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A COMBINATORIAL APPROACH TO THE FOURIER
EXPANSIONS OF POWERS OF COS AND SIN

MirceEA CIMPOEAS

ABSTRACT. We present a combinatorial approach to the computation
of the (real) Fourier expansions of cos™(t) and sin™(¢), where n > 1 is an
integer. As an application, we compute the Fourier expansions of f(t) =
and g(t) = where a € R with |a| > 1.

S S 1
a—cost a—sint’

1. INTRODUCTION

Fourier series plays a very important role, both in pure mathematics and
in various branches of applied mathematics and engineering, like, for instance,
in the study of periodic signals. For a friendly introduction in the topic of
Fourier series and Fourier analysis, we refer the reader to [6] and [1, Chapter
15).

It is well known that if f : R — R is a twice continuously differentiable
periodic function, with the period T' = 27, then f(¢) has the (real) Fourier

expansion:

F6) =2+ 3" a, cos(nt) + 3 by sin(nt), where

2 n=1 n=1
1 2
ap = — f(t) cos(nt)dt, for all n > 0, and
T Jo
1 27
b, = — f(t)sin(nt) dt, for all n > 1.
T Jo

Moreover, the Fourier series is uniformly convergent; see [6, Corollary 2.2.4].
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Our aim is to provide a combinatorial approach to the computation of
the Fourier series of cos™ t and sin™ ¢. Our paper is structured as follows:

In Section 2 we prove several combinatorial formulas which will be used
later on. For instance, in Lemma 2.1, we prove that

> (o) () = () (20)

: 51
Z 'n J) Zgn-2s—1 (75 , forallm>1,5>0.
; 2j+1/\s s

j=0

Section 3 is dedicated to our main results. In Proposition 3.1 we proved that
for any integer n > 1 and any ¢ € R, we have that

cos(nt) = %(—1)82”251 <(" R 8) + (" :I 1)) - cos™ 25 (4).

s=0

In Remark 3.2(2), we note the connection with the Chebyshev polynomials of
the first kind. In Proposition 3.4, we prove similar formulas for sin(nt), where
n>1.

In Theorem 3.6 we proved that for any integer £ > 0, we have that

1 (2K
cos? = Joh= 1Z< )cos ((2k — 2j)t) + 22k<k) and

2k +1
2k+1 = 92k Z ( + ) cos((2k + 1 — 29)t), for all t € R.

See also [2]. Using the fact that sin(t) = cos(t — 5 ), we derive similar formulas
for sin?*(¢) and sin®**1(t); see Corollary 3.8. See also [3].

As an application, in Section 4, we compute the Fourier expansions of
f(t) = —-— and g(t) = —L—, where a € R with |a| > 1; see Theorem 4.2

and Corollary 4.3.

2. COMBINATORIAL LEMMATA

For any integers n > 0 and s > 0, we denote
(2.1)

o AL ol A PRI A )

Note that a, s = 0, for s > {%J, a, o =0, for s > L%HJ and aj, ; = 0, for
s > L” IJ.
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LEMMA 2.1. With the above notations, we have:

Wene=2 (M) (1101),
o=z () () (105 Y),

51
@ a2 (T2,

S
foralln>1,s > 0.

PRrROOF. First, note that from (2.1), we have a3 0 = 1 and oy s = 0 for
s > 1. Also, we have o} g = o} ; = 1 and o ; = 0 for s > 1. It follows that
the required formulas hold for n = 1 and s > 0. On the other hand, since
Yz (55) = 2= (314) = 2771, it follows that a0 = o, p = 2"" and,
thus, the required formulas hold for n > 1 and s = 0.

Let n > 1. From (2.1) it follows that
(2.2)

n+1\/(J n J n J ,
O[n-‘rl,s = Z ( 2] > <S> = Z <2]> (S) —|—Z (2] _ 1) (S = Oén,s +Oén,s.
=0 j=0 j=>0

Assume s > 1. From (2.1) it follows also that
(2.3)

=2 (o) ()2 (o 2) () = s S () (1)

On the other hand, we have
(2.4)

S-S0 ) o

From (2.2), (2.3) and (2.4) it follows that a, s’s and aj, ,'s satisfy the recur-
rence relations:

(25) Qnils = Qps + o, o, foralln>1,5 >0,

) A1 =0p gt nstag,foralln>1s>1

Hence, we can apply an inductive argument in order to complete the proof,
as the required formulas hold for n = 1 and s > 0, and, also, for n > 1 and
s =0. Assume n > 1 and s > 1 and the formulas hold for the pairs (n, s) and
(n,s —1). From (2.5) it follows that

— —s—1 n+1l—s
n S:2n—23—1 n S n &)
It (( s + s—1 + s +
4o n—s n n—s—1
s—1 5—2 '
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Since ("_S) + ("_s) = (”+1_5) and ("_5_1) + ("_5_1) = (Z:ls), it follows that

s s—1 s s—1 s—2

1— _

e () ()
s s—1

_ gnt1-2s-1 <(”+ 1 _3> " <”_5>> ’
s s—1

as required. Also, from (2.5) it follows that
O[’/n—i-l,s = Qnils T ns—1
_ gn-2s-1 2n+1fs 49 n—s 4 n+1l—s 4 n—s\\
s s—1 s—1 s—2

Since ("+177) + ("1 = ("277) and (279)+ (°73) = (*F117), we therefore
obtain

) +2—s n+1l—s n—s
/ :211—25 n )
Ont1s s + s—1 * s—2))"

as required. Note that

(2.6)

ag s =0, forall s >0,and , o, = Z (27‘1 1) =2""1 for all n > 0.

jz1
Assume n,s > 1. Since (,},) = (”2;1) + (2@;11), from (2.1) it follows that
(2.7) Q= o+ an_1,, where ag, = 0.
We claim that
51
(2.8) ol = 9gn—2e-1 (” N ) for all n, s > 0.
: s

From (2.6) it follows that (2.8) holds for n =0 or s = 0. Assume n,s > 1. In
order to prove (2.8), using (2.7), it suffices to show that

Ap—1,5s = 2"—28—1 (n it 1) _ 2,”_23_2 (n — s — 2)7
o S

which follows immediately from (1) and the identity (”_j_l) — ("_5_2) =

S
("7*7?). Hence, the proof is complete. 0O

LEMMA 2.2. For all integers 0 < s < k, we have that:
Zs:( 2k )(k—j) :223_1(/{—&—5—1).
= 27 —1/\s—7j 2s —1
PrOOF. We denote u = k — j. It follows that

26505 -2 06

Jj=1
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Hence, the conclusion follows from Lemma 2.1(3).

LEMMA 2.3. Let £ > 0 be an integer. For any integert > 1, we have that

;(_1)5 (<2€:s> N (25:_51— 1)> (2?:3@) .

PROOF. Using the identity (—1)*(7) = (_x'zk_l) and the Chu-Vandermonde
summation (see [4]), we get:

29? (2£+s>(2§+j£) Zt:( £—1>(2z+§e>:(2t—1)_

t
s=0

Similarly, by denoting u = s — 1, we have:

(2.10)

Zt:(l)s(%“_l) (2t+2£> 3 ji (2€+u>< 2t +2¢ ) 3 (2t—1)
s—1 t—s ) u t—1—u) \t—1)

s=0 u=0

Since t > 1, the conclusion follows from (2.9) and (2.10). o

LEMMA 2.4. For all integers n,¢ > 0, we have that:

i n+2k—1\  (n+2k—1\\ (200 —k)\ (n+2
k k—1 (—k ) L '

k=0

ProOF. We use induction on n, ¢ > 0.

Assume n = 0 and ¢ > 0. Since (701) =1, (_ ) =0 and (% 1) = (Qkkjll)
for all k£ > 1, it follows that

() - G0 ) - ()

as required. Assume n > 1 and £ = 0. Since (8)
("_11) = 0, the assertion is trivial.

= (%) = () = 1 and



6 M. CIMPOEAS

Now, assume n,¢ > 1. Since ("+2k_1) = (n+2kk_2) + (n—zz,kl_l) and
("*k?_’“l H = (”f_’“l ) + ( 22 1), it follows that

(AR E=R[va
(2
E(CE ) N
()

200 — k)
—k
Denoting s = k — 1, it follows that

- n1€+§:<<n+2?‘_C1t?>)(?g_f—jv

=Sn—1,0+ Snt1,0-1-

~

k)
k

k)
-k

(]

+

Sl

k
+

)-
)
)-
("

Using the induction hypothesis on n and /¢, it follows that

g (nlH2), (n41420-2) (042
e ‘ (-1 “\ ¢ )

as required. Hence, the proof is complete. 0

3. MAIN RESULTS

PROPOSITION 3.1. Let n > 1 be an integer. We have that:
L2 os—1 [ (M — S n—s—1 9
COS(nt) _ Z(_1)52n— s— (( ) > + ( .1 )> -cos™” 3(t>7

s=0

for allt € R.

PROOF. We consider the Moivre identity
(3.11) ™ = cos(nt) +isin(nt) = (cost +isint)" = (e')™.
From (3.11) it follows that

(3.12) cos(nt) = A (—1) <"> cos™ 2 (t) sin® (t).
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Since sin®(t) = 1 — cos?(t), from (3.12) it follows that
1 B o ,

(3.13) cos(nt) = ) (—1)7 <2j> cos™ (1) Y (~1)* @) cos?(t).
Jj=0 £=0

(3.14)  cos(nt) = _j (=1)° E_J (Z) (Ji S) cos™25(4).
On the other hand, we have:

1 . IS
(3:15) ; (27‘) <j ’ s) & <2j> (i)

Now, the conclusion follows from Lemma 2.1, (3.14) and (3.15).

|

REMARK 3.2. (1) Note that Proposition 3.1 can be also proved by using

the well known recurrence

cos((n + 1)t) = 2 cos(t) cos(nt) — cos((n — 1)t).

(2) We recall that the Chebyshev polynomial of the first kind of order n,
denoted by T, is the unique polynomial satisfying 7),(cos @) = cos(nf); see
[5, Chapter 2] for further details. From Proposition 3.1, it easily follows that

,_
w3
| —

tie = sz (1) ()

s=

[}

EXAMPLE 3.3. (1) From Proposition 3.1, we have cos(2t) = 2cos?*t — 1.
(2) From Proposition 3.1, it follows that cos(4t) = 8 cos*(t) —8 cos?(t) +1.

PROPOSITION 3.4. (1) Let k > 0 be an integer. Then:

sin((2k + 1)) = zk:(_ gk < (Qk +81 - s> N <28k_—1s)> . gin2kt+1-2s

s=0

for allt € R.
(2) Let k >0 be an integer. Then:

2s — 1

k
sin(2kt) = cos(t) Z(fl)sf1 .21 <k N 1) -sin®*7L(t), for all t € R.

s=1
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PROOF. (1) Since sin(t) = cos(t — %), the result follows from Proposition
3.1 and the identities:

cos((2k + 1) (¢t — g)) =cos((2k + 1)t — km — g)
= (=1)*cos((2k + 1)t — 5) = (—1)"sin((2k + 1)t).

(2) From Moivre’s identity (see (3.11)) it follows that

k
(3.16) sin(2kt) = 2(71)3’*1 (;ﬁ 1) cos?PH1=2 (1) sin? 71 (¢).

Since cos?*=7)(t) = (1 — sin?(¢))*~7, from (3.16) we deduce that
(3.17)

k ki .
snk) = ost) 317, 2 ) S0 (B sy
£=0

j=1
Denoting s = j + ¢, from (3.17) it follows that

sin(2kt) = cos(t) i(_nsl sin%—l(t)g (;ﬁ 1> <’: B j >

Hence, the required conclusion follows from Lemma 2.2. 0

EXAMPLE 3.5. (1) According to Proposition 3.4(1), we have

sin(3t) = —4 (g) sind (1) + (G) 4 <é>> sin(t) = 3sin(t) — 4sin®(£).

(2) According to Proposition 3.4(2), we have
. 2\ . 3\ . 3 . .3
sin(4t) = cos(t) { 2 1 sin(t) — 8 4 ) sin (t) | = —4cos(t) sin(t)+8 cos(t) sin”®(t).
THEOREM 3.6. (1) Let k > 0 be an integer. Then:
1 [2k
cos?¥ = 5oh= 12( >cos (2k — 25)t) + 22’f<k:)'

(2) Let k >0 be an integer. Then:

cos?FHL () = 2% Z <2kj+ 1> cos((2k + 1 — 2j)1).

7=0
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PROOF. (1) We write cos?*(t) = %—&—Z?Zl Bj cos(2jt). From Proposition
3.1, it follows that
(3.18)

Bo &~ 2j — 2j—s—1
cos?*(t) = 204-; B ;}(—1)52%_25_1 (( ]s S) + < Js _81 )) cos? 25 (t).

From (3.18), it follows that 1 = 22*=!3; and thus 3, = 2%%1 In order to
prove (1), we have to show that

1 2k

We proceed by descending induction on ¢. The assertion is true for £ = k.
Suppose ¢ < k. From (3.18) it follows that

0= kz_f(—1)822‘f—1 ((%: s) + (%:31_ 1)) Brys-

s=0
Therefore, using the induction hypothesis, it follows that:

k—¢
s [20+s 20+s5—-1 B
Bz——g(—l) (( 5 )+( s 1 >>5@+s—
1 = 20 + 5 2 +5—1 2k
() ()6
Hence, in order to prove (3.19), it is enough to show that
’“i(_l)s 245\ (2+s—1 o\ [ 2
— s s—1 k—t—s)  \k—-t)’
which is equivalent to
k—0
20+ s 2W+s—1 2k
—1)% = 0.
S (7)) ) -

The last identity follows from Lemma 2.3, using the substitution t = k — £.
(2) The proof is similar. |

EXAMPLE 3.7. (1) Let k = 2. According to Theorem 3.6(1), we have:
1 4 4 1 /4 1
cos(t) = 5] ((0> cos(4t) + (1> cos(2t)>+24 <2) = g(cos(4t)+4 cos(2t)+3).
(2) Let k = 1. According to Theorem 3.6(2), we have:

cos®(t) = 2% ((g) cos(3t) + (f) cos(t)) = i(cos(i’)t) + 3cos(t)).

Also, from Theorem 3.6(1), we deduce the identity 2 cos?(t) = cos(2t) + 1.
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COROLLARY 3.8. (1) Let k > 0 be an integer. Then:

k—1
. 1 _i 2k , 1 (2k
sin?*(t) = ST Z(—l)k J < i ) cos((2k — 24)t) + Jok < I )
§=0
(2) Let k >0 be an integer. Then:

k
1 2k +1
sin?**1(t) = 5% E (—1)k_]< ;_ ) sin((2k + 1 — 25)t).
=0

PROOF. Since sin(t) = cos(t — §) and cos(t + nm) = (—1)" cos(t), from
Theorem 3.6 it follows that

k—1
. 1 (2 . 1 [2k
sin?*(t) = 22T Z(fl)k J < i ) cos((2k — 24)t) + 5ok < A )
3=0
Hence (1) holds. The proof of (2) is similar. |

4. AN APPLICATION
Let a € R with |a| > 1. We consider the function

1
f(t) ;= ———— where t € R.
a — cost

Since | cost| < 1, we have the expansion
(4.20) ft) = Z a”""tcos™t, for all t € R.
n=0

From (4.20), using Theorem 3.6, we can write

(4.21) f(t) = % + i an cos(nt), where a,, = % Z(Qa)—"—% (n + Qk),

k
n=1 k>0

for all n > 0. Using the binomial expansion, we have

(4.22)
1
—-2y—1 _ n{—2),-2n _ (2k =D e _ 2k —2k
k>0 k>0 k>0
From (4.21) and (4.22) it follows that
(4.23) ay = _z
‘ "avi-a?

With the above notations, we have the following:
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LEMMA 4.1. With the above notations, we have that (a,—1—aap)ag = 2a,.

PROOF. From (4.20), the required formula is equivalent to

S G- () )
_ ;(za)*”*% (” : 2£> .

Since 2("+2kk_1) - (""',’fk) = ("+2kk_1) - (”",ikl_l), the above identity is equiv-
alent to

;sw‘% () -(32) e ()
_ Z (n—|—2€>.

The last 1dent1ty follows immediately from Lemma 2.4. ]
THEOREM 4.2. With the above notations, we have that:
() = 1 B +Z2a" l1-vV1—-a2)"

a—cost ayl—a2 V1—a—2

PrOOF. Note that f(¢ ) has expansion given in (4.21), that is

+ E ay, cos(nt).
afcost
n>1

cos(nt).

Thus, in order to prove the theorem, we have to show that

n—1 / —2\n
(4.24) an:2a U-vi-a?) , for all n > 0.
V1—a=2
We use induction on n > 0. The case n = 0 follows from (4.23). In order
to prove the induction step, it is enough show that the desired expression of
a, satisfies the recurrence relation given in Lemma 4.1. Indeed, if we replace
G, ap—1 and ag with their required expressions, we get

(4.25)

26" 21— V1 —a2)"" 1 —24"(1 — /1 —a=2)" 2
VA av1—a=2

(ap—1—aan)ag =

On the other hand, we have:

AT a(l+vI—a?) -
awl—a2 av1—a=2
From (4.25) and (4.26) it follows that (a,—1 — aan)ag = 2a,, as required.
Hence, the proof is complete. 0

(4.26) L
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COROLLARY 4.3. With the above notations, we have that:

1 Z k2a2k*1(l—m)2k
a —sint a\/l—a V1—a=2

N i k2a2k 1— m)ZkJrl
V1—a=2

PRrOOF. Note that sin(t) = cos(t — 7) implies g(t) = f(t — 5). Hence,

g(t) = cos(2kt)+

sin((2k + 1)t).

2
the required formula follows from Theorem 4.2 and the identities:
—1)* t =2k
cos(nt — E) = ( )k c?s(n ) n .
2 (=1)*sin(nt), n=2k+1

EXAMPLE 4.4. (1) According to Theorem 4.2 we have that

1
ft) = 73 —oost Q\f \f Z )" cos(nt), for all t € R.

(2) According to Corollary 4.3, for all t € R, we have that
1 o0
s(2kt 3)"sin((2k + 1)t
e WZ )= D8 2k 1))
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