the S-unit equation

x + y = 1, where x , y ∈ O×K ,S .
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Thank you very much for your attention!
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