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Let us introduce the notation for two simple functions: u(n) = 1 for ev-
ery n ∈ N and i(n) = n for every n ∈ N. Then the formula from Proposition
6.2 can be written as µ ∗ u = I, which means that u = µ−1 and µ = u−1.
The Möbius inversion formula (Theorem 6.3) now states: if f = g ∗ u, then
g = f ∗ µ (and conversely, if g = f ∗ µ, then f = g ∗ u) and it follows from
the proven properties of Dirichlet product:

f ∗ µ = (g ∗ u) ∗ µ = g ∗ (u ∗ µ) = g ∗ I = g.

Furthermore, the formula
∑

d|n ϕ(d) = n (Theorem 3.12), and its corre-
sponding formula (6.1), can be written as ϕ ∗ u = i and ϕ = i ∗ µ, respec-
tively.

Considerations of the Dirichlet product thus far have regarded almost
arbitrary arithmetical functions. The only condition which appeared was
f(1) �= 0, for which we know that it is automatically satisfied for multi-
plicative functions. Concerning the behaviour of the multiplicative function
with respect to the Dirichlet product, the questions whether the product of
multiplicative functions is multiplicative, and whether the inverse of a mul-
tiplicative function is multiplicative, should be answered. If the answers to
those questions are affirmative, then we will conclude that multiplicative
functions, with the operation ∗, form an abelian group.

Proposition 6.13. If f and g are multiplicative functions, then the function

f ∗ g is also multiplicative.

Proof: Let h = f ∗ g. Then h(1) = f(1)g(1). Analogously as in the proof
of the multiplicativity of function f ∗ u at the beginning of Chapter 6.2, for
numbers m,n such that gcd(m,n) = 1, we have

h(mn) =
∑

d|m

∑

d′|n
f(dd′)g

(mn

dd′

)

=
∑

d|m

∑

d′|n
f(d)f(d′)g

(m

d

)

g
( n

d′

)

=
(∑

d|m
f(d)g

(m

d

))(∑

d′|n
f(d′)g

( n

d′

))

= h(m)h(n).

Proposition 6.14. If functions g and f ∗ g are multiplicative, then also the

function f is multiplicative. In particular, if a function g is multiplicative, then

the function g−1 is multiplicative (since g ∗ g−1 = I is multiplicative).

Proof: Assume that f is not multiplicative, i.e. that there are positive
integers m and n such that gcd(m,n) = 1 and f(mn) �= f(m)f(n), and
let us choose those for which the product mn is minimal. Put h = f ∗ g.
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From 1 = h(1) = f(1)g(1) = f(1), it follows that f(1) = f(1)f(1), so
mn > 1. Due to the minimality, we have f(ab) = f(a)f(b), for all a, b such
that gcd(a, b) = 1 and 1 ≤ ab < mn. Now,

h(mn) = f(mn)g(1) +
∑

a|m, b|n
ab<mn

f(ab)g
(mn

ab

)

= f(mn) +
∑

a|m, b|n
ab<mn

f(a)f(b)g
(m

a

)

g
(n

b

)

= f(mn) + (h(m)h(n) − f(m)f(n)).

From this, we obtain

h(mn)− h(m)h(n) = f(mn)− f(m)f(n) �= 0,

which is a contradiction to the assumption that h is multiplicative.

6.5 Exercises

1. With how many zeros the following numbers end:

a) 1111!,

b) 3333!,

c) 5555!?

2. With how many zeros the following numbers end:

a)
(233
24

)
,

b)
(
343
49

)
,

c)
(
455
34

)
?

3. Prove that for any odd positive integer n,

⌊n

4

⌋

+
⌊n

2

⌋

+
⌊3n

4

⌋

=
3(n− 1)

2
.

4. Prove that for all real numbers x, y,

⌊x⌋+ ⌊y⌋+ ⌊x+ y⌋ ≤ ⌊2x⌋+ ⌊2y⌋.
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5. Let x and y be real numbers such that

⌊x+ y⌋ = ⌊x⌋+ ⌊y⌋ and ⌊−x− y⌋ = ⌊−x⌋+ ⌊−y⌋.

Prove that at least one of the numbers x, y is an integer.

6. Let m ≥ 2 be an integer. How many solutions in positive integers are

there to the equation
⌊ x

m

⌋

=
⌊ x

m− 1

⌋

?

7. Calculate
n2−1∑

k=1

⌊
√
k⌋.

8. Prove that
∑

k≥1

2k
⌊ n

2k
+

1

2

⌋2

= n(n+ 1).

9. Prove that for any positive integer n,

⌊√n+
√
n+ 1⌋ = ⌊√n+

√
n+ 2⌋.

10. Prove that for any integer n ≥ 2,

⌊log2 n⌋+ ⌊log3 n⌋+ · · ·+ ⌊logn n⌋ = ⌊√n⌋+ ⌊ 3
√
n⌋+ · · · + ⌊ n

√
n⌋.

11. Express the numbers 8
11 , 13

21 and 5
121 in the form 1

x1
+ · · · + 1

xk
, where

xi are distinct positive integers.

12. Check that the equation 4
n = 1

x + 1
y + 1

z has a solution in positive
integers x, y, z for n = 2, 3, . . . , 10.

13. Prove that
∑

d|n

1

d
=

σ(n)

n
.

14. Is the function F (n) = ϕ(n2) multiplicative?

15. Determine all positive integers n such that

ϕ(n2) + ϕ((n + 1)2) ≥ 2n2.

16. Determine all positive integers n such that n+ τ(n) = 2ϕ(n).
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17. a) Prove that for every prime p, pσ(p) ≡ 2 (mod ϕ(p)).

b) Let n be a composite number such that nσ(n) ≡ 2 (mod ϕ(n)).
Prove that then n = 4, 6 or 22 ([394]).

18. Let S : N → R be the function defined by

S(n) =

{

n, if n is the square of a positive integer,

0, otherwise.

Is the function S multiplicative?

19. Let f : N → R be the function defined by f(n) = ⌊
√
4n⌋ − ⌊

√
4n − 1⌋.

Is the function f multiplicative?

20. Let ω(n) denote the number of prime divisors of a positive integer n,
i.e. ω(n) =

∑

p|n 1. Is the function ω multiplicative?

21. Is the function λ(n) = (−1)ω(n) multiplicative?

22. Prove
∑

d|n
µ(d)τ(d) = (−1)ω(n).

23. Prove
∑

d|n
|µ(d)| = 2ω(n).

24. Let s(n) denote the product of all prime divisors of n, with the agree-
ment that s(1) = 1. Is the function s multiplicative?

Prove
∑

d|n
µ(d)σ(d) = (−1)ω(n)s(n).

25. Prove
∑

d|n

µ2(d)

ϕ(d)
=

n

ϕ(n)
.

26. Let
H(n) = τ(n) ·

(∑

d|n

1

d

)−1
.

a) Prove that H is a multiplicative function.

b) Determine all positive integers n such that H(n) ≤ 2.

27. Let f : N → N be a multiplicative and strictly increasing function such
that f(2) = 2. Prove that f(n) = n, for any n ∈ N.
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28. Calculate:

a)
∑

n≤20 τ(n),

b)
∑

n≤20 σ(n),

c)
∑

n≤20 ϕ(n).

29. Prove
∑

n≤x

σ(n)

n
=

π2

6
x+O(lnx).

30. Prove that for any δ > 0, τ(n) = O(nδ).

31. Let t(x) =
∑

n≤x

τ(n). Prove

∑

n≤x

τ(n)

n
=

t(x)

x
+

∫ x

1

t(u)

u2
du.

By using this formula, prove the following estimate

∑

n≤x

τ(n)

n
=

1

2
ln2 x+O(lnx).

32. Prove
∑

n≤x

ω(n) = x ln lnx+O(x).

33. Prove
∑

n≤x

2ω(n) =
6

π2
x lnx+O(x).

34. Determine the function u ∗ u.

35. Let f and g be completely multiplicative functions. Does the function
f ∗ g have to be completely multiplicative?

7. Distribution of primes

7.1 Elementary estimates for the function π(x)

Definition 7.1. For x > 0, we denote by π(x) the number of primes p such

that p ≤ x.

The fundamental result on the distribution of prime numbers is the
prime number theorem (PNT), which states that

π(x) ∼ x

lnx
,

i.e. limx→∞
π(x)

x/ ln(x) = 1. This result was first conjectured by Gauss, and it
was proved independently by Hadamard and de la Vallée Poussin in 1896.

An even better approximation for function π(x) is the so-called logarith-

mic integral function

li(x) =

∫ x

2

1

ln t
dt.

By L’Hospital’s rule, we obtain

lim
x→∞

li(x)

x/ ln(x)
= 1.

Hence, the PNT is equivalent to π(x) ∼ li(x).
We will first prove a weaker statement of the prime number theorem,

which was proved by the Russian mathematician Pafnuti Lvovich Chebyshev
(1821 – 1894), that there are positive real numbers a and b such that

a
x

lnx
< π(x) < b

x

lnx
(7.1)

for x large enough.
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