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ABSTRACT. We introduce analogues of Diophantine D(N)-m-tuples in
the noncommutative ring M2(Z) of 2 x 2 integer matrices. Besides defi-
nitions based on the standard matrix product, we consider a symmetric
version defined via the Jordan product

Special attention is devoted to upper-triangular integer matrices UT>(Z),
where squares admit a particularly simple description. Motivated by the
classical connection between representations of n as a difference of two
squares and the existence of D(n)-quadruples in commutative rings, we
investigate the existence of Jordan D(N)-quadruples in UT»(Z).

1. INTRODUCTION AND MOTIVATION

As the supplement [|9] to the book [§], a list of open problems was pre-
sented. In this paper, we address the specific problem formulated as follows:

Define an analogue of a D(n)-m-tuple in a noncommutative ring and
prove some non-trivial results concerning the existence of D(n)-quadruples,
e.g. in the ring of 2 X 2 matrices with integer entries.

Recall that D(n)-m-tuples are traditionally defined in a commutative
ring R with unity as a set of m distinct, nonzero elements {aj,...,ay,} in
R such that the product of any two distinct elements, increased by n, is
a perfect square in R, i.e. a;aj +n = x?j for all 1 < ¢ < j < m, where
n € R\{0}. If equal elements and zero are allowed, we refer to such a family
(or m-tuple) as having the D(n)-property. Also, we allow n = 0 when
referring only to the D(n)-property.

So far D(n)-m-tuples have been extensively investigated in various rings
of integers of number fields, such as Z,Z[Vd],Z[(1 + V/d)/2], as well as
in rings of polynomials with integer coefficients. Interestingly, in many of
these rings, an equivalence has been established between the representability
of n as a difference of two squares and the existence of a D(n)-quadruple
(see [5,/7,[11H18]). Yet, this “rule” is not without its counterexamples. In
the rings of integers of certain quadratic fields, there exist elements n that
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cannot be represented as a difference of two squares, yet D(n)-quadruples
still exist (|2H4]).
A classical construction shows that every D(n)-pair {a, b} satisfying ab+

n = r? can be extended to a regular D(n)-triple

{a,b,cx}, cx =a+b+L2r

provided that the chosen element ¢y does not belong to {0, a,b}. Following
this construction, one can consider sets of the form:

{a,b,a +b=+2r,a+4b+ 4r}.

These sets are D(n)-quadruples if the condition a(a + 4b + 4r) + n = 0O is
satisfied and if the elements are nonzero and distinct. Building on this ap-
proach, Dujella [6] derived several parametric formulas for D(n)-quadruples.
For instance, the set

(1) {6,003k 4+ 1)% 4 2k, £(3k +2)% + 2k + 2,902k + 1)? + 8k + 4}

is shown to be a D(n)-quadruple with n = 2¢(2k + 1) + 1, assuming the
elements are mutually distinct and nonzero. These polynomial families il-
lustrate that for infinitely many values of n, D(n)-quadruples exist in abun-
dance within commutative rings.

Furthermore, an important “scaling property” of these sets is as follows:
if the set {a1,...,an} is a D(n)-m-tuple in a commutative integral domain
R, then for any w € R \ {0}, the set

{aqw, ..., anw} is a D(nw?)-m-tuple.

The aim of the present paper is to initiate the study of Diophantine
D(N)-tuples in a genuinely noncommutative setting. We introduce several
natural analogues of D(N)-tuples in My(Z), with particular emphasis on
the symmetric definition induced by the Jordan product. Our main results
concern the ring UT5(Z) of upper-triangular 2 x 2 integer matrices. Using
the characterization of upper-triangular matrices representable as differences
of two squares obtained in [10], we prove that every matrix N € UT,(Z)
representable as a difference of two squares in UT5(Z) admits infinitely many
Jordan D(N)-quadruples (Theorem [f|and Corollary [6]). Thus, to the best of
our knowledge, UT5(Z) provides the first structure in which the implication

N =K?-A%> = there exists a Jordan D(N)-quadruple

can be established by combining a structural characterization of matrices
representable as differences of two squares with an explicit construction of
Jordan D(N)-quadruples.

This approach differs substantially from earlier investigations of Diophan-
tine quadruples in rings of algebraic integers (see [11H16]), where existence
was typically obtained through explicit polynomial constructions (using ,
for example). We also investigate matrices N that are not representable as
differences of two squares. In several infinite families we prove that Jordan
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D(N)-quadruples do not exist by means of modular obstructions (Proposi-
tions |§|7 and , while Propositions and (16| provide
explicit constructions of Jordan D(N)-quadruples for matrices belonging to
exceptional congruence classes. In particular, we show that if both diagonal
entries of N are integer squares, then a Jordan D(N)-quadruple exists for
every upper-right entry (Proposition . These results demonstrate that
the relationship between difference-of-squares representations and the exis-
tence of Jordan D(N)-quadruples in matrix rings might be more subtle than
in the classical commutative setting.

2. MATRIX ANALOGUES OF D(N)-m-TUPLES

Let Ms(Z) be the ring of all 2 x 2 matrices with integer entries. It is
well known that Ms(Z) forms a noncommutative ring with unity I. Due
to the lack of commutativity, the standard definition of a Diophantine m-
tuple must be adapted. We propose two primary frameworks for defining a
D(N)-m-tuple in this context, where N € Ms(Z).

2.1. Standard Product Definitions. The first approach considers the
order of multiplication directly.

Definition 1. Let N € M»(Z).
An ordered family (Ay,...,Ap) of distinct nonzero matrices in Ma(Z) is
called:

e a D(N) matriz m-tuple in ascending order if for all 1 < i <
J <m, there exists X;j € May(Z) such that A;A; + N = Xz-?j,

e o D(N) matriz m-tuple in descending order if for all 1 < i <
Jj < m, there exists Xj; € Ma(Z) such that AjA; + N = XJZZ-,

e a D(N) matriz m-tuple if it is a D(N) matriz m-tuple in both
ascending and descending order.

Note that if an m-tuple (A44,...,A,,) consists of matrices that pairwise
commute, these three definitions collapse into the classical definition.

Example 1. Let a € Z and

_(a+1 a+2 _(—a—-1 a+1 (0 2a+3
A_< a a+1>’B_< a —a>’c_<0 —2a—1>'

Note that

2 2
AB+I:<0 1> ,BA+I:<a a“) ,

0 1 —a —a-—1
) 2
(11 ~_((a+1)(2a+1) 2a%+5a+3
ACH+ 1 = <0 0> , CA+ 1= < —a(2a+1) —a(2a+3) )’
) 2
B 1 —2(CL+1) . 1 2(12+5Q+2 —(1(26L+3)
BC+I—<O % + 1 ) ,CB+I—4(I+G)2<_G(QQ+1) 20 +3a+2)
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where a # —1. For a = —2,0

2
0 1 10
CB+I_<3_Q>, (01>,
respectively.

Thus, for a € {—2,0}, (A,B,C) is a D(I)-triple in the sense of the
standard product (in both ascending and descending orders), despite the fact
that the matrices do not commute.

2.2. The Jordan Product Approach. As an alternative, we can utilize
the symmetric part of the matrix product to restore commutativity at the
operational level. We define the Jordan product of two matrices A and B:

AoB = %(ABJrBA),

see, for example, [19]. If F is a field of characteristic different from 2, then
(M3(TF), 0) is a Jordan algebra. This operation is commutative but generally
non-associative, satisfying the Jordan identity: (Ao B)o A2 = Ao (Bo
A?). Using this operation, we can provide a definition that is inherently
symmetric:

Definition 2. The set {A1, As, ..., Apn} of nonzero distinct matrices in
M5(Z) is a D(N) matriz m-tuple under the Jordan product if for all
1 <i<j<m, there exists X;; € Ma(Z) such that:

(2) AiOAj-l-N:XZ-Qj.

Throughout the paper we refer to these simply as Jordan D(N)-m-tuples.

A family of matrices (A1, Aa, ..., Ap) in Ms(Z), whose elements need
not be distinct or nonzero, is said to have the Jordan D(N)-property if it
satisfies foralll <i<j<m.

Notice that the ordering is essential in Definition |1}, where ascending and
descending matrix D(N)-m-tuples are distinguished, whereas the Jordan
D(N)-property is independent of the ordering of the matrices.

Although the Jordan product ensures symmetry in the D(N)-m-tuple
definition, a potential issue arises as A o B may not have integer entries for
all pairs A, B € My(Z). Despite this constraint, the Jordan product offers
a significant advantage regarding the extension of D(N)-tuples. In this
setting, the classical extension formula for triples remains valid. If {A, B}
is a D(N) pair such that Ao B+ N = R?, then the set

{A,B,A+ B+2R}
has the Jordan D(N)-property. Indeed, bilinearity of the Jordan product
allows for the following:
Ao(A+B+2R)+N = A%+ AoB+2(AoR)+N = A+ R?>+2(AoR) = (A+R)%.
Unlike in commutative integral domains, the ring M»(Z) contains zero di-
visors which allow for the construction of D(N)-m-tuples of arbitrary length.
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0 k;
Ai—<0 0), k; € Z.

Note that A;Aj = AjA; = Ajo Aj = 0 (zero matriz), so AjA; + N? = N?
for any N € My(Z). Thus, by choosing pairwise distinct nonzero integers
ki, one obtains D(N?)-m-tuples of arbitrary length with respect to both
the standard and Jordan products.

Example 2. Let

Considering Example [2| natural questions arise. How should such de-
generate cases be excluded? Should one restrict attention to matrices with
nonzero determinant, or require that the product (or Jordan product) of
any two matrices in a D(IN)-tuple be nonzero?

Indeed, Example [2| shows that the existence problem becomes trivial if
no additional restrictions are imposed. Therefore, throughout the paper we
distinguish such degenerate examples from non-degenerate constructions, in
which all pairwise Jordan products are nonzero.

Definition 3. A Jordan D(N)-m-tuple is called non-degenerate if A; o
Aj #0, for all i # j. Otherwise, it is called degenerate.

Lemma 1. Let {A;,...,An} be a Jordan D(N)-tuple in Ms(Z). If E €

GLy(Z) is a unimodular matriz, then {EA1E~L, ... EA,E~'} is a Jordan
D(ENE~Y-m-tuple in My(Z).

Proof. For every 1 <14 < j < m, we have

AioAj+ N =X}, Xi; € May(Z).
By multiplying the previous relation by E and E~!, we get
1 _ _ _
5 (B(Aid; + A;A) B YW+ ENE™' = EX}E,
1
5((EA,E*l)(EAjE*l) +(EA;EYWEAE )+ ENE™ = (EX;E~ 1)
Therefore,
(EA,E~Y o (EAJE™Y) + ENE™! = (EX;;E1)*.
Because FE and E~! are unimodular integer matrices, all these matrix prod-
ucts, including (EA;E~1) o (EA;E~1), have integer entries. Also, conjuga-
tion preserves distinctness and nonzeroness. ([l
Example 3. Conjugating the quadruple from Example[] by the unimodular
parametric matric:

1 k
E= (m l—i—km)’ k,m €Z,

. C22-m) 2 ).
we obtain a Jordan D(Ny,)-quadruple for Ny, = < Com? 224 m))

(e 2) (i 2 )
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3 —2m+2km 2(1—k) 7—m+2km 1—2k )
2m(l—m+km) 142m —2km )’ \m(2—m+2km) 5+ m —2km

3. UPPER-TRIANGULAR JORDAN D(N)-QUADRUPLES

3.1. The UT,(Z) setting. A natural setting in which to study the exis-
tence of matrix D(N)-m-tuples is the ring of upper-triangular 2 x 2 integer

matrices of the form
T:<a b>,a,b,c€Z.
0 ¢

We denote this set by UT5(Z). Note that UT5(Z) forms a ring under stan-
dard addition and matrix multiplication.
The Jordan product is not closed in UT5(Z) since

(8 g)(g ;>:<%d 5(6(a+6)c}fb(d+f))).

Observe that the structure (UT>(Q),+,0) forms a commutative but non-
associative algebra, known as a special Jordan algebra. Despite this, the set
UT»(7Z) is a convenient setting for constructing explicit examples of Jordan
D(N)-m-tuples, because squares in this ring have a very simple form:

(3) T = (%2 b(“ﬁc)> .

C

From now on, UT>(Z) is our ambient structure. In addition to the fact
that the Jordan product need not belong to UT»(Z), another distinction is
important: an upper-triangular integer matrix that is a square in M(Z)
need not have a square root in UT»(Z). For instance,

2
0 2
<1 0> = 2] € UTy(Z).

whereas 2/ has no square root in UT»(Z). Therefore, in the upper-triangular
setting, we require the square roots in the defining relations to belong to
UT,(Z). This motivates the following definition.

Definition 4. Let N € UTY(Z). A family {A1,..., A} C UT%(Z) has the
upper-triangular Jordan D(N)-property or Jordan D(N)-property
in UTy(Z) if, for every 1 < i < j < m, there exists X;; € UT2(Z) such that
holds.

If the A; are distinct and nonzero, the family is called an upper-triangular
Jordan D(N)-m-tuple or Jordan D(N)-m-tuple in UT5(Z).

Throughout Sections 3-5, all Jordan D(N)-properties and tuples are un-
derstood in this upper-triangular sense.

The following lemma shows that scaling all upper-right entries of a Jordan
D(N)-quadruple by the same nonzero integer scales the upper-right entry
of N by the same factor.
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u r

Lemma 2. Let N, = v) € UT,(Z) and assume that {A;, Aa, Az, Ay}

0
is an upper-triangular Jordan D(N,)-quadruple in UTy(7Z), where
(a4 bi .
Al_<0 Ci>7 1 <1 <4,
Then for every m € Z\{0}, the matrices
0 C;

form an upper-triangular Jordan D(Npy,)-quadruple for Ny, = (76 TZT) .

Proof. Assume that
AioAj+ N, =R},  Ry= (rg jj) :
for each pair 1 <14 < j < 4. Since
[Agm) ° A§m) + Nprl11 =775, [A,(m) ° A§m) + Nonrloz = t;
and
[AT™ 0 AT 4 Nypyliz = m[A; 0 Aj + NyJ12 = mz(ri + tiy),

i.e. since the upper-right entry in the Jordan product and in the square of
an upper-triangular matrix depends linearly on the upper-right entries when
the diagonals are fixed, we obtain

(m) _ 4(m) _ (pm))? (m) _ (Tij Mz
A 5 4 +Nmr_<Rij ). R§ _< J J).

v 0 tij
Hence {Agm),Agm) A(m } is a Jordan D(Ny,,)-quadruple. O
4 2
Example 4. Let N = 0 4>. The set

(8 - (2 2= ()0 )

is a Jordan D(N)-quadruple. Indeed,

2 2 2
AOB+N:<2 2) 7AOC'—}—N:(2 1) ,AOD—i—]V:(2 2) ,

0 2 0 2 0 2
2 2 2

2 3 2 2 5 2
BOC’—I—N—<O 4> ,BoD—l—N—(O 8) ,C’oD—I—N-(O 3> .

Although N is not a difference of two squares in UT2(Z) (according to [10]),
it has several such representations in My(Z):

O I A I ) I A I A R O
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()G o) G-

This example shows that the existence of Jordan D(N)-quadruples does
not imply representability of N as a difference of two squares in UT»(Z).

3.2. Matrices representable as differences of two squares. In many
commutative rings, it has been shown that a D(n)-quadruple exists if and
only if n can be represented as a difference of two squares, up to a finite
number of exceptions. Although we do not expect such an equivalence in
matrix structures, we believe that it makes sense to explore the connection
between these two concepts. In [10] we gave a complete characterization
of upper-triangular matrices that can be represented as a difference of two
squares in terms of congruences modulo 16.

We first show that every difference-of-squares representation naturally
yields a Jordan D(N)-quadruple. Let us start with a degenerate construction
of a Jordan D(N)-quadruple.

Lemma 3 (Degenerate construction). Let K, Ag € Mo(Z) and N = K? —
A%, The family

(Ao, Ap,2A0 +2K,5A0 + 4K)
has the Jordan D(N)-property.

Proof. The following two families (Ag, Ag, 2A0+2K) and (Ag, 240+2K,5A0+
4K) arise from the regular extension identities and have the D(N)-property.
Indeed,

ApoAg+ N = K? and Ag+ Ag+ 2K = 24 + 2K,
Ago (249 +2K) + N =243 + 2400 K + K? — A2 = (Ag + K)?
and
A0+(2A0+2K)+2(A0+K):5A0+4K.
O

We next show how a degenerate quadruple arising from a difference of
squares representation can be converted into infinitely many proper Jordan
D(N)-quadruples. This result requires the following technical lemma.

Lemma 4. If N € UT>(Z) can be represented as a difference of two squares
in UT»(Z), then there exist Ao, K € UT»(Z) such that
(i) N =K? - A2,
(ii) 3A0+2K7é0, Ao—i—K;ﬁO and 5A0+4K750,
(iii) either tr(24p + K) # 0, or tr(Ag) = tr(K) = 0.

Proof. Assume first that N = 0. Then we may take Ag = K = I, so all
three conditions are clearly satisfied.

Now let N # 0, and suppose that N = K2 — A2 for some Ay, K € UTx(Z).
Note that Ag+ K # 0 and —Ap + K # 0, since either equality would imply
K? = Ag and hence N = 0. We distinguish two cases: Ag = 0 and Ag # 0.
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Case : Note that K # 0, since N # 0. Hence, 349+ 2K # 0 and
5A0 + 4K # 0. Moreover, either tr K # 0, in which case tr(24¢9 + K) # 0,
or tr K = 0, in which case tr(4p) = tr(K) = 0.

Case : We analyze the possible obstructions to conditions (ii)
and (iii) and, if necessary, fix them by replacing Ay by —Ao.

> If 349 + 2K = 0, then —3Ay + 2K # 0, since if both equalities
hold, then A9 = K = 0. In addition, —5A4g + 4K # 0, because
3A0+2K =0 and —54p + 4K = 0 yield Ap = K = 0. Hence after
replacing Ag by —Ap, conditions (i) and (ii) are satisfied.

If tr(—2Ap + K) = 0, then together with 34 + 2K = 0 it follows
that tr(—Ap) = tr(K) = 0. Hence, by replacing Ag by —Ay, we meet
all three conditions.

> If 540+ 4K = 0, by an analogous argument as in the previous case,
all three conditions are satisfied by replacing Ay by —Ag.

> Iftr(24p+K) = 0 and tr Ag # 0, then tr K # 0. Note that tr(—240+
K) # 0, since otherwise both tr(24p+K) = 0 and tr(—2A4p+K) =0
would hold, implying tr Ag = tr K = 0. Also, if —3A40+2K = 0, then
tr(24p + K) = 0 implies tr Ag = tr K = 0. Hence, —34y + 2K # 0.
By the same argument we get —5Ag+ 4K # 0. Therefore, replacing
Ap by — Ay satisfies both (ii) and (iii).

O

Theorem 5 (Prototype quadruple). Let Ao, K € UT,(Z) be chosen as in
Lemmal], and let

N=K?- A2 Ut:<8 é) te.

Then there exist infinitely many t € Z\{0} such that
(4) {AO+Ut,A0*Ut,2A0+2K,5A0+4K}
is a Jordan D(N)-quadruple in UT(Z).

Proof. First note that (24 4+ 2K) o (5Ap +4K) + N = [J, since (Ao, 240 +
2K,5A0 + 4K) has the Jordan D(N)-property. Moreover, U, is a nilpotent
matrix, i.e. U? = 0. Thus, it remains to verify the five remaining pairwise
Jordan products.

(i) (Ao + U)o (Ag—U) + N = A3+ N = K?
(ii A0+Ut)0(2A0—|—2K)+N:(A0+K+Ut)2

(i) (Ao+Up)o(5A0+4K) TN = 249+ K +Up)>+ L <
Ag—Up) o (240 +2K) + N = (Ag + K — Uy)?
(v) (Ao—Up)o(5Ag+4K)+N = (2A0+ K —Up)>~1 (

) (
) ( 8 t-tr(A8+2K)>
(iv) (

) ( 8 t-tr(A8+2K)>
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Identities (i), (ii), and (iv) follow immediately. It remains to consider (iii)
and (v), i.e. to find ¢ such that the matrices on the right-hand sides are
perfect squares. By Lemma[d] either tr(2A40+K) # 0, or tr(A4g) = tr(K) = 0.
If tr(Ap) = tr(K) = 0, then also tr(Ap+2K) = 0, so the correction terms
in (iii) and (v) vanish. Hence the matrices in (iii) and (v) are perfect squares
for every t # 0.
Now consider the case tr(24¢ + K) # 0. Put

Sy =2A0+ K Uy, E:<8 (1)>

For the matrices appearing in (iii) and (v), respectively, we seek square roots
of the form

Sy £vF, v € Z.
Since E? = 0, we have
(S. £vE)* = 52 +v(S+E + ES.).
Therefore,
% + %tr(Ao +2K)E = (Ss + vE)?
provided that
(5) %tr(Ag +2K)E = v(S+E + ESL).
Now,
SiE+ESy =tr(S+)E =tr(2A0+ K £ Uy E = tr(24A0 + K)E,
since tr U; = 0. Hence, for
t =2atr(240 + K), a e Z\ {0},
and
7 = atr(Ao + 2K),

equation holds. Consequently, the matrices in (iii) and (v) are perfect
squares.

It remains to verify that the four matrices in are distinct. Denote the
four matrices in by Bi,..., Bj.
e By =By < U; =0, but U; # 0 since t # 0.
e By = By <— U; = Ag + 2K, but the identity U; = Ay + 2K is
possible for at most one value of ¢.
The same argument applies to the following three cases:

e B = By «— U, =44 + 4K,

e By = B3 <— Ut:*AO*QK,

e By=DB, <— U; = —4A4; - 4K.

e B3 =By < 3A¢+2K =0, but 34y + 2K # 0 by Lemma [4]
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Hence only finitely many values of ¢ must be excluded. Since the construc-
tion provides infinitely many admissible values of ¢, infinitely many remain
for which the four matrices are pairwise distinct.

Moreover, after excluding finitely many values of ¢, we also have B; # 0
for all i = 1,2,3,4. Indeed, by Lemma [4 both 24y + 2K and 54, + 4K
are nonzero. The equalities Ay + U; = 0 and Ay — U; = 0 can occur for at
most one value of ¢ each, so these values can be excluded together with the
finitely many values producing coincidences. ([l

Remark 1. In the construction of Theorem[5, suppose in addition that
A2 A0, tr(Ag+K)#0, tr(540+4K)#0, (Ao+K)o(5A9+4K) #0.

Then infinitely many of the constructed Jordan D(N)-quadruples are non-
degenerate, i.e. all their pairwise Jordan products are nonzero. Indeed,
the two fized products are

(Ao +Up) o (Ao — Uy) = A
and
(2A0 4+ 2K) o (5Ap + 4K) = 2(Ag+ K) o (5Ag + 4K)

which are nonzero by assumption. The remaining four pairwise Jordan prod-
ucts Bio B3, Boo B3, ByoBy and Byo By depend linearly on t. Their upper-
right entries are affine linear functions of t, with coefficients tr(Ag+ K) and
%tr(SAo +4K), respectively. Since these coefficients are nonzero by assump-
tion, each vanishing condition excludes at most one value of t. Fxcluding
finitely many such values, infinitely many admissible values of t remain.

Although not every representation N = K2 — A2 is suitable for the con-
struction of Theorem |5, Lemma [4] guarantees the existence of a favourable
representation. Hence every matrix N € UT5(Z) representable as a differ-
ence of two squares gives rise to infinitely many Jordan D(N)-quadruples.
Combining this with the characterization of upper-triangular 2 x 2 integer
matrices representable as differences of two squares, given in [10], we obtain
the following corollary.

Corollary 6. Let

If one of the following holds:

(1) p and q are odd, and

e p=g¢q (mod 4) and r =0 (mod 2);

e p#q (mod 4) and r is arbitrary;
(2) one of p,q is odd and the other is divisible by 4, and r is arbitrary;
(3) p=q=0 (mod 4), and

e (p,q) mod 16 € {(4,4),(12,12)} and r =0 (mod 4);

e (p,q) mod 16 € {(4,12),(8,8),(12,4)} and r =0 (mod 2);

e otherwise, r is arbitrary,
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then there exist infinitely many Jordan D(N)-quadruples in UT(Z).

The remaining congruence classes therefore correspond precisely to ma-
trices that are not representable as differences of two squares in UT»(Z).

4. MATRICES NOT REPRESENTABLE AS DIFFERENCES OF TWO SQUARES

According to Corollary [6] it remains to investigate matrices that are not
representable as differences of two squares in UT»(Z), i.e. for the following
matrix forms:

(I) p=2 (mod 4) or ¢ =2 (mod 4),
(IT) p,q are odd, p = ¢q (mod 4) and r =1 (mod 2),

(IT1) (p,q) = (4,4),(12,12) (mod 16), r = 1,2,3 (mod 4),

(IV) (p,q) = (4,12),(8,8),(12,4) (mod 16), r =1 (mod 2).

Throughout this section, assume that

(© a= (i) i
have the Jordan D(N)-property in UT»(Z), where N = <g g) Then, for

every 1 <1< j <4,

(7) AjoA;j+ N = (aiaj +p bicj +bjci + r)

0 d;d; +q
is a square in UT5(Z), where we set

a + dj. . 1
2 2
The proofs of the non-existence results rely on the following three ingre-

dients:

(8) Cr, = tr Ay, k=1,2,3,4.

(i) Scalar D(n)-conditions
The diagonal entries of matrices A; satisfy

aja; +p =0, d;dj + q =0, i # 7,

i.e., they have the scalar D(p)- and D(q)-properties. Consequently,
known congruence restrictions for integer quadruples with the D(n)-
property impose parity conditions on the diagonal entries of matrices
A;.
(ii) Integrality condition

Since Aj0A; = Xlzj — N, the Jordan product of two upper-triangular
integer matrices A; and A; has integer entries. Hence, its upper-
right entry satisfies additional integrality (and consequently parity)
constraints.
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(iii) Square condition
Finally, if A; 0 A; + N is a square in UT»(Z), formula imposes
conditions on the upper-right entry. By , if the trace of a square
root is nonzero, then the upper-right entry in is divisible by this
trace; if the trace is zero, then this entry must be zero.
The interplay between these three ingredients yields the desired contra-
dictions. In addition, the following technical lemma is often used.

Lemma 7 (Z2-argument). There do not exist integers x;, yi, i = 1,2,3,4,
such that
ziyj +xjy; =1 (mod 2), 1<i<yj <4

Proof. Let v; = (v;,y;) mod 2 € Z3,i=1,2,3,4. Then

xy; + x;y; = det (Zj’) (mod 2),
bi

so the assumptions are equivalent to

det<”i> =1, 1<i<j<d.
Uj

Over Zsy, two vectors have determinant 1 if and only if they are distinct
and nonzero. Since Z% contains only three nonzero vectors, four vectors
satisfying the above condition cannot exist. O

4.1. Case I. p=2 (mod 4) or ¢ =2 (mod 4).

Proposition 8. Let
_ (P T
N = <0 q> e UTy(Z).

If p = 2 (mod 4) or ¢ = 2 (mod 4), then there are no four matrices in
UTy(Z) having the Jordan D(N)-property. Consequently, there is no upper-
triangular Jordan D(N)-quadruple.

Proof. Assume first that p = 2 (mod 4) and that the four matrices in @
have the Jordan D(N)-property. We use the modulo 4 argument from the
proof of Theorem 1 in [1]. We include it here to note that the argument
remains valid when repetitions and zero entries are allowed.

If two of the integers ay, ..., a4 were even, say a; and a;, then

aja; +p=2 (mod 4),
which is impossible for a square. Hence at most one of the a; is even, so at
least three of them are odd.
For any two odd entries a;, a;, the condition
aja; +p =0

implies
aja; =3 (mod 4).
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Thus any two of the odd entries must have different residues modulo 4. This
is impossible for three odd integers, since there are only two odd residue
classes modulo 4.

The case ¢ =2 (mod 4) is analogous. O

4.2. Case II. p,q are odd, p=¢ (mod 4) and r =1 (mod 2).

Proposition 9. Let

_ (4k+3 2m+1
N—( 0 4n+3> EUTQ(Z).

Then there are no four matrices in UTy(Z) having the Jordan D(N)-property.
Consequently, there is no upper-triangular Jordan D(N)-quadruple.

Proof. Assume that the four matrices in @ have the Jordan D(N)-property.
By the scalar D(n)-conditions, for every i # j, the diagonal entries of A; o
Aj + N satisfy

Hence, among a1, as, as, as there is at most one even element, and the same
holds for dy, do, ds, d4. Therefore the following parity patterns are possible:

(a) all a; and d; are odd,

(b) exactly one a; is even, all d; are odd,

(c) exactly one d; is even, all a; are odd,

(d) exactly one a; is even and exactly one d; is even.

Case (a): Since a; + d; is even, ¢; € Z for i = 1,2,3,4. Therefore, the
upper-right entry of A; 0 A; + N is an integer:
[Az' o Aj + N]u = biCj + bjcz- +2m + 1,
for all 1 < i < j < 4. Since the diagonal entries of each A; 0 A; + N are
even, the square condition implies that its upper-right entry is even. Hence

bicj+bjci=1 (mod 2), 1<i<j<A4,
which is not possible by Lemma [7]
Case (b): Assume without loss of generality that a; is even. Then
a1 +di =1 (mod?2), a;+d;=0 (mod?2), ¢; €Z, i=2,3,4.
By the integrality condition applied to Ay 0 A;, j = 2, 3,4, we get
bj(a1 +di) +bi(a; +d;) =0 (mod 2).
Therefore b; is even for j = 2,3, 4. Hence
[AjoAj + N]i2 = bicj+bjc;+2m+1=1 (mod 2), 2<i<j <4
On the other hand, for i,5 € {2,3,4}, all a;,d; are odd. Thus, diagonal
entries of a square root of A;0 A; + N are even. Hence the square condition
gives
[AiOAj+N]12 =0 (IIlOd 2), 2<9 <y <4,

a contradiction.



D(N)-QUADRUPLES IN UPPER-TRIANGULAR 2 x 2 INTEGER MATRICES 15

Case (c): Analogous to Case (b).

Case (d): There are two subcases: if even diagonal elements occur in
the same matrix or if they occur in different matrices.

(d1) If the even entries occur in the same matrix, say a; and dj, then
a; + d; is even for all 7, so the integrality condition is satisfied. Note that
diagonal entries of each matrix A; o A; + N are of the same parity. Indeed,

[AjoA;j + Nji1 =aaj+4k+3=1 (mod?2), j=234,

[AjoA; + Ny =didj+4n+3=1 (mod 2), j=23,4,
and
[AjoAj+ N =0 (mod?2), k=12 2<i<j<4
So, the trace of a square root of each A; o A; + N is divisible by 2. Hence
the square condition imposes that

biCj—FbjCi—FlEO (mon), 1§i<j§4,
which is not possible by Lemma [7]

(d2) If the even entries occur in different matrices, say a; and dy are even,
then for j = 3,4, the integrality condition applied to A; 0 A; and Ay 0 A;
forces bg and by to be even. Indeed, since a1 and dy are of opposite parities
and c3, cq € Z because ag, d3, a4, d4 are odd, we have

a1 +dp
2

bj+cibt€Z = b; =0 (mod 2), j = 3,4.
Hence
[A3oA4+N]12:b304+b403—|—2m+151 (m0d2).

But a3, a4, ds, d4 are all odd, i.e. diagonal entries of A3o A4+ N are even, so
the square condition forces [Ag o A4 + N]i2 to be even, a contradiction. [

The previous proposition shows that Jordan D(N)-quadruples do not
exist for one of the congruence classes arising in Case II (p = ¢ =3 (mod 4)).
We now show that the complementary congruence class (p = ¢ =1 (mod 4))
behaves differently by constructing explicit quadruples.

1 m
N = (O 1) , m €7,
then the matrices

1 —24m 3 12m 8 —2m 120 6m
Al:(o 8 )’A2:<0 120>’A3:<0 3>’A4:(0 1>

form an upper-triangular Jordan D(N)-quadruple consisting of nonsingular
matrices.

Proposition 10. If

Remark 2. Note that the top and bottom diagonal entries are the two per-
mutations (1,3,8,120) and (8,120,3,1) of a scalar D(1)-quadruple, namely
Fermat’s quadruple {1, 3,8,120}.
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Proof. A routine computation yields

2
Ayody+ N — (4 —1421m) _ (2 49m> 7

0 961 0 —31
2
9 —140m\ (-3 —70m
‘%OA3+N"Q) 25 >_(0 5 >7
2
121 —1424m\ (11 —178m
AloA4+N_(0 : >_<0 7 )
2
25 —56m -5 —4m
@°“+N_<0 %1)‘(0 w>’
2
361 1096m\ (19 137m
@°M+N_<o 1m>‘(o —n>’
2
961 —87m\ _ (=31 3m
A30A4+N=<0 4>:<0 2).
O
11

01

=) m=(0) =3 =) =)

form a Jordan D(N)-quintuple. Moreover, this quintuple cannot be extended
to a Jordan D(N)-siztuple by any upper-triangular integer matriz.

2
11 -1 1
o=y )3 Y

2
AoC+N:AoD+N:AoE+N:CoD+N:<12):C v,

Proposition 11. For N = ( > , the five matrices

Proof. Directly,

1 4 1 2\?
BoC+N:BoD+N:BoE+N:CoE+N:( >:< >,

2
4 5 2 5
TR (AN CAY

So the five matrices form a Jordan D(N)-quintuple.

Now suppose F' = ( b) extends it to a Jordan D(N)-sixtuple. From

a
0 d
the pairs (F, D) and (F, E) one gets that a + 1 and 3a + 1 must both be
squares, hence a is even. Similarly, from (F, A) and (F, B) one gets that

d+ 1 and 3d + 1 are squares, hence d is even. But then

1 a+d+1)

CoF—I—Nz(O 1
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has odd upper-right entry, while by the form , a square with diagonal
entries 1,1 must have even upper-right entry. Contradiction. [l

Remark 3. Note that, by [10, Theorem 11], N from Proposition can
be represented as a difference of two squares in UTy(Z) if and only if m is
even. Thus, for odd m, Proposition provides Jordan D(N)-quadruples
for matrices that are not representable as differences of two squares. This
indicates that the case p=q =1 (mod 4) will be quite different.

Proposition 12. Let

N (SEHL 2ml o (8k+5 2m+1
o 0 & +5 o 0 8n +1

Then there are no four matrices in UTy(7Z) having the Jordan D(N)-property.
Consequently, there is no upper-triangular Jordan D(N)-quadruple.

> e UTx(Z).

Proof. 1t suffices to consider

_(8k+1 2m+1
N_< 0 8n—|—5>’

since the other case is symmetric. Assume that the four matrices in @ have
the Jordan D(N)-property. By the scalar D(n)-conditions, the top diagonal
entries satisfy

aja; +1 =0 (mod 8), i # .
Thus, up to permutation, the possible residue multisets {a1, az, as, a4} mod-
ulo 8 are:

(0,0,0,7),r € Zsg,
(0,0,1,3),(0,0,1,7),(0,0,2,4),(0,0,3,5),(0,0,4,4), (0,0,4,6), (0,0,5,7),
(0,2,4,4),(0,4,4,4),(0,4,4,6),(2,4,4,4), (4,4,4,4), (4,4,4,6).

Similarly, the bottom diagonal entries satisfy
didj +5=04 (mod 8), 7 75 j,
and hence, up to permutation, the possible residue multisets {dy, dz, ds3, ds}
modulo 8 are more restrictive:
(2,2,2,2),(2,2,2,6),(2,2,6,6), (2,6,6,6), (6,6,6,6).
In particular, all d; =2 (mod 4).
We consider, up to permutation, the following cases:

(a) all a; are even,
(b) (a1, a2,as3,a4) =(0,0,0,p) (mod 8), where p is odd,
(¢) (a1,a2,as,a4) = (0,0,1,3),(0,0,1,7),(0,0,3,5),(0,0,5,7) (mod 8).
Case (a): Since all a; and d; are even, all a; + d; are even and ¢; € Z,
i =1,2,3,4. Moreover, for all i # j both diagonal entries of A;0 A; + N are
odd, so the square condition implies that the upper-right entry of A;o0A;+N
is even. Since 2m + 1 is odd, @ gives

biCj—f-bjCiEl (I’IlOd 2), 1<i<y <4,
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This is impossible by Lemma [7]
Case (b): Assume
ap =az2=a3=0 (mod ), as =1 (mod 2).
Since d; =2 (mod 4), i = 1,2, 3,4, we have
a; +d; =2 (mod 4), i =1,2,3, as+dy=1 (mod 2).
By the integrality condition applied to A; o A4, ¢ = 1,2,3, it follows that
b1, by, by are even. Now consider A; o As + N. Its diagonal entries are odd,
so the square condition forces its upper-right entry to be even. On the other
hand, using and the fact that by, by are even, we obtain
[A10A2+N]12 =bicag+ by +2m+1=1 (mod 2),
a contradiction.
Case (c¢): We may assume
ap =azy =0 (mod 8), a3 =as =1 (mod 2).
Again,
a1 +dy =azy+de =2 (mod 4),
while
ag+ds=as+dg=1 (mod 2).
By the integrality condition applied to Ay o Ag and A; o Ay, we get by =0
(mod 2). Similarly, integrality of Ayo A3 and Ay o Ay forces bo = 0 (mod 2).
Hence,
[Aj 0 Ao+ N]12 =bjca +beci +2m+1=1 (mod 2).

But the diagonal entries of A; o Ay + N are odd, so the square condition
requires its upper-right entry to be even, a contradiction.

Thus all possible residue patterns lead to contradictions, and hence no
Jordan D(N)-quadruple exists. O

Proposition 13. Let

_ (8k+5 2m+1
N—< 0 8n+5>€UT2(Z)'

Then there are no four matrices in UTy(7Z) having the Jordan D(N)-property.
Consequently, there is no upper-triangular Jordan D(N)-quadruple.

Proof. Assume that the four matrices in (6)) have the Jordan D(N)-property.
By the scalar D(n)-conditions,

aiaj+8k+5:D, didj+8n+5:D, 1< <y <4,
Reducing modulo 8, this implies
aj,di=2or 6 (mod38), i=1,2,3,4.

Hence all a; and d; are even. Since [N]j2 = 2m + 1 is odd, we are exactly in
Case (a) of the proof of Proposition which gives a contradiction. O
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Proposition 14. Let s,t > 0, r € Z, and

s
N’I” == (0 t2 .
Then N, admits infinitely many Jordan D(N,)-quadruples in UTy(Z).

Proof. We first consider the case r = 0. Since Ny is representable as a
difference of two squares in UT5(Z), by Theorem [5| Ny admits infinitely
many Jordan D(Np)-quadruples.

Now assume that r # 0. It suffices first to consider r = 1. Indeed, once a
Jordan D(Nj)-quadruple is constructed for

21
N1:<0 2]

Lemma [2| yields a Jordan D(N,)-quadruple for every r # 0 by multiplying
all upper-right entries by r. Let

0 -1 1 -1

_(2s+1 b3 _ [(4s+4 by
A3_< 0 4t+4>’ A4_< 0 2t—|—1>’
where b3, by € Z will be chosen below. We are looking for b3, by € Z such that

the four matrices form a Jordan D(Np)-quadruple. A direct computation
gives

AjoAy+ Ny = <3’ ?)2 Ao Az + Ny = (802 5(bs —(tzj_;)gt — 3)) 7
menen = (i HOTY)
Ayo Az + Ny = <(s—51)2 5(bs — 2i2— 4t — 3)) ’
Ayo Ay + Ny = <(s—52)2 3 (ba —4i2— 2t—3)) 7
Aso Ay + Ny = <(3S-(|)-2)2 %(2—1—1)3(5+4s(—§t2—1if_)2—i)—2b4(5+23+4t))) .

To make A; 0 A3+ Ny and As o Az + N7 squares, we choose bg so that their
common upper-right entry is divisible by both corresponding traces. Set

bi=(2+s+D)(2+2X(1+s+8)—1+2  XeZ
Then
[A10 A3+ NiJi2 = [Ag0 A3+ Ni]ia = (1 +s+1)(2+s+1)X.

Since the traces of the corresponding diagonal square roots are 2+ s+t and
1 + s + t, respectively, both matrices are squares in UT(Z).
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Similarly, choosing
bi=1+s+t)4—2(2+s+1t)Y)—1—2t, YeZ
gives
[A1 0 Ay + Ni|J1o =[A20 A+ NiJio = —(1+s+t)(2+ s+ 1)Y,

so A1 0 Ay + N1 and Ag o Ay + N7 are squares as well.
It remains to consider Az o A4 + Nj. Set

S=1+s+t, P=24+2s+t, Q=2+s+2t.

After substituting the above expressions for bg and by, the upper-right entry
becomes

[A30 Ay + NiJ12 = S(S+1)(2P +1)X — S(S +1)(2Q + 1)Y + 4PQ.

The trace of the indicated diagonal square root is
(3s+2)+ (3t+2) =35+ 1.

Thus it suffices to solve
(9) S(S+1)2P+1)X —-S(S+1)(2Q +1)Y = —-4PQ (mod 35 +1).

The congruence is solvable if

g:=gcd(S(S+1)(2P +1),5(S+1)(2Q +1),35 + 1) | 4PQ.
We show that g | 2. First note that
ged(S,35 +1) =1, ged(S+1,35+1) ]2,
and
2P+1)+(2Q+1)—2(35+1) =2

Let p be an odd prime divisor of g. Since p | 35 + 1, the first two relations
imply that ptS(S + 1). Hence, from

pIS(S+DEP+1),  p|S(S+1)(2Q+1),
we obtain
p|2P+1, pl2Q + 1.

The last displayed relation then gives p | 2, a contradiction. Thus g has no
odd prime divisors, and therefore g is a power of 2.
Since 2P + 1 and 2Q + 1 are odd, it follows that

g] S(S+1).

If S is even, then 35 + 1 is odd, and hence g = 1. If S is odd, then g | S+ 1.
Since also g | 35 + 1, we obtain

g|3(S+1)—(35+1)=2.
Thus, in all cases, g | 2. Consequently, g | 4PQ, and @ is solvable.
Moreover, once one solution (Xo, Yp) is found, (Xo+(3S+1)k, Yp) is again

a solution for every k € Z. Since S(S + 1) # 0, these choices give infinitely
many distinct values of b3, and hence infinitely many distinct Jordan D(Ny)-
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quadruples. Note that the diagonal pairs of Ay, Ao, A3, A4 are pairwise dis-
tinct for s,¢ > 0. Hence all four matrices are distinct and nonzero for every

s, t,X,Y. O
Remark 4. Proposition [I]] shows that the remaining part of Case II con-
tains a large positive subfamily: whenever both diagonal entries are squares,
a Jordan D(N)-quadruple exists. In particular, this applies to squares con-
gruent to 1 modulo 8 with odd upper-right entry.

4.3. Case III. (p,q) = (4,4),(12,12) (mod 16), r =1,2,3 (mod 4).
Proposition 15. Let m € Z, 41 m and

_(16k+12  m
N= ( 0 16n+12> € UnL(Z).

Then there is no Jordan D(N)-quadruple in UT»(Z).

Proof. Assume that the four matrices in @ have the Jordan D(N)-property.
By the scalar D(n)-conditions, for i # j

Since the quadratic residues modulo 16 are 0,1,4,9, a direct check modulo
16 shows that, up to permutation,

(a1,a2,a3,a4) = (2,2,2,2) or (0,2,2,2) (mod 4).

The same conclusion holds for (dy,ds, ds,dy). In particular, a; + d; is even
for every i, so ¢; = (a; + d;) /2 € Z.

Case 1: m is odd

Note that we are in the same situation as Case (a) of Proposition [9]
Indeed, all diagonal entries of A; 0 A; + N are even squares, so its upper-
right entry is even. Since m is odd, this forces ¢;b; 4 c;b; to be odd for every
i < j, and the same Z3-argument gives a contradiction.

Case 2: m =2 (mod 4)

Up to permutations of the indices and symmetry between the top and
bottom diagonal entries, it suffices to consider the following four subcases.

Subcases:
a; mod 4 2 2 2 2 a; mod 4 2 2 2 2
22) 0 modd : 2222 2P g moda ;2 2 2 0
a; mod4 : 2 2 2 0 a; mod 4 2 2 20
20) 0 mod4 : 2220 2 g medd : 220 2
We analyze Subcases 2a) and 2c¢) simultaneously, and then Subcases 2b)
and 2d).

Subcases 2a and 2c: In both subcases,
a;+d; =0 (mod 4),

and hence
¢i =0 (mod 2), 1=1,2,3,4.



22 ANDREJ DUJELLA, ZRINKA FRANUSIC
We claim that, for every pair i < j, every upper-triangular square root of
A; o Aj + N has trace divisible by 4. In Subcase 2a), for every i < j,
[AjoAj+ N|i1 = aa; +16k+12=4+0+4=0 (mod 8),
and similarly,
[AjoAj + Nlop =d;dj +16n+12=0 (mod 8).

Since these entries are squares, they are in fact congruent to 0 (mod 16).
Thus both corresponding diagonal entries of a square root are divisible by
4.

In Subcase 2¢), for 1 <i < j < 3,

[AiOAj—I—N]HE[AiOAj—l-N]QQEO (mod 8),

so both diagonal entries are congruent to 0 (mod 16). On the other hand,
fori=1,2,3,
[Az oAy + N]H = [Az o Ay —|—N]22 =4 (mod 8)
So, both are congruent to 4 (mod 16), and the corresponding diagonal en-
tries of a square root are both congruent to 2 (mod 4).
Therefore, in every pair, the sum of the diagonal entries of a square root

is divisible by 4. Hence the upper-right entry of the square is divisible by 4,
and

41[A;j0Aj+ Nlig = ¢ibj + ¢;b; + 40+ 2,
where m = 4¢ + 2. Finally, we obtain
cibj 4+ ¢ibi =2 (mod 4), 1<i<j <4
By putting ¢; = 2e;, for all i, we get
eibj+ejb; =1 (mod 2), 1<i<j<4

This is impossible by Lemma [7]
Subcases 2b and 2d: In both subcases, we have

c1=ce=0 (mod 2), ¢4 =1 (mod 2).

Notice that the parity of c3 is not needed in the argument. Since the diagonal
elements of A; o A; + N are even, the square condition implies that

Cibj-l-CjbiEO (mod2), 1<i<y <4

In particular, for (i,j) = (1,4) and (2,4), since ¢; and ¢y are even, and ¢4 is
odd, we get

c1bg +c4b1 =0 (IIlOd 2) = b =0 (mod 2),
coby +c4bo =0 (mod 2) = by =0 (mod 2).

Hence,
c1ba + c2by =0 (mod 4).
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For the pair (1,2), both diagonal entries are congruent to 0 (mod 16), so
the diagonal entries of a square root are divisible by 4 and therefore

c1by + by =2 (mod 4),
contradicting the previous congruence. (I

Remark 5. Proposition settles positively the square-diagonal subfamily
of the remaining class (p,q) = (4,4) (mod 16) with 4 { m.

In the next proposition we give a family of Jordan D(N;)-quadruples for
which V; is representable as a difference of two squares when ¢t is even, but
is not representable when t is odd. It follows immediately from Example
and Lemma [2| by scaling all upper-right entries by ¢.

Proposition 16. For every integer t # 0, the matrices
4 2t
Ne= <0 4) ’
0 t 0 2t 3 2t 7Tt
At‘<0 0>’ Bt‘<0 12)’ Ct_(o 1>’ Dt‘(o 5)

form an upper-triangular Jordan D(Ny)-quadruple.
4.4. Case IV. (p,q) = (4,12),(8,8),(12,4) (mod 16), r =1 (mod 2).

Proposition 17. Let

N:<16k+4 2m+1> 0rN:<16k+12 2m +1

0 16n+12 0 16n+ 4) € UL(Z).

Then there are no four matrices in UTy(Z) having the Jordan D(N)-property.
Consequently, there is no upper-triangular Jordan D(N)-quadruple.

Proof. Assume that the four matrices in @ have the Jordan D(N)-property.
The scalar D(n)-conditions give
(a1,a2,as3,a4) = (0,0,0,0) or (0,0,0,p) or (0,0,p,p) (mod4),p € {1,2,3},
(dy,da,ds,dg) =(2,2,2,2) or (0,2,2,2) (mod 4).
We have several cases to discuss.

e If all a; are even, then all a;+d; are even, and the same Z%fargument
as in Case (a) of Proposition |§| yields a contradiction.
e Assume that a; =d; +2 =0 (mod 4) for i = 1,2,3, i.e.

a; mod4 : 0 0 O =
di mod4 : 2 2 2 «x

where * denotes an entry that is not relevant to the argument. Define

1
¢ = §(ai +d;)=1 (mod2), i=1,23.

Then for 1 <17 < j < 3 we have
[AiOAj—f—N]lQ:biCj+bjCi+2m—|—1Ebi+bj+1.
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By the square condition (since diagonal elements are even), we get

bi+be=1 (mod2), by+b3=1 (mod2), bp+b3=1 (mod 2),

which is not possible.
Assume p is odd and

a; mod4 : 0 0 0 p
d; mod 4 0 2 2 2
Hence, with ¢; defined as above:
c1 =0 (mod 2), co=c3=1 (mod 2).

The square condition (since diagonal elements are even) for the pair
of indices (1,2) implies:

by =1 (mod 2).
On the other hand the integrality condition for indices (1,4) forces
bi(ag +dg) +bg(ar +d1) =by =0 (mod 2),

a contradiction.
Assume p is odd and

a; mod4 : 0 0 p p
di mod4 : 2 2 2 %

Hence, the ¢; defined as in the previous case satisfy
c1=cx=1 (mod 2).

The square condition for the pair of indices (1,2) (since diagonal
elements are even) implies:

by +b2=1 (mod 2).
The integrality condition for the pairs (1,3) and (2,3) gives
bi(as +ds) +b3(2¢1) =by =0 (mod 2),
ba(as + ds) + b3(2c2) =ba =0 (mod 2).

Therefore, by + by = 0 (mod 2), a contradiction.
Assume p is odd and

a; mod 4
d; mod 4

We have
c1 =0 (mod 2), c2=1 (mod 2).
The integrality condition for indices (1,3) gives
bi(as +ds) +bs(ar +di1) =by =0 (mod 2).
The square condition for indices (1,2) implies:
bica +baci +2m+1=0 (mod 2),
but the LHS is odd, a contradiction.
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O
Proposition 18. Let

_ (16k+8 2m+1
N‘( 0 16n+8>€UT2(Z)'

Then there are no four matrices in UTy(Z) having the Jordan D(N)-property.
Consequently, there is no upper-triangular Jordan D(N)-quadruple.

Proof. Since
aia; +8=0, didj +8=0 (mod 16),

the only possible residue patterns modulo 4 for a;’s and d;’s, up to permu-
tation, are

(1,1,1,1), (3,3,3,3), (0,1,1,1), (0,3,3,3).

Thus, among the numbers aj,...,as4, at most one is even, and the same
holds for dy,...,ds. Consequently, exactly the same four parity cases arise
as in Proposition [9] From this point on, the argument depends only on the
integrality condition, the square condition for the (1, 2)-entries of the Jordan
products, and the fact that the (1,2)-entry of N is odd. For pairs of odd
diagonal entries, the corresponding diagonal square roots are both odd, so
their sum is even. Hence, the square-root trace is even, as required in the
proof of Proposition [0 and the same parity contradictions are obtained. [

4.5. Summary and remaining cases.

Case \ Status \ Remaining open cases

I | completely solved -
II partially solved (p,q) =(1,1) (mod 8), r =1 (mod 2)
IIT | partially solved | (p,q) = (4,4) (mod 16), r =1,2,3 (mod 4)
IV | completely solved -

TABLE 1. Status of the non-representable congruence cases

The entries in the last column indicate congruence classes that are not
completely classified, although some infinite existence subfamilies within
these classes are known. Proposition[I4]shows, in particular, that the square-
diagonal subfamilies of both residual classes are completely settled positively.
Further infinite families of Jordan D(V)-quadruples in these residual classes
are provided by Propositions [10] and

To summarize, within Cases II and III, both existence and non-existence
phenomena occur. However, the residual congruence classes listed in the
table remain open.
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5. POLYNOMIAL CONSTRUCTIONS OF JORDAN D(N)-QUADRUPLES

Although the existence of such quadruples already follows from Corol-
lary [6] we include the following direct construction to illustrate how classical
polynomial formulas from [6] for Diophantine quadruples can be adapted to
the Jordan setting. The main difference is that, besides matching the diago-
nal entries, one has to choose the upper-right entries so that the correspond-
ing square conditions are satisfied. In the example below, this requirement
reduces to the solvability of a linear Diophantine equation.

We give an explicit construction for

_ (4k+3  2m
N‘( 0 4n+3>'

We seck a Jordan D(N)-pair of the form

(1 b _ (9K*+8k+1 y
{A<o 1>’B< 0 In*+8n+1) "

Note that the diagonal entries belong to the polynomial quadruple (for
¢ =1). Following the construction of Dujella [6], we extend this pair to a
family with the Jordan D(N)-property by setting

C=A+B+2R,

where
_(Bk+2)% 5(2+8k+9k*+8n+9n?) +y+2m
AOB+N‘< 0 (3n 4 2)2 ‘
In order that R = 0 3n + 2> satisfy R* = Ao B+ N, its upper-right

entry w must satisfy

b
——(2+ 8k +9k*> + 8n 4+ 9n?) —y + w(4 + 3k + 3n) = 2m.
2
Thus,

b
y = w(d+3k+3n)—=(2+8k+9k%+8n+9n?) — 2m,
2

w,b € Z. If k+n=1 (mod 2), then b has to be even. We now extend the
pair {B,C} by setting
D=A+4B+4R.
Hence, (A, B,C, D) has the Jordan D(N)-property if and only if
AoD+ N =01.

We have

1

4(2 4 3k)? b(14 + 22k + 18k% + 22n + 18n?) + 4w + 4y + 2m

)
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This matrix is the square of

<2(2 0 ) 2(2 ; 3n))

if and only if the Diophantine equation
b(5+ 3k +3n) +2w(5+ 3k +3n) — 2(4+ 3k +3n) = 3m
is solvable in b, w, z. Since
ged(5 43k +3n,44 3k +3n) =1,

the equation is solvable. A general solution of the previous Diophantine
equation is

z = (54+3k+3n)t+3m
b = (4+3k+3n)t+3m — 2w,

where ¢, w € Z. Note that b has to be even if k+n =1 (mod 2), but this can
be achieved by choosing t = m (mod 2). Hence there are infinitely many
integer pairs (t,w) satisfying the required parity condition.

It remains to ensure that the matrices A, B,C, D are pairwise distinct.
Their diagonal entries are obtained from the four polynomials

fi(x) =1, folx) = 92248241, f3(z) = 922 4+142+6, fi(x) = 3622 +442+13.
For integer x, the only equalities among these polynomials are
h(@) = folz) &= 2=0, fi(z) = f3(z) <= z=-1L

Consequently, equality between two of the matrices can occur only in the
cases A= Bwithk=n=0,or A=C with k=n=—1.
If k=n =0, then

A=B <= b=y <= w=t+m,
whereas, if Kk =n = —1, then
A=C = y+2w=0 < t+w=2m.

Thus, in each exceptional case, equality occurs only on one affine line in
the (t,w)-parameter space. Avoiding this line still leaves infinitely many
integer pairs (t,w). Furthermore, all four matrices are nonzero, since none
of the polynomials f1, f2, f3, f4 has an integer zero. Therefore, ¢t and w can
be chosen so that A, B,C, D are pairwise distinct and nonzero. Hence they
form a Jordan D(N)-quadruple.

Together with the prototype construction from Theorem [5 this demon-
strates two complementary approaches to constructing Jordan D(N)-quadru-
ples in UT,(Z): one based on representations as differences of two squares,
and one based on adaptations of classical polynomial formulas. The same
method may also be applicable to other polynomial families of classical D(n)-
quadruples.
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