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Hence, |Σ1 −Σ2| ≤ O(1), i.e. |Σ1 −Σ2| is bounded independently of x, so it
is indeed sufficient to prove that for σ = 1 + 1

lnx we have

∑

p≡l (mod k)

1

pσ
=

1

ϕ(k)
ln
( 1

σ − 1

)

+O(1),

because if we let x → ∞, i.e. σ → 1+, we see that Σ1 is unbounded and we
conclude that series Σ2, i.e.

∑

p∈Pl

1
p , is divergent.

Note that for σ > 1, by Theorem 7.19.d), we have

∑

p≡l (mod k)

1

pσ
=

∑

p

1

pσ

( 1

ϕ(k)

∑

χ mod k

χ(l)χ(p)
)

=
1

ϕ(k)

∑

χ mod k

χ(l)S(σ, χ),

where

S(σ, χ) =
∑

p

χ(p)

pσ
.

Now

∑

p

∑

m≥1

1

mpmσ
−

∑

p

1

pσ
= −

∑

p

ln
(

1− 1

pσ

)

−
∑

p

1

pσ
= O(1)

because

∑

p

∑

m≥2

1

mpmσ
≤ 1

2

∑

p

∑

m≥2

1

pmσ
=

1

2

∑

p

1

pσ(pσ − 1)
= O(1).

Therefore,

S(σ, χ0) =
∑

p

∑

m≥1

1

mpmσ
−

∑

p|k

∑

m≥1

1

mpmσ

= −
∑

p

ln
(

1− 1

pσ

)

+O(1)

= ln
∏

p

(

1− 1

pσ

)−1
+O(1)

= ln ζ(σ) +O(1) = ln
( 1

σ − 1

)

+O(1).
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Here, we used Euler’s product formula (Theorem 7.15) and the fact that for
σ in some neighbourhood of 1, we have

ζ(σ) =
1

σ − 1
+ g(σ),

where g(σ) is an analytic function at σ = 1.
Hence, we have already obtained the main term in the estimate for χ0.

We, therefore, need to show that the remaining characters will not “dam-
age” this estimate, i.e. we need to prove that S(σ, χ) = O(1) for σ > 1 and
all Dirichlet characters χ modulo k such that χ �= χ0.

Similarly to the computations for S(σ, χ0), we obtain

S(σ, χ) =
∑

p

χ(p)

pσ
=

∑

p

∑

m≥1

χ(p)m

mpmσ
+O(1)

=
∑

p

ln
(

1− χ(p)

pσ

)−1
+O(1)

= ln(L(σ, χ)) +O(1).

For χ �= χ0, the function L(s, χ) is analytic for σ > 0, so L(σ, χ) is continu-
ous for σ > 1 and

lim
σ→1

L(σ, χ) = L(1, χ).

Since, by Theorem 7.21, L(1, χ) �= 0, we obtain S(σ, χ) = O(1), which
needed to be proved.

Let us mention that in 2004, Green and Tao [201] proved that there
are arbitrary long sequences of primes, which are consecutive elements of
an arithmetic progression. For example, primes 3, 5, 7 are three consecutive
terms of the sequence 2n + 1, while primes 251, 257, 263, 269 are four con-
secutive terms of the sequence 6n + 245.

7.6 Exercises

1. Compare numbers π(x), x/ ln(x) and li(x) for x = 100, 1000, 10000.

2. Let p = 2n + 1 be a prime number. Prove that
(
2n

n

)

≡ (−1)n (mod p).
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3. Let p be a prime number. Prove that
(
2p

p

)

≡ 2 (mod p2).

4. Let dn = lcm(1, 2, . . . , n). Prove that 2n < dn < (13/4)n, for a large
enough positive integer n.

5. Let n be a positive integer. Find the greatest common divisor of
(
2n

1

)

,

(
2n

3

)

, . . . ,

(
2n

2n− 1

)

.

6. Prove that for positive integers n and k, the number

1

n
+

1

n+ 1
+ · · · + 1

n+ k

cannot be an integer.

7. Prove that there are no positive integers k,m, n ≥ 2 such that n! = mk.

8. Let k be an arbitrary positive integer. Prove that the set {1, 2, . . . , 2k}
can be partitioned into k disjoint pairs of numbers such that the sum
of numbers in each pair is a prime number.

9. Prove that each integer n ≥ 7 is either a prime number or it can be
expressed as a sum of several distinct prime numbers.

10. Prove that for every positive integer m, there is a positive integer n
such that the interval (n, 2n] contains exactly m prime numbers.

11. Let n be a positive integer. Let us denote by D(n), the smallest pos-
itive integer k such that the numbers 12, 22, . . . , n2 are incongruent
modulo k. Check that D(1) = 1, D(2) = 2, D(3) = 6, D(4) = 9. Prove
that, for n ≥ 5, D(n) is the smallest integer which is ≥ 2n, and which
is either a prime number or a double prime number.

12. Let B be a finite non-empty set of integers, X = maxb∈B |b|, and S a
finite set, elements of which are powers of prime numbers. Assume
that for each q ∈ S, the set B contains a representative of at most g(q)
equivalence classes modulo q. Prove that

|B| ≤
(∑

q∈S
Λ(q)− ln(2X)

)

/
(∑

q∈S

Λ(q)

g(q)
− ln(2X)

)
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if the denominator is positive. This result is called Gallagher’s larger
sieve, by an analogy with Eratosten’s sieve (see [86, Chapter 2.2]).
Apply this result to the case when B is the set of all squares which are
≤ X.

13. Prove that for a real number s > 1,

a)
∞∑

n=1

µ(n)

ns
=

1

ζ(s)
,

b)
∞∑

n=1

|µ(n)|
ns

=
ζ(s)

ζ(2s)
.

14. Let s > 1. Prove that

a)
∑

n≤x

1

ns
=

x1−s

1− s
+ ζ(s) +O(x−s),

b)
∑

n>x

1

ns
= O(x1−s).

15. Let α ≥ 0. Prove that
∑

n≥x

nα =
xα+1

α+ 1
+O(xα).

16. Prove that
∑

n≤x

ln2 n = x ln2 x− 2x lnx+ 2x+O(ln2 x).

17. Prove that there is constant c such that

∏

p≤x

(

1− 1

p

)

=
c

lnx
+O

( 1

ln2 x

)

.

18. Prove that
∑

pq≤x

1

pq
= (ln lnx)2 +O(ln lnx),

where the sum runs through all pairs of prime numbers p, q such that
pq ≤ x.

19. By using the functional equation (7.17), compute ζ(0).
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20. Prove that for m = 4, formula (7.19) can be written in the form

S4(n) =
(n− 1)n(2n − 1)(3n2 − 3n− 1)

30
.

21. Determine all Dirichlet characters modulo 5.

22. Let χ �= χ0 be the Dirichlet character modulo 4.

a) Prove:
∑

n≤x

χ(n)|µ(n)| = O(
√
x).

b) Let Q1(x) be the number of square-free positive integers of the
form 4k + 1 which are ≤ x. Prove that

Q1(x) =
2

π2
x+O(

√
x).

23. Prove that there are infinitely many primes p such that the numbers
p− 100, p − 99, . . . , p− 1, p + 1, . . . , p+ 99, p + 100 are all composite.

24. Let a1, . . . , ak be pairwise relatively prime positive integers, none of
which is a perfect square. Prove that there are infinitely many prime
numbers p such that ai, for i = 1, . . . , k, are quadratic non-residues
modulo p.

25. Find five prime numbers which are consecutive elements of an arith-
metic progression.

8. Diophantine approximation

8.1 Dirichlet’s theorem

Let us recall that, for a given real number α, we denote by ⌊α⌋ the integer
part of α (floor of α), i.e. the largest integer ≤ α, and by {α} = α− ⌊α⌋ the
fractional part of α. Furthermore, we will denote by �α� the distance from α
to the nearest integer, i.e. �α� = min{|α−n| : n ∈ Z} = min({α}, 1−{α}).
Evidently, 0 ≤ {α} < 1 and 0 ≤ �α� ≤ 1

2 .
One of the fundamental questions in the branch of number theory which

is called Diophantine approximations is the question of how well can a given
irrational number be approximated by rational numbers. Therefore, we are
asking how small the distance between an irrational number α and a ratio-
nal number p/q, i.e. the number |α − p

q |, can be. While doing so, we will
compare this difference with q; namely, for larger denominators, we expect
better approximations.

In various concrete problems and application, there is a need for approx-
imating real numbers (irrational numbers or numbers obtained experimen-
tally, so that there is no point in considering their (ir)rationality) with ra-
tional numbers of small denominators. One such problem is the problem of
the calendar, where the objective is to approximate the number of days in a
solar year (approximately 365.242199) by a rational number with a small de-
nominator so that we would have the simplest possible (and approximately
correct) rule for leap years. The first approximation 365.242199 ≈ 365 + 1

4 ,
which leads to the rule with every fourth year as a leap year, is familiar to
everyone (more information on this topic can be found in [40] and [112]).

In architecture and painting, there is a desire for an approximation of
the golden ratio, i.e. the irrational number 1+

√
5

2 . We will see in Example
8.3 that the best rational approximations of that number are connected to
Fibonacci numbers.

Let us mention another application which appears in music, with deter-
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