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A NOTE ON THE CHEBYSHEV INEQUALITY AND
RELATED INEQUALITIES FOR FIBONACCI NUMBERS

VERA CULJAK, JOSIP PECARIC

ABSTRACT. Some new results for Fibonacci sequence concerning the
Chebyshev type inequalities are proved.

1. INTRODUCTION

The Chebyshev inequality is the important inequality in mathematical
analysis which state that

n n n n
(L.1) ij Zpixiyi > ijxj Zpiyi
=1 =1 j=1 i=1

where x = (z1,22,...,25), ¥y = (Y1,¥2, ..., Yn) are n-tuples monotonic in
the same direction, and p = (p1, pa, - .., Pn) is a positive n-tuple.

If x and y are monotonic in opposite direction then the reverse of the
inequality (1.1) holds.

In either case equality holds iff either z1 =29 =--- =z, or

Y1=Y2 =" = UYn.

The Chebyshev inequality can be generalized for m nonnegative n-tuples
x; = (zj1, %42, Tjn), 5 =1,2,...,m : m > 2) which are monotonic in the
same direction. Then holds
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(1.2) (Zpi)m_l Z:pz(l:[sz) > U (szl‘ﬂ)

If all n-tuples x are positive, then the equality in (1.2) holds iff at least
m — 1 n-tuples among x1,...,X,, have identical components.
Let denote difference of the Chebyshev inequality

(1'3) X Y3 p sz szxzyz ijl‘j szyz

We will also consider inequalities related to the Chebyshev inequality. The
Griiss inequality provides bound for the diference in the Chebyshev inequality
and the Karamata inequality is an analogous result for the ratio (see [7] p.
296, 298 and [6] p. 206, 212). There are a number of further refinements and
generalizations of Griss inequality.

Let’s recall the definition of the Fibonacci sequence F,: F, is the n'?
Fibonacci number defined by Fy = 0, F} = 1 and for all n > 2,
Fo=F, 1+ F, 2.

Furthermore, for Fibonacci numbers, let’s state some known identities
(see [4] p. 11 and p. 61):

n
(1.4) ZFf :FnFn-‘rh

i=1

(1.5) ZF Frio —

(1.6) Zinq = Fop,
i=1

(1.7) Z Foy = Fopiq — 1.

i=1
(1.8) > iF;=Fn— Foys+2,
(1.9) > Fiio=F3,,

=1

(1.10) ; (?) Fyi = Fo.
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In this note we are inspired by the Popescu and Diaz Barrero result for
Fibonacci numbers F,, published in [8]:

THEOREM A 1. Let n be a positive integer and | be an integer. Then
holds

(1.11) (FuFo1)? <Y FL Y R

The authors used the Jensen inequality for convex functions and the proof
reveals that (1.11) is valid for all n € N and all [ € R. Recently, Alzer and
Luca in [2] obtained the following extension of this result by using the Cauchy-
Schwarz inequality.

THEOREM A 2. Letr,s € R with r + s > 4. Then forn > 1, holds
(1.12) (FuFn1)? <> F) Y Ff

The sign of equality is valid in (1.12) iff n=1,2 orn >3, r =s = 2.

Alzer and Kwong in [1] determined by using computer software all real
parameters r and s such that inequality (1.12) holds for n > 1.

We use the reverse Chebyshev inequality to get the result in Theorem Al
and result in Theorem A2 for special case r + s = 4.

THEOREM A 3. Letn € N and ¢ € R. Then holds
(1.13) (FuFog1)? <Y F2eN R
j=1 i=1

Equality holds iff eithern=1,2 orn >3, ¢c=0.

PROOF. Let us use the reverse Chebyshev inequality (1.1) for n-tuples
x = (1,22, .,Zn), ¥y = (Y1,Y2,...,Yn) which are monotonic in the oposite
direction and p = (p1,p2,...,Pn) is a positive n-tuple with the following
substitutions: p; = F?, z; = F¢ and y; = F “fori=1,2,...,nand c € R.

zn: F? zn: FPF{F; ¢ < zn: FPF¢ zn: FF; ¢
Jj=1 i=1 Jj=1 i=1
n

n n n
2 2 24c 2—c
DEDIEES DR oy
j=1 =1 j=1 i=1
By using the identities (1.4) we get the inequaliy (1.13).
The condition for the equality in the Chebyshev inequality give us the
condition for the equality in (1.13). d
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REMARK 1.1. For [ = ¢+ 2 in (1.13) we get the inequality in Theorem
Al and for r = 2+ ¢ and s = 2 — ¢ we get the inequality in Theorem A2 if
r+c=4.

2. CHEBYSHEV INEQUALITY FOR FIBONACCI NUMBERS
THEOREM 2.1. Let n € N, and p = (p1,p2, - ,Pn) be a positive n-
n
tuple with P, = >_ p;. Let f and g be real valued functions. If f and g are

i=1
momnotonic in the same direction then holds

(214) Pa Y i (F)9(F) 2 Y S S pig(F).

If f and g are monotonic in opposite direction then the reverse of the

inequality (2.14) holds.

PROOF. We use the Chebyshev inequality for n -tuples x = (z1,22,...,2Zn),y =
(y1, 92, - - -, yn) and for positive n-tuple p = (p1, po, - . . , b ) With the following
substitutions: x; = f(F;) and y; = g(F;), i = 1,2,...,n for functions f and
g which are monotonic in the same direction. 0

COROLLARY 2.2. Letn € N. If r and s € R such that rs > 0 then holds

n

(2.15) FnFn+1 in}HJrs > i Fj2+r ZFi2+S'

i=1 j=1 i=1
Ifr and s € R such that rs < 0 then holds the revers of inequality (2.15).

PROOF. We apply (2.14) for functions f(z) = " and g(z) = z* such that
rs > 0 with substitutions p; = F? and x; = F[, y; = F . The identities (1.4)
give us the inequality (2.15). d

REMARK 2.3. For r = ¢, s = —c for ¢ € R we get a result in Theorem A3.

THEOREM 2.4. Let n € N and p = (p1,p2,...,Dn) 1S a positive n-tuple
n

and P, = Y p;. Let fi, fo, f3,.. .y fm : m > 2 be nonnegative real valued
i=1

functions. IZf:fl, fo, f3, ..., fin are monotonic in the same direction then holds
(2.16) ()" e (TT ) = TT (v £(F).
=1 j=1 j=1 =1

PROOF. Let us use the Chebyshev inequality (??) for m nonnegative n-
tuples x; = (1, %j2,---+%jn), 3 = 1,2,...,m : m > 2) which are monotonic
in the same direction. with the following substitutions: z;; = f;(F}), j =
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1,...,m 1= 1,2,...,n for functions f;j = 1,...,m which are positive and
monotonic in the same direction. 0

COROLLARY 2.5. Letn € N and ri,7r3,73,...,7y € R:m > 2.

If T] r; > 0 then holds

j=1
m v 2+E YT (N 2t
(2.17) (FuFor))™ > F 770 = [[OO_F™).
i=1 j=1 i=1

PROOF. Let us use the Chebyshev inequality (1.2) for m nonnegative n-

tuples x; = (21, 252,---,%jn), = 1,2,...,m : m > 2) which are monotonic

in the same direction. Wlth the follovvlng substitutions: zj; = fj( ), J =

1,...,m i=1,2,...,n for functions f;(z) =a™,j=1,...,m. If H r; >0
j=1

then functions f; are positive and monotonic in the same direction. We are
setting in (1.2):
=Flandzj; =F"forj=1,....m;i=1,...,n.
By using the identities (1.4) we get the inequaliy (2.17). 0

REMARK 2.6. As special cases of Theorem 2.1 and Theorem 2.4 we can
establishe new inequalities if we select for weights p = (p1,p2,...,pn) the
n

following substitutions and coredponding P,, = > p; according identities (1.4)
i
— (1.10) respectively:

) n
pi=F pi=F, pi=Fo_1,pi=Foi,pi =i Fj, p; = Fio, p; = (Z)Fm

3. CHEBYSHEV INEQUALITY FOR LUCAS NUBERS

Let’s recall the definition of the Lucas numbers L,,: L,, is the nt* Lucas
number defined by Lo =2, L1 =1 and for all n > 1,

Ly=Ln 1+ Ly 2

or
Ln — I'n41 +Fn—1-

Furthermore, for Lucas numbers, let’s state some known identities (see
[4] p. 98):
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(318) ZLf = LnLn+1 - 27
i=1
(3.19) Z Lai—1 = Lan — 2,
i=1
n
(3.20) ZLQi = Lont1 — 1,
i=1
(3.21) > iLi=nLnis— Lngs+4.

i=1

By using reverse Chebyshev inequality we can obtain inequality related
to Theorem 3 for Lucas numbers.

THEOREM A 4. Let n € N and ¢ € R. Then holds

(3.22) (LnLny1 —2)° <Y 12y 17
j=1 i=1

REMARK 3.1. As special case of Theorem 4 we can establishe new inequal-
ities for Lucas numbers if we select for weights p = (p1,p2,...,pn) the fol-
n

lowing substitutions and coredponding P, = Y p; according identities (3.18)
i
— (3.21) respectively:

pi=L2 pi = Loi_1, p; = Loy, p; = i L.

We can state similar reslut as Theorem 2.1 and Theorem 2.4 for Lucas
numbers.
For mixed identities of Fibonacci and Lucas number (see [4] p. 110):

K2

(3.24) 3 (”) L_iF; = 2"F,.
1

i=1

(3.23) (“) Fo_iF; = %(2%” —92),
1
=1

we present the following corollaries.

COROLLARY 3.2. Let n € N. Ifr and s € R such that rs > 0 then for
Fibonacci numbers and Lucas numbers holds
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(3.25)
1 - n 1+r+s - n 1+4+r - n 1+s
5(2nLn —2) Z <Z)FnF > Z (Z)FRFJ Z ) F,_;F*.
i=1 j=1 i=1
(3.26)
o S n L _F1+r+s > = n L _F1+r S n L _F1+s
( n) Z i n—id’; = Z i n—it’y Z i n—id’; .
i=1 j=1 i=1

If r and s € R such that rs < 0 then for Fibonacci numbers and Lucas
number holds the reverse of inequality (3.25) and (3.26).

PROOF. We apply (2.14) for functions f(z) = 2" and g(x) = z*® such
that 7s > 0 with substitutions p; = (7)Fn—iF; or p; = (})Ln—iF; and z; =
Fr, y;, = F? . The identities (3.23) and (3.24) give us the inequality (3.25)

K3

and (3.25) respectively. |

4. GRUSSS INEQUALITY AND KARAMATA INEQUALITY FOR FIBONACCI
NUMBERS AND LUCAS NUMBERS

The following theorem pointed out the Griiss inequality for Fibonacci
numbers.
THEOREM 4.1. Let n € N, and p = (p1,p2,...,pn) be a positive n-tuple

with P, = > p;. Let f and g be real valued functions such that it holds
i=1

(427) 0<m < M, 0<me < My,m; < f(Fz) < Mp, mg < g(Fl) < Ms.
Then holds

S (FEg(F) X pif(E) S pig(Fy)
(4.28) =1 _ = =1

1
< = (My—my)(My—
P, P, P, |74( 1 ml)( 2 mZ)

PROOF. As a complement of the Chebyshev inequality holds (discrete)
weighted Griiss’ inequality (see [7], p.296) holds: We use the Griiss inequality
for n -tuples x = (x1,22,...,2,),y = (y1,¥Y2,.-.,yn) and for positive n-
tuple p = (p1,p2,...,pn) with the following substitutions: z; = f(F;) and
yi = g(Fy), i =1,2,...,n for functions f and g such that the condition (4.27)
is satisfied. a0

COROLLARY 4.2. Letn € N, n > 2.
If r and s € R such that r s > 0 then holds
(4.29)

1 24rds L T 24s| < Lopr s
s T s e LT R < g - 0 - 1)

i=1 j=1 i=1
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If r and s € R such that rs < 0 then holds

n

1 24rts L 2tr 24s o
’FnFnH;Fi FF+1 ZF ZF |< 1)(1—F2)

PROOF. We apply (4.29) for functions f(z) = " and g(z) = z° such that
rs > 0 which satisied (4.27) with substitutions p; = F2. The identities (1.4)
give us the inequality (4.29). We proceed analogously for the case rs < 0. 0O

COROLLARY 4.3. Letn € N, n > 2.
If r and s € R such that rs > 0 then for Fibonacci numbers ¢ Lucas
numbers holds

1 247 2br 9 s
‘FnFnH;F" L= FF+1 ZF ZFL|< D(Ly = 1)

j=1

If r and s € R such that rs < 0 then for Fibonacci numbers i Lucas
numbers holds

1 - 2+rys .~ 2+r 2 N
‘FnFn—s-li:ZlFi L; FFn+1 ZF ZF L3|< 1)(1-1L3)

j=1

Recall now the Karamata inequality (see [7] p. 298 and [6] p. 212):

( Z pﬂi) ( Z piyi)
(430) K72 < i=1 _ i=1 < 1{27
P, lezivz Yi
(4.31) K= Yz v

\/m1M2—|—\/M1m2 -

where x = (1, 22,....Tn), ¥ = (Y1, ¥2,---, Yn) are n-tuples such that the condi-
tion

(432) 0<m1<M1, 0<m2<M2,m1SkaMl,mgéykSMg;
n
holds and p = (p1, p2,.--, Pn) is a positive n-tuple with P, = 3 p;.

j=1
We pointed out the Katramata inequality for Fibonacci numbers.

THEOREM 4.4. Let n € N, and p = (p1,p2,..,Pn) be a positive n-tuple

with P, = Y p;. Let f and g be real valued functions such that it holds
i=1

(433) 0<my <My, 0<mg < My,my < f( ) < Mp, mg < g(Fz) < M.
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Then holds
_Zn: pif(Fi)- XHI pig(Fi)
(4.34) K2<=L =1 < K2,
P, ; pif(F;) g(F;)
(4.35) Vi ms + VM

\/m1M2+\/M1m2 -

PRrROOF. We use the Karamata inequality (see [7] p. 298 and [6] p. 212)
for n -tuples x = (x1,22,...,20),y = (y1,Y2,---,yn) and for positive n-
tuple p = (p1,p2,-..,pn) with the following substitutions: z; = f(F;) and
yi = g(F;), i=1,2,...,n for functions f and g such that the condition (4.33)
is satisfied. d

COROLLARY 4.5. Let n € N.
If r and s € R such that rs > 0 then holds

Xn: F_2+7‘_ Zn: F2+s
(436) K72 < i=1 ni:1 < K2,
FnFn+1 Z F,L‘2+T+S
=1
r+s
(4.37) K- 1tV
Pt VB

If r and s € R such that rs < 0 then holds

Z 2+r . Z Fi2+s
(4.38) K2<=t =1 < K2,
FnFn+1 E F2+’I‘+S

Vi +VEL
1 + /FrJrs
PROOF. We apply (4.35) for functions f(z) = 2" and g(z) = z* such that

rs > 0 with substitutions p; = F? and z; = F/, y; = F . The identities (1.4)
give us the inequality (4.39). We proceed analogously for the case rs < 0. O

(4.39) K =

For Fibonacci numbers and Lucas number holds the following Karamata
inequality.
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COROLLARY 4.6. Let n € N.
If r and s € R such that rs > 0 then holds

F2 SR
(440) K72 < i=1 nz:l < K2,
FnFnJrl Z Fi2+TLf
1=1
1+ /FrLs
(4.41) i i B

VLS +Fr T

If r and s € R such that r s < 0 then holds

n n
S FFT Y FRL
(4.42) K?2< ™=t =1 < K2,
FnFn-i-l Z Fz‘Q—H‘Lf
i=1
LS+ \/FT
(4.43) K=Y _V 1>
FrLs,

PROOF. We apply (4.35) for functions f(z) = 2" and g(z) = z* such that
rs > with substitutions p; = F? and z; = F/, y; = L . The identities (1.4)
give us the inequality (4.43). |

5. EXTENSION OF GRUSS INEQUALITY FOR FIBONACCI NUMBERS AND
LUCAS NUMBER

For Fibonacci numbers the following interpolation result holds.

THEOREM 5.1. Let n € N, and T,(a,b;p) defined by (1.3). If func-
tions f and g are monotonic in the same direction then for n-tuples a =

(f(F1), f(F2),- -+, f(Fn)) and b = (g(F1), g(F2), -+, g(Fy)) holds
(5.44) To(a,b;p) > T, —1(a,b;p) > --- > Ta(a,a;p) > 0.

PRrROOF. We use the refinement of the Chebyshev inequality (see [6] p.
275) for T,, with positiv p;; = p;p;. d

THEOREM 5.2. Let n € N, and T,,(a,b;p) defined by (1.3).

(i) If functions f and g are monotonic in the same direction then for
n-tuples

a = (f(Fl)a f(FQ)a e 7f(Fn)) and b = (g(Fl)vg(FZ)a e 7g(Fn)) such
that

f(Fes1) = f(Fx) = m and g(Fies1) — g(F) 27, k=1,--- ,n—1 holds

(5.45) Tn(a,bi p) > mrTn(e,e; p) >0,

where e = (0,1,2,--- ,n —1).
(i) If functions f and g are monotonic in the oposite direction then
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(5.46) Tn(a,b;p) <mrT,(e,&p) <0,
wheree = (n—1,n,---,1,0).

PROOF. We use the refinement of the Chebyshev inequality (see [7] p.
207) for T,, with positive p; for Fibonacci numbers. 0

THEOREM 5.3. Let n € N, and p = (p1,p2,...,pn) be a positive n-tuple
with P, =Y p;. Let f and g be real valued functions such that it holds

i=1

(5.47) 0<my <My, 0 <mg < Ma,mq < f(F;) < My, mo < g(F;) < M.

Then holds

(5.48)

gjlpzf(Fz)g(Fz) Ji:lpjf(Fj) Zijlpig(Fi) 1

| o ——F 2 | < 7 (Mr=mm)(Mz—m) max P(J) (1-P(J)),
where I, = {1,2,- - ,n} and P(J) = 5~ > pi for J C I,.

" keJ
PROOF. We use the extension of the Griiss inequality (see Corollary 2.6
in [5] and [3] ) for D(x,y;p) = PlQT (x,y;p) with positive p;. d
THEOREM 5.4. Letn € N, and p = (p1,p2,-..,0n) be a positive n-tuple
with P, = Z pi. Let f and g be real valued functions such that f is mono-
tonically decreasmg (or increassing) and it holds

(549) 0<m1<M1,O<m2<M2,m1<f( )<M1,m2<g(F)<M2

Then holds
(5.50)
amﬂEM@D Z%( Z%MI
|’L— Pn Pn Pn ‘ < P2 leml)(MQme) 1§I]§1231(71Pk (Pnfpk)

PROOF. We use the extension of the Griiss inequality (see Corollary 2.7
in [5] and [3] ) for D(x,y;p) = T (x,y; p) with positive p;. 0

COROLLARY 5.5. Letn € N, n > 2.
If r and s € R such that rs > 0 then holds

1 - 1 - 1
Frrds_ - F“T F2s) < Fr—1)(F3-1 FF F,F,i1—FuFriq).
|FnFn+1 ; i (F Fpi1)? Z Z i | = FgFg_H( R -1) max L'k k1 ( +1—FFioq1)

1 1 1<k<n
j= i=
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If r and s € R such that rs < 0 then holds

1 2+r+s 1 S 2+4r - 24s 1
|FnFn+1 ZF’L (FnFn+1)2 ZF] ZFl | S F2F2+

i=1 j=1 i=1 ntntl

(F—D(A-F7) | max  FiFiyr (BB —FpFig).

REMARK 5.6. As special cases of Theorem 4.1, Theorem 4.4, Theorem 5.1,
Theorem 5.2, Theorem 5.3 and Theorem 5.4 we can establishe new inequalities
if we select for weights p = (p1,p2,...,pn) the following substitutions and

coredponding P,, = > p; according identities (1.4) — (1.10) respectively:

) n
pi=F pi=F, pi=Fo_1,pi=Foi, pi =i Fj, p; = Fai_o, p; = (Z)Fzz
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Biljeska o Cebisevljevoj nejednakosti i povezanim nejednakostima
za Fibonaccijeve brojeve

Vera Culjak, Josip Pecarié

SAZETAK. U radu su dokazani novi rezultati za Fibonacci-
jeve brojeve koji se odnose na CebiSevljevu nejednakost i s njom
povezane nejednakosti.
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