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so by another application of Corollary 11.21, we conclude that the coeffi-
cients of h2(x) are in K. If now βk = · · · = βk−s+1 = 0, β1, . . . , βk−s �= 0,
then

h2(x) = xns
k−s∏

j=1

n∏

i=1

(x− αiβj),

so in the same manner as before, we conclude that the coefficients of h2(x)
are in K.

Theorem 11.23 (Newton’s formulas). For the sums of powers sk and the

elementary symmetric polynomials σk, the following formulas hold:

sk − sk−1σ1 + sk−2σ2 − · · ·+ (−1)k−1s1σk−1 + (−1)kkσk = 0, for k ≤ n,

sk − sk−1σ1 + sk−2σ2 − · · ·+ (−1)nsk−nσn = 0, for k > n.

Proof: Let f(X) = (X − x1)(X − x2) · . . . · (X − xn). Then, according to
(11.28),

f(X) = Xn − σ1X
n−1 + σ2X

n−2 − · · ·+ (−1)nσn. (11.35)

If we evaluate (11.35) in X = xj , we obtain

xnj − σ1x
n−1
j + σ2x

n−2
j − · · ·+ (−1)nσn = 0. (11.36)

Let k > n. If we multiply (11.36) by xk−n
j and add the equalities ob-

tained in this way for j = 1, . . . , n, we obtain

sk − σ1sk−1 + σ2sk−2 − · · · + (−1)nσnsk−n = 0, (11.37)

which needed to be proved. With the definition of s0 = x01 + · · · + x0n = n,
this also proves the formula in the case k = n.

Let now k ≤ n. Put

hk(x1, . . . , xn) = sk − sk−1σ1 + sk−2σ2 − · · ·+ (−1)k−1s1σk−1 + (−1)kkσk.

By induction over m, where m = n − k, we will prove that hk = 0. The
case m = 0, i.e. k = n, is already solved. Let m ≥ 1 and suppose that the
statement holds for all k ≤ n such that n− k < m. Let s′j = xj1 + · · ·+ xjn−1,
so we have

hk(x1, . . . , xn−1, 0)

= s′k − s′k−1σ
′
1 + s′k−2σ

′
2 − · · ·+ (−1)k−1s′1σ

′
k−1 + (−1)kkσ′

k

= hk(x1, . . . , xn−1).
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By the inductive assumption, we have hk(x1, . . . , xn−1, 0) = 0, which implies
that the polynomial hk(x1, . . . , xn) is divisible by xn, so due to symmetry, it
is also divisible by σn. On the other hand, the degree of the polynomial hk
is ≤ k < n, so it cannot be divisible by σn, unless hk = 0.

Examples of the application of symmetric polynomials to solving sym-
metric equations and systems of symmetric equations can be found in [216,
334, 336].

11.6 Exercises

1. Let A be an integral domain and f ∈ A[x]. Prove that f is invertible in
A[x] if and only if deg f = 0 and f(0) is invertible in A.

2. Let A be a unique factorization domain. Prove that a polynomial f ∈
A[x] is primitive if and only if cont(f) is invertible in A.

3. Prove that for n ≥ 5 there is no polynomial P (x) of degree n with
integer coefficients with the property that P (0) = 0 and that P (ai) = n
for n distinct integers ai, i = 1, . . . , n. Is there a polynomial with this
property for n = 4?

4. Let A be an integral domain and let f, g, h ∈ A[x]. Prove:

a) Res(f, 0) = 0,

b) Res(f, g) = (−1)deg f ·deg g Res(g, f),

c) Res(f, gh) = Res(f, g)Res(f, h).

5. Let f(x) = x3 + ax+ b. Prove that Disc(f) = −4a3 − 27b2.

6. Prove that there is no polynomial f(x) ∈ Z[x], deg f ≥ 1 such that
f(n) is square-free for every n ∈ Z.

7. Solve the equations:

a) 6x3 + 19x2 + x− 6 = 0,

b) 12x3 − 4x2 − 25x+ 12 = 0,

c) 18x4 + 69x3 + 41x2 − 16x− 12 = 0.

8. Prove that the equation x4+ax+1 = 0 does not have rational solutions
if a ∈ Z, a �= ±2.
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9. Find all prime numbers p for which the equation px3 − x+ 2 = 0 has
at least one rational root.

10. Find all integers m such that the polynomial Pm(x) = x4 − mx3 −
6x2 +mx+ 1 is reducible over Q.

11. Prove that Eisenstein’s criterion (Theorem 11.15) also holds if the con-
dition that the polynomial f is monic is replaced by the condition that
the leading coefficient of the polynomial f is not divisible by p.

12. Let f ∈ Z[x] be a polynomial of degree 7 and let |f(ai)| = 1 for five
distinct integers a1, a2, a3, a4, a5. Prove that f cannot be written as
the product of two polynomials with integer coefficients of positive
degree.

13. Let n ≥ 6 and a1, . . . , an be integers. Prove that the polynomial

f(x) = (x− a1) · . . . · (x− an) + 1

is irreducible in Z[x].

14. Let a1, a2, a3, a4 be integers. Find an example of a polynomial

f(x) = (x− a1)(x− a2)(x− a3)(x− a4) + 1

that is not irreducible over Z.

15. Let n be a positive integer. Prove that the polynomial

f(x) = (x2 + 2)n + 5x2n−1 + 100xn + 25

is irreducible in Z[x].

16. Let the coefficients of a polynomial f(x) = anx
n + · · · + a0 ∈ Z[x]

be such that a0 is prime and |a0| > |a1| + · · · + |an|. Prove that f is
irreducible in Z[x].

17. Express the polynomial

f(x) = x8 + 4x6 − 8x2 − 2

as a composition of indecomposable polynomials.
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18. Let

g1(x) = x3, g2(x) =
x(x− 12)

x− 3
, g3 =

x(x+ 6)

x− 3
,

h1(x) =
x3(x+ 24)

x− 3
, h2(x) =

x(x2 − 6x+ 36)

x2 + 3x+ 9
.

Prove that g1 ◦ g2 ◦ g3 = h1 ◦ h2 and explain why this equality im-
plies that the first Ritt’s theorem does not hold for decompositions of
rational functions (the degree of a rational function f/g is defined as
max(deg f,deg g)).

19. Let α1, α2, α3, α4 be the roots of the polynomial x4+5x3+kx2+3x+5.
Find the coefficient k if it is known that α1 · α2 = 1.

20. Let α1, α2, α3 be the roots of the polynomial x3 + 5x2 + 7x+ 11. Find
the polynomial of degree 3 whose roots are β1, β2, β3, where

β1 =
α1 + α2

2
, β2 =

α2 + α3

2
, β3 =

α3 + α1

2
.

21. Solve the (symmetric) equation 3x4 − 13x3 + 16x2 − 13x+ 3 = 0.

22. Solve the system of (symmetric) equations

x+ y + z = 2,

x2 + y2 + z2 = 14,

x3 + y3 + z3 = 20.

23. Factorize the (symmetric) polynomial

f(x, y, z) = x3 + y3 + z3 − 3xyz.
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