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ABSTRACT. This study advances the theory of the helical extension
curve. We provide its construction using Sasai’s modified frame, which
remains well-defined even at points where the Frenet frame becomes dis-
continuous. For this class of curves, explicit equations are obtained for the
Frenet apparatus. The study also focuses on the helical extension curve de-
rived from the Salkowski curve, the general helix, and the cylindrical helix
and provides their characterisations. The results presented herein hold po-
tential for applications in computer-aided geometric design, robotics, and
mathematical modelling.

1. INTRODUCTION

The theory of curves and their moving frames has an important role in var-
ious branches of science, particularly in differential geometry [5, 6, 14, 16, 19].
It provides useful tools for analysing the geometric properties of curves, e.g.,
curvature, torsion and arc length. The Frenet frame is the most commonly
used frame to study a space curve. However, it cannot be defined at the points
where the curvature vanishes, such as the singular point of order 1 (3" = 0)
[1]. At such points, the normal and binormal vectors become discontinuous
[1, 17]. To overcome this problem, T. Sasai introduced an orthogonal frame for
a curve whose curvature doesn’t vanish identically [17]. Furthermore, Bucku
and Karacan extended the idea of modified frame to Minkowski 3-space [2],
and several curves and surfaces are characterised using this frame [1, 7, 9, 10].
A significant number of results concerning special curves are described in
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terms of the relationship between their curvature and torsion. For example,
“Lancret’s theorem states that a necessary and sufficient condition for a curve
to be a general helix is that the ratio of curvature to torsion remains constant”
[3, 9]. Similarly, a curve is classified as circular helix if both its curvature
and torsion are non-zero constants [3]. Furthermore, the Salkowski curves
are characterised by their constant curvature and variable torsion [11, 12].
Special curves like helices and Salkowski curves are not only mathematically
significant but also have important real-life applications. Helices, for instance,
appear naturally in the structure of DNA molecules, springs, helical staircases,
ete. [3, 8, 18]. Salkowski curves, due to their unique geometric properties,
have been studied in the context of computer graphics, animation, and ro-
botics, where smooth yet flexible motion paths are required [12]. Recently,
researchers have used existing knowledge and classical differential geometry
to define new types of curves with interesting properties. These curves have
been created by using basic ideas like the Frenet frame, curvature, and tor-
sion to describe more complex shapes. One such example is the helical ex-
tension curve, introduced by M. Dede [3], which is constructed from a given
space curve [3]. Dede investigated the helical extensions of several well-known
curves, including general helices, cylindrical helices, and rectifying curves [3].
Motivated by recent developments in moving frames for curves and by the
new class of curve introduced by M. Dede, we focus on studying the helical
extension curve derived from Sasai’s modified frame. This approach helps us
analyse the curves more effectively, especially in situations where the classical
Frenet frame is not suitable.

The rest of the paper is structured as follows: Section 2 outlines the ba-
sic concepts and results. In Section 3, firstly, the helical extension curve is
constructed, and its Frenet apparatus is derived. Furthermore, for the spe-
cific class of cylindrical helix, the helical extension and its associated distance
function are computed. Finally, the approach is extended to Salkowski curves
with constant curvature, for which the corresponding helical extension is con-
structed. To illustrate the theoretical results, a few examples are presented
along with their graphical representations. Section 4 illustrates the difference
between the helical extension curves derived from the Frenet frame and Sa-
sai’s frame. Section 5 summarises our key findings and suggests directions for
future research on this topic.

2. PRELIMINARIES

We begin by summarising some essential theorems and the results needed
for the remaining sections.
Let B8 = B(u) be an analytic space curve, then the Frenet frame associated to
every point u is given by ([4], [13], [15])
ﬁ/
1817

QZ(U) = eg(u) X el(u)7 eg(u) _ B x B

(21)  ei(u) R
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For the curve 3, curvature k and torsion 7 are given by

P ||,6/ % ﬂ//” o det(ﬂ/,ﬂ/,,ﬁlu)

18 18" < B"1*
We consider that the curve B(s) is parameterised by its arc length s. If the cur-
vature function satisfies £(s) # 0, an orthogonal frame {E;(s), Ea(s), Es(s)}
may be defined along the curve as

d dE
Ei(s) = %, By — %, Es(s) = Ex(s) x Ea(s).

The relationship between the Frenet frame and the Sasai’s modified frame is
given by

(2.2)

(2.3) Ei(s) =e1(s), Ea(s)=rea(s), Egz(s)= res(s).
Differentiating (2.3) with respect to s yields
dE dE ! dE !
LBy, T2 = By + —Ep+7Es, —2 = 1By + —Es.
ds ds K ds K

Let (, ) represents the standard inner product in R®. Then we obtain
(E1,Eq1) =1, (B2, E3) = k2 = (E3,E3),
(E1,E2) = (E3,Egz) = (E1,E3) =0.
The frame {Eq(s),Ez2(s),E3(s)} is the Sasai’s modified frame at non-zero
curvature points [17].

DEFINITION 2.1. ([3]) Let B(u) be an analytic curve with curvature and
torsion k and T, respectively. Then the corresponding helical extension curve
a(u) is given by

-
(24) ou) = Blu) ~ [ T8/ (w)duea
where eg is the binormal vector according to Frenet frame.

3. MobIFIED HELICAL EXTENSION CURVE

This section is devoted to the study of geometric properties of the mod-
ified helical extension curve. To simplify the computations, the constants of
integration are omitted.

DEFINITION 3.1. Let B(u) be an analytic curve with curvature and torsion
K and T, respectively. Then the corresponding modified helical extension curve
a(u) is defined as

(35) au) = Bla) ~ [ Z118'(u)|duEa,
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where Eg is the binormal vector of B(u) according to the Sasai’s modified
frame.
For a curve B(s) parameterised by arc length s, equation (3.5) becomes

(3.6) als) = B(s) - / T s B,

THEOREM 3.2. Let B(s) be an analytic space curve parameterised by the
arc length s. Then the curvature K, and torsion T, of the modified helical
extension curve a(s) is given by

1
, 2 3
{ [pTag + (% + = ) al] + [pre(r + pr') — (12] K2 + [p2/~@27'2 + al] /{2}

Ka = 1372
[1 + p?K272 4 (T + pr’) }

where
p:/zds
K
/ 2 /
a1 =14+pr'+ — (7 +pr)
1 1
a2p<72ﬂ>< 'er)
K K
and

(Ll(b4 + b5) — U,Q(bg + bg) -I—p’r[p/g;z’r(b4 + b5) + agbﬂ + (% + pTH/) [p,{z’r(b2 + bg) + albﬂ

T =

; 2
[pTag + (% + %) al} + [prT(T 4 pK') — az]?k2 4+ (p?K272 + a1 )2K?

where
by = 2pk[2K'T + kT’ + k(K + 377)]

. <T,, L 3R'T L 3RT T3>
K

b3:1[37'<27' +>+/€]
K
o)
K
" 1 /
b57‘(1+37—>72 {2/4’7+n’ <T'H)]-
K K K

PRrROOF. Differentiating (3.6), we have

(37) 04/ = E1 —|—p7‘E2 — ( + p:) E3
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where p=[Zds

and

(3.8) o = —pr*TE1 + a1 Eg + asEs
where

Substituting (3.7) and (3.8) in (2.2), the curvature of curve a(s) is given by

1
’ 2 5
{ [praz + (24 22) ] + sl + p1) — a2 62 + [pP627% + 1) KQ}
i|3/2

Ko =
[1 + p?R27T2 4+ (7 + p/i’)2

Differentiating (3.8), we get

(3.9) " =b1E1 + (b + b3)Ea + (bs + b5)E3

where
by = 2pk[2K'T + KT’ + k(K + 377)]

by = p <7_,, N 3k"T N 3k'T! B 7_3)
K K

1 /

b3:l€|:37'<27'/+/€l;—>+f€l:|

K,//T K_////

bi=plsr(r+50) -

vrpr () 4]
2 " 1 /

b5—7(1+37—>72{2/{”7+n'<7'ﬁ>}
K K K K
)i

Substituting (3.7), (3.8), and (3.9) in (2.2), the torsion of curve a(s) is given
by

a1 (by + b5) — az(by + b3) +p7'[p/£27'(b4 +bs) + azbi] + (% + an') [pl’i27’(b2 + b3) + a1bq]

Ta =

] 2
{pTClg + (% + %) al} + [prT(T 4 pK') — az]?k? + (P?K272 + a1 )2K?
0

THEOREM 3.3. Let B(s) be an analytic space curve parameterised by the
arc length s. Then the Frenet frame of the modified helical extension curve
a(s) is given by

1 T '
€1q = 7 |:E1 +prE2 — ( +p> E3]
hi K K
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ey, = 1 _ T + p—ﬂl (ag — prT(T + pr)) — pr(P*K*7% + a1) | By
@ hlhg L\ R K

[ /T ' T K’
A
NG K K K

+ :pT (pTaz + (; + p:I) al) — (prT(T + pr') — ag)} Eg}

/

1 T K
€3 = 7 [pTQQ + (ﬁ + pﬁ) al} E;+[pr7(T4+pr’) —az|Ee+(p*k*1* +a1)E3

2
where

N

hy =1 + p?R27% — (1 +p/€’)2]

/ 2
he = { [pTag + (; + p:) al} +[prT(T + pK') — a2]2 52—1—(]925;27'2 + a1)2 ng} .

PROOF. The proof follows from (2.1), (3.7), and (3.8).

EXAMPLE 3.4. Let B(s) = (tanfl s, % log(1 + s?), s —tan~! s) ,

s € [-2,2] be a curve with unit speed and kK = 7 = H_% Then its helical

extension is given by (Figure 1).

a(s) = (tan‘l 5 — (\/553 Llog(l + %)+

1+s2)2 2 1+s22 °

—0.2+

—0.44

FIGURE 1. Helical extension curve a(s) (Blue) constructed
by the curve B(s) (Red).

V287 <1_\/§
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COROLLARY 3.5. The helical extension curve of a plane curve B(s) is the
curve iteself.

THEOREM 3.6. Let B(s) be a general heliz and o(s) be its helical extension

curve, then

1 /
€14 = — {El +cstEy — ¢ <1 + SH) E3:|
h3 K

1 [ csk! / 22,2 2
€2, = c+ (do — eskT(T + ¢sk')) — esT(c*s*k“T° + d1) | Eq
K

!

r ’
+ 2 (1 + S:) <S7‘d2 + 1+ S’:‘:) dy + (62821€27'2 + dl):| D5

- /

1 /
€3q = 7 {c |:87’d2 + (1 + SK) dl] E; + [cskr(T + csk') — do|Eg + (*s*k*72 + dl)E3}
4 K

where hs = {1 + (cskT)? 4+ (K + SH/)Q}%

1
2

/ 2
hy = {02 [Ssz + (1 + Sﬁ) dl} + [eskT(T + csk) — do)?K? + [(2s?K2T2 + dl)]2li2}
K

and dy =1+ cst’ + 2¢(7 + csk')

" 1 !
d2:cs<72—n>—<m+7’>.
K K\ K

PROOF. For a general helix — = ¢, this implies p = cs. Substituting these
values into (Theorem 3.3) completes the proof. Also the relation between kg,
hs and hy is given by

Ko = R

|

ExXAMPLE 3.7. Consider a general helix 3(s) = (cos J5» sin 5, %),
s € [—8m, 87]. The binormal vector according to Sasai’s modified frame, the

curvature and torsion of a(s) is given by
1 s s
Es=——=(sin—, —cos—,1
Y ( V2 V2 )
1
2 )
The helical extension a(s) is given by (Figure 2

and

R = T =

N | =

~—

a(s) =

S S . S . S S S S
COS — — —=SIl —, Sln — + ——=Ccos —=, —= | .
( V2 o2v2 V2 V2 2v2 V2 2ﬂ>
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FIGURE 2. Helical extension curve a(s) (Blue) constructed
by the general helix 3(s) (Red).

THEOREM 3.8. Let B(u) = (r cosu, rsinu, hu) be a cylindrical helix with
r >0, if a(u) be its helical extension curve, then

1. The curve a(u) is parameterised as

2 h2
a(u) = (rcosu -

herku .
sinwu, rsinu -+
T r

or

Y cos u, hu(l— /{))

a(u) = (rcosu — hur sinu, rsinu + hut cosu, u(h —rr7))
2. The distance function 6, = ||a(u)|| of a(u) satisfies

h2 2
62 =7r? + h%u? [rf +(1- I€)2:|

a =
or
62 = r? 4 W3 W% 4+ (h —r7)?).
PRrROOF. Given B(u) = (rcosu, rsinu, hu), then its curvature and tor-

sion is given by
B r h

24 p2’ TR
The helical extension is given by

(3.10) au) = Bu) [ T 13 (w)ds Ea,

On computing the Sasai’s modified binormal vector using (2.1), (2.2), and
(2.3), and substituting in (3.10), we have

a(u) = B(u) — 7"2}—L|—7uh2 (hsinu, —hcosu, r)



MODIFIED HELICAL EXTENSION CURVE OF A SPACE CURVE 9

r
and 7= we get

Since K= ——-—>5 —_—

’ r2 + h2 r2 + h2’
h2ku . . h2ku
simnwu, rsinu -+

a(u) = <r cosu — cosu, hu(l— n))

or
a(u) = (rcosu — hursinw, rsinu + hut cosu, u(h —rr)).

A simple calculation further yields

h2 2
62 = 1% + h*u? [7’; +(1- /1)2]

or
62 = r? - u?[h*r? 4 (h —r7)?).

a =

ExXAMPLE 3.9. Let the equation of cylindrical helix is given as follows
1
§) = — (coss, sins, s), s€ |27, 21
Bls) = 75 ), selomom

then the helical extension curve is given by (Figure 3).

o(s) 1 o s . 1 . . (V2 —1)s
s)=|—=coss— —sins, —sins+ —sins, ———— | .
V2 2 V2 2 2

FIGURE 3. Helical extension curve a(s) (Blue) constructed
by the cylindrical helix 3(s) (Red).

COROLLARY 3.10. The helical extension curve a(u) of a cylindrical helix
B(u) is a plane curve if Kk = 1.
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PROOF. On substituting £ = 1 in (Theorem 3.8), yields

2 2
u ) u
a(u) = (rcosu — —sinw, rsinu + — cosu, 0) .
r r
0
ExaMPLE 3.11. Let cylindrical helix is given by parameterised equation
B(u) = (% cosu, %sin u, ?u) , 8 € [-2m,2x]. Then helical extension

curve a(u) = § (cosu — 3usinu, sinu+ 3cosu, 0) as shown in (Figure 4).

3 X

T
—4
—32 7 1
0 2
1577
4
y

FIGURE 4. a(u) (Blue) is a plane curve for k = 1.

THEOREM 3.12. Let B,,(u) is Salkowski curve given by the parameteric
equation

1
e cos(2n)u)

(3.11)
1 1—-n 1+n 1
_ _ in((1 + 2n)u) — ————— sin((1 — 2n)u) — = si
B m( 10520 sin((1 + 2n)u) 10 =2n) sin(( n)u) 5 Sin,
1-— 1 1
Zl(TZn) cos((1 4 2n)u) + ﬁ cos((1 —2n)u) + 5 CO8 U,
with u € (—5-, 5-), m € R— {:I:%, 0}, andn = it the helical extension
curve is given by
cos(nu) . .
oy =0, + —F———= ( —ncos(nu)sinu + cosusin(nu),
B T (o) ()
L n
n cos u cos(nu) + sin u sin(nu), - cos(nu)) .

PRrROOF. For the curve 8,,(u), we have
n

Ez = — (—n cos(nu) sinu + cosusin(nu), ncoswucos(nu) + sinusin(nu), —— cos(nu))
m
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cos(nu)
and ") = —=, k=1, T = —tan(nu).
1wl = S ()
Substituting the above values in (3.5). 0

ExAMPLE 3.13. For the Salkowski curve given by (3.11), the following
helical extensions are obtained:

1. For m = £, s € [-3m,37] (Figure 5).

1<
0]
z
— 2
— 34
2
! 0
—2 5 —1
y 2
X

FIGURE 5. Salkowski curve 3,, (Red) and the corresponding
helical extension curve o, (Blue).

2. For m = 2—14, with s € [—3m, 37], the Salkowski curve 3,, is shown in

(Figure 6A), and its helical extension is shown in (Figure 6B). Their
combined graph is presented in (Figure 6).

1 —16.4+
5.7 ]
1 —16.8
5.4
%51 Z 172
487 ~17.6+
4.5+ |
~0.5 1 -3 0 M
Y a6
00~510.5° 3676 303
y X y X
FIGURE 6A. Salkowski curve 3,, for =~ FIGURE 6B. Helical extension curve
m:;j. amform:;j.
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X
FIGURE 6. Salkowski curve 3,, (Red) and the corresponding

helical extension curve a,, (Blue) for m = .

4. EXAMPLE

In this section, we consider an example to illustrate the difference between
the helical extension curves obtained using the Frenet frame and Sasai’s frame.

ExAMPLE 4.1. Consider the curve B8(s) = (2sins, 2coss, 25). The

5 5 5
Frenet frame of B(s) is given by

3 3 . 4
e; = | -coss, ——sins, = |,
5 5 5

ey = (—sins, —coss, 0),
4 4 . 3
es= |- ——sins, —=
3 g coss, —gsins, —— |,
3 4
Iso, == d =—Z.
also K= an T z

Therefore, Sasai’s modified frame of B(s) is given by

3 3 4
E; = (5 Cos S, —gsins7 5>,

3 3
E; = <—5sins7 5 CoS S, O) ,

12 12, 9
Es = ( —coss, ——sins, —— | .
25 25 25
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We obtain following helical extension curves:
1. According to the Frenet frame

5

The curve v(s) is a plane curve and it is plotted in green in (Figure 7).
2. According to Sasai’s modified frame

(s) = §sinerl—Eiscoss §cossfgssins 0
= 15775 [

) 25 ) 25
The curve «a(s) is plotted in blue in (Figure 7).

3 . 16 3 ) ]
a(s) = | —sins+ ——scoss, —coss — ——ssins, 35

ZOW

17.57
157
12.57

—6_12_41g T'-10

y
FicURE 7. Helical extension curves according to Frenet
frame v(s) (Green) and Sasai’s frame a(s) (Blue)

5. CONCLUSION

This work investigates the construction of a new class of curve through
Sasai’s modified frame. Using the condition T+ = ¢, we examined the heli-
cal extension curve of general helices and found their Frenet apparatus. For
cylindrical helices, we gave exact formulae for both the extension curve and
its distance function. We also constructed the helical extension curve for
Salkowski curves with constant curvature x = 1. Some examples are provided
with their illustrative figures. This approach presents a clear way to build new
curves from existing ones, adding useful tools to differential geometry. Such
ideas can be applied in real-world areas like computer-aided geometric design
(CAGD) and computer-aided design (CAD), where controlling curvature and
torsion is important for engineering, manufacturing, and digital modelling.
To the best of our knowledge (Google Scholar), helical extension curves have
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not yet been constructed or studied using Sasai’s modified frame; therefore,
our study provides a new perspective on this topic. Future work may focus
on constructing and analysing helical extension curves using different frames,
such as the quasi frame and the Bishop frame, or on generalising the concept
to Minkowski space.

ACKNOWLEDGEMENTS.
The authors sincerely appreciate the reviewer’s insightful comments and

constructive suggestions that have enhanced the quality of this paper.

1]
2]
3]
(4]
[5]
[6]

7]

(8]
[9]

(10]
(11]
(12]

(13]
14]

(15]
[16]
(17]

(18]

REFERENCES

M. Akyigit, K. Eren and H. H. Kosal, Tubular surfaces with modified orthogonal frame
in Euclidean 3—space, Honam Math. J. 43(3) (2021), 453-463.

B. Bukcu and K. Karacan, On the modified orthogonal frame with curvature and tor-
ston in 3—space, Math. Sci. Appl. E-Notes 4(1) (2016), 184-188.

M. Dede, Helical extension curve of a space curve, Mediterr. J. Math. 18(6) (2021),
1-10.

M. P. Do Carmo, Differential geometry of curves and surfaces revised and updated
second edition, Courier Dover Publications, 2016.

L. Gao, H. Martini and D. Zhang, Deforming locally convex curves into curves of
constant k-order width, Differ. Geom. Appl. 97 (2024), 102192.

M. Igbal, S. K. Hui and S. K. Yadav, Interpolating sesqui harmonic slant curve in
generalized Sasakian space form, Filomat 36(1) (2022), 303-314.

S. Kiziltug, A. Cakmak, T. Erisir and G. Mumcu, On tubular surfaces with modified
orthogonal frame in Galilean space G3, Therm. Sci. 26(Spec. issue 2) (2022), 571
581.

S. Kiziltug, M. Onder and Y. Yayli, Normal direction curves and applications, Miskolc
Math. Notes 22(1) (2021), 363-374.

M. S. Lone, H. Es; M. K. Karacan and B. Bukcu, On some curves with modified
orthogonal frame in Euclidean 3—space, Iran. J. Sci. Technol., Trans. A: Sci. 43(4)
(2019), 1905-1916.

M. S. Lone, H. Es, M. K. Karacan and B. Bukcu, Mannheim curves with modified
orthogonal frame in Fuclidean 3—space, Turk. J. Math. 43(2) (2019), 648-663.

J. Monterde, Salkowski curves and spherical epicycloids, J. Geom. 115(3) (2024),
3-13.

J. Monterde, Salkowski curves revisited: A family of curves with constant curvature
and non-constant torsion, Comput. Aided Geom. Des. 26(3) (2009), 271-278.

B. O’neill, Elementary differential geometry, Elsevier, 2006.

P. K. Pandey and S. Mohammad, Magnetic and slant curves in Kenmotsu manifolds,
Surv. Math. Appl. 15 (2020), 139-151.

A. N. Pressley, Elementary differential geometry, Springer Science and Business Media,
2010.

Sameer and P. K. Pandey, Differential equations for indicatrices, spacelike and timelike
curves, Aust. J. Math. Anal. Appl. 20(2) (2023), 1-9.

T. Sasai, The fundamental theorem of analytic space curves and apparent singularities
of Fuchsian differential equations, Tohoku Math. J. 36(1) (1982), 17—-24.

Y. Ye, H. Wu, R. Wu, C. Xu, Y. Dong, L. Zhang and B. Li, Advanced manufacturing
techniques and applications of micro-/nanoscale helices, Int. J. Extrem. Manuf. 7(5)
(2025).



MODIFIED HELICAL EXTENSION CURVE OF A SPACE CURVE 15

[19] M. Yeneroglu and A. Duyan, Associated curves according to Bishop frame in
4—dimensional Euclidean space, J. Sci. Arts 24(1) (2024), 105-110.

Suyash Parkash Chauhan

Department of Mathematics

Jaypee University of Information Technology
173234 Himachal Pradesh, India

E-mail: suyash9680gmail.com

Pradeep Kumar Pandey

Department of Mathematics

Jaypee University of Information Technology
173234 Himachal Pradesh, India

E-mail: pandeypkdelhi@gmail.com

Sudhakar Kumar Chaubey

Section of Mathematics

Department of Information Technology
University of Technology and Applied Sciences
324 Sinhas, Oman

E-mail: sudhakar.chaubeyQutas.edu.om



