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A COMBINATORIAL APPROACH TO THE FOURIER
EXPANSIONS OF POWERS OF COS AND SIN

Mircea Cimpoeaş

Abstract. We present a combinatorial approach to the computation

of the (real) Fourier expansions of cosn(t) and sinn(t), where n ≥ 1 is an

integer. As an application, we compute the Fourier expansions of f(t) =
1

a−cos t
and g(t) = 1

a−sin t
, where a ∈ R with |a| > 1.

1. Introduction

Fourier series plays a very important role, both in pure mathematics and
in various branches of applied mathematics and engineering, like, for instance,
in the study of periodic signals. For a friendly introduction in the topic of
Fourier series and Fourier analysis, we refer the reader to [6] and [1, Chapter
15].

It is well known that if f : R → R is a twice continuously differentiable
periodic function, with the period T = 2π, then f(t) has the (real) Fourier
expansion:

f(t) =
a0

2
+

∞∑
n=1

an cos(nt) +

∞∑
n=1

bn sin(nt), where

an =
1

π

∫ 2π

0

f(t) cos(nt) dt, for all n ≥ 0, and

bn =
1

π

∫ 2π

0

f(t) sin(nt) dt, for all n ≥ 1.

Moreover, the Fourier series is uniformly convergent; see [6, Corollary 2.2.4].
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2 M. CIMPOEAŞ

Our aim is to provide a combinatorial approach to the computation of
the Fourier series of cosn t and sinn t. Our paper is structured as follows:

In Section 2 we prove several combinatorial formulas which will be used
later on. For instance, in Lemma 2.1, we prove that∑

j≥0

(
n

2j

)(
j

s

)
= 2n−2s−1

((
n− s
s

)
+

(
n− s− 1

s− 1

))
,

∑
j≥0

(
n

2j + 1

)(
j

s

)
= 2n−2s−1

(
n− s− 1

s

)
, for all n ≥ 1, s ≥ 0.

Section 3 is dedicated to our main results. In Proposition 3.1 we proved that
for any integer n ≥ 1 and any t ∈ R, we have that

cos(nt) =

bn
2 c∑
s=0

(−1)s2n−2s−1

((
n− s
s

)
+

(
n− s− 1

s− 1

))
· cosn−2s(t).

In Remark 3.2(2), we note the connection with the Chebyshev polynomials of
the first kind. In Proposition 3.4, we prove similar formulas for sin(nt), where
n ≥ 1.

In Theorem 3.6 we proved that for any integer k ≥ 0, we have that

cos2k(t) =
1

22k−1

k−1∑
j=0

(
2k

j

)
cos((2k − 2j)t) +

1

22k

(
2k

k

)
and

cos2k+1(t) =
1

22k

k∑
j=0

(
2k + 1

j

)
cos((2k + 1− 2j)t), for all t ∈ R.

See also [2]. Using the fact that sin(t) = cos(t− π
2 ), we derive similar formulas

for sin2k(t) and sin2k+1(t); see Corollary 3.8. See also [3].
As an application, in Section 4, we compute the Fourier expansions of

f(t) = 1
a−cos t and g(t) = 1

a−sin t , where a ∈ R with |a| > 1; see Theorem 4.2
and Corollary 4.3.

2. Combinatorial lemmata

For any integers n ≥ 0 and s ≥ 0, we denote
(2.1)

αn,s =
∑
j≥0

(
n

2j

)(
j

s

)
, α′n,s =

∑
j≥0

(
n

2j − 1

)(
j

s

)
and α′′n,s =

∑
j≥0

(
n

2j + 1

)(
j

s

)
.

Note that αn,s = 0, for s >
⌊
n
2

⌋
, α′n,s = 0, for s >

⌊
n+1

2

⌋
and α′′n,s = 0, for

s >
⌊
n−1

2

⌋
.
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Lemma 2.1. With the above notations, we have:

(1) αn,s = 2n−2s−1

((
n− s
s

)
+

(
n− s− 1

s− 1

))
,

(2) α′n,s = 2n−2s−1

((
n+ 1− s

s

)
+ 2

(
n− s
s− 1

)
+

(
n− s− 1

s− 2

))
,

(3) α′′n,s = 2n−2s−1

(
n− s− 1

s

)
.

for all n ≥ 1, s ≥ 0.

Proof. First, note that from (2.1), we have α1,0 = 1 and α1,s = 0 for
s ≥ 1. Also, we have α′1,0 = α′1,1 = 1 and α′1,s = 0 for s ≥ 1. It follows that
the required formulas hold for n = 1 and s ≥ 0. On the other hand, since∑n
j=0

(
n
2j

)
=
∑n
j=0

(
n

2j−1

)
= 2n−1, it follows that αn,0 = α′n,0 = 2n−1 and,

thus, the required formulas hold for n ≥ 1 and s = 0.
Let n ≥ 1. From (2.1) it follows that

(2.2)

αn+1,s =
∑
j≥0

(
n+ 1

2j

)(
j

s

)
=
∑
j≥0

(
n

2j

)(
j

s

)
+
∑
j≥0

(
n

2j − 1

)(
j

s

)
= αn,s+α′n,s.

Assume s ≥ 1. From (2.1) it follows also that
(2.3)

α′n+1,s =
∑
j≥0

(
n

2j − 1

)(
j

s

)
+
∑
j≥0

(
n

2j − 2

)(
j

s

)
= α′n,s +

∑
j≥0

(
n

2j

)(
j + 1

s

)
.

On the other hand, we have
(2.4)∑

j≥0

(
n

2j

)(
j + 1

s

)
=
∑
j≥0

(
n

2j

)(
j

s

)
+
∑
j≥0

(
n

2j

)(
j + 1

s− 1

)
= αn,s + αn,s−1.

From (2.2), (2.3) and (2.4) it follows that αn,s’s and α′n,s’s satisfy the recur-
rence relations:

(2.5)

{
αn+1,s = αn,s + α′n,s, for all n ≥ 1, s ≥ 0,

α′n+1,s = α′n,s + αn,s + αn,s−1 for all n ≥ 1, s ≥ 1
.

Hence, we can apply an inductive argument in order to complete the proof,
as the required formulas hold for n = 1 and s ≥ 0, and, also, for n ≥ 1 and
s = 0. Assume n ≥ 1 and s ≥ 1 and the formulas hold for the pairs (n, s) and
(n, s− 1). From (2.5) it follows that

αn+1,s =2n−2s−1

((
n− s
s

)
+

(
n− s− 1

s− 1

)
+

(
n+ 1− s

s

)
+

+2

(
n− s
s− 1

)
+

(
n− s− 1

s− 2

))
.
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Since
(
n−s
s

)
+
(
n−s
s−1

)
=
(
n+1−s

s

)
and

(
n−s−1
s−1

)
+
(
n−s−1
s−2

)
=
(
n−s
s−1

)
, it follows that

αn+1,s = 2n−2s−1

(
2

(
n+ 1− s

s

)
+ 2

(
n− s
s− 1

))
= 2n+1−2s−1

((
n+ 1− s

s

)
+

(
n− s
s− 1

))
,

as required. Also, from (2.5) it follows that

α′n+1,s = αn+1,s + αn,s−1

= 2n−2s−1

(
2

(
n+ 1− s

s

)
+ 2

(
n− s
s− 1

)
+ 4

(
n+ 1− s
s− 1

)
+ 4

(
n− s
s− 2

))
.

Since
(
n+1−s

s

)
+
(
n+1−s
s−1

)
=
(
n+2−s

s

)
and

(
n−s
s−1

)
+
(
n−s
s−2

)
=
(
n+1−s
s−1

)
, we therefore

obtain

α′n+1,s = 2n−2s

((
n+ 2− s

s

)
+ 2

(
n+ 1− s
s− 1

)
+

(
n− s
s− 2

))
,

as required. Note that
(2.6)

α′′0,s = 0, for all s ≥ 0, and , α′′n,0 =
∑
j≥1

(
n

2j + 1

)
= 2n−1, for all n ≥ 0.

Assume n, s ≥ 1. Since
(

n
2j+1

)
=
(
n−1
2j

)
+
(
n−1
2j+1

)
, from (2.1) it follows that

(2.7) α′′n,s = α′′n−1,s + αn−1,s, where α0,s = 0.

We claim that

(2.8) α′′n,s = 2n−2s−1

(
n− s− 1

s

)
for all n, s ≥ 0.

From (2.6) it follows that (2.8) holds for n = 0 or s = 0. Assume n, s ≥ 1. In
order to prove (2.8), using (2.7), it suffices to show that

αn−1,s = 2n−2s−1

(
n− s− 1

s

)
− 2n−2s−2

(
n− s− 2

s

)
,

which follows immediately from (1) and the identity
(
n−s−1

s

)
−
(
n−s−2

s

)
=(

n−s−2
s−1

)
. Hence, the proof is complete.

Lemma 2.2. For all integers 0 ≤ s ≤ k, we have that:
s∑
j=1

(
2k

2j − 1

)(
k − j
s− j

)
= 22s−1

(
k + s− 1

2s− 1

)
.

Proof. We denote u = k − j. It follows that
s∑
j=1

(
2k

2j − 1

)(
k − j
s− j

)
=
∑
u≥0

(
2k

2u+ 1

)(
u

k − s

)
.
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Hence, the conclusion follows from Lemma 2.1(3).

Lemma 2.3. Let ` ≥ 0 be an integer. For any integer t ≥ 1, we have that:

t∑
s=0

(−1)s
((

2`+ s

s

)
+

(
2`+ s− 1

s− 1

))(
2t+ 2`

t− s

)
= 0.

Proof. Using the identity (−1)k
(
x
k

)
=
(−x+k−1

k

)
and the Chu-Vandermonde

summation (see [4]), we get:

(2.9)

t∑
s=0

(−1)s
(

2`+ s

s

)(
2t+ 2`

t− s

)
=

t∑
s=0

(
−2`− 1

s

)(
2t+ 2`

t− s

)
=

(
2t− 1

t

)
.

Similarly, by denoting u = s− 1, we have:
(2.10)
t∑

s=0

(−1)s
(

2`+ s− 1

s− 1

)(
2t+ 2`

t− s

)
= −

t−1∑
u=0

(
2`+ u

u

)(
2t+ 2`

t− 1− u

)
=

(
2t− 1

t− 1

)
.

Since t ≥ 1, the conclusion follows from (2.9) and (2.10).

Lemma 2.4. For all integers n, ` ≥ 0, we have that:

∑̀
k=0

((
n+ 2k − 1

k

)
−
(
n+ 2k − 1

k − 1

))(
2(`− k)

`− k

)
=

(
n+ 2`

`

)
.

Proof. We use induction on n, ` ≥ 0.
Assume n = 0 and ` ≥ 0. Since

(−1
0

)
= 1,

(−1
−1

)
= 0 and

(
2k−1
k

)
=
(

2k−1
k−1

)
for all k ≥ 1, it follows that

∑̀
k=0

((
2k − 1

k

)
−
(

2k − 1

k − 1

))(
2(`− k)

`− k

)
=

(
2`

`

)
,

as required. Assume n ≥ 1 and ` = 0. Since
(
n
0

)
=
(
n−1

0

)
=
(

0
0

)
= 1 and(

n−1
−1

)
= 0, the assertion is trivial.
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Now, assume n, ` ≥ 1. Since
(
n+2k−1

k

)
=
(
n+2k−2

k

)
+
(
n+2k−1
k−1

)
and(

n+2k−1
k−1

)
=
(
n+2k−2
k−1

)
+
(
n+2k−1
k−2

)
, it follows that

Sn,` : =
∑̀
k=0

((
n+ 2k − 1

k

)
−
(
n+ 2k − 1

k − 1

))(
2(`− k)

`− k

)
=

=
∑̀
k=0

((
n+ 2k − 2

k

)
−
(
n+ 2k − 2

k − 1

))(
2(`− k)

`− k

)
+

+
∑̀
k=0

((
n+ 2k − 2

k − 1

)
−
(
n+ 2k − 2

k − 2

))(
2(`− k)

`− k

)
=

= Sn−1,` +
∑̀
k=1

((
n+ 2k − 2

k − 1

)
−
(
n+ 2k − 2

k − 2

))(
2(`− k)

`− k

)
.

Denoting s = k − 1, it follows that

Sn,` = Sn−1,` +

`−1∑
s=0

((
n+ 2s

s

)
−
(
n+ 2s

s− 1

))(
2(`− 1− s)
`− 1− s

)
= Sn−1,` + Sn+1,`−1.

Using the induction hypothesis on n and `, it follows that

Sn,` =

(
n− 1 + 2`

`

)
+

(
n+ 1 + 2`− 2

`− 1

)
=

(
n+ 2`

`

)
,

as required. Hence, the proof is complete.

3. Main results

Proposition 3.1. Let n ≥ 1 be an integer. We have that:

cos(nt) =

bn
2 c∑
s=0

(−1)s2n−2s−1

((
n− s
s

)
+

(
n− s− 1

s− 1

))
· cosn−2s(t),

for all t ∈ R.

Proof. We consider the Moivre identity

(3.11) eint = cos(nt) + i sin(nt) = (cos t+ i sin t)n = (eit)n.

From (3.11) it follows that

(3.12) cos(nt) =

bn
2 c∑
j=0

(−1)j
(
n

2j

)
cosn−2j(t) sin2j(t).
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Since sin2(t) = 1− cos2(t), from (3.12) it follows that

(3.13) cos(nt) =

bn
2 c∑
j=0

(−1)j
(
n

2j

)
cosn−2j(t)

j∑
`=0

(−1)`
(
j

`

)
cos2`(t).

Denoting s = j − ` in (3.12), we obtain

(3.14) cos(nt) =

bn
2 c∑
s=0

(−1)s
bn

2 c∑
j=s

(
n

2j

)(
j

j − s

) cosn−2s(t).

On the other hand, we have:

(3.15)

bn
2 c∑
j=s

(
n

2j

)(
j

j − s

)
=

n∑
j=0

(
n

2j

)(
j

s

)
.

Now, the conclusion follows from Lemma 2.1, (3.14) and (3.15).

Remark 3.2. (1) Note that Proposition 3.1 can be also proved by using
the well known recurrence

cos((n+ 1)t) = 2 cos(t) cos(nt)− cos((n− 1)t).

(2) We recall that the Chebyshev polynomial of the first kind of order n,
denoted by Tn, is the unique polynomial satisfying Tn(cos θ) = cos(nθ); see
[5, Chapter 2] for further details. From Proposition 3.1, it easily follows that

Tn(x) =

bn
2 c∑
s=0

(−1)s2n−2s−1

((
n− s
s

)
+

(
n− s− 1

s− 1

))
xn−2s.

Example 3.3. (1) From Proposition 3.1, we have cos(2t) = 2 cos2 t− 1.
(2) From Proposition 3.1, it follows that cos(4t) = 8 cos4(t)−8 cos2(t)+1.

Proposition 3.4. (1) Let k ≥ 0 be an integer. Then:

sin((2k + 1)t) =

k∑
s=0

(−4)k−s
((

2k + 1− s
s

)
+

(
2k − s
s− 1

))
· sin2k+1−2s(t),

for all t ∈ R.
(2) Let k ≥ 0 be an integer. Then:

sin(2kt) = cos(t)

k∑
s=1

(−1)s−1 · 22s−1

(
k + s− 1

2s− 1

)
· sin2s−1(t), for all t ∈ R.
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Proof. (1) Since sin(t) = cos(t− π
2 ), the result follows from Proposition

3.1 and the identities:

cos((2k + 1)(t− π

2
)) = cos((2k + 1)t− kπ − π

2
)

= (−1)k cos((2k + 1)t− π

2
) = (−1)k sin((2k + 1)t).

(2) From Moivre’s identity (see (3.11)) it follows that

(3.16) sin(2kt) =

k∑
j=1

(−1)j−1

(
2k

2j − 1

)
cos2k+1−2j(t) sin2j−1(t).

Since cos2(k−j)(t) = (1− sin2(t))k−j , from (3.16) we deduce that
(3.17)

sin(2kt) = cos(t)

k∑
j=1

(−1)j−1

(
2k

2j − 1

) k−j∑
`=0

(−1)`
(
k − j
`

)
sin2j+2`−1(t).

Denoting s = j + `, from (3.17) it follows that

sin(2kt) = cos(t)

k∑
s=1

(−1)s−1 sin2s−1(t)

s∑
j=1

(
2k

2j − 1

)(
k − j
s− j

)
.

Hence, the required conclusion follows from Lemma 2.2.

Example 3.5. (1) According to Proposition 3.4(1), we have

sin(3t) = −4

(
3

0

)
sin3(t) +

((
2

1

)
+

(
1

0

))
sin(t) = 3 sin(t)− 4 sin3(t).

(2) According to Proposition 3.4(2), we have

sin(4t) = cos(t)

(
2

(
2

1

)
sin(t)− 8

(
3

3

)
sin3(t)

)
= −4 cos(t) sin(t)+8 cos(t) sin3(t).

Theorem 3.6. (1) Let k ≥ 0 be an integer. Then:

cos2k(t) =
1

22k−1

k−1∑
j=0

(
2k

j

)
cos((2k − 2j)t) +

1

22k

(
2k

k

)
.

(2) Let k ≥ 0 be an integer. Then:

cos2k+1(t) =
1

22k

k∑
j=0

(
2k + 1

j

)
cos((2k + 1− 2j)t).
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Proof. (1) We write cos2k(t) = β0

2 +
∑k
j=1 βj cos(2jt). From Proposition

3.1, it follows that
(3.18)

cos2k(t) =
β0

2
+

k∑
j=1

βj

j∑
s=0

(−1)s22j−2s−1

((
2j − s
s

)
+

(
2j − s− 1

s− 1

))
cos2j−2s(t).

From (3.18), it follows that 1 = 22k−1βk and thus βk = 1
22k−1 . In order to

prove (1), we have to show that

(3.19) β` =
1

22k−1

(
2k

k − `

)
, for all 0 ≤ ` ≤ k.

We proceed by descending induction on `. The assertion is true for ` = k.
Suppose ` < k. From (3.18) it follows that

0 =

k−∑̀
s=0

(−1)s22`−1

((
2`+ s

s

)
+

(
2`+ s− 1

s− 1

))
β`+s.

Therefore, using the induction hypothesis, it follows that:

β` = −
k−∑̀
s=1

(−1)s
((

2`+ s

s

)
+

(
2`+ s− 1

s− 1

))
β`+s =

= − 1

22k−1

k−∑̀
s=1

(−1)s
((

2`+ s

s

)
+

(
2`+ s− 1

s− 1

))(
2k

k − `− s

)
.

Hence, in order to prove (3.19), it is enough to show that

k−∑̀
s=1

(−1)s
((

2`+ s

s

)
+

(
2`+ s− 1

s− 1

))(
2k

k − `− s

)
= −

(
2k

k − `

)
,

which is equivalent to

k−∑̀
s=0

(−1)s
((

2`+ s

s

)
+

(
2`+ s− 1

s− 1

))(
2k

k − `− s

)
= 0.

The last identity follows from Lemma 2.3, using the substitution t = k − `.
(2) The proof is similar.

Example 3.7. (1) Let k = 2. According to Theorem 3.6(1), we have:

cos4(t) =
1

23

((
4

0

)
cos(4t) +

(
4

1

)
cos(2t)

)
+

1

24

(
4

2

)
=

1

8
(cos(4t)+4 cos(2t)+3).

(2) Let k = 1. According to Theorem 3.6(2), we have:

cos3(t) =
1

22

((
3

0

)
cos(3t) +

(
3

1

)
cos(t)

)
=

1

4
(cos(3t) + 3 cos(t)).

Also, from Theorem 3.6(1), we deduce the identity 2 cos2(t) = cos(2t) + 1.
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Corollary 3.8. (1) Let k ≥ 0 be an integer. Then:

sin2k(t) =
1

22k−1

k−1∑
j=0

(−1)k−j
(

2k

j

)
cos((2k − 2j)t) +

1

22k

(
2k

k

)
.

(2) Let k ≥ 0 be an integer. Then:

sin2k+1(t) =
1

22k

k∑
j=0

(−1)k−j
(

2k + 1

j

)
sin((2k + 1− 2j)t).

Proof. Since sin(t) = cos(t − π
2 ) and cos(t + nπ) = (−1)n cos(t), from

Theorem 3.6 it follows that

sin2k(t) =
1

22k−1

k−1∑
j=0

(−1)k−j
(

2k

j

)
cos((2k − 2j)t) +

1

22k

(
2k

k

)
.

Hence (1) holds. The proof of (2) is similar.

4. An application

Let a ∈ R with |a| > 1. We consider the function

f(t) :=
1

a− cos t
, where t ∈ R.

Since | cos t| ≤ 1, we have the expansion

(4.20) f(t) =

∞∑
n=0

a−n−1 cosn t, for all t ∈ R.

From (4.20), using Theorem 3.6, we can write

(4.21) f(t) =
a0

2
+

∞∑
n=1

an cos(nt), where an =
2

a

∑
k≥0

(2a)−n−2k

(
n+ 2k

k

)
,

for all n ≥ 0. Using the binomial expansion, we have
(4.22)

(1−a−2)−
1
2 =

∑
k≥0

(−1)n
(
− 1

2

k

)
a−2n =

∑
k≥0

(2k − 1)!!

2k · k!
a−2k =

∑
k≥0

(
2k

k

)
(2a)−2k.

From (4.21) and (4.22) it follows that

(4.23) a0 =
2

a
√

1− a−2
.

With the above notations, we have the following:
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Lemma 4.1. With the above notations, we have that (an−1−aan)a0 = 2an.

Proof. From (4.20), the required formula is equivalent to∑
k≥0

(2a)−n−2k

(
2

(
n+ 2k − 1

k

)
−
(
n+ 2k

k

))
·
∑
t≥0

(2a)−2t

(
2t

t

)

=

∞∑
`=0

(2a)−n−2`

(
n+ 2`

`

)
.

Since 2
(
n+2k−1

k

)
−
(
n+2k
k

)
=
(
n+2k−1

k

)
−
(
n+2k−1
k−1

)
, the above identity is equiv-

alent to∑
k≥0

(2a)−2k

((
n+ 2k − 1

k

)
−
(
n+ 2k − 1

k − 1

))
·
∑
t≥0

(2a)−2t

(
2t

t

)

=

∞∑
`=0

(2a)−2`

(
n+ 2`

`

)
.

The last identity follows immediately from Lemma 2.4.

Theorem 4.2. With the above notations, we have that:

f(t) =
1

a− cos t
=

1

a
√

1− a−2
+

∞∑
n=1

2an−1(1−
√

1− a−2)n√
1− a−2

cos(nt).

Proof. Note that f(t) has expansion given in (4.21), that is

1

a− cos t
=
a0

2
+
∑
n≥1

an cos(nt).

Thus, in order to prove the theorem, we have to show that

(4.24) an =
2an−1(1−

√
1− a−2)n√

1− a−2
, for all n ≥ 0.

We use induction on n ≥ 0. The case n = 0 follows from (4.23). In order
to prove the induction step, it is enough show that the desired expression of
an satisfies the recurrence relation given in Lemma 4.1. Indeed, if we replace
an, an−1 and a0 with their required expressions, we get
(4.25)

(an−1−aan)a0 =
2an−2(1−

√
1− a−2)n−1 − 2an(1−

√
1− a−2)n√

1− a−2
· 2

a
√

1− a−2
.

On the other hand, we have:

(4.26)

1
a(1−

√
1−a−2)

− a

a
√

1− a−2
=
a(1 +

√
1− a−2)− a

a
√

1− a−2
= 1.

From (4.25) and (4.26) it follows that (an−1 − aan)a0 = 2an, as required.
Hence, the proof is complete.
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Corollary 4.3. With the above notations, we have that:

g(t) =
1

a− sin t
=

1

a
√

1− a−2
+

∞∑
k=1

(−1)k
2a2k−1(1−

√
1− a−2)2k

√
1− a−2

cos(2kt)+

+

∞∑
k=0

(−1)k
2a2k(1−

√
1− a−2)2k+1

√
1− a−2

sin((2k + 1)t).

Proof. Note that sin(t) = cos(t − π
2 ) implies g(t) = f(t − π

2 ). Hence,
the required formula follows from Theorem 4.2 and the identities:

cos(nt− nπ

2
) =

{
(−1)k cos(nt), n = 2k

(−1)k sin(nt), n = 2k + 1
.

Example 4.4. (1) According to Theorem 4.2 we have that

f(t) =
1√

3− cos t
=

1

2
√

3
+

1√
3

∞∑
n=1

(−
√

3)n cos(nt), for all t ∈ R.

(2) According to Corollary 4.3, for all t ∈ R, we have that

g(t) =
1√

3− sin t
=

1

2
√

3
+

1√
3

∞∑
k=1

(−3)k cos(2kt)−
∞∑
k=0

(−3)k sin((2k + 1)t).
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