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FOUR SQUARES FROM THREE REAL POLYNOMIALS

ANA JURASIC

ABSTRACT. We construct three nonconstant polynomials a,b,c €
R[X] such that
ab+1, ac+1, bc+1, abc+1
are all squares in R[X]. The entries in the construction are quadratic, so
the construction has the smallest possible positive degrees. By composition
with nonconstant polynomials, this gives infinitely many examples over
R[X] with all entries nonconstant.

1. INTRODUCTION

A Diophantine m-tuple is classically a set of m distinct positive integers
for which the product of any two distinct elements, increased by 1, is a square.
Polynomial analogues and D(n)-variants have a substantial literature. Early
polynomial versions were studied by Jones [8]. Foundational work on poly-
nomial variants includes [2, 3, 4, 5, 6, 9], and a recent general reference is
[1]. The present note concerns a related, but stronger, condition for triples:
besides requiring the three pairwise products plus 1 to be squares, we also
require the product of all three entries plus 1 to be a square.

DEFINITION 1.1. A set {a,b,c} C R[X] of three nonzero polynomials is
called a four-square polynomial triple if there exist r, s, t,u € R[X], such that

(1.1) ab+1=r1r2 ac+1=s? be+1 =12, abc + 1 = .

The corresponding problem for positive integers asks for a, b, ¢ > 1 satis-
fying the four square conditions in (1.1). Dujella and Szalay [7] proved that
there are infinitely many such triples of positive integers. Their construction
lies inside regular Diophantine triples.
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If we were to allow a = 0 in Definition 1.1, the four conditions in (1.1)
would reduce to the single condition that bc+1 is a square. If one entry equals
1, say a = 1, then the four conditions reduce to the three distinct conditions
that b+ 1, ¢+ 1, and bc + 1 are squares. For example, for every integer
k > 2, the set {1,k? — 1,(k + 1)?> — 1} satisfies the four-square conditions
n (1.1). Moreover, for every nonconstant k € Z[X|, the same formula gives
a four-square polynomial triple in the sense of Definition 1.1. Therefore, as
we explain in Section 2, the natural polynomial question is whether all three
entries can be distinct nonconstant polynomials. We answer this question
affirmatively over R[X]: we construct three distinct quadratic polynomials
satisfying (1.1).

2. ELEMENTARY RESTRICTIONS

As in the classical case, it is natural to assume that at least one element
of a four-square polynomial triple is nonconstant. Also, analogously as in
classical case, we cannot have two equal polynomials in such a set. In this
section we record the other three simple restrictions. The first concerns the
possible constant entries in a four-square polynomial triple having at least
one nonconstant entry. Although Definition 1.1 requires all three entries to
be nonzero, in the following auxiliary lemma we consider arbitrary polynomial
solutions of the four equations in (1.1), allowing zero entries.

LEMMA 2.1. Let a,b,c € R[X] satisfy the equations in (1.1), without
assuming that a,b,c are nonzero. Suppose that one entry, say a, belongs to
R\ {0,1}. Then, if b and c are both nonzero, they are both constant; if one
of b and c is nonconstant, the other one is equal to zero.

In particular, if {a,b, c} is a four-square polynomial triple in the sense of
Definition 1.1, then all three entries are constant.

PRrROOF. From bc+ 1 = t? and abc + 1 = u?, we obtain
u?—at’ =1-a.
Since a ¢ {0, 1},
(u—tva)(u+tya)=1—a

is a factorization of a nonzero constant in C[X]. Thus both factors are units
in C[X], hence constants. Therefore u and ¢ are constant, so bc = t? — 1 is
constant.

If b and ¢ are both nonzero, then bc is a nonzero constant, so b and ¢ are
constants. If one of b and ¢ is nonconstant, then bc € R forces the other one
to be equal to zero. Finally, in a four-square polynomial triple all entries are
nonzero by Definition 1.1, so in that case b and ¢ must both be constant. 0O
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The constants 0 and 1 are exceptional at the level of the equations in
(1.1). For any k € R[X],

{0, ¥ =1, (k+1)> =1} and {1, ¥* -1, (k+1)* -1}
satisfy the four equations in (1.1), since
B -D((k+1)*-1)+1=(k+k—-1)>%

The first choice is not a four-square polynomial triple in the sense of Def-
inition 1.1, because it contains a zero entry. If k is nonconstant, then the
second choice is a four-square polynomial triple. Thus, by Lemma 2.1, in a
four-square polynomial triple having at least one nonconstant entry, the only
possible constant entry is 1.

LEmMA 2.2. Let {a,b,c} C R[X] be a four-square polynomial triple whose
three entries are monconstant. Then dega, degb, and degc are all even.
Moreover, the leading coefficients of a, b, c are positive real numbers.

PRrROOF. Since ab+ 1, ac+ 1, and bc + 1 are nonconstant squares,
dega + degb = dega + dege = degb+ dege =0 (mod 2).

Thus, all three degrees have the same parity. Since abc+1 is also a nonconstant
square, dega + degb + degc is even. The common parity is therefore even.
Let A, B, C be the leading coefficients of a, b, ¢, respectively. The leading
coefficients of ab + 1, ac + 1, bc + 1, and abc + 1 must be positive. Hence,
AB > 0, AC > 0, BC > 0, and ABC > 0. It follows that A, B,C are all
positive. 0

We also note why the equation used by Dujella and Szalay [7] in their
integer construction,

(2.1) 2 —dzy+y* =1

does not immediately yield a polynomial construction. The direct polynomial
analogue of this equation has no nonconstant solutions.

LemMA 2.3. If z,y € R[X] satisfy (2.1), then x and y are constant.
PrOOF. From (2.1), we have
(x—(2+V3)y) (v — (2-V3)y) = 1.

Both factors are units in R[X], so they are constant. Solving the resulting
two linear equations gives that z and y are constant. 0
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3. A MINIMAL-DEGREE CONSTRUCTION
We first establish a simple criterion that will be used in the construction.
LEMMA 3.1. Let w,v,D € R with u # v, and let D > 0. Then
1+ DY —u)(Y —v)
s a square of a linear polynomial in Y if and only if

4

D:m.

For this value of D,

(3.1) 1+

4(Y(—vu)53)/2— v) _ <2Y—u—v)2.

PROOF. The discriminant of the polynomial
DY —u)(Y —v) +1=DY?~ D(u+v)Y + Duv + 1

v—Uu

is
D*(u+v)? —4D(Duv + 1) = D(D(u — v)* — 4).

Since D > 0, this discriminant vanishes exactly when D = 4/(u — v)?. The
identity (3.1) follows by substitution. 0

We now give the construction. Let Y = X? and look for polynomials
from R[X] of the form
(82)  a=A(X2-a), b=B(X?-f), c=C(X2-7),
where A, B,C # 0 and «, 3,7 are distinct. The idea is to choose the parame-

ters so that the first three square conditions in (1.1) hold automatically, while
the fourth condition reduces to a square. Since Y = X2, we have

ab+1=14+AB(Y —a)(Y — p),
ac+1=14+ACY —a)(Y —7),
be+1=1+BOY - B)(Y — ).

We now apply Lemma 3.1 to these three expressions. Thus, the first three
square conditions are satisfied if we impose

4 4 4
(3.3) AB = 7(5 — AC = 7@/ — o BC = 7(7 — A
A convenient compatible choice is
(3.4)
_20y-8) __ 20y—a) __2(B-q)
G- PTEaa-8 CThoan-A
Set

(3.5) A=B-a)y—a)(y-5).
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Then, equations in (3.4) also give
8
. ABC = —.
(3.6) C X

The only remaining condition is the fourth square condition abc + 1 € R[X]%.
By (3.6),

(3.7) abc+1:%(Y—a)(Y—ﬁ)(Y—v)—kl.
We now choose «, 3, so that
(3.8) Y —a)(Y =B)(Y =) =Y (Y - 1)* -4,

for some nonzero constant d. Indeed, after a substitution ¥ = X?2,
Y(Y —1)? = X3(X? - 1)2 = (X(X* - 1))
is already a square in R[X]. Substituting (3.8) into (3.7), and taking

(3.9) A =8d,
gives

8 2 8 2
(3.10) abc—i—l:Z(Y(Y—l) —d)+1:ZY(Y—1) .
The problem is now reduced to finding a cubic polynomial
(3.11) fY)=Y3-2Y?+Y —d,
whose roots «, 8, satisfy (3.9). The discriminant of the polynomial (3.11) is
(3.12) disc(f) = d(4 — 27d).
On the other hand, since f is monic, disc(f) = A2, Hence, by (3.9) and (3.12),
we get d(4 — 27d) = 64d>. Since d # 0 by assumption, this yields d = g-. In
(3.11), now we have

4

(3.13) fY)=Y3-2Y? +Y — o

The discriminant of f is
, 1024 322
disc(f) = go81 = <91) >0,

so f has three distinct real roots. Label them so that

a < p <.
Then A > 0 by (3.5). Since A? = disc(f) = (%)2, we obtain
2
(3.14) A= 52 _ 8d.

=0 =
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THEOREM 3.2. The polynomials a,b, ¢ defined by (3.2) form a four-square
polynomial triple in R[X]. More precisely,

2
(3.15) ab+1 = (W) :
2
(3.16) ac+1= (2X2—a—'y>
v—a
2 _ _ 2
(3.17) be+1= (W) ,

(3.18) abc+1= (‘/297)(()(2 - 1)) .

In particular, a, b, c are different nonconstant polynomials. Their degrees are
minimal amonyg all four-square polynomial triples over R[X] with nonconstant
entries.

PrROOF. The numbers A, B, C are positive because a < 8 < -, and there-
fore a,b, c are nonconstant polynomials in R[X]. They are pairwise distinct:
if, for example, A(X? —a) = B(X? — f3), then comparison of coefficients gives
A = B and «a = (3, a contradiction. The identities (3.15), (3.16), and (3.17)
follow from Lemma 3.1, equivalently from (3.1) and (3.3), after substituting
Y = X2, The equation (3.18) follows from (3.10) and (3.14). The last asser-
tion follows from Lemma 2.2: in any example with all entries nonconstant, all
three degrees are positive even integers, hence at least 2. ]

REMARK 3.3. For reference, the roots of the polynomial (3.13) are

a ~ 0.0485571496, £~ 0.7594142315, v~ 1.1920286189.
The corresponding leading coefficients of the polynomials a, b and ¢ are
A~ 1.0644452464, B =~ 7.4365598181, C =~ 2.8739949355.

The exact form of the triple {a,b, ¢} is the root-based one in (3.2).

4. INFINITELY MANY EXAMPLES
Now, it is easy to generate infinitely many four-square polynomial triples.

PROPOSITION 4.1. Let {a,b,c} C R[X] be a four-square polynomial triple
whose three entries are nonconstant. If h € R[X] is nonconstant, then

{aoh, boh, coh}

s again a four-square polynomial triple with three nonconstant entries.
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PROOF. Substituting X — h(X) in (1.1) gives
a(h)b(h) +1=r(h)*>,  a(h)e(h) +1=s(h)?,

b(h)e(h) + 1 =t(h)?, a(R)b(h)e(h) +1 = u(h)?.
A composition of two nonconstant polynomials is nonconstant, so the three en-
tries remain nonconstant. The substitution homomorphism p(X) — p(h(X))

is injective, because h is nonconstant. Hence, distinct entries remain distinct.
a0

COROLLARY 4.2. There are infinitely many four-square polynomial triples
in R[X] with all entries nonconstant.

ProoF. Apply Proposition 4.1 to the triple from Theorem 3.2, with
hm(X) = X™, m = 1,2,3,.... The degree of polynomials in the resulting
triple is 2m, so these triples are distinct for infinitely many m. 0

5. FINAL REMARKS

We described a construction over R[X]. The present construction does
not yield a solution over Z[X] or Q[X], because the coefficients in (3.2) are
defined from the real roots of the cubic polynomial (3.13). Moreover, no evi-
dent coefficient rescaling preserves equations of the form “product plus 1 is a
square”. Determining whether an analogue with all entries nonconstant exists
over Q[X] or Z[X] remains a separate arithmetic question.
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Cetiri potpuna kvadrata dobivena od triju realnih polinoma

Ana Jurasié

SAZETAK. U radu je prikazana konstrukcija triju nekonstant-
nih polinoma a, b, c € R[X] takvih da su

ab+1, ac—+1, bc+1, abc+1

potpuni kvadrati u prstenu R[X]. Polinomi u konstrukeciji drugog
su stupnja, §to je najmanji moguéi pozitivni stupanj. Komponi-
ranjem s nekonstantnim polinomima dobiva se beskona¢no mnogo
takvih primjera u R[X], pri ¢emu su svi uklju¢eni polinomi nekon-
stantni.
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