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This implies 0 < o — ap < 1, so ag = |«] and thus, a is unique. Therefore,
a1 = [a1, a9, ...] is also uniquely determined by . Now, a; = |ay | so a; is
also unique, etc. ]

Definition 8.3. Let « be an irrational number. If & = [ag,a1,as,...], then
we call this expression the expansion of « into (infinite) simple continued
fraction; % = [ap,...,a;] is the i-th convergent of «, a; is the i-th partial
quotient, and «; = [a;, a;y1, - .. ] is the i-th complete quotient of «. Here, the
word “simple” (as with finite continued fractions) refers to continued fractions
which satisfy the conditions ag € 7Z, a; € N for i > 1. Since we will mostly
consider only such continued fractions, we will occasionally omit the word
“simple”.

Example 8.3. Let « = [1,1,1,...]. Then, from o =1 + ﬁ =1+ é, it
follows that a? — o — 1 = 0, so since o > 1, we have o = @

The convergents % satisfy the recurrences

Pn = DPn-1+Pn—2, po=1 p1=2,
Gn = Qn-1+taqn—2, q@=1, q =1

Therefore, p,, = F+2, ¢, = Fp,+1, where (F},),, is the sequence of Fibonacci
numbers.

8.4 Continued fraction and approximations to irra-
tional numbers

Let o be an irrational number. By formula (8.12), each convergent of «
satisfies the inequality

o-gl<z
which provides an alternative (constructlve) proof of Corollary 8.2.

Theorem 8.23 (Vahlen, 1895). Let p 1 and Z" be two consecutive conver-
gents of «.. Then at least one of them satlsﬁes the inequality

1
‘a b < —
2%
Proof: Numbers oo — Z—Z, o — Z:—j have opposite signs, so
pn pn 1 pn Pn—1 o 1 1 1
o P = <5mtToz
In dn—1 n  dn—1 InGn-1 2495  2q,_4
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(since 2ab < a? + b? for a # b). Accordingly,

Pn

’a-—-—— 0

Pn—-1 ‘ < 1

1
< —= Or ’Oz— .
1! 2¢2_,

2qn

Theorem 8.24 (Borel, 1903). Let ’;"—:;, g = Z—: be three consecutive conver-

gents of . Then at least one of them satisfies the inequality

1
o<
‘ NG
Proof: Put a = [ag,a1,...], a; = [a;,ai41,...] and B; = ‘h 2 for i > 1.
From Lemma 8.17, we have
Dn 1
oa——| = i (8.13)
‘ dn q%(an—&—l + 671—1—1)

To complete the proof, we have to show that there is no positive integer
n such that fori = n — 1,n,n + 1 we have

o; + Bi < V5. (8.14)

Assume that (8.14) is satisfied for ¢ = n — 1, n. Then from

1 I gna qn—3
Qp1=0ap-1+ —, S = = =ap—1+ = =ap-1+ Bn—la
7% Bn dn—2 dn—2
it follows that
1 1
— 4+ — =y + Bh-1 < \/g
Bn

Hence, 1 = oy - 3= < (V6 — Bn)(\/_ — ) which is equivalent to 82 —
V58, + 1 < 0. This implies that 5, >
By > VoL,

If (8.14) is also satisfied for i = n,n + 1, then in the same way we get
Bn+1 > ‘[ . Thus, we obtain

is rational, we get

dn _Qn—2_ 1 2 \/5—1_

1<a, = = — fBn < -
" dn—1 qn—1 Bn+1 " \/5 —1 2

a contradiction. O
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Lemma 8.25. Assume that « has a continued fraction expansion of the form
o = [ao,al,...,aN,l,l,l,...].

Pn
o — —

Then lim ¢
n—oo qn

Proof: In the notation of Theorem 8.24, we have

ot
Qn qz(an—l-l + ﬁn—&-l)
Here, for n large enough, a,,11 = [1,1,1,...] = @ and, by Lemma 8.18,
1
= [an, an-1,...,a1] = [1,1,...,1,an,...,a1].
Brn+1 dn—1 —
n—N
Since [1,1,...,1] and [1,1,...,1] are two consecutive convergents of ——
) b ) ) b ) Bn+13
n—N-—1 n—N

we conclude that ﬁ lies between them. Hence, lim,,_, o, ﬁ =[1,1,1,...]

= @ Therefore,

. VEHIN-1 V51 .
Jim S = ( 5 ) =3 and 7}1_>rgo(an+1 + Bnt1) = V5.
O
Theorem 8.26 (Legendre, 1798). Let p, q be integers such that ¢ > 1 and
P 1
- = —. 8.15
a 0| < 3 (8.15)

Then g is a convergent of a.

Proof: We can assume that o # g; otherwise, the statement is trivially

satisfied. Then we can write oo — g = 2—129, where 0 < ¥ < % and ¢ = +1. By

Lemma 8.21, there is a continued fraction expansion of g,
p
a = [b(]a b17 s abn—l]a

where n is chosen such that (—1)""! =¢.

Let us define w by

o — M7 (8.16)
W(ln—1 +Qn—2
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so that o = [bg, b1 ..., b,—1,w]|. Note that (8.16) is equivalent to

(-1 — Pn—1)w = Pp—2 — QGn_2.

We can assume that ag, 1 — p,_1 # 0 because otherwise o = Z”j = §~
Now, from Lemma 8.17,

ed p 1 ( ) 1 (—1)nt
S =a—== AGn—1 = Pn—1) = : :
¢ a Guo1 " Gn—1 WGn—1 -+ Gn—2
— dn— ] M : 7 _ 1 qn —
so ) = m By solving this equation for w, we obtain w = § — qnj.

This implies that w > 2 — 1 = 1. Let us expand w in a (finite or infinite)
simple continued fraction

W = {bna bn—l—l; bn+27 s }

Since w > 1, all b; (j = n,n+1,...) are positive integers. By Lemma 8.14
and taking the limit if necessary, we obtain

« ZZ[bo,bl,...,bn_l,{bn,bn+1,..J]
= [bo,b1,. .., bp—1,bn, bpy1,...].

This is a simple continued fraction expansion of oz and

P Pn-1
=== :[bOabla"'abn—l]
q dn—1
is a convergent of «, which is the desired conclusion. ]

The second proof of Hurwitz’s theorem 8.9: The statement (i) follows di-
rectly from Theorem 8.24, while the statement (ii) follows from Lemma
8.25 and Theorem 8.26. Namely, if an irrational number « has the form

from Lemma 8.25, then, by Theorem 8.26, all solutions of the inequality

‘a — g‘ < A%Q’ where A > /5, are found among convergents of «, and

according to Lemma 8.25, this inequality is satisfied by only finitely many
convergents of a. ]

Legendre’s theorem 8.26 provides an elegant description of rational ap-
proximations which satisfy inequality (8.15). However, in application to
Diophantine equation and in cryptanalysis, somewhat weaker inequalities
often appear (a constant with ¢—2 on the right-hand side might be greater
than 1/2), and the question arises whether such weaker rational approxi-
mations can also be described in terms of continued fractions. The answer
to this question is provided in the following theorem from [420], which we
give in the formulation from [119].
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Theorem 8.27 (Worley, 1981). Let « be an arbitrary real number and ¢ a
positive real number. If the rational number g satisfies the inequality

(8.17)

then
P TPk+1 £ SPk

q Qe E s
for some k > —1 and non-negative integers r, s such that rs < 2c¢ (and some
choice of the sign).

Proof: We will suppose that a < g. In the case @ > 2, the proof is
analogous. We will also assume that « is irrational (for « rational, a small
modification of the proof is needed). Let k be the largest odd integer such
that

a<£§@.

q qk
(It g > *Z—i, then we take k = —1.) Let us define numbers r and s by

D = TDk+1 + SPk,
q = Tqk+1 + Sqk.

By Lemma 8.15, the determinant of this system is 41, so r, s are integers,
andsinceii‘—ﬁ < g < z—:,wehaverEOands>0.

Due to the maximality of k, we have
pm_p’<’a_p’<,
dk+2 4 q

Furthermore,

Ph+2 p‘ _ (apt2@r1 + ar) (rppsr + spk) — (rt2Pk+1 + i) (PQe+1 + 5qk)

qk+2 q q4dk+2
_ SQgya—T
QQry2
Hence,
c
q(sap42 — 1) < CQpy2 = ;((Sakﬂ —7)qkt1 + Q)
i.e.

C C
(sagt2 —1)(q — ;qkﬂ) <L
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Furthermore, we have

L 4=t s 1
SQpio — T <q c r+ —qﬁ’“l -

QA l®
S

Therefore, we obtained the inequality (quadratic inequality for r)
r? — sragio + capya > 0. (8.18)
We now distinguish two cases:

1) 82ak+2 > 4c¢
2

In this case, we have s*a , — 4cs?aj42 > (s%ag42 — 4c)?, so the solu-
tions of inequality (8.18) satisfy

1/, 2c
r<—<sa —\/34(12 — 4des?a ><—
95 k+2 ko k2] S —
or
i 2 4,2 2 1 2 _
r > 75 $Tapy2 + y/s%ag o — 4cstagya ) > 5( ag12 — 2C).

From the first possibility, it follows that rs < 2c. If the second possi-
bility takes place, we introduce the substitution ¢ = sayy o — r. The
number ¢ is a positive integer. Now we have
P = TPkt1 + Spk = (SAp+2 — t)Pk+1 + Pk = SPk+2 — tPk+1,
q = 5Qk+2 — tqr+1
and st = s%aj 40 — s < 2c.
2) 82ak+2 < 4c

Ifr < %sakJrg, then rs < %82ak+2 < 2c. If %Sak_i'_Q < r < Sapio, then
we again define t = sap.o — r and we get st < %szak+2 < 2c. O

If we substitute ¢ = 1 in Theorem 8.27, we obtain the following result.
Corollary 8.28 (Fatou, 1904; Grace, 1918). Let « be a real number and p, q
integers such that ¢ > 1 and

1
q q

Then there is n > 0 such that

p Pn Pn — Pn—1 Pn + DPn—1
—=== o ——"— or —/——"—

q Adn qn — 4n—1 Qn + qn—1 .
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Theorem 8.29 (Lagrange, 1770). Let « be an irrational number and let Z—g,
%, f‘q’—;, ... be the convergents of .. Then
(D) |ago — po| > |agr — p1] > |age —pa| > ---
() Ifn>1,1<q<qn and (p,q) # (Pn—1,qn-1)s (Pn,n), then |ag—p| >
’a(Jn—l - pn—l‘-

Proof: By Lemma 8.17, we have

1 1
aqn — Pyl = < :
40 =l Cni1Gn + Gn-1 o+ Gn1
1 1 1

QQn—1 — Pn-1| = > =
| " " | AnQn—1 + gn—2 (an + 1)Qn—1 + gn—2 gn—1 + Qn’
and the statement (i) follows.

In order to prove (ii), let us define numbers u, v by the equations

WPn + VPn—1 = D,
HGn +Vqp—1 = q.

The matrix of this system has determinant +1, so the numbers p, v are in-
tegers. If v = 0, then p = up,, ¢ = pgn, and this is impossible because

0 <¢q<qyand (p,q) # (pn,qn). If p =0, then p = vp,_1, ¢ = vgn—1. Since
(p,q) # (Pn—1,qn-1), we have v > 2, and hence

\aq _p’ Z 2‘QQn—1 _pn—l‘ > ‘QQn—l _pn—l‘-

If u # 0 and v # 0, then, due to 1 < ¢ < ¢,, x and v have opposite signs
and the numbers u(ag, — p,) and v(ag,—1 — pn,—1) have equal signs. Thus,

lag — p| = [p(agn — pp)| + [V(agn-1 — pa-1)],
so, since puv # 0, we get |ag — p| > |agn—1 — Pn—1|- |

. eLe . r
Definition 8.4. Fractions of the form 2" — M, r=1,...,ap42—1,
qn,r Tdn+1 + an

n > —1, are called secondary convergents (or mediating fractions) of the
continued fraction [ag, ay, .. .].

Pno  Pn Pnant2  Pn+2
e o 2R ot SRS

Let us note that .
4dn,0 dn Qn,an+2 dn+2
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Lemma 8.30. For n even,

}ﬁ < e <p7n,r <p7n,r+1 < v <pn+2’

qn dn,r dnr+1 dn+2
while for n odd,

}ﬁ>'”>pn,r>pn7r+1>”'>pn+2.

qn Aqn,r qn,r+1 qn+2

Furthermore, for each positive integer n,

qnr+1Pn,r — Pnr+19n,;r = (_1)n+1. (819)

Proof: It is sufficient to prove formula (8.19). We have

dn,r+1Pn,r — Pn,r+14n,r
= ((r + 1)gnt1 4+ @) (rpns1 +pa) — (0 + DPny1 + ) (r@ng1 + qn)
= 4n+1Pn — Pn+19n = (_1)n+1. Ll

We say that a rational number 7, b > 0, is a good approximation of an
irrational number « if

ot w3 ez vt}

Theorem 8.31. Any good approximation of « is either a convergent or a
secondary convergent of a.

Proof: Let § be a good approximation of o which is neither a convergent
nor secondary convergent of «. Without loss of generality, we can assume
that 7 > a. Then there are consecutive (ordinary or secondary) convergents

g and P & of a such that

P a P
a<é<g<@ and P/Q—Plel
Now,
L P ‘< por_ 1
Qb ~ Q S Q QQ
Thus, we obtain () < b and ‘oz — ‘ < ‘a contradiction. O

Example 8.4. Let us show that not every secondary convergent is a good ap-
proximation.
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Solution: Let a« = [1,2,2,2,...]. Then ﬁ =a+1,s0 a =2 The
convergents of a are: 1, 3, Z, 12 ..., and the secondary convergents are: 3,
02 However, [v2 — | ~0.0142 and |v2 — 12| ~ 0.0144, so 22 is not
a good approximation of v/2. &

Definition 8.5. We say that an irrational number « is badly approximable if
there is a constant ¢ = c¢(a) > 0 such that

for every rational number g. (From Hurwitg’s theorem, it follows that the con-
stant ¢ has to satisfy 0 < ¢ < %.)

Theorem 8.32. An irrational number « is badly approximable if and only if
the partial quotients in its simple continued fraction expansion are bounded.

Proof: From Theorem 8.24 and Lemma 8.18, it follows that

qn Q%(an—i-l + /Bn—i-l)
1
_ . (8.20)
Q%([an—&—l, an+27 . ] + [07 Apy Qp—1y - - - 7a1])
SO 1 1
Dn
< |la——| < 54— (8.21)
q%(an—&-l + 2) qn q%an—‘rl

If g is not a convergent of «, then, by Theorem 8.26, |a — §| > ﬁ. If partial

quotients of « are bounded, i.e. if there is K > 0 such that a,, < K for each
n > 0, then

Pn 1
a__

an | GAK+2)

: Vi i E wi ve |a — £ <, W
Thus, for every rational numberg e have f]’ > qc here

>

B K+22) K+2
which means that « is badly approximable.
Conversely, suppose that « is badly approximable. Then there is ¢ > 0

such that |o — §| > & for every rational number g. Now, from (8.21), it

follows that a,,+1 < % for n > 0, which means that the partial quotients of
o are bounded. O
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Corollary 8.33. There are uncountably many badly approximable real num-
bers and uncountably many real numbers which are not badly approximable.

Proof: By Theorem 8.32, all real numbers of the form « = [ag,aq,...],
where a,, € {1,2} for n > 0, are badly approximable, and there are un-
countably many such numbers.

All real numbers o = [ag, a1, ...], where a,, = n + by, b, € {0,1} for
n > 0, are not badly approximable, and there are uncountably many such
numbers. O

8.5 Equivalent numbers
Definition 8.6. We say that irrational numbers o and ~ are equivalent if
there are integers a, b, ¢, d such that ad — bc = +1 and

ao+b
ca+d’

=
It is easily verified that this is indeed an equivalence relation. The nota-
tion is av = .
Theorem 8.34 (Serret, 1878). Let
a = [ag,a1,as,...] and = |co,c1,cCa,...]

be irrational numbers. Then « and ~ are equivalent if and only if there are
integers k and [ such that ap,,, = ¢;4y, for all n > 0.

Lemma 8.35. Let a, b, ¢, d be integers and

ac +b
y=——, ad—bc==+1, a>1, c¢>d>0.
ca+d
Then % and ¢ are two consecutive convergents of v, say % and f}%, and

a = Yp.
Proof: Let us express ¢ as a finite simple continued fraction

a _ Pn-1
f—[ao,al,...,an_l]— .
c qn—1

Since a and c are relatively prime, we have a = p,,_1, ¢ = ¢,_1. Choose n
such that

Pn—14n—2 — qn—1Pn—2 = &,



