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ON RYSER’S CONJECTURE

Antun Domic, Luis H. Gallardo

Abstract. We provide new sufficient conditions under which Ryser’s

conjecture holds.

1. Introduction

Let A be a square matrix of order n with real coefficients. We denote by At

the transpose of the matrix A. For any pair of rows Ri, Rj of A, we denote by
〈Ri, Rj〉 the usual scalar product. A circulant matrix A := circm(a1, . . . , an)
of order n is a matrix of order n whose first row is [a1, . . . , an] and in which
each row after the first is obtained by a cyclic shift of its predecessor by one
position. For example, the second row R2 of A is [an, a1, . . . , an−1]. With
π := circm(0, 1, 0, . . . , 0), one has that R2 is the first row of πA.

A Hadamard matrix H of order n is a matrix of order n with entries in
{−1, 1} such that K := H√

n
is orthogonal. A circulant Hadamard matrix of or-

der n is a circulant matrix that is also Hadamard. Besides the two trivial ma-
trices of order 1, H1 := circm(1) and H2 := −H1, the remaining 8 known cir-
culant Hadamard matrices are H3 := circm(1,−1,−1,−1), H4 := −H3, H5 :=
circm(−1, 1,−1,−1), H6 := −H5, H7 := circm(−1,−1, 1,−1), H8 := −H7, H9 :=
circm(−1,−1,−1, 1), H10 := −H9.

No other circulant Hadamard matrices are known. Ryser conjectured in
1963 (see [19], [1, p. 97]) that no such matrices exist when n > 4. Previous
work on the conjecture include [2, 3, 6, 7, 8, 9, 11, 13, 15, 16, 20].

If H = circm(h1, . . . , hn) is a circulant Hadamard matrix of order n, then
its representer polynomial is

R(x) := h1 + h2x+ · · ·+ hnx
n−1.
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Let H = circm(h1, . . . , hn) be a circulant Hadamard matrix of order n ≥
4. Define

E1 := circm(h1, h3, h5, . . . , hn−1), E2 := circm(h2, h4, h6, . . . , hn).

When n = 4, both E1 and E2 have rank equal to 1 (as their determinant is
0, see the matrices H3, . . . ,H10).

Two other interesting properties of E1 and E2 when n = 4 are the follow-
ing:

Remark 1.1. Let K1 := E1+E2

2 and K2 := E1−E2

2 . Then:

(a) K1 and K2 are projections.
(b) K1 and K2, reduced modulo 2, are symmetric orthogonal matrices.

Property (b) in Remark 1.1 is significant because of a result of McWilliams
[12, Corollary 1.8] (see also Lemma 2.1) which states that for n > 2, the
orthogonal group O(n,F2) intersected with the set of symmetric matrices,
consists only of the identity matrix. In other words, n = 4 is the only case in
which (b) holds.

When a circulant Hadamard matrix of order n ≥ 4 is such that both E1

and E2 are non-singular, it follows from [9] and our Lemma 2.8 (see Section 2)
that n must equal 4. The rank-1 property that we consider in the present
paper is the first natural case to study in order to make progress on the open
case when at least one of E1, E2 is singular.

In this paper we prove two results. Essentially, the first shows that for cir-
culant Hadamard matrices of order n, the rank-1 property and properties (a)
and (b) in Remark 1.1 hold for n = 4 and do not hold when n > 4. Our
second main result, which follows from a simple characterization of circulant
matrices of rank ≤ 2 together with the Plotkin bound for codewords, proves
the more general statement that there is no circulant Hadamard matrix of
order > 4 in which either one of the submatrices E1, E2 has rank 1 while the
other has arbitrary rank, or both have rank 2.

More precisely, in this paper we prove the following two theorems.

Theorem 1.2. Let H = circm(h1, . . . , hn) be a circulant Hadamard ma-
trix of order n ≥ 4. Let E1 := circm(h1, h3, h5, . . . , hn−1) and E2 := circm(h2, h4, h6, . . . , hn).
We denote by Rj, respectively Sj, the rows of E1 and E2, for j = 1, . . . , n/2.
Let G1 := E1E

∗
1 and G2 := E2E

∗
2 be the Gram matrices of E1 and E2. As-

sume that one of the following conditions holds:

(a) rank(E1) = 1 = rank(E2);
(b) all entries of G1 and G2 have the same absolute value;
(c) R1 and R2 are linearly dependent over Q, and S1 and S2 are linearly

dependent over Q;
(d) |〈R1, R2〉| = |〈R1, R1〉|, and |〈S1, S2〉| = |〈S1, S1〉|.

Then n = 4.
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Remark 1.3. All statements (a), (b), (c), and (d) of the theorem hold
when n = 4. Moreover, for any entry e of G1 or G2, we have |e| = 2 = n/2.

Remark 1.4. Our results also cover the recent generalization of the cir-
culant Hadamard conjecture [5] by Goyeneche and Turek, since a generalized
circulant Hadamard matrix H(d) := circm(d, h2, . . . , hn) satisfying our hy-
potheses necessarily has |d| = 1.

Our second main result is as follows:

Theorem 1.5. With the notation of Theorem 1.2, there is no circulant
Hadamard matrix H of order n > 4 of either of the following two types:

(a) one of E1, E2 has rank 1;
(b) both E1 and E2 have rank 2.

The needed preliminaries for the proofs are given in Section 2. The proof
of Theorem 1.2 is presented in Section 3. The proof of Theorem 1.5 is pre-
sented in Section 4.

2. Preliminaries

The following is a result of MacWilliams [12]. It was already used in [10,
Theorem 1].

Lemma 2.1. The only circulant, symmetric, and orthogonal matrix over
the binary field F2 of order n > 2 is the identity matrix In.

The following lemma gives some properties of certain circulant matrices.

Lemma 2.2. Let C := circm(c1, . . . , c2k) be a circulant matrix of order 2k
such that the first two rows R1 and R2 of C are linearly dependent over Q,
and such that c2j = 1 for all j = 1, . . . , 2k. Then there exist a, b ∈ {−1, 1} such
that for all s = 1, . . . , k we have c2s−1 = a and c2s = b. Moreover, exactly
one of the following cases holds:

(a) R1 = R2, and c1 = c2 = · · · = c2k = a = b.
(b) R1 = −R2, c1 = c3 = · · · = c2k−1 = a, c2 = c4 = · · · = c2k = b, and

a 6= b.

Moreover, if case (b) holds, then

c1 + c2 + · · ·+ c2k = 0.

Proof. Since R2 is a multiple of R1 and each entry of C is ±1, there are
two cases to consider: (1) R1 = R2 and (2) R1 = −R2.

In case (1), comparing the first entries of R1 and R2 gives c2k = c1, and
comparing the remaining entries shows that c1 = c2 = c3 = · · · = c2k−1. Thus
all entries of R1 are equal, say to a ∈ {−1, 1}. Hence case (a) holds.
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In case (2), a similar argument shows that (b) holds. Then a 6= b, so that
{a, b} = {−1, 1}. Hence,

c1 + c2 + · · ·+ c2k = (a+ b)k = 0.

The following lemma gives some properties of certain circulant matrices of
rank 2.

Lemma 2.3. Let D := circm(d1, . . . , d2k) be a circulant matrix of order
2k ≥ 6 and rank 2 such that d2j = 1 for all j = 1, . . . , 2k. Assume that the
first two rows of D,

v = (d1, d2, d3, . . . , d2k−2, d2k−1, d2k),

and

w = (d2k, d1, d2, . . . , d2k−3, d2k−2, d2k−1),

are Q-linearly independent. Let u = av+ bw be any row of D, where a, b ∈ Q.
Assume that

s := d1 + d2 + · · ·+ d2k−1 + d2k 6= 0.

Then a+ b = 1.

Proof. For simplicity (the proof in the general case is similar), we may
assume that u is the third row of D, so that

(2.1) u = (d2k−1, d2k, d1, . . . , d2k−4, d2k−3, d2k−2).

Since u = av+bw, with indices taken modulo 2k, we have for all j = 1, . . . , 2k:

(2.2) dj = a dj+2 + b dj+1.

Summing over all j in (2.2) gives

(2.3) s = a s+ b s.

As s 6= 0, equation (2.3) implies that a+ b = 1, as claimed.

Lemma 2.4. Let hk, h`, hm ∈ {−1, 1}. Assume that for some rational
numbers a, b ∈ Q satisfying

(2.4) a+ b = 1,

we have

(2.5) hk = a h` + b hm.

Then either

(2.6) hk = h` = hm,

or

(2.7) (a, b) ∈ {(0, 1), (1, 0)}.
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Proof. Assume first that ab 6= 0. It suffices to prove that h` = hm, since
if this holds then (2.5) and (2.4) give

(2.8) hk = (a+ b)h` = h`.

To prove h` = hm, assume without loss of generality that

(2.9) h` = 1, hm = −1.

From (2.5) we obtain

(2.10) hk = a− b.
If hk = 1, then together with (2.4) we find b = 0, a contradiction to ab 6= 0.
Similarly, if hk = −1 we find a = 0, again a contradiction. Thus h` = hm.

If ab = 0, then (2.4) implies (2.7).

Lemma 2.5. Let C = circm(c1, . . . , c2k) be a circulant matrix with entries
in {−1, 1}, of order 2k ≥ 6, such that the first row of C is equal to the third.
Let s = c1 + · · ·+ c2k. Then

s ∈ {0, 2k,−2k}.

Proof. Comparing the first and third rows of C gives cj = cj−2 for all j
(indices modulo 2k). Hence, all odd-indexed cj are equal to some c ∈ {−1, 1},
and all even-indexed cj are equal to some d ∈ {−1, 1}. Therefore, s = k(c+d),
which yields s ∈ {0, 2k,−2k}. This proves the claim.

We recall that a regular Hadamard matrix H is a Hadamard matrix whose
row and column sums are all equal to some integer s. We then say that H is
s-regular.

The following two lemmas are well known; see, e.g., [4, p. 1193], [14,
p. 234], [20, pp. 329–330].

Lemma 2.6. Let H be a regular Hadamard matrix of order n ≥ 4. Then
n = 4h2 for some positive integer h. Moreover, if H is circulant, then h
is odd. Furthermore, either H or −H is 2h-regular (the other being (−2h)-
regular). In the 2h-regular case, each row has 2h2 + h positive entries and
2h2 − h negative entries; in the (−2h)-regular case, each row has 2h2 − h
positive entries and 2h2 + h negative entries.

Lemma 2.7. Let H be a circulant Hadamard matrix of order n, let w =
exp(2πi/n), and let R(x) be its representer polynomial. Then:

(a) All eigenvalues R(s) of H, where s ∈ {1, w, w2, . . . , wn−1}, satisfy

|R(s)| =
√
n.

(b) The vector v := [1, . . . , 1] ∈ Rn is an eigenvector of H with associated
eigenvalue λ, where either λ =

√
n or λ = −

√
n. If λ = −

√
n, then v

is an eigenvector of −H with associated eigenvalue −λ =
√
n.

The following lemma is important for the proof of the theorems.
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Lemma 2.8. Let H := circm(h1, . . . , hn) be a circulant Hadamard matrix,
let E1 := circm(h1, h3, h5, . . . , hn−1), and E2 := circm(h2, h4, h6, . . . , hn).
Then

(2.11)
∑
j 6=1

1≤j≤n/2

〈R1, Rj〉+
∑
j 6=1

1≤j≤n/2

〈S1, Sj〉 =
∑
j 6=1

1≤j≤n

〈T1, Tj〉 = 0,

where Rj, Sj, and Tj denote the j-th row of E1, E2, and H, respectively.

Proof. The result follows from the equality

(2.12) 〈R1, Rj〉+ 〈S1, Sj〉 = 〈T1, T2j−1〉,

since two distinct rows of H are orthogonal.

Lemma 2.9. Let H := circm(h1, . . . , hn) be a circulant Hadamard matrix,
let E1 := circm(h1, h3, h5, . . . , hn−1), and E2 := circm(h2, h4, h6, . . . , hn). Let

λ1 := h1 + h3 + · · ·+ hn−1, λ2 := h2 + h4 + · · ·+ hn,

be the real eigenvalues of E1 and E2 associated with the eigenvector v0 :=
[1, . . . , 1] ∈ Rn/2. Then λ1λ2 = 0, so that we may assume, without loss of
generality (possibly replacing H by πH), that

(2.13) h1 + h3 + · · ·+ hn−1 = 0, |h2 + h4 + · · ·+ hn| =
√
n.

Proof. With the same notation as in Lemma 2.8, put

a :=
∑
j 6=1

1≤j≤n/2

〈R1, Rj〉, b :=
∑
j 6=1

1≤j≤n/2

〈S1, Sj〉.

Since h2j = 1 for all j, we have

〈R1, R1〉 =
n

2
= 〈S1, S1〉.

Thus,

a+
n

2
= 〈R1,

∑
1≤j≤n/2

Rj〉 = 〈R1, λ1v0〉 = λ21,

and

b+
n

2
= 〈S1,

∑
1≤j≤n/2

Sj〉 = 〈S1, λ2v0〉 = λ22.

By Lemma 2.8 we have a+ b = 0. Adding the two equations above gives

λ21 + λ22 = n.

Moreover, Lemma 2.7 implies

λ1 + λ2 = h1 + h2 + · · ·+ hn ∈ {
√
n,−
√
n}.

These two relations together yield λ1λ2 = 0, as claimed.
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In order to prove our second theorem, we recall a special case of the
Plotkin bound (see [17], [18]) as well as a simple corollary of it involving
Hadamard matrices.

Lemma 2.10 (Plotkin bound, special case). Let V = Fk
2 , and let C be a

finite subset of a subspace W of dimension m. Let d be the minimum distance
in C, namely

d = min
x,y∈C
x 6=y

H(x, y),

where H(x, y) denotes the Hamming distance between x and y, i.e., the number
of coordinates equal to 1 in x + y. Let A2(m, d) be the maximum size of a
subset S of some m-dimensional subspace of V having minimum distance d.
If d is even and 2d > m, then

A2(m, d) ≤ 2

⌊
d

2d−m

⌋
.

Lemma 2.11. Let H = (Hi,j) be a Hadamard matrix of order n > 2. If a
submatrix L of H of size a× b contains only 1’s (or only −1’s), then ab ≤ n.

Proof. Without loss of generality, assume that all entries of L are equal
to 1. Let 1 ≤ i1, . . . , ia ≤ n and 1 ≤ j1, . . . , jb ≤ n be indices such that the
entries (Lr,s) of L, with 1 ≤ r ≤ a and 1 ≤ s ≤ b, satisfy

Lr,s = Hir,js .

Let Ri1 , . . . , Ria be the corresponding rows of H, and Tj1 , . . . , Tjb the corre-
sponding columns of H. Put C = {Ri1 , . . . , Ria}.

For any pair of rows Rih , Rik in C (say Ri1 , Ri2), define: (a) x1,2 as the
number of columns Tk with k /∈ {j1, . . . , jb} in which Hi1,k = Hi2,k; (b) y1,2
as the number of such columns in which Hi1,k 6= Hi2,k. Thus,

(2.14) x1,2 + y1,2 = n− b,
while the orthogonality of Ri1 and Ri2 implies

(2.15) b+ x1,2 − y1,2 = 〈Ri1 , Ri2〉 = 0.

From (2.14) and (2.15) we obtain

(2.16) y1,2 =
n

2
.

In other words,

(2.17) H(Ri1 , Ri2) =
n

2
,

since all entries of L are equal to 1.
We have thus proved that the minimum Hamming distance d in C satisfies

(2.18) d =
n

2
.
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Let m = n− b. Observe that the set C has a elements. With the notation of
Lemma 2.10, we have by definition of A2(m, d) that

(2.19) A2(m, d) ≥ a

by choosing the subset S = C. Since H is Hadamard and n > 2, the order n
is a multiple of 4. Hence (2.18) implies that d is even. Moreover, 2d = n >
m = n− b, so that (2.19) and Lemma 2.10 imply

(2.20) a ≤ 2

⌊
n/2

b

⌋
.

Multiplying (2.20) by b, we obtain

(2.21) ab ≤ 2b

⌊
n/2

b

⌋
≤ n.

This proves the result.

3. Proof of Theorem 1.2

Proof. We claim that it suffices to prove that (c) implies n = 4 and that
(d) implies n = 4. To justify this, we prove the following statements:

(1) If (a) holds, then (c) holds;
(2) If (b) holds, then (d) holds.

Assume that (a) holds. Observe that R1 and R2 are both nonzero and
that there exists a nonzero real number a such that

(3.22) R1 = aR2.

From (3.22), comparing the first coordinates, we obtain a = h1

hn−1
∈ {−1, 1}.

Hence a ∈ Q, and therefore R1 and R2 are linearly dependent over Q. Simi-
larly, S1 and S2 are linearly dependent over Q. This proves that (a) implies
(c).

Assume that (b) holds. Then the absolute values of the entries (1, 1) and
(1, 2) of G2 are equal, that is,

(3.23) |〈S1, S1〉| = |〈S1, S2〉|.

Similarly,

(3.24) |〈R1, R1〉| = |〈R1, R2〉|.

It follows from (3.23) and (3.24) that (b) implies (d).
We now prove that (c) implies n = 4. By Lemma 2.6, we have n = 4h2 for

some positive integer h. By Lemma 2.9, we may assume that the 2h2 entries
of E1 sum to 0, that is,

(3.25) h1 + h3 + · · ·+ hn−1 = 0.
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It follows from (3.25) that E1 has exactly h2 entries equal to 1 and h2 entries
equal to −1. Replacing H by −H if necessary, we may assume that H is
2h-regular. Hence, using (3.25), we deduce that

(3.26) h2 + h4 + · · ·+ hn = 2h.

Since by Lemma 2.6, the first row of H contains exactly 2h2 +h entries equal
to 1, and h2 of them already appear in E1, it follows that E2 has h2+h entries
equal to 1 in its first row S1. Similarly, S1 has h2 − h entries equal to −1.

On the other hand, by Lemma 2.2 (a), applied to C = E2 with k = h2,
all 2h2 entries of S1 are equal to some a ∈ {−1, 1}. Hence:

(i) If a = 1, then all 2h2 entries of S1 are equal to 1, so that

(3.27) 2h2 = h2 + h,

which implies h2 = h, and hence h = 1.
(ii) If a = −1, then all 2h2 entries of S1 are equal to −1, so that

(3.28) 2h2 = h2 − h,

which is impossible.

It remains to consider case (b) of Lemma 2.2, applied to C = E2 with
k = h2. This case cannot occur, since it would imply that

(3.29) h2 + h4 + · · ·+ hn = 0,

which contradicts (3.26). This proves that (c) implies n = 4.
We now show that (d) implies (c). Assume that (d) holds. Observe that

(3.30) |〈R2, R2〉| =
n

2
= |〈R1, R1〉|.

It follows from (d) and (3.30) that

(3.31) |〈R1, R2〉|2 = |〈R1, R1〉| · |〈R2, R2〉|.

Thus equality holds in the Cauchy–Schwarz inequality, and therefore R1 and
R2 are linearly dependent over R. As in (3.22), it follows that they are in fact
linearly dependent over Q. Similarly, S1 and S2 are linearly dependent over
Q. This proves the claim.

Since (d) implies (c) and (c) implies n = 4, we conclude that (d) implies
n = 4. This completes the proof.

4. Proof of Theorem 1.5

Proof. Assume, by contradiction, that H is a circulant Hadamard ma-
trix with n > 4. By Lemma 2.9, we may assume that (2.13) holds. Moreover,
replacing H by −H if necessary, we may assume that h2 + h4 + · · · + hn is
positive. Namely, the following hold:

(4.32) h1 + h3 + · · ·+ hn−1 = 0,



10 A. DOMIC, L. H. GALLARDO

and

(4.33) h2 + h4 + · · ·+ hn =
√
n.

By Lemma 2.6, we have n = 4h2. Let L be the submatrix of H formed
by the intersection of rows 1, 5, . . . , 4h2 − 3 and columns 1, 5, . . . , 4h2 − 3.

Assume that rank(E1) = 1. Apply Lemma 2.2 to C = E1. If case (a) of
Lemma 2.2 holds, then

(4.34) h1 = h3 = · · · = hn−1,

and (4.32) gives the contradiction (n/2)h1 = 0. Hence case (b) of Lemma 2.2
holds, and thus

(4.35) h1 = h5 = · · · = hn−3 ∈ {−1, 1}.
It follows from (4.35) that L is a submatrix of H of size h2 × h2 whose

entries are all equal. Therefore, Lemma 2.11 implies that

(4.36) h2 · h2 ≤ 4h2.

Thus h2 ≤ 4. Since h is odd by Lemma 2.6, we obtain h = 1, hence n = 4, a
contradiction.

Assume that rank(E2) = 1. Apply Lemma 2.2 to C = E2. If case (b) of
Lemma 2.2 holds, then

(4.37) h2 + h4 + · · ·+ hn = 0,

which contradicts (4.33). Hence case (a) of Lemma 2.2 holds, and we obtain

(4.38) h2 = h4 = · · · = hn = 1.

It follows that E2 is a submatrix of H of size 2h2 × 2h2 whose entries are all
equal to 1. By (4.38) combined with (4.33), we obtain

(4.39) 2 · h2 = 2 · h
that is, h = 1 and n = 4, a contradiction.

This proves the theorem in case (a).

We now prove case (b). Assume that both E1 and E2 have rank 2. By
Lemma 2.6, n = 4h2 with h odd.

Let v, w be the first two rows of E2 = circm(h2, h4, . . . , h4h2). We claim
that v and w are linearly independent over Q. Otherwise, applying Lemma 2.2
to C = E2 yields

(4.40) h2 = h4 = · · · = h4h2 = 1,

since case (b) of Lemma 2.2 is impossible by (4.33). From (4.40) and (4.33),
we obtain

(4.41) 2h2 = 2h,

that is, h = 1, a contradiction. This proves the claim.
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Let u be the third row of E2. Since v and w form a basis of the Q-vector
space generated by the rows of E2, there exist a, b ∈ Q such that

(4.42) u = av + bw.

Let S = h2 +h4 + · · ·+h4h2 . Since, by (4.33), S 6= 0, Lemma 2.3 with D = E2

and s = S implies that

(4.43) a+ b = 1.

Let h2j be any entry of u, with j = 2h2 − 1, 2h2, 1, 2, . . . , 2h2 − 2. By
(4.42), we have

(4.44) h2j = ah2j+4 + bh2j+2.

Assume that ab 6= 0. By Lemma 2.4, (4.44) implies

(4.45) h2j = h2j+4 = h2j+2

for all such j. Thus all entries of v are equal. By (4.33), they must be equal
to 1, and then (4.33) becomes (4.41), yielding again the contradiction h = 1.
Therefore, ab = 0. By (4.43), the only possibilities in (4.42) are w = u when
(a, b) = (0, 1) and v = u when (a, b) = (1, 0).

Since w and u are consecutive rows of E2, the same argument used above
to prove that v and w are Q-linearly independent shows that w and u are also
Q-linearly independent. Hence w 6= u, so this case is impossible. Therefore,
v = u. By Lemma 2.5 with C = E2 and s = S, we obtain

(4.46) S ∈ {0, 2h2,−2h2}.

But by (4.33), S = 2h. Hence (4.46) implies again (4.41), yielding the con-
tradiction h = 1.

This completes the proof.
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