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GENERALIZED HORN FUNCTION H4 v AND RELATED
BOUNDING INEQUALITIES WITH APPLICATIONS TO
STATISTICS

RAKESH K. PARMAR, TiBOR K. POGANY AND S. PIRIVINA

ABSTRACT. Motivated by recent unified version of the Euler’s Beta
integral form with a MacDonald function in the integrand, we generalize
the Horn double hypergeometric function Halx,y]. We then establish in-
tegral representations of the Euler and Laplace type including some other
representations involving Bessel J,, (z) and modified Bessel functions I, (z)
for the generalized Horn double hypergeometric function H, i‘,p, av Several

functional upper bounds for the H, i‘ including the extended Gaussian

p,q,v

hypergeometric F the extended Kummer’s confluent hypergeometric

p,q,v?
(I)p)@\,q,u are obtained by using functional bounds for extended Euler’s Beta
function B?)’qyl,(x, y). Various other bounding inequalities are obtained via
Luke’s, von Lommel’s, Minakshisundaram and Szdsz and Olenko bounds.
As an application, we define a Horn hypergeometric probability distribu-

tion to obtain certain statistical interference.

1. INTRODUCTION AND PRELIMINARIES

The second—order modified homogeneous Bessel differential equation
2 (2) 20 (2) = (22 + 1A w(z) =0

has linearly independent solutions I, (z) and K, (z) are called modified Bessel
functions of the first and second kinds of the order v. The MacDonald function

2010 Mathematics Subject Classification. Primary: 26D15, 33C20, 33C65, 33C70; Sec-
ondary: 26D20; 33C70, 60E05.

Key words and phrases. Extended Beta function, Extended hypergeometric function, Ex-
tended confluent hypergeometric function, Horn double hypergeometric function Hy; Bessel
and modified Bessel functions, functional bounding inequalities, probability distribution,
Turan inequalities.



2 R. K. PARMAR, T. K. POGANY AND S. PIRIVINA

or Hankel function(so-called modified Bessel function of the second kind) of
the order v is defined as [24, p. 251, Eq. 10.27.4]

2\ 2n+v
EI_D(Z) —I,(2) (5)

KV(Z): 2W7 V%Z; IV(Z):r;)F(V-‘rl—-Fn)n!’

where I, is the modified Bessel function of the first kind, see [24, p. 249, Eq.
10.25.2]. Here, the symbol " being the familiar Euler’s Gamma integral

T(s) = / et de, R(s) >0.
0

We point out that I, (z) is real when v € R and arg(z) = 0.
Bearing in mind that for a fixed v [24, p. 255, Eq. 10.40.2]

4?2 — 1
8z

1.1)  Ky(z) = 2% e*2(1 n

+ﬁ(272)), z — 00,

because of the parity with respect to the real order v + % the asymptotic
expansion is valid for all fixed real v and in that case we have

K, 1(2) = \/Z“(l + ”(”2711) +0(:7)) = \/ieza + oY),

when z — oo. Throughout the paper, the usual conventions: Z~ and R, ,C
denote the sets of negative integers, positive real and complex numbers, re-
spectively, then Zg = Z~ U {0}.

The Beta function (or Euler function of the first kind) is defined as

(1.2) B(u,v) = /01 1 — )0t de, min{R(u), R(v)} > 0.

In a recent paper [25] Parmar and Pogdny give a unified approach to the
generalized Beta function involving MacDonald function K, in kernel reads

1
(1'3) B;\»q,u(u’v) = \/z /0 ﬂil(l - t)vil V h9(t) Ku+%(h9(t)) dtv

where

p q
—_ —_— 9: )\ .
T T (P, 4, \)

Here A > 0, min{R(p), R(¢)} > 0 and min{u,v} > 3 > 0 and v € R. They
used generalized Beta function (1.3) to extend the Gaussian and the Kummer
confluent hypergeometric functions to establish their functional bounding in-
equalities, Turan inequalities and the raw moments and moment inequalities
by defining a new probability Beta distribution.

Specifying the values of parameters p,q, A\ and v, the generalized Beta

function B}, (u,v) given in (1.3) covers various well-known forms of extended

ho (t) =
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Beta functions. In fact (1.3) is a so—called Beta function transform and maps
a suitable input function ¢ into a multiparameter function [13]

1
wi—>/0 t 1 =) () dt.

In defining integral (1.3) we have ¢(t) = \/ho(t) K, ;1 (ho(t)), being \/hg(t)
the necessarily implemented correcting factor function (up to the multiplica-
tive constant /2/m), see (1.1). In turn, the constraint min{u,v} > 3 > 0
follows immediately by re—writing /hg(t) in (1.3) into a convenient form.
Setting the values of the parameters p, g, v, A in (1.3) we get various known
and frequently studied members of the Beta functions’ family. So, when A =1

and ¢ = p we arrive at the so—called (p, v)-extended Beta function introduced
by Parmar et al. [27, p. 93, Eq. (13)]:

[2p ' . v—3 D
By, (u,v) = ?/Ot 2 (1-1) 2K”+é<t(1—t)) dt,

where R(p) > 0; min{R(u), R(v)} > 0 and ,/p takes its principal value. This
kind Beta function is recently considered by Milovanovi¢ et al. in [21] for
establishing Gautschi—Pinelis type upper bounds for the MacDonald function
and the (p, v)-extended Beta function.

For A =1, v =0 and using the fact K1 (z) = /7/(2z)e™*, we arrive at
the so—called (p, ¢)—extended Beta function, viz.

1
Byp.q(u,v) :/ tlkl(l—t)”*le—%—% i,
0

the case when min{R(u), R(v)} > 0 and min{R(p), R(¢)} > 0 was studied by
Choi et al. in [3]. In turn, if we put ¢ = p and v = 0 in (1.3), it reduces to
the generalized extended Beta function

1
B}, 1 (u,0) = / (1 - ) e PO AT g A 0,R(p) > 0,
o 0

which should be distinguished from the generalization of the Beta function
studied by Lee et al. [15, p. 189, Eq. (1.13)]:

1
B(u,v;p;m) = / (1=t te P AT gt m > 0,R(p) > 0.
0

Another special case occurs for A = 1, ¢ = p and v = 0, when we get the
p—extended Beta function [2, p. 20, Eq. (1.7)]

1
By(u,v) = /0 et (1 —t)v! e” A AL, R(p) > 0; min{R(u), R(v)} > 0.

Finally, if we use the fact (1.1) and set v = 0 and p, ¢ \ 0, then B;‘yq’u(u, v) —
B(u,v) gives Euler’s integral (1.2).
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In this article the authors investigate the Horn double hypergeometric
function H3, , [z, y] by considering the definition of extended Beta function
B;‘ 0.0, 0) in (1.3). Further various integral representations including Euler’s
and LaplacefMellin type, as well as certain integral representations involving
Bessel and modified Bessel functions are established. Also, we derive seve-
ral functional upper bounds for defined extended functions. Finally, related
probability distribution is introduced and present some statistical properties
including Turdan—type inequalities for the newly defined extension of the Horn

double hypergeometric function Hf’p’q’,,[x, y].

2. GENERALIZED HORN FUNCTION

We begin by the definition of the generalized hypergeometric function
with r» numerator and s denominator parameters, as the series, reads
T
1(a3)k zk
(2.4) cFy(ay, ... apby, ... b ZJ i
k>0 H (b )k

where (), =0(6+1)---(6+n—1) :F(5+n)/F( ), (6 € C\Zy, neNy)
and (0)p = 1 denotes the raising/shifted factorial or Pochhammer symbol,
aj €C,jel,r:={1,2,...,r}and b; € C\ Zy, j € 1,s. Particular cases
forr=2,s=1and r =1, s = 1 are the Gaussian hypergeometric function
and Kummer’s confluent hypergeometric function

(a1)r(az)y 2"
F Phypz) =y Rk 2
2 1(017027 15 Z) P (b )n R

®(a1;b1; 2) = 1F1(a1;b1; 2

respectively.

In terms of the extended Beta function B;)‘ g0 (W, 0) in (1.3), Parmar and
Pogény [25, Eq. (4)] introduced unified extensions of the Gauss’s hypergeo-
metric function

B, (udk v—u) k
A CoN P,V ’ Z
(2.5) Fp, o (a, u; vy 2) = kzm(a)k B, v — 1) R

provided A > 0,p,¢ > 0;a € C\ Z;, R(v) > R(u) > 0,|z|] < 1, and the
confluent hypergeometric function [25, Eq. (5)]

B, (u+k, v—u) 2k

2. S TR B o A =
(2:6) praw (1 V5 2) I;J B(u, v —u) k!

where A > 0, p, ¢ > 0; R(v) > R(u) > 0, respectively.
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Connections to the definition of Beta function, and extensions of a number
of known higher transcendental functions can now be generalized. Here we are
interested to generalize the definition of Horn double hypergeometric function
H, pioneered by Horn in [7], also see [29, p. 24 and p. 59]. Namely, for all
a, w € Cand v,v' € C\ Zg,

(a)2k m(u)m (Ek ym
(@7) Hlawoioy)= 3 Sereme g 2Vl <1
kom>0 kY Im L

Now by making use of the transformation
(W)m  Blu+m,v —u)
(V' )m - B(u,v' —u)
in which the numerator of the Beta function is replaced by the extended

Beta function Bzyq)u(u, v) we introduce the following generalized Horn double

hypergeometric function Hyl-,-]. Consider a, u € C and v,v' € C\ Z; in

R(') > R(u) >0, m € Ny,

A / k ,m

@)oktm Bpgu(u+mv' —u) by
2.8 H)\ Jv, /; , _ ( p.q, A
(2.8) Hipgula, v, v52,9] kmz>0 (V) B(u,v' — u) k! m!’

for A > 0,p,q > 0; 2¢/|z| + |y| < 1 and R(v') > R(u) > 0. Clearly, the
case A =1, p =0 = ¢ and v = 0 in (2.8) gives the classical Horn double
hypergeometric function (2.7).

2.1. Integral Representations.

THEOREM 2.1. For all X > 0, R(p) > 0,R(¢g) > 0; R(v') > RN(u) > 0 when
p =0 = q, we have the integral representation

1
A - _ V27 -1 '—u—1 -
H47p7q’”[a’u’v’vl7x’y]_B(u,v’—u)/0tu (l—t)v u (1—yt) a
aa 1 4x
2.9 o= -+ v/ ho(t) K ho(t))dt.
(29) o1 (55 + 50 g ) VA0 Koy (ha(0)

PRrROOF. By making use of the identity

(@)2k4+m = (a)2r (a +2k)m

and the extended Gauss’s hypergeometric function (2.5), the extended Horn
double hypergeometric function (2.8) can be expressed as a single series:

k
a X
(210) Hzi\,p,q,y[a»U;UvU/;x,y] = g ( )2k F/\ ((1+2k,u;v/;y) ﬁ

p,q,v
k>0 (V)k

Applying the integral representation of the extended Gauss’s hypergeometric
function [25, Eq. (6)]

T 1 ju—1/7 _ f\v—u—1
Fgulasuiviz) = g i/_u)/0 t ((11_;5,)5)& VoD K,y (ho(1)) dt,
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where the parameters A > 0, ®(p) > 0,R(¢) > 0; also |arg(l — 2)| < 7,
R(v) > RN(u) > 0 when p =0 = g, to (2.10), one finds

V2/m (a)ak xi Lpu=1(1 — g)yv'—u—t
B(u, v —u) 1%) (v)g k! /o (1 — yt)at2r
Vho(t) K, 1 (ho(t)) dt .

Changing the order of summation and integration, which is guaranteed under
the theorem’s conditions, using the identity

1
(@)op, = 4* (O‘)k<‘” ) . acC, keN,
k

A core oyl _
HY, aolaswvosv'sz,y] =

2 2

and the Gauss’s hypergeometric function we get the stated integral represen-
tation (2.9). 0

THEOREM 2.2. For all A > 0, R(p) > 0, R(q) > 0; whilst R(a) > 0 when
p =0 = q, there holds the Laplace type integral expression for H£p7q7u.'
(2.11)

1 oo
to e By (—; v at?) D) (w0 yt)dt.
)
0

Hﬁp’q’y[am;z}w/;x’y] = o) D

ProOOF. Using the shorthand Hi‘,p_’qu = Hi"p)q’l,[a, w;v,v'; 2, yl, the inte-
gral representation

T

1 (oo}
(T)n = ) / tTtnleTtdt,  R(7) >0,n €N
0

for the Pochhammer symbol (a)2k+m in (2.8) and interchanging the order of
summations and integral, we get

moo— /°° a1yt 1 By (w4 m, v —u) (@t?) (yt)™ dt
LPar T (a) om0 /0 (v)k B(u, v —u) k' m!
o ya—1 1 +2)k B> l,u-l—m,v’—u £Hym
A T B e e T
o T'(a) k>0 (V)r k! = B(u,v" — u) m!

Now, applying (2.4) and the related definition (2.6) in both sums constituting
the integrand, we prove the assertion (2.11). 0

REMARK 2.3. The Bessel function J,(z) and the modified Bessel function
I,.(z), both of the first kind and of the order p are expressible in terms of
the confluent hypergeometric function ¢Fj(-) as follows [24, p. 228, Entries
10.16.9, 10.39.9]

z

(3)" a1 P
(2.12) Ju(z) = TE) o1 <—7M+ L; —4> ;
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A L2
(2.13) Iu(z) = I‘((;ji—l) oF1 (;,u +1; 4> ;

where —u € N in both cases.

Now, applying the relationships (2.12) and (2.13) to (2.11), we deduce
integral representations for the extended Horn double hypergeometric function
in (2.8) asserted by Corollary 2.4 below.

COROLLARY 2.4. The following Laplace—Mellin type transforms hold true:

(2.14)

F(v)xlgv & e
Hinqw[a’“?U’U/; —x,y] = Ta)/o % % tJv_l(Q\/Et)CI);)q,V(u;v’;yt)dt
(2.15)
A / F(v)xlgv > a—uv, —t A /
Hy pgwlasus o0 2,y] = T t T L, (2Vat) Py, (us 0"yt )dt.
0

All parameters and variables are restricted so that the representations are
convergent: R(a) > 0, R(v) > 0,R(a—v) > —1, v € C\Ng and z € C\(—o0,0].
3. FUNCTIONAL BOUNDS FOR Hﬁﬁpﬁq’y

This section explores bounding inequalities for the extended Horn double
hypergeometric function H i‘%q’y. The first auxiliary lemma is a simple sharp
estimate using (1.3).

LEMMA 3.1. [25, Eq. (8)] Let p,qg >0, A € (0,1) U (1,00), v € R. Then
for all 2min{u,v} > X > 0 we have

\/%KD_"_%((p%ﬂ +q%+l))\+1)
\/7?(27ﬁ +qﬁ)%
: Q) (p,g)B(u—3,0v—3).

THEOREM 3.2. For all p,q > 0 and A € (0,1) U (1,00), v € R, or when
p=0=gq, R(v) > R(u) >0 we have

(3.16) B}, (u,v) <

P.q,v B(U_%’”_%)

(3.17) |F) . (ausv; 2)] < Ep L (uv, ) oFy(a,u— 530 = A; 2),
(3.18) @) L (usv32)| < B, (u,0,0) (u—3; A z2),
|Hi\,p,q,u[avu;vvvl;x7y]| < E;\,q,u(ua v, vl) H4[a’u - %7 U, v’ — /\,x,y] )

provided 2 min{u,v — u,v’ —u} > X\. Here, the multiplication constant reads

1 1 \A+1

1/2pq[(l/_"_%<(pk+l +q>\+1) ) B(U—%,U/_u_%)

(U7U7U)_ N L )\;1 B(u,v’fu) .
ﬁ(p +4q )

=\
=p,q,v
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PROOF. We prove only (3.17). Applying (3.16) to the extended Gaussian
hypergeometric function (2.5) we get

Bu—3+kv—u—3)zF

A A
Fpanl:2) S Q00) Y@ ——Er s
k>0 : ]
0 (p,9) R A :
:mB(U75’0*“*5)21?1(@7“*5;1}7)\;2)
- Equvv(“’”v”l) 21 (a,u — %;v -\ z),

where we have used the series representation of Gaussian hypergeometric func-
tion o F in above last step. This proves (3.17). The other inequalities can be
verified using similar arguments as in the proof of (3.17). O

3.1. Functional bounds obtained via integral representations. In this subsec-
tion, we investigate the bounds of the extended Horn double hypergeometric
function H, j,p,q,l,. To accomplish this, we review and recall certain inequal-
ities pertaining to the generalized hypergeometric function, Bessel function
and modified Bessel function as follows:

e For b; > a; >0, j =1,r and z € Ry, the following Luke’s two-sided
inequalities for ,.F). hold true [19, Theorem 16, Eq. (5.6)]

e <TFT(al,...,ar;bl,...7bT; x) < 1—9(1—6”“’),

where
max a;
_1<i<r
min b;
1<j<r
For b > a > 0, the bilateral inequalities for Kummer’s confluent hy-
pergeometric function ®(a;b; ) = 1 F1(a;b;x) is given as

(3.19) et < ®(a;b; ) < 1— %(1 —e%).

e Bounding inequalities for J, and I,:
(i) von Lommel’s bounds [30, pp. 31 and 406], [16], [17, pp. 548
549

1
3.20 J(t)] <1, Jo1(t)| < —, veR,, teR;
(3.20) | (8)] | Ju41(2)] 7 +
(ii) Minakshisundaram and Szdsz bound [8, Eq. (1.8)], [22, pp. 36-
37); cf. [30, p. 16]

1 1"
M v < /. 1\ o Y Z ) ;
(3.21) |J(t)|_I‘(u+1)<2) v>0,teR
(iii) For v > 0 and ¢ € R there are Landau bounds [14]
(3.22) |J,()| <bpv™ Y3 b= V2supAi(t),

>0
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(3.23) T, ()] <ep|t|7Y3,  epi=supt/3a(t),
t>0

where Ai(-) stands for the Airy function

(3.24) Ai(t) = g \/g (J_1/3 {2(t/3)3/2} + T s {2(t/3)3/2}) .
(iv) Olenko’s bound [23, Theorem 2.1]

3 2
(3.25) sup vt |1, (t)] gbL\/y1/3+ﬁ+Tl:; do, v>0,
>0 v v
where 7, is the smallest positive zero of the Airy—function Ai in
(3.24) and by, is the Landau’s constant in (3.22). This bound is
asymptotically precise and the constant by, is the best possible.
(v) Luke [19, Eq.(6.25)] gave the following inequality for the modi-
fied Bessel function I,,:

(3.26) I(t) < r((,f)ﬂ)

Now, we state our second set of bounded inequalities for H, i"p’q’u.

cosht, t>0,,u>—%.

THEOREM 3.3. For allp,g>0,a+1>v>0,v >u>0,2>0,y<1
orwhenp=0=g¢q, a+1>v >0, 2min{u,v'—u} > A >0,y € [0,1), 2+/|z|+
lyl < 1, we have

1 1—v
A . /. r:')\ /!
H47p7q7y[a,u,v,v ,—x,y}‘ < . _WLV(U,U,U ) B(v,a—v+1) |z| 2
u—% to—1
3.27 -[1— 1— (1 —g) ot ]
(3.27) ==y )

Next, if p,g>0;a+1>v>1,v>u>0;,z>0,y<1, or forp=0=gq;
a+1>0v>0; 2min{u,v’ —u} > X >0, y € [0,1), 2/]|z| + |y| < 1, there
holds

1—w

by Blv,a—v+1) |z =

A . . =\
Hy, oola,us o0 —x,y]‘ <25 4o (u,0,0) T
u— % Jo—1
3.28 -{1— 1= (1= y)-atv- ]
(3.28) oy (1= (=) )

where by, := V/2 sup,so Ai(2y/zt).
Finally, for all p,q >0,a >0, v > %, 2min{u, v’ —u} > A >0, it is

22 () r —u—2 u—2
oE) / =g\t Ys 2 2
. . <
Lpgwlausvw ,x,y]’ - v = [(1 —2/x)® " (1- Q\f—y)a] ’

provided 0 < x < %, 2y +y < 1.
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PROOF. Applying the estimate (3.18) in Theorem 3.2 to the integral rep-
resentations (2.14) and (2.15), respectively, we obtain

H)} a,u;v,v'; —x, _ I'(v
ro= { Wigaloriv ol <2 o) 0
| Lp,ql@ w00 ;2,9 [(a) |z

(3.29) : /OOO e trY { ||ﬁ:ig£;))|‘ } ®(u— 330 — \jyt) dt.
(

Employing Luke’s upper bound (3.19) in (3.29) gives the following estimate:

= n_ L) = ot jamo [ 1 Jem1(2vat)]
B < Spguluo) o e / < { v }
(3.30) - Z,/Q;(l —e)]dr= Ry 7).

Using the first one in (3.20) evaluating the upper display in (3.30), Ra(J) say,
we find

—_ F('U) /OO o - ’U,—A
Ro(J) < 540 (u,0,0") ———— C v[lf 2 1feyt]dt,
2( ) D,q, ( ) F(a)|1’| = 0 ’U/—/\( )

which, upon employing the known integral

T 3

o Tr
/ e Ml dt = o) R(r) >0, >0,
0

to evaluate the right sided integral and combining the result into (3.30) yields
the desired inequality (3.27). Next, by utilizing the first Landau’s result (3.22)
we can derive the inequality (3.28) in a similar manner.

Applying the inequality: cosht < ef for t > 0 to (3.26) offers the following

inequality:

(3)"¢

1,(t) < , t>0, 2u>—1,

which gives

vaTfl tv_l 2\/xt
(331) |IU71(2\/Et)‘ < We * s x > 07 t> 0, 2v > 1.
Employing (3.31) to the Ro(I) using similar process as in the proof of (3.27)
we infer the third bound. The incidental details are omitted. a

Now, we formulate our third set of bounding inequalities upon H, ip,q,u
function.

THEOREM 3.4. Fora > 0, v > 0, 2min{u,v' —u} > X >0 and = > 0,
y < 1, we have

[H gl v s =] S 23 (u0,0) [1= ——2 (1= (1=y)7)]:
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In turn, a >0, v > 0, 2min{u, v’ —u} > X\ > 0, whilst © > 0, y < 1 implies

I'(v)
I'(a
A

Hﬁp,qu[a,uw,v’;—x,y] SE;\ (u,v,0")

4,V

crLr” 2
72
%Jr% 1 “_% 7a+vfl
Pla—v+3) [1-530-(1-y) 7)),

1
+3 “

T(a—v+32) {1 -2 0-0- y)_“”_%)]a

dox

provided 3(a — v) +2 > 0 for the first bound; the second one holds under the
restriction 2(a—v)+1 > 0. Finally, we note that in view of (2.8) when p =0
we assume 2+/|z| + |y| < 1 in both bounds.

PROOF. Firstly, we point out that the estimates of Bessel function in
(3.21), (3.23) and (3.25) are of the magnitude |J,_1(t)| < €t* where € €
{[2°7'T(v)] !, cL,do} and k € {v—1,—%, —3}, respectively. Now, the appli-
cation of these estimate (3.21) to the integral representation (2.14) results

I'(v)
L(a) fo] =

: / et [ Jym1 (2Vat)| @(u— 530" — Asyt) dt
0

Rll = ‘Hi\ [a,u;v,v’;fx,y]’ S EI/}»

1
Pyq,v u, v, v )

q,l/(

¢ T'(v) > w— 2
< =2 J(u, v, v ﬁ/ e~ tqatr—v |1 _ 2 (1 _ vt at
o ( : [(a)|z| * Jo v =\ ( )
¢cr _ 2 oo
= Ez)J\q V(u7 v, UI) % 1-— u/72 / e~ tatrE—Y gt
w [(a)|z| 2 v =X/ Jo
A o0
Y73 ~(-ytgatr—o g
+ 7, e
T'(v)l — 1 _ 2
:Ezqv(u’vﬂvl)g ©) (ﬁi? vt 1) U/—u—%‘Fuiain_v .
- D(a)|z|*=5= (v = A) =)

Then, choosing either € = [2°71T(v)] 71, ¢y ordp and k = v—1, kK = —%, —%,

mutually, we realize the bounds affiliated to the Minakshisundaram and Szész,
the second Landau’s and Olenko’s estimates, respectively. ]

4. APPLICATIONS TO STATISTICAL DISTRIBUTION

Special functions are important in studying probability distribution and
statistical inference (see for instance [4, Chapter 7], and [20, Chapters 6, §],
[5,9-12,26]). Recently, researchers have been studying McKay Bessel-type
distributions, which are related to special functions, such as Horn confluent
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functions (see [5,9,10,18]). The extended Horn double hypergeometric func-
tion (2.11) is expected to have many applications, similar to the generalized
Beta and Gamma functions. One potential application is in statistics, and it
can also be applied in inequality theory to derive novel bilateral bounds for
the generalized Horn function H. ‘1\71’7(171’ using probabilistic methods.

Consider the random variable £ defined on a standard probability space
(Q,5,P), where Q is a sample space, § is the event space in 2, and P is a
probability function, characterized by the following probability density func-
tion throughout (abbr. density):

fe(t) =  CralpT) e o Fi(—svyat?) @ (us 0"y yt), t>0
¢ 0 elsewhere,

where it is assumed that R(p) > 0, R(7) > 0, the positive arguments (z,y),
and the parameters p, ¢ A, pr and u, v, v’ are suitably constrained so that f¢(t)
remains nonnegative. The normalization constant reads

pT

Cpqlp,T) = Ty
T, UV, V5 7277:|

pep
We define the generalized Horn gamma distribution of the random variable
(abbr.r.v.) € as GHG(0), where 0 = (p, q, \; 7, u,v,v, p; z,y) is the parameter
vector. Alternatively, we denote this as £ ~ f¢(t). Hereafter, we will derive
some statistical functions for the r.v. £ ~ GHG(6).

I(r) H

P4,V

Raw Moments and Turdn inequalities. The sth fractional-order moments my,
s > 0 equal

A ot T Q}
(T)s 4,p,q,v |:T + S, UV, V5 p2 ) P
T H) {T,u;v,v’;i,y}

4,p,q,v 02’ p

As the first application of (4.32), we derive a Turdn-type inequality for the
extended Horn double hypergeometric function Hy, . ,[-] by virtue of the
moment inequality, which holds for the nonnegative r.v. £ ~ fe¢(t). Lukacs
reported on the moment inequality [18, p. 28, Eq. (1.4.6)]

(4.32) m,=E = /00 v’ fe(u) du =
0

(4.33) m2,, < msMsior, (min{s,r} > 0).

By inserting the expression (4.32) in (4.33), we obtain for all 2s > —7, s+2r >

—7 the bounding inequality

D(r+s)T(1+s+2r)
I2(r+s+r)

where we take the shorthand

Hi\,p,q,v[a} = Hi\,p,q,v

{Hi\,p,q,v[s + T]}z < H‘ipyqyu[S] . Héip,q,u[s + 27.]7

, T
T+a,uv,v; 5, =
p=p
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Also, another statement by Lukacs [18, p. 393, a)] asserts that for 0 < r < s,
the moment inequality m? . < mgs Mo, holds, which can be inferred using the
Cauchy—Bunyakovsky—Schwarz inequality. This inequality implies a variant
of the Turdn—type inequality, viz.

D(t+2s)T(t+2r)
FZ(T +s +7”) 4,p,q,v

{Hi\,p,q,ll[s + r]}Z < [28] : Hi\,p,q,ypr] )

provided 2min{s,r} > —7.

Characteristic Function. The Fourier transform of the density fe(t) is the
characteristic function (ch.f.) ¢ () of the r.v. £. Hence,

pelw) =Ee™s = [ e gty
0
:prq(PaT)/ e~ (Pl =1 B (< wyat?) @) (us s yt) dt .
0

p,q,v

Therefore the ch.f. becomes

T Y
T ITA . /.
p H4,p,q,v {T’ wu, v 27 }

(431 ge(w) = lo—tw)® p-iw
T

(10 - lw)T Hi\p q,v |:T7 u; v, Ul; o y:|

. o

The surprising summation result in the following theorem establishes a con-
nection between the density and the ch.f. through the corresponding integer—
order moments.

THEOREM 4.1. The parameter vector 0 = (p,q, \;T,u,v,v’, p;x,y) > 0
ensures

n

A . ) (iw)
T;)(T)n 4,p,q,v |:T + n,Uu;0,V; ?a p:| n

2
P A

(p _ iw)‘r 4,p,q,v

x y
(p—iw)*" p—iw

{T, w; v,
PROOF. Since the Maclaurin series of the ch.f. reads [18, p. 41]

pe(w) = Zmn%a

n>0

by inserting (4.32) and (4.34) into this expansion, the routine steps lead to
the assertion. d
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O poopéenoj Hornovoj hipergeometrijskoj funkciji Hi"p’q’l,
pridruzenim nejednakostima sa primjenama u statistici

Rakesh K. Parmar, Tibor K. Pogdny i S. Pirivina

SAZETAK. U ovom radu izvedene su nove integralne

reprezentacije za poopéeni Hornov hipergeometrijski red H3 , ,

dviju varijabli, kao i za poopéene — Gaussovsku hipergeometri-
jsku funkciju Fpk,q,l,
funkciju <I>§’q7l,. Glavni alat ovih prosirenja je poopéena Beta

i Kummerovu konfluentnu hipergeometrijsku

funkcija i njena funkcionalna gornja granica. Dobiveni rezultati
kombinirani s granicama koje su postavili za Besselove funkcije
Luke, von Lommel, Minakshisundaram i Szdsz, odnosno Olenko
su se koristile za postavljanje funkcionalnih granica. Definira se
slu¢ajna varijabla tipa Horna, kao i njena vjerojatnostna raz-
dioba. Pomoc¢u momenata pozitivnog reda te varijable dodatno
se dokazuju dvije Turdnove nejednakosti.
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