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EXTENSIONS OF D(4)-PAIRS {a,ka} WITH
ke {7,8,10,11,12,13}

MARIJA BLIZNAC TREBJESANIN AND Pavao RADIC

ABSTRACT. We study the extensibility of D(4)-pairs {a, b}, where b =
ka and k € {7,8,10,11,12,13}. Firstly, we show that it can be extended to
a D(4)-triple with an element ¢, which is a member of a family of positive
integers depending on a. Then, we prove that such a triple has a unique
extension to a D(4)-quadruple.

1. INTRODUCTION

DEFINITION 1.1. Let n # 0 be an integer. We call a set of m distinct
positive integers a D(n)-m-tuple, or m-tuple with the property D(n), if the
product of any two of its distinct elements increased by n is a perfect square.

We investigate the n = 4 case, which has many similarities to the classical
n = 1 case. The first author and Filipin proved in [5] the nonexistence of
D(4)-quintuples.

For a D(4)-triple {a,b,c},a < b < ¢, we define

di(a,b,c)=a+b+c+ % (abc:l: \/(ab+4)(ac+4)(bc+4)).

D(4)-quadruple {a,b,c,dy} is called a regular quadruple. If d_ # 0,
then {a,b,c,d_} is a regular D(4)-quadruple with d_ < c. It is easy to verify
that ¢ = dy(a,b,d_).

In both the classical case, n = 1, and n = 4, conjectures about the
uniqueness of an extension of a triple to a quadruple with a larger element
are still open.
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CONJECTURE 1.2. Any D(4)-quadruple is regqular.

In this paper, following the methods from [1], we study the extensibility
of D(4)-pairs {a,b}, where b = ka and k € {7,8,10,11,12,13}. The main
theorem we prove is the following:

THEOREM 1.3. Let k be a positive integer such that k € {7,8,10, 11,12, 13}.
If {a,b,c,d} is a D(4)-quadruple with b = ka, then it is reqular. In other
words, we have d = d+.

The cases k € {2,3,5,6} have already been considered in [1] and [10],
and it is easy to verify that pairs {a,4a} and {a,9a} cannot satisfy the D(4)
property.

Firstly, in Section 2 we show that D(4)-pairs {a,ka}, k € {7,8,10,
11,12,13} can be extended to a D(4)-triple only with an element ¢, which is a
member of a family of positive integers depending on a. Then in Sections 3—5,
we prove that these triples can only be extended to regular D(4)-quadruples
{a, ka, c,d}. These examples support Conjecture 1.2.

2. EXTENSIONS OF PAIRS TO TRIPLES
If {a,ka} is a D(4)-pair, then there exists r € N such that
(2.1) ka® 4+ 4 = r?.
Rewriting (2.1) as a Pellian equation yields
(2.2) r? — ka® = 4.
It is easy to verify that all positive solutions (r,,a,) of the equation (2.2) are

given by

(2.3)

P
rp +apVk _ (rl—i—al\/E) . pen,
2 2

where (r1,a1) € {(16,6), (6,2), (38,12),(20,6), (4,1),(11,3)} for k = 7,8,10,
11,12, 13 respectively. From this relation, if we denote the p-th element of the

sequence for each k with a,(,k), we easily obtain the following relations:

(2.4) al = % ((8 +3VT)P — (8 — 3\f7)P) ,
(2.5) al® = % ((3 +V8)P — (3 - \/§)”) ,
(2.6) all®) = \/% ((19 +6V10)P — (19 — 6@)”) ,



(2.7) allt) = L ((10 +3VI1)P — (10 — 3x/ﬁ)p) ,

any_ L [((aviz)' (a-viz)'
o weg((9) (5

2.9) as _ 1 11+3vi3\" 11-3V13 P
* RNV 2 - 5 .

As we will present, many proofs of the lemmas in this article require the
following fact, which is easy to verify.

9, k=71,810,11,

2, k=12,p=0 (mod2),
ged(ap,mp) =41, k=12,p=1 (mod2),

2, k=13,p=0 (mod3),

1, k=13,p=1,2 (mod3).

If we assume that an irregular D(4)-quadruple exists, from [4] we know a
numerical lower bound on element b:

LEMMA 2.1. [4, Lemma 2.2] Let {a,b,c,d} be a D(4)-quadruple such that
a<b<c<dy <d. Thenb>10°.

It is straightforward to use this bound to determine the lower bound for
a in an irregular D(4)-quadruple {a, ka,c,d}. This is presented in Table 1.

TABLE 1. Lower bounds for the element a

k 7 8 10 11 12 13
4 6 3 4 8 5

p
a,(,k) 24384 | 13860 | 17316 | 47760 | 10864 | 42837

Let {a,b} be a D(4)-pair. Then there exists a positive integer r such that
ab+ 4 = r?. Extending this pair to a D(4)-triple with an element ¢ means
finding s,t € N such that

ac+4 =52 be+4 =1t
These two equations yield a Pellian equation
(2.10) at* — bs® = 4(a — b).

Its solutions (¢, s) are given by

(2.11) (tuv/a + s,Vb) = (tov/a + soVb) (%) , v>0,
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where (tg,sp) is a fundamental solution of the equation (2.10) and v is a
nonnegative integer.

It has been proved in [4, Lemma 6.1] that for b < 6.85a the only funda-
mental solutions of this equation from which we obtain the third element c,
which is an integer, are (fg, so) = (£2,2). From [3] we know that all solutions
(t,,s,) generated with (to,s9) = (£2,2) can be represented by recursively
defined sequences:

(212) to = :|:2, tl =b=x r, ty+2 = ’I”t,,_;,_l — ty7
(2.13) so=2, ss=rta, Syp2="Sy11— Sy, v>0.
Since ¢ = 52;4, an explicit expression for the third element ¢ in terms of a

and b is given by

219 4 (e (e vab)”
' CTY T % 2 2

\/Z;:F\/a 2 Tﬁ\/% 2v a+b
+ 2 2 2 (7

where v > 0 is an integer. The first few elements of this sequence are:

cf =a+b+£2r

¢t = (ab+4)(a+ b+ 2r) T 4r,

cx = (a®b® + 6ab + 9)(a + b+ 2r) T 4r(ab + 3),

et = (a®b® 4 8a2b? + 20ab + 16)(a + b + 2r) F 4r(a?b? 4 5ab + 6).

LEMMA 2.2. Let {a,b} be a D(4)-pair. Then di(a,b,ct) = cfﬂ and

d_(a,b,ct) =cE |.
A i g
L2245t follows that ¢f,, = S0 — g 4 b4 o 4 Labet + rsitl,) =
dy(a,b,cl). 0

PROOF. From (2.11) we get s,.1 = 55, + §t,. Since c

The main goal of this section is to improve this upper bound for b in terms of
a under an additional restriction.

LEMMA 2.3. Let {a,b,c} be a D(4)-triple and a < b < 13.92a. Suppose
that {1,5,a,b} is not a D(4)-quadruple. Then c = ¢ for some positive integer
v.

ProOF. We follow the idea of [4, Lemma 6.1] and [3, Lemma 1]. Define
\2

s’ = and ¢ = Qf_‘l. The cases ¢/ > b,¢/ = b and ¢/ =0 are

the same as in [3, Lemma 1] and yield ¢ = ¢. It is only left to consider the

rs—at t/ _ rt—bs
2 v T 2



case 0 < ¢ < b. Here we define r’ = S,T;“t, and bV = (T')j%. If ¥ = 0 then

it can be shown that ¢ = ¢] and ¢ = ¢, for some positive integer v. Notice
that & = d_(a,b, "), hence,
b < 13.92a¢  13.92

V< — < =2 = ¥ <1392
ac ac

/ c

Since ¥’ > 0 and b'¢’ + 4 is a square, we consider the following cases for ¥,
depending on the term c’:

d| 1 |2(3]4]|5|6]12
b 5,12|6(4[3[1]2] 1

The cases ¢’ € {7,8,9,10,11} and ¢ > 13 imply there is no ¥’ > 0 satisfying
our conditions. So, we obtain that a and b extend pairs {1,5},{3,4},{2,6},
{1,12}. Asour assumption is that {1, 5, a, b} is not a D(4)-quadruple, we only
need to show that the three remaining cases also cannot be D(4)-quadruples
when b < 13.92a. Let’s suppose that {3,4,a,b} is a D(4)-quadruple. From
[4, Lemma 6.1], it follows that

_i_l 2i\/§24+\/ﬁ2y \/5:‘:\/324_\/ﬁ2u7
“Th Ty 2 2 + 2 2 Ta

and from Lemma 2.1 it follows that b = dy(3,4,a). Lemma 2.2 implies
+

d+(3,4,a) = afH for the same choice of £. Define k := g = % It is easy
to see that £ < 15.24 and that it is decreasing as v increases, and

n 2
4+ 12
lim auil = ( +2 ) > 13.92,

V=00 qy

which gives us a contradiction to the assumption that b < 13.92a. We apply
the same approach to the other two cases and arrive at the same conclusion.
The only difference arises in the case {1,12, a, b}, since here we cannot use [4,
Lemma 6.1] to show that a = a . Instead, we use bounds on the fundamental
solutions of the corresponding Pellian equation from [6, Theorem 10.21] . 0O

COROLLARY 2.4. Let {a,ka,c} be a D(4)-triple, k € {10,11,12,13}.
Then c = ct.

PROOF. Let’s show that {1,5,a,ka} is not a D(4)-quadruple for k €
{10,11,12,13}. If {1,5,a,ka} is a D(4)-quadruple, by using [4, Lemma
6.1], Lemma 2.1, and Lemma 2.2, we obtain a = a, ka = d(1,5,a), and
d4(1,5,a) = a-; for the same choice of +. We divide both sides of

1
(2.15) ka=d.(1,5,a) =1+5+a+ 3 (5a + 3vba + 4va + 4)

by a and, using the fact that a > 12, we obtain k < 8. O



LEMMA 2.5.
i) If {1,5,a,7a} is a D(4)-quadruple, then a = 96.
i) If {1,5,a,8a} is a D(4)-quadruple, then a = 12.

PROOF. From (2.15), when k = 7 we get a = 96 and when k = 8 we get
a=12. |

Using the theory of Pellian equations, it is easy to see that the only fun-
damental solutions for the corresponding Pellian equation when extending
{96,672} are (£2,2) and (£26,10), and when extending {12,96} are (£2,2)
and (£10,4). So we have two pairs of sequences for each of these pairs that
extend them to triples. Since the second element in both of these pairs is less
than 10°, by Lemma 2.1 we know that all triples from those sequences extend
only to regular quadruples.

Lemma 2.3 allows us to further investigate the regularity of D(4)-quadrup-
les {a, ka, c,d}, i.e., we enhance [1, Theorem 1.4]. In the following Sections,
we show that D(4)-triples {a, ka,c}, k € {7,8,10, 11,12,13}, extend only
to regular D(4)-quadruples. Since we separately examined the exceptions, it
remains to consider extensions of triples of the form {a, ka, c}, where ¢ = c.
It is easy to see that c¢; > a3b3 and since ka > 10°, k € {7,8,10,11,12,13},
we get from [4, Theorem 1.6] that ¢ € {c¢f, cF, i }. Also, it is easy to see that
inequalities a < ¢; < b and ¢, c5, s > b hold in all our cases.

3. EXTENSIONS OF TRIPLES AND LINEAR FORMS IN THREE LOGARITHMS

In this section, we consider a system of Pellian equations which corre-
sponds to the extension of a D(4)-triple to a D(4)-quadruple. Then, we
search for the intersection of linear recurrent sequences that describe solu-
tions to these equations. To help us find these intersections, at the end of this
section we use the theory of linear forms in logarithms to obtain some useful
lemmas and results. Proofs that differ only in calculations from [1] and [2]
will be omitted.

3.1. System of simultaneous Pellian equations. Let us consider an extension
of a D(4)-triple {a,b,c} to a D(4)-quadruple {a,b,c,d}. We need to find
x,y,z € N such that

ad+4=2% bd+4=y> cd+4=27°

By eliminating d from these equations, we obtain a system of generalized
Pellian equations

(3.16) az? — cx® = 4(a — ¢,
(3.17) bz? —cy? = 4(b— ¢),
(3.18) ay? — bx® = 4(a — b).



Its solutions (z,z), (z,v), and (y,x) satisfy

(3.19) i+ ae = (i o) (55 :

)

(3.21) yva+avb = (y2v/a+ x2Vb) (” f)

(3.20) 2Vb+yve = (z1va+yiv/e (

where m, n,l are nonnegative integers and (zg,xo), (21,¥1), and (y2,x2) are
fundamental solutions of (3.16)—(3.18).

Firstly, we consider the solutions of the system of equations (3.19) and
(3.20) and determine the intersections z = v, = w, of sequences (Vy,)m and
(wp,)y, defined by

Vo = 20, V1 = 5 (820 + €20), Umy2 = SUmi1 — Um,

N | —
—_

wo = 21, w1 =g (tz1 +cy1), Wpyo = tWpi1 — Wy
The initial terms of these sequences are described in the following theorem.

THEOREM 3.1. [4, Theorem 1.3] Suppose that {a, b, ¢,d} is a D(4)-quadruple
with a < b < ¢ < d and that w,, and v, are defined as before.

i) If the equation Vom = Way, has a solution, then zy = z1 and |zo| = 2 or

|z0] = (cr — st).

ii) If the equatzon Vom41 = Wan has a solution, then |zo| = t, |z1] =
$(er — st) and 29z < 0.

1) If the equation vay, = wany1 has a solution, then |z1| = s, |20] =

L(er — st) and zpz1 < 0.
i) If the equation vo,+1 = Want1 has a solution, then |zo] = t, |21 = s
and zgz1 > 0.

Moreover, if d > dy, case ii) cannot occur.

Under the assumption that some special D(4)-quadruples do not exist,
we have the following lemma, which further reduces the number of cases for
fundamental solutions we need to examine.

LEMMA 3.2. [1, Lemma 2.2] Assume that {a,b,c,c'} is not a D(4)-quadruple
for any ¢ with 0 < ¢ < c¢E . We have
i) If the equation vay,, = wa, has a solution, then zop = z1 = £2 and x¢ =

y1=2.
it) If the equation voy,11 = wony1 has a solution, then zy = +t, 23 = *s,
o=y =71 and zgz1 > 0.



REMARK 3.3. If ¢ = ¢ = a + b+ 2r, then it is enough to consider the

case Vo, = Way,.

Secondly, we consider the solutions of the system of equations (3.20) and
(3.21) and determine the intersections y = A,, = B; of sequences (A,), and
(By); defined by

1
(322) AO =Y, A1 = §(ty1 + bZl), An+2 = tAn+1 — An,

1
(323) BO = Y2, B1 = §(ry2 + bSCQ), Bl+2 = TBH—l - Bl, n,l Z 0.

The initial terms of these sequences are described in the next lemma, whose
proof follows [1, Lemma 2.5].

LEMMA 3.4. Assume that {a,b,c,c} is not a D(4)-quadruple for any ¢
with 0 < ¢ < cf_l and b > 556881. Then, As, = Boi11 has no solution.
Moreover, if Asp, = Bay, then yo = 2. In other cases, we have yo = £2.

Finally, we consider the solutions of the system of equations (3.19) and
(3.21) and determine the intersections x = @Q,, = P, of sequences (Q.,)m and
(P); defined by

1
(3.24) Py =z, P1:§(7"$2+ay2)7 Piio=rPy — P,
1
(3.25) Qo = z0, Q1 = ) (520 +az0), Qmiz = 5Qmi1 — Qm-

From the above, for the equation x = P, = @Q,,, we conclude that only the
following two possibilities exist:

Type 1: If I =m =0 (mod 2), then zg = £2, g = 2,y2 = £2 and x5 = 2.
Type 2: If m =1 (mod 2), then zg = +t, o =7, yo = 2 and x5 = 2.

For the rest of this paper, we will carefully examine the following equation:
(3.26) r=Qm =P,

while using the fundamental solutions of Types 1 and 2. As we mentioned in
Remark 3.3, we only need to consider solutions in Type 1 if ¢ = cli since
%(cr — st) = % ((a+bx2r)r—(rta)(bLtr)) =+£2.

Let’s emphasise which solutions of this equation correspond to the regular
extension of our triples to quadruples. For the case ¢ = ¢ we get (I,m) =
(2,2) from fundamental solutions z¢o = 2,29 = 2,29 = 2,y2 = —2 and for
the case ¢ = ¢ we get (I,m) = (2,2) from fundamental solutions zy =
2,20 = —2,x9 = 2,y3 = 2. Next, we consider the cases ¢ = cgt. Since
d_(a,ka,cf) = ¢, that extension comes from the solution (I,m) = (1,1)
from fundamental solutions xg = r, zg = t, 22 = 2,y2 = —2 (for ¢5 ) and from

fundamental solutions xg = 7,29 = —t, 29 = 2,42 = 2 (for ¢ ). Next, since
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di(a,ka,cy) = ¢, that extension comes from the solution (I,m) = (3,1)

from fundamental solutions zg = 7,20 = —t, 22 = 2,y2 = —2 (for ¢5 ) and
from fundamental solutions zg = 7,29 = t,22 = 2,92 = 2 (for c;) For the
+

cases ¢ = c3, we will consider a different equation in the final section.

3.2. A linear form in three logarithms. Solving recurrences (3.24) and (3.25),
we obtain

Pr= 52z ((va+ ool = (1ava - 22V,
O = 2\1@ ((20V/a + 20v/Q)B™ — (z0v/a — mo /@)™ ,
where
(3.27) a=" +2\/% and (= i +2\/%.
Let us define
(3.28) Y= Ve(yav/a+ zoVb) and A — Vb(z0v/a + Tov/)
Vb(z0v/a + z01/c) Velyav/a + x2v/b)
We define the following linear forms in three logarithms.
(3.29) A =lloga—mlogf+logy for c¢>b,
and
(3.30) AN =mlogB —lloga +logy for ¢ <b.

Notice that A’ is used only for the case ¢j .

LEMMA 3.5.

1) Assume that b = ka, k € {7,8,10,11,12,13} and ¢ = ¢ . If the equation
P, = Qn, has a solution (I,m) of Type 1 with 1 > 1, then

0< A <26a2.

2) Assume that b = ka, k € {7,8,10,11,12,13} and ¢ € {cf,ch}.If the
equation P, = Q,, has a solution (I,m) of Type 1 with m > 3, then

0<A<26372m,
If P, = Q. has a solution (I,m) of Type 2 with m > 3, then
0< A < 1.5a2572m,

PROOF. Proof of 2) follows [1, Lemma 2.6] and here we will demonstrate
the proof of 1). Let’s define

E = 720\/§+1'0\ﬁ5m’ F= 7y2\/a+x2\/gal
Ve Vb
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and then our form is A’ = log % It is easy to see that E, F' > 1 for [,m > 1.
We can rewrite the equation P, = @,,, to get

_ b, b _
E+4<C “>E1:F+4< ba)F1 §CF+4<C a)Fl
C C

Then (E — F) (EF —4%) > 0. Since EF > 4(%%) we get E > F. It
follows that A’ > 0 and

A':log(l—i—E;F) < E;F <4(C_“)F—2<4F—2.
C

Now, since we consider only the solutions in Type 1 for ¢ = ¢, we have
b _a k
(£2v/a + 2v/b)? (VE —1)2

AN <4 a2 <2602,

LEMMA 3.6.

1) Assume that b = ka, k € {7,8,10,11,12,13} and c = ¢y . If P, = Q, has
a solution (I,m) with 1 > 1, then I < m.

2) Assume thatb = ka, k € {7,8,10,11,12,13} and c € {cf,ch}. IfP, = Q.
has a solution (I,m) with m > 3, then m <.

PROOF. Proof of 2) follows [2, Lemma 8] and here we will demonstrate
the proof of 1). Since we proved in the previous Lemma that A’ > 0, we have

m _ loga  log~

—_— > - .

l logs llogp

To prove our statement, we need to show that the right-hand side is greater
than 1 — %, which is equivalent to proving that

a\! ~'
-] >
(5) >3
Since ac > a? > 108642, we have

a  r++Vab \/1+fb+1\/3 2\/3
- = Sy
c 21V e

B s+ ac 1+4 41

— by ka(k+1+ 2\/@)

Also,

¢ ¢ (ktDa—2vka?+4 (k—1)2— 18
k k
>W(/«+1+2\/E) - o
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Since [ > 1 we get

!
(g) > 1.31.

On the other hand, since for ¢ = ¢]” we only observe fundamental solutions of
Type 1 we get
v 2b(E2va+2ye) o Vh(Va+ Vo)
B (s+Vao)ve@@ya+2vh)  eva(—va+ Vb
_VRVa+VO R

c(WVk—-1)va = (WVk—1)a

l /
(g) >1.31>1>%.

Finally, we have

d

For any nonzero algebraic number o of degree d over Q whose minimal
polynomial over Z is ag H;l:l(X — a9)), we denote by

d
1 ,
h(a) = 3 log |ao| + E log max (1, ‘a(J)D
=1

its absolute logarithmic height. We recall the following result due to Matveev
[11, Theorem 2.2 and Corollary 2.3].

LEMMA 3.7. Denote by o1,...,0; algebraic numbers, not 0 or 1, by
logasy,..., loga; determinations of their logarithms, by D the degree over
Q of the number field K = Q(a1,...,q;), and by by,...,b; integers. Define
B =max{|bi|,...,|bj|} and

A; = max{Dh(w;), |log a;|,0.16} (1 <i < j),

where h(a) denotes the absolute logarithmic Weil height of a. Assume that
the number

A=bilogay +--- + b, loga;
does not vanish. Then
IA] > exp{—C(j, x)D*A; - - A; log(eD) log(eB)},
where x =1 if K C R and x = 2 otherwise and

1/ N\ |
C(j, x) = min { <2ej> 30713535, 263+2o} .
X

By applying this result we obtain upper bound for [ and m in terms of a.
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PROPOSITION 3.8. Assume that ¢ € {c],cE}. If P = Qun, with m > 1
then

< 3.34-10" -10g?(8.09¢%),  with solutions of Type 1,

l
log(el)

l )
——— < 6.63-10" - 10g?(8.09¢?), with solutions of Type 2.
log(el)

If Qm = P, 1 > 1 with c = ¢, then we get

< 13.36-10'3 - 10g®(21.3a), fork =7,8,10,11,12,13.
log(em)

Proor. We will demonstrate the proof for the case ¢ = ¢; since the proof
for the other cases closely follows [1, Proposition 2.9]. We apply Lemma 3.8
with 7 = 3 and xy = 1 to the linear form 3.30 and take

D:47 blzma b2:_lv b3:17 alzﬁv a2 = Q, 043:")//.

Since [ < m, we can take B = m. Also, we have
1 1
hiay) = B log 8, h(ag) = ilog Q.

Since v/ = y~1, then h(y) = k(') and from [1, Proposition 2.9] we have

4,,,404 4
M) < > 1og lz((_”)ﬂ)] ~

We have

(] —a)*=a? (2\//{—1— ;—2 —k) > a(2VEk — k)?,

r <avl1lk,

/ 4
C:Cl_:a<]€+1—2 k+a2><a(\/é—1)2,

and now it follows that
h(v') = h(y) < ilog(93309063a6) < glog(21.3a).
By applying Lemma 3.8 with
A; =2log 8, Ay =2loga, Az = 6log(21.3a)
we get

(3.31) log |[A/] > —1.3901 - 10" - 16 -2 - log B
-2log o - 61log(21.3a) - log(4e) - log(em).
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From 1) of Lemma 3.5 and using [ > 1, it is easy to conclude that

mlog B < lloga + 2.6a~% —log~' < 2llog c.

Also,
log |[A'] < —1.9069! log o

loga = log [a <\/k + % + @)] < log(7.212a) < log(21.3a).
a

Now, by combining everything, we get

and

< 1.336 - 10'* - log?(21.3a), for k = 7,8,10,11,12,13.
log(em)

4. LOWER BOUNDS FOR m AND !
In this section, we examine the equation

Firstly, we state a useful result from [1] and then apply it to obtain lower
bounds for the indices m and [ in terms of a.

LEMMA 4.1. [1, Lemma 3.1] If a is odd, then

1
(4.32) Qom = o + §a(cx0m2 +szom) (mod a?),
1
4.33 Py = 29 + —a(bxsl® + rYol mod a?).
2
If a is even, then
1 1
4.34 Qom =0+ =a cxom? + szom mod =a? ,
2 2
1 1
4.35 Py = 29 + —a(bzsl® + ryal mod =a?).
2 2
LEMMA 4.2.

1) Assume that b = ka, k € {7,8,10,11,12,13} and ¢ = ¢ . If the equation
P, = @, has a solution (I,m) (of Type 1), then we have

nd (c2a i va)

2) Assume that b = ka, k € {7,8,10,11,12,13} and ¢ € {cf,c%}. If the
equation P, = Q,, has a solution (I,m) (of Type 1), then we have

zzf<—2+\/4+3\/a>.
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PROOF. Proof follows [1, Lemma 3.2] and here we will demonstrate the
proof of 1). From the recurrent sequence (2.13), we have s = 2,7 (mod a).
Also, b = ka =0 (mod a) and ¢ = ¢; = —2r (mod a). Using the previous
Lemma, with solutions in Type 1, we get

—4rm? +4m =42rl (mod a), if s=2 (mod a)
and

—4m?+£2m F20=0 (mod ), if s=r (moda).

_*
ged(a,r)

In the first case, we multiply the congruence by r and since 7> = 4 (mod a)
we have r = £2 (mod a’) for some o’ that divides a and @’ > /a. So we get

—16m? +8m ¥ 8/ =0 (mod a').
Using I < m it follows that
16m? 4 16m > | — 16m? £ 8m ¥ 81| > a’ > V/a,

which implies

(4.36) m > % (—2 + \/4+7\/&> .

In the second case, since ged(a,r) < 2 and [ < m, we have

4m? +4m > | — dm?* £ 2m ¥ 21| > >

e @
ged(a,r) — 27

which implies
1
(4.37) m > 1 (—2 + V4 + 2a) .
Combining (4.36) and (4.37) we obtain the desired inequality. 0

In [1] it is demonstrated that s = £2,4+a (mod r) and that the case
s = +a (mod r) leads to a contradiction if ¢ = ¢§, which also applies here.
Therefore, for solutions of Type 2, we obtain another lower bound on ! and
m. With only slight changes in calculations, the next result follows similarly
to [1, Lemma 3.4].

LEMMA 4.3. Assume that ¢ = czi. If the equation P, = Q., has a solution

(I,m) of Type 2, then we have

(14 - 5/7.1)a/4, k=T,

(6v/8 — 16)a/4, k=8,

(20 — 6v/10.1)a/4, k=10,

(TV11 — 22)a/4, k=11,

(TV12 — 24)a/4, k=12,

(26 — 7v/13.1)a/4, k=13.
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5. PROOF OF THEOREM 1.3

In this section, we complete the proof of Theorem 1.3 in two subsections
according to the values of c.

5.1. Proof of Theorem 1.3 for ¢ = Cf, cét.
Combining (2.4)-(2.9) with Proposition 3.8, Lemmas 4.2 and 4.3 we obtain
the following result.

LEMMA 5.1.

1) For the D(4)-triples {a,ka,c;y } with a = aék) (p > 1) defined in (2.4)-
(2.9), if the equation P, = Q., has a solution (I,m) with | > 1, then
p < Ei, and m < 2.48 - 1020 where Ey, € {70,110,53, 65, 147,81} for k €
{7,8,10,11,12,13} respectively.

2) For the D(4)-triples {a, ka,cl} with a = aék) (p > 1) defined in (2.4)-
(2.9), if the equation P, = Q. has a solution (I,m) with m > 3, then
p < E and | < 2.56 - 10%° where E, € {71,111,54,65,149,82} for k €
{7,8,10,11,12,13} respectively.

3) For the D(4)-triples {a,ka,cs} with a = a,(,k) (p > 1) defined in (2.4)-
(2.9), if the equation P, = Qu, has a solution (I,m) in Type 1 with m >
3, then p < E} and | < 2.6 - 10*' where E} € {74,116,56,68, 156,86}
for k € {7,8,10,11,12,13} respectively. If the equation P, = Q, has a
solution (I,m) in Type 2 with m > 3 then p < E} and | < 3.13 - 10%°
where B € {18,28,13,16, 38,21} for k € {7,8,10,11,12, 13} respectively.

For the remaining cases, we will use the following lemma which is a slight
modification of the original version of Baker-Davenport reduction method (see
[7, Lemma 5al).

LEMMA 5.2. Assume that M is a positive integer. Let p/q be a convergent
of the continued fraction expansion of k such that ¢ > 6M and let

n=pqll —M-| xq |,

where || - || denotes the distance from the nearest integer. If n > 0,, then there
is no solution to the inequality

0<lk—m+p<AB™
in integers | and m with

log(Ag/n)
log(B)

In order to apply Lemma 5.2 we define parameters depending on c.
The case ¢ = ¢; . Dividing 0 < A’ < 2.6a~% by log o and using the fact
that o= < B~™ we get

(5.38) O<mk—Il4+p<AB™™,

<l < M.
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where

/
:: logﬂ’ . logfy7 e 2.6  B—3&
log o log o log o
The case ¢ € {c¢],c;}. Dividing 0 < A < 2.6872" and 0 < A <
1.5a%25~?™ by log 3 and using the fact that we have 372™ < a~! leads to an
inequality of the form
(5.39) 0<lk—m+p<AB™

where we consider solutions of Type 1

~loga _logy 26
K= og 5’ W= log 5’ = Tog B’ a,
and for solutions of Type 2
o log o s log v .: 1.5a? B—a
log 3’ " logf’ " logB’ o

Let’s first consider the case ¢ = ¢ . After at most four steps of reduction,
we find that P, = @,, implies 1 < [ < m < 11 in all cases. Combining
this with Lemma 4.2, we get a < 4460544. Then we explicitly verify these
remaining cases and find that the only solution for the equation P, = @,, is
(I,m) = (2,2) (from fundamental solutions g = 2,29 = 2,29 = 2,ys = —2),
which corresponds to the regular extension of a triple to a quadruple. For
Il =0 we get © = Qo = Py =2, which gives d = 0.

Now, for the cases c € {cf, ch}, we find that after at most four steps of
reduction, P, = @, implies 3 < m <[ < 8 in all cases. Combining this with
Lemma 4.2 for solutions in Type 1, we get a < 10240000. We then explicitly
verify these remaining cases and find that the equation P, = @,, has no
solutions in this range. For solutions in Type 2, we combine 3 < m <1 <8
with Lemma 4.3, and in all cases, we obtain a < 128, which contradicts the
fact that b = ka > 10°, k = 7,8,10,11,12,13. Since the relation m < [ only
holds when m > 3, the final cases m € {0, 1,2} are solved in the same way as
in [1]. We conclude that the only possible intersection P, = Q,, (besides the
trivial (I, m) = (0,0)) is the one that corresponds to the regular extension of
a triple to a quadruple.

5.2. Proof of Theorem 1.3 with ¢ = cgt. In this case, we examine the equation
z = vy = wy, using Lemma 3.2. By [9, Lemma 5], we know that if this
equation has a solution (m,n), then n — 1 < m < 2n + 1. We now examine
the solutions for 2 < n < m < 2n. The next result follows as in [1, Lemma
4.5].

LEMMA 5.3. i) If the equation z = vy, = way, has a solution (m,n)
with n > 2, then m > 0.4956=02¢0-3,

it) If the equation z = vopyy1 = Wapy1 has a solution (m,n) with n > 2,
then m? > 0.0625b=1¢%5.
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Filipin proved in [8] that z = v, = wy,, for n > 2, implies

(5.40) < 6.543 - 10" log? c.

m
log(m + 1)
Combining this with Lemma 5.3, in the case of even indices, we get
2-0.495p=0-5¢05
log(2 - 0.4956=0-5¢0-5 4 1)
and in the case of odd indices, we get the inequality
2-0.06255p9-50-25 4 1
log(2 - 0.06250-5p=0:5¢0-25 1 2)

The solutions obtained from these inequalities are summarized in the following
lemma.

LEMMA 5.4. For the D(4)-triples {a, ka,ct} with a = a,(,k) (p>1) defined
n (2.4)-(2.9), if z = voy, = way, has a solution (m,n), then p < Ej, and m <
5.2 - 102* where Ej, € {9,14,6,8,19,10} for k € {7,8,10,11,12,13} respec-
tively. However, if z = vami1 = Wan41 has a solution (m,n), then p < Fy, and
m < 4.3-10%2, where F), € {25,40,19,23,53,29} for k € {7,8,10,11,12,13}
respectively.

(5.41) < 6.543 - 10" log? ¢,

(5.42) < 6.543 -10% log? c.

Now, for the remaining small values of p, by using Lemma 5.2 and Lemma
5.4 in the same way as in [1] we get that z = v,,, = w,, implies n < m < 2.
In these small ranges, we verify that all solutions of z = v,, = w,, give the
extension of a D(4)-triple {a, b, ¢} to a regular quadruple. This completes the
proof of Theorem 1.3.

REMARK. The upper bound for b in Lemma 2.3 can be further improved
using the same methodology, however, this yields additional finite exceptions
that are sometimes non-trivial to eliminate. For example, assuming a < b <
22.956a and that {1,5,a,b}, {3,4,a,b}, {2,6,a,b}, and {1,12,a,b} are not
D(4)-quadruples, we still obtain ¢ = ¢ for some positive integer v. While
this suggests that D(4)-pairs {a,ka} for k > 13 could be analyzed similarly,
managing the exceptions for larger k becomes exceedingly compler. Proving
that these exceptional pairs extend strictly to reqular quadruples demands sep-
arate, extensive research. Additionally, the analogues of all theorems and
lemmas presented herein would require independent verification for each k.
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Prosirenja D(4)-parova {a,ka}, k € {7,8,10,11,12,13}
Marija Bliznac Trebjesanin i Pavao Radié

SAZETAK. U ovom radu se proucavaju prosirenja D(4)-parova
{a,b}, gdjejeb=kaik € {7,8,10,11,12,13}. Prvo se pokaze da
se ti parovi mogu prosiriti do D(4)-trojke elementom c iz familije
prirodnih brojeva koji ovise o elementu a. Zatim se pokaze da se
takve D(4)-trojke na jedinstven nacin prosiruju do D(4)-Cetvorke.
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