EXERCISES 155

From 1 = A(1l) = f(1)g(1) = f(1), it follows that f(1) = f(1)f(1), so
mn > 1. Due to the minimality, we have f(ab) = f(a)f(b), for all a,b such
that gcd(a,b) =1 and 1 < ab < mn. Now,

h(mn) = f(mn)g(1)+ > flab)g("")

alm, bln
ab<mn

= fm)+ Y Far)e(™)a ()

alm, bln
ab<mn

= f(mn) + (h(m)h(n) — f(m)f(n)).

From this, we obtain

h(mn) — h(m)h(n) = f(mn) — f(m)f(n) # 0,

which is a contradiction to the assumption that & is multiplicative. ]

6.5 Exercises

1. With how many zeros the following numbers end:

a) 11111,
b) 3333,
¢) 5555!?

2. With how many zeros the following numbers end:
a) (51),
b (h)>
o (5)?

3. Prove that for any odd positive integer n,

)+ 51+ ) - 2o

4. Prove that for all real numbers =z, v,

lz) + [y) + [z +y) < [22] + [2y].



156

10.

11.

12.

13.

14.
15.

16.

ARITHMETICAL FUNCTIONS

. Let z and y be real numbers such that

lz+yl=lz]+ [yl and |-w—y|=[-z]+[-y]

Prove that at least one of the numbers z, y is an integer.

. Let m > 2 be an integer. How many solutions in positive integers are

there to the equation LEJ = { * J?
m m—1

-1

. Calculate nE: |VE].

k=1

1 2

. Prove that Z 2k LQE"C + —J =n(n+1).

2
k>1

. Prove that for any positive integer n,

[Vn+Vint+1] = [Vn+vVin+2).
Prove that for any integer n > 2,
[logy n) + [loggn + -+ [log, 0] = [v/n] + [¥/n] +--- + [ ¥,

13 5 1 1
Express the numbers -2 17> 37 and 157 in the form — +--- + 7o where

X; are distinct posmve 1ntegers

Check that the equation % = % + % + % has a solution in positive
integers x,y, z forn =2,3,...,10.

Prove that Zé = M.

n
dln
Is the function F(n) = ¢(n?) multiplicative?
Determine all positive integers n such that

©(n?) + @((n +1)%) > 2n?

Determine all positive integers n such that n + 7(n) = 2¢(n).
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

a) Prove that for every prime p, po(p) = 2 (mod ¢(p)).

b) Let n be a composite number such that no(n) = 2 (mod ¢(n)).
Prove that then n = 4, 6 or 22 ([394]).

Let S : N — R be the function defined by

S(n) n, if n is the square of a positive integer,
n) =
0, otherwise.

Is the function S multiplicative?

Let f : N — R be the function defined by f(n) = |V4n| — [v4n — 1].

Is the function f multiplicative?

Let w(n) denote the number of prime divisors of a positive integer n,
ie.w(n) =3_,, 1. Is the function w multiplicative?

Is the function A(n) = (—1)*(™) multiplicative?

Prove »  pu(d)r(d) = (1))
dln

Prove Z u(d)] = 290,
dln

Let s(n) denote the product of all prime divisors of n, with the agree-
ment that s(1) = 1. Is the function s multiplicative?

Prove » _ pu(d)o(d) = (—1)*™s(n).
dln

pAd) _ n
Prove dzln: o(d) = m

Let

dln

a) Prove that H is a multiplicative function.

b) Determine all positive integers n such that H(n) < 2.

Let f : N — N be a multiplicative and strictly increasing function such
that f(2) = 2. Prove that f(n) = n, for any n € N.
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28.

29.

30.

31.

32.

33.

34.
35.

ARITHMETICAL FUNCTIONS

Calculate:

a) anm 7(n),
b) anm o(n),
Q) D<o (1)

Prove Z — 2+ O(Inz).

n<x

Prove that for any § > 0, 7(n) = O(n?).

Let t(z) = Z 7(n). Prove

Tt i,

n<x

By using this formula, prove the following estimate

72@ = %anx—i-O(lnw).

Prove Z =zlnlnz + O(x).
n<x

Prove 22“ " = —wlnw+0( ).
n<x

Determine the function u * w.

Let f and g be completely multiplicative functions. Does the function
f * g have to be completely multiplicative?



