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Diophantine Problems

What are Diophantine problems?

Arithmetic on Curves, Barry Mazur, Bulletin of the American
Mathematical Society, Volume 14, Number 2, 1986, 207-259

1. WHAT ARE DIOPHANTINE PROBLEMS?

I don’t know the answer.
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Diophantine Problems

What are Diophantine problems?

Arithmetic on Curves, Barry Mazur, Bulletin of the American
Mathematical Society, Volume 14, Number 2, 1986

1. WHAT ARE DIOPHANTINE PROBLEMS?

I don’t know the answer. To feel our way around the question, let us first
consider some miscellaneous problems that have been labelled “Diophantine”

and then review some attempts towards a systematic organization of these
“Diophantine problems”.

Mohammad Sadek Abelian varieties, torsion and local arithmetic



Diophantine Problems

o List all right-angle triangles all of whose sides are integral, i.e.,
find all integral solutions (x, y, z) of

X2y =22
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Diophantine Problems

o List all right-angle triangles all of whose sides are integral, i.e.,
find all integral solutions (x, y, z) of

X2y =22

@ Determine for a given natural number n whether there exists a
right-angle triangle with all three sides rational and area equal
ton
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Diophantine Problems

o List all right-angle triangles all of whose sides are integral, i.e.,
find all integral solutions (x, y, z) of

X2y =22

@ Determine for a given natural number n whether there exists a
right-angle triangle with all three sides rational and area equal
ton

@ Is it possible that there are infinitely many points on an
algebraic planar curve all expressible as rational linear
combinations of a finite number of points in the plane?

F(x,y)=0

Mohammad Sadek Abelian varieties, torsion and local arithmetic



Mordell-Weil Theorem

For an abelian variety A over a number field K, the group A(K) of
K-rational points of A is a finitely-generated abelian group; so it is

of the form
ToZ

where T is the torsion group and r is the rank of A.

A
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Torsion Subgroups of Elliptic Curves

Proposition

Let E/Q, be an elliptic curve and let m > 1 be an integer that is
relatively prime to p. If the reduced curve EP/FP is nonsingular,
then the reduction map E(Qp)[m] — E,(F,) is injective, where
E(Qp)[m] denotes the set of points of order m in E(Qp).
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Torsion Subgroups of Elliptic Curves

Proposition

Let E/Q, be an elliptic curve and let m > 1 be an integer that is
relatively prime to p. If the reduced curve EP/FP is nonsingular,
then the reduction map E(Qp)[m] — E,(F,) is injective, where
E(Qp)[m] denotes the set of points of order m in E(Qp).

In paticular, if E is an elliptic curve over Q, then

E(Q)tors = Ep(Fp)

for all but finitely many primes p.
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Torsion Subgroups of Elliptic Curves

Proposition

Let E/Q, be an elliptic curve and let m > 1 be an integer that is
relatively prime to p. If the reduced curve EP/FP is nonsingular,
then the reduction map E(Qp)[m] — E,(F,) is injective, where
E(Qp)[m] denotes the set of points of order m in E(Qp).

In paticular, if E is an elliptic curve over Q, then

E(Q)tors = Ep(Fp)

for all but finitely many primes p.

#E(Qeors | #Ep(Fp)

for all but finitely many primes p.
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Torsion Subgroups of Elliptic Curves

Proposition

Let E/Q, be an elliptic curve and let m > 1 be an integer that is
relatively prime to p. If the reduced curve EP/FP is nonsingular,
then the reduction map E(Qp)[m] — E,(F,) is injective, where
E(Qp)[m] denotes the set of points of order m in E(Qp).

In paticular, if E is an elliptic curve over Q, then

E(Q)tors = Ep(Fp)

for all but finitely many primes p.

#E(Qeors | #Ep(Fp)

for all but finitely many primes p.
Mazur: #E(Q)tors € {2,3,4,5,6,7,8,9,10,12,14,16}.
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Torsion Subgroups of Elliptic Curves

Let m > 2 be an integer. Let E be an elliptic curve defined over Q.
The following statements are equivalent:

a) #EP(IFP) =0 mod m for a set of primes p of density 1.

b) There exists an elliptic curve E' over Q such that:

i) E is Q-isogenous to E’; and
i) #E'(Q)tors =0 mod m.
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Torsion Subgroups of Elliptic Curves

o If mt#E'(Q)ors for any Q-isogenous elliptic curve E’ to E,
then there are at least two distinct a;, a» mod m such that

the density of primes p for which #Ep(]Fp) = a; mod mis
positive.
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Torsion Subgroups of Elliptic Curves

o If mt#E'(Q)ors for any Q-isogenous elliptic curve E’ to E,
then there are at least two distinct a;, a» mod m such that
the density of primes p for which #Ep(]Fp) = a; mod mis
positive.

o If 24 #E'(Q)tors for any Q-isogenous elliptic curve E’ to E,
then the density of primes p such that #EP(FP) is odd/even is
positive.
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Torsion Subgroups of Elliptic Curves

o If mt#E'(Q)ors for any Q-isogenous elliptic curve E’ to E,
then there are at least two distinct ar, a mod m such that
the density of primes p for which #E,(F,) = a; mod mis
positive

o If 24 #E'(Q)tors for any Q-isogenous elliptic curve E’ to E,
then the density of primes p such that #E,(F,) is odd/even is
positive

© The set of integers m > 1 such that there is an elliptic curve
E/Q with m | #E,(F,) for all but finitely many primes is

{2,3,4,5,6,7,8,9,10,12,14,16}.
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Orders of Reduction of Elliptic Curves

Fix an elliptic curve E/Q. Given a prime p of good reduction of E,
define ap 1= p+ 1 — #E,(Fp).
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Orders of Reduction of Elliptic Curves

Fix an elliptic curve E/Q. Given a prime p of good reduction of E,
define ap 1= p+ 1 — #E,(Fp).
o |ap| < 2,/p. (Hasse-Weil)
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Orders of Reduction of Elliptic Curves

Fix an elliptic curve E/@ Given a prime p of good reduction of E,
define ap 1= p+ 1 — #E,(Fp).
o |ap| < 2,/p. (Hasse-Weil)
@ Fix an integer n, are there infinitely many primes p such that
ap(E) = n?
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Orders of Reduction of Elliptic Curves

Fix an elliptic curve E/@ Given a prime p of good reduction of E,
define ap 1= p+ 1 — #E,(Fp).

o |ap| < 2,/p. (Hasse-Weil)

@ Fix an integer n, are there infinitely many primes p such that

ap(E) = n?
o (Elkies) There are infinitely many primes p such that
ap(E) =0.
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Orders of Reduction of Elliptic Curves

Fix an elliptic curve E/@ Given a prime p of good reduction of E,
define ap 1= p+ 1 — #E,(Fp).

o |ap| < 2,/p. (Hasse-Weil)

@ Fix an integer n, are there infinitely many primes p such that

ap(E) = n?
o (Elkies) There are infinitely many primes p such that
ap(E) =0.

o Exercise. If E ~qg E’ with E'(Q)tors = Z/3Z, then
ap(E) = p+1 mod 3 for all but finitely many primes p,
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Orders of Reduction of Elliptic Curves

Fix an elliptic curve E/@ Given a prime p of good reduction of E,
define ap 1= p+ 1 — #E,(Fp).

o |ap| < 2,/p. (Hasse-Weil)

@ Fix an integer n, are there infinitely many primes p such that

ap(E) = n?
o (Elkies) There are infinitely many primes p such that
ap(E) =0.

o Exercise. If E ~qg E’ with E'(Q)tors = Z/3Z, then
ap(E) = p+1 mod 3 for all but finitely many primes p, So
ap(E)=0o0r2 mod 3.
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Orders of Reduction of Elliptic Curves

Fix an elliptic curve E/@ Given a prime p of good reduction of E,
define ap 1= p+ 1 — #E,(Fp).

o |ap| < 2,/p. (Hasse-Weil)

@ Fix an integer n, are there infinitely many primes p such that

ap(E) = n?
o (Elkies) There are infinitely many primes p such that
ap(E) =0.

o Exercise. If E ~qg E’ with E'(Q)tors = Z/3Z, then
ap(E) = p+1 mod 3 for all but finitely many primes p, So
ap(E) =0o0r 2 mod 3. The set

U {plas(E) =N}

N=1mod3

is finite.
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Orders of Reduction of Elliptic Curves

Theorem (Q. Ji, H. Qin, 2014)

Let E : y> = x3 + x. For a prime p, ap(E) = 2 if and only if
p = x%+1 for some x € Z.
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Orders of Reduction of Elliptic Curves

Theorem (Q. Ji, H. Qin, 2014)

Let E : y> = x3 + x. For a prime p, ap(E) = 2 if and only if

p = x>+ 1 for some x € 7. In particular, the polynomial x> + 1
represents infinitely many primes if and only if there are infinitely
many primes p such that a,(E) = 2.
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Orders of Reduction of Elliptic Curves

Theorem (Q. Ji, H. Qin, 2014)

Let E : y> = x3 + x. For a prime p, ap(E) = 2 if and only if

p = x>+ 1 for some x € 7. In particular, the polynomial x> + 1
represents infinitely many primes if and only if there are infinitely
many primes p such that a,(E) = 2.

Conjecture (Hardy-Littlewood)

Suppose that a, b, ¢ are integers and a is positive; that

ged(a, b, c) = 1; that a + b and ¢ are not both even; and that

b?> — 4ac is not a square. Then, there are infinitely many primes of
the form ax® + bx + c.

V.
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Orders of Reduction of Elliptic Curves

Examples. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.
Park, 2008)
E:y>=x3—12x—11
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Orders of Reduction of Elliptic Curves

Examples. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.

Park, 2008)
E:y>=x3—12x—11
~ 0 mod12 if p=1,9,11,13,17,19 mod 20
#Ep(Fp) = e
6 mod12 if p=3,7 mod 20.
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Orders of Reduction of Elliptic Curves

Examples. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.

Park, 2008)
E:y>=x3—12x—11
~ 0 mod12 if p=1,9,11,13,17,19 mod 20
#Ep(Fp) = e
6 mod12 if p=3,7 mod 20.

E(Q)tors = Z/2Z,
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Orders of Reduction of Elliptic Curves

Examples. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.

Park, 2008)
E:y>=x3—12x—11
~ 0 mod12 if p=1,9,11,13,17,19 mod 20
#Ep(Fp) = e
6 mod12 if p=3,7 mod 20.

E(Q)tors = Z,/2Z, but E ~g E' where E'(Q)tors = Z/6Z,

E': y? = x3 - 372x + 2761.
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Orders of Reduction of Elliptic Curves

Proposition

Let E be an elliptic curve over QQ and m > 1 be an integer such
that E is not Q-isogenous to an elliptic curve E’ with

#E'(Q)tors =0 mod m. Then #E,(F,) =0 mod m for all primes
pin a set S of primes of positive density ¢ < 1.
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Orders of Reduction of Elliptic Curves

Let E be an elliptic curve defined over Q. Let p be a prime of good
reduction of E. Let K = Q(v/d) where d is a square free integer,
and p | p be a prime in K. Then,

=1,p#2
:—1,p§é2,

_ #E,(F,) if
E.(k,) = _ —
#H0)=) uE ). HEI(F,) i

Tl Tl

where (%) is the Legendre symbol of d modulo p.
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Orders of Reduction of Elliptic Curves

Let E be an elliptic curve defined over Q. Let p be a prime of good
reduction of E. Let K = Q(v/d) where d is a square free integer,
and p | p be a prime in K. Then,

=1,p#2
:—1,p§é2,

_ #E,(F,) if
E.(k,) = _ —
#H0)=) uE ). HEI(F,) i

Tl Tl

where (%) is the Legendre symbol of d modulo p.

Let K be a quadratic number field.
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Orders of Reduction of Elliptic Curves

Let E be an elliptic curve defined over Q. Let p be a prime of good
reduction of E. Let K = Q(v/d) where d is a square free integer,
and p | p be a prime in K. Then,

=1,p#2
:—1,p§é2,

_ #E,(F,) if
E.(k,) = _ —
#H0)=) uE ). HEI(F,) i

Tl Tl

where (%) is the Legendre symbol of d modulo p.

Let K be a quadratic number field. If E(Q)tors = G, Then
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Orders of Reduction of Elliptic Curves

Let E be an elliptic curve defined over Q. Let p be a prime of good
reduction of E. Let K = Q(v/d) where d is a square free integer,
and p | p be a prime in K. Then,

=1,p#2
:—1,p§é2,

_ #E,(F,) if
E.(k,) = _ —
#H0)=) uE ). HEI(F,) i

Tl Tl

where (%) is the Legendre symbol of d modulo p.

Let K be a quadratic number field. If E(Q)tors = G, Then
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Orders of Reduction of Elliptic Curves

Let E be an elliptic curve defined over Q. Let p be a prime of good
reduction of E. Let K = Q(v/d) where d is a square free integer,
and p | p be a prime in K. Then,

_ #E,(F,) if
E.(k,) = _ —
#H0)=) uE ). HEI(F,) i

=1,p#2
:—1,p§é2,

Tl Tl

where (%) is the Legendre symbol of d modulo p.

Let K be a quadratic number field. If E(Q)tors = G, Then
E(K)tors?
E. Gonzalez-Jimenez and J. M. Tornero, 2014, 2016.
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Orders of Reduction of Elliptic Curves

Given an elliptic curve E defined over a number field K then we
define

Mk (E) = sup{#E'(K)iors : E' is K-isogenous to E}.
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Orders of Reduction of Elliptic Curves

Given an elliptic curve E defined over a number field K then we
define

Mk (E) = sup{#E'(K)iors : E' is K-isogenous to E}.

Theorem (Pajaziti, S-, 2025)

Let K = Q(v/d), where d is a square free integer. Let E be an
elliptic curve defined over Q such that My (E) > Mg(E). If
p12dMy(E) is a prime of good reduction of E, then

0 mod Mx(E) if

#E,(F,) =
»(Ep) 2p+2 mod Mg(EY) if

Tl Tl

=1

In particular, the density of primes p such that #EP(FP) =0
mod Mk (E) is at least 1/2.

————=————=— =
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Orders of Reduction of Elliptic Curves

Example. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.
Park, 2008)
E:y>’=x3—12x—11

o E ~q E’ where E'(Q)tors = Z/6Z, where
E':y? = x3 —372x + 2761.
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Orders of Reduction of Elliptic Curves

Example. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.
Park, 2008)
E:y>’=x3—12x—11

o E ~q E’ where E'(Q)tors = Z/6Z, where
E':y? = x3 —372x + 2761.
o For K = Q(\/5), E'(K)tors = 7./27 x 7./67Z.
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Orders of Reduction of Elliptic Curves

Example. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.
Park, 2008)
E:y>’=x3—12x—11

o E ~q E’ where E'(Q)tors = Z/6Z, where
E':y? = x3 —372x + 2761.
o For K = Q(\/5), E'(K)tors = 7./27 x 7./67.
° #EP(IFP) =0 mod 12 for primes p=1,4 mod 5.
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Orders of Reduction of Elliptic Curves

Example. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.
Park, 2008)
E:y>’=x3—12x—11

E ~q E' where E'(Q)tors = Z/6Z, where

E':y? = x3 —372x + 2761.

For K = Q(v/5), E'(K)tors = 7./27 x 7./ 6.
#EP(IFP) =0 mod 12 for primes p=1,4 mod 5.
For the primes p = 2,3 mod 5, one may have either
possibilities for #E,(F,) mod 12.

° (-1,0) € E(Q)[2],
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Orders of Reduction of Elliptic Curves

Example. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.
Park, 2008)
E:y>’=x3—12x—11

E ~q E' where E'(Q)tors = Z/6Z, where

E':y? = x3 —372x + 2761.

For K = Q(v/5), E'(K)tors = 7./27 x 7./ 6.

#EP(IFP) =0 mod 12 for primes p=1,4 mod 5.

For the primes p = 2,3 mod 5, one may have either
possibilities for #E,(F,) mod 12.

o (—1,0) € E(Q)[2], P € E,(F,) such that 2P = (—1,0) if and
only if —1 is a square modulo p.
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Orders of Reduction of Elliptic Curves

Example. (Conjecture by Z.H. Sun, 2006, D. Kim, J.K. Koo, Y.K.
Park, 2008)
E:y>’=x3—12x—11

E ~q E' where E'(Q)tors = Z/6Z, where

E':y? = x3 —372x + 2761.

For K = Q(v/5), E'(K)tors = 7./27 x 7./ 6.

#EP(IFP) =0 mod 12 for primes p=1,4 mod 5.

For the primes p = 2,3 mod 5, one may have either
possibilities for #E,(F,) mod 12.

o (—1,0) € E(Q)[2], P € E,(F,) such that 2P = (—1,0) if and
only if —1 is a square modulo p. Therefore, one has

0 mod12 ifp=1,9,11,13,17,19 mod 20
6 mod12 if p=3,7 mod 20.

#Ep(Fp) = {

#E,(F,) =0 mod 12 for primes of density 3/4, #E,(F,) = 6
mod 12 for primes of density 1/4.

Mohammad Sadek Abelian varieties, torsion and local arithmetic



Orders of Reduction of Elliptic Curves

Example.
o E:y?=x3+20148x + 586096
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Orders of Reduction of Elliptic Curves

Example.
o E:y?=x3+20148x + 586096

o E(Q(v/—6))tors = Z/8Z
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Orders of Reduction of Elliptic Curves

Example.
o E:y?=x3+20148x + 586096

o E(Q(v/—6))tors = Z/8Z

#Ep(Fp)

0 mod8 ifp=1,57,11,19,23 mod 24
4 mod8 if p=13,17 mod 24.
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Orders of Reduction of Elliptic Curves

Theorem (Pajaziti, S-, 2025)
Let ET be the elliptic curve described by

Er:y>=x>—7T x> 4+96T? x + 256 T°.

Forany T =t € Z\ Z? and any prime p # 2,3,29 with v,(t) =0
such that (ﬁ) =1, one has #E; ,(F,) =0 mod 5.
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Orders of Reduction of Elliptic Curves

Theorem (Pajaziti, S-, 2025)
Let ET be the elliptic curve described by

Er:y>=x>—7T x> 4+96T? x + 256 T°.

Forany T =t € Z\ Z? and any prime p # 2,3,29 with v,(t) =0
such that (ﬁ) =1, one has #E; ,(F,) =0 mod 5.
There are infinitely many values T =t such that

#E; ,(F,) =0 mod 10

for a set S of primes p of density at least 1/6;
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Orders of Reduction of Elliptic Curves

Theorem (Pajaziti, S-, 2025)
Let ET be the elliptic curve described by

Er:y>=x>—7T x> 4+96T? x + 256 T°.

Forany T =t € Z\ Z? and any prime p # 2,3,29 with v,(t) =0
such that (ﬁ) =1, one has #E; ,(F,) =0 mod 5.
There are infinitely many values T =t such that

#E; ,(F,) =0 mod 10
for a set S of primes p of density at least 1/6; and
#E, ,(F,) =0 mod 20

for a positive proportion of the primes in S.
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Torsion Points-Revisited

Torsion Points
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Torsion Points-Revisited

Torsion Points, or Exceptional Points
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Torsion Points-Revisited

Torsion Points, or Exceptional Points

On Exceptional Points on Cubic Curves, G. Billing , K. Mahler,
Journal of the London Mathematical Society, Volume s1-15, Issue 1,
1940, Pages 32-43
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32 G. BiLLing and K. MAHLER
ON EXCEPTIONAL POINTS ON CUBLIC CURVES
G. Biuung and K. Maunurt.

Introduction.

1. Let C be a cubic curve of genus one and let £, be any point on it.
The tangent at £, cuts C in a point Py, the tangent at £, cuts € in a point
P,, andsoon. If this construction leads to only a finite number of different
points, then Py is called an exceptional point. Otherwise Py is called an
ordinary point.
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Torsion Points-Revisited

14. TuroreM. There is no cubic of genus 1 with a group of 11 rational
exceplional points.

Mohammad Sadek Abelian varieties, torsion and local arithmetic



Torsion Points-Revisited

14. TuroreM. There is no cubic of genus 1 with a group of 11 rational
exceplional points.

The case n=11.

13. Lemma 2. The curve
(1) 2,2 By — &, B2 — ) T2 W20 = 0
has five and only five rational points (,, x,, x3), namely

(X) (1,0,0), (0, 1, 0), (0,0, 1), (1, 1, 0), and (1, 1, 1).

O

v
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Torsion Points-Revisited

G. Bergman, On the exceptional points of cubic curves, Ark. Mat. 2
(1953), 489-535.
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Torsion Points-Revisited

G. Bergman, On the exceptional points of cubic curves, Ark. Mat. 2
(1953), 489-535.

In the case 2=k (1) the following result has been obtained by Levr [7],
Hurwrrz [6], Nacerr [10], [15], Bmwiing [1]-{4], ManrEr [9] and Linp [8]:

Theorem 1. There exist curves (I), whose exceptional groups in k(I) are of
the following types: (1), (2), (3), (2,2), (4), 5), & 3), (), (4,2), (8), (9), (2,9),
2,2,3), 4,3) and (8,2). There does not exist any curve (1), whose exceptional
group n k(1) contains a sub-group of the type (11), (2,7), (3,6), (I6), (2,2,9),
(4,5), 4,2,3) or (8,3).
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Torsion Points-Revisited

Points of Order 13 on Elliptic Curves, B. Mazur and J. Tate,
Inventiones math. 22 (1973), 41-49.
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Torsion Points-Revisited

Points of Order 13 on Elliptic Curves, B. Mazur and J. Tate,
Inventiones math. 22 (1973), 41-49.

1. Introduction

The main object of this note is to show that an elliptic curve defined
over @) cannot have a rational point of order 13. Equivalently, X,(13),
the curve that classifies elliptic curves with a chosen point of order 13,
has no non-cuspidal points rational over @. This has also been an-
nounced by Blass who uses a method somewhat different from ours [1]!.
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Torsion Points-Revisited

Points of Order 13 on Elliptic Curves, B. Mazur and J. Tate,
Inventiones math. 22 (1973), 41-49.

1. Introduction

The main object of this note is to show that an elliptic curve defined
over @) cannot have a rational point of order 13. Equivalently, X,(13),
the curve that classifies elliptic curves with a chosen point of order 13,
has no non-cuspidal points rational over @. This has also been an-
nounced by Blass who uses a method somewhat different from ours [1]!.

1. Blass, J.: Points of order 13 on elliptic curves. (A.M.S. Announcement)
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Torsion Points-Revisited

Theorem (Mazur, 1978)

T is one of the following fifteen groups:

Z/nZ,1<n<12 n#11,
ZJ27 x Z]2nZ, 1 < n < 4.
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Mordell-Weil Theorem

For an abelian variety A over a number field K, the group A(K) of
K-rational points of A is a finitely-generated abelian group; so it is
of the form

TaZ"

where T is the torsion group and r is the rank of A.

.
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Mordell-Weil Theorem

For an abelian variety A over a number field K, the group A(K) of
K-rational points of A is a finitely-generated abelian group; so it is
of the form

TaZ"

where T is the torsion group and r is the rank of A.

.

e Kamienny, 1992, dmA=1,[K:Q]=2: 11,13V
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Mordell-Weil Theorem

For an abelian variety A over a number field K, the group A(K) of
K-rational points of A is a finitely-generated abelian group; so it is
of the form

TaZ"

where T is the torsion group and r is the rank of A.

.

e Kamienny, 1992, dmA=1,[K:Q]=2: 11,13V
e Parent, 2003, dmA =1, [K: Q] =3: 11, 13V
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Mordell-Weil Theorem

For an abelian variety A over a number field K, the group A(K) of
K-rational points of A is a finitely-generated abelian group; so it is
of the form

TaZ"

where T is the torsion group and r is the rank of A.

.

e Kamienny, 1992, dmA=1,[K:Q]=2: 11,13V
e Parent, 2003, dmA =1, [K: Q] =3: 11, 13V

@ M. Derickx, S. Kamienny, W. Stein and M. Stoll, 2023,
dmA=1, [K:Q] =4,56,7: 11, 13V
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Torsion Points on Abelian Varieties

@ Flynn, 1990: The Jacobian of
y2 = X025 (2t 43)x 23 (2 1) X2 2t (1—t)x+t2, t#0

has a Q-rational point of order 11.
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Torsion Points on Abelian Varieties

@ Flynn, 1990: The Jacobian of
y2 = X025 (2t 43)x 23 (2 1) X2 2t (1—t)x+t2, t#0

has a Q-rational point of order 11.
e Flynn, 1991: The Jacobian of

y? + (X3 —t(x — 1)2 — X2(X — 1))y = —txz(x — 1)3, t#0

has a Q-rational point of order 13.
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Torsion Points on Abelian Varieties

@ Flynn, 1990: The Jacobian of
y2 = X025 (2t 43)x 23 (2 1) X2 2t (1—t)x+t2, t#0

has a Q-rational point of order 11.
e Flynn, 1991: The Jacobian of

y? + (X3 —t(x — 1)2 — X2(X — 1))y = —txz(x — 1)3, t#0

has a Q-rational point of order 13.

@ Daowsud, 2013: There is a 1-parameter family of hyperelliptic
curves of genus 3 whose Jacobian has a Q-rational point of
order 11.
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Torsion Points on Abelian Varieties

dim A = 3, rational point of order 137
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Continued fractions

@ Every real number x has a continued fraction representation of
the form

X = ag-+
a +
a +

1
as+

= [ao; a1, a2, as,.. ]
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Continued fractions

@ Every real number x has a continued fraction representation of
the form

X = ag-+
a +
a +

1
as+

= [ao; a1, a2, as,.. ]

@ A real number x has a finite continued fraction representation
if and only if x is rational.
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Continued fractions

@ Every real number x has a continued fraction representation of
the form

X = ag-+
a +
a +

1
as+

= [ao; a1, a2, as,.. ]
@ A real number x has a finite continued fraction representation
if and only if x is rational.

@ x has a periodic continued fraction representation if and only
if x is a quadratic irrational.
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Continued fractions

@ Every real number x has a continued fraction representation of

the form

X = ag-+

ai +
! 1

a+———
2 as+

= [ao; a1, a2, as,.. ]

@ A real number x has a finite continued fraction representation
if and only if x is rational.

@ x has a periodic continued fraction representation if and only
if x is a quadratic irrational. Moreover,

VN = [No,a1,a,...,ak—2 = a2, ak_1 = a1, ak = 2Np|
where No = [ N].
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Continued fractions and formal power series

Let K = Q((X™1)) be the field of formal Laurent series in X1 over
Q.
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Continued fractions and formal power series
Let K = Q((X™1)) be the field of formal Laurent series in X1 over
Q.
Theorem (Artin, 1924)
Let n be an integer. Any formal power series

)= S bixieQ(x)

—oo<i<n

can be expressed uniquely as a continued fraction

1
f(X) = ao+

ai +

1
a+

= [ao; a1, a2, |

where a; € Q[x] for i > 0 and dega; > 0 for i > 0.

= = =
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Continued fractions algorithm

o Set fo(x) = f(x) =00 bix.
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Continued fractions algorithm

o Set fo(x) =Ff(x) =70 bix~'.
=1

o Let ap(x) = [f(x)]
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Continued fractions algorithm

o Set fo(x) = f(x) =00 bix.
-

o Let ag(x) = [F(x)] =30__ bix'.
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Continued fractions algorithm

o Set fo(x) =Ff(x) =70 bix~'.

o Let ag(x) = [f(x)] = 32°___ bix~". In other words, ag(x) is

the polynomial part of f(x).
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Continued fractions algorithm

o Set fo(x) =Ff(x) =70 bix~'.

o Let ag(x) = [f(x)] = 32°___ bix~". In other words, ag(x) is

the polynomial part of f(x).
e Set fi(x) =1/(f(x) — ap(x)).
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Continued fractions algorithm

o Set fo(x) =Ff(x) =70 bix~'.

n—=—m

o Let ag(x) = [F(x)] = 32°___bix~'. In other words, ap(x) is

n—=—m

the polynomial part of f(x).
e Set fi(x) =1/(f(x) — ap(x)).
@ Continue in this fashion:
a(x) = [f(x)], k>1,
frier(x) = 1/(fu(x) — ak(x))-
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Continued fractions algorithm

Set fo(x) = F(x) =00 bix~ "

Let ag(x) = [F(x)] = 320___bix". In other words, ap(x) is

the polynomial part of f(x).
Set fi(x) = 1/(f(x) — ao(x))-

Continue in this fashion:

a(x) = [f(x)], k>1,
frrr(x) = 1/(fu(x) — ak(x)).

f(x) € Q((X™1)) has a finite continued fraction representation
if and only if f(x) is a rational function.
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Continued fractions algorithm

Set fo(x) = F(x) =00 bix~ "

Let ag(x) = [F(x)] = 320___bix". In other words, ap(x) is

the polynomial part of f(x).
Set fi(x) = 1/(f(x) — ao(x))-

Continue in this fashion:

a(x) = [f(x)], k>1,
frrr(x) = 1/(fu(x) — ak(x)).

f(x) € Q((X™1)) has a finite continued fraction representation
if and only if f(x) is a rational function. Long Division!
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Continued fractions of square roots of polynomials

o Let f(x) = anx"+a,_1x" L +...+ap € Z[x]. We will discuss
the continued fraction representation of \/f(x).
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Continued fractions of square roots of polynomials

o Let f(x) = anx"+a,_1x" L +...+ap € Z[x]. We will discuss
the continued fraction representation of \/f(x).
@ We will assume that f(x) is of even degree.
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Continued fractions of square roots of polynomials

o Let f(x) = anx"+a,_1x" L +...+ap € Z[x]. We will discuss
the continued fraction representation of \/f(x).

e We will assume that f(x) is of even degree. We also assume
that the leading coefficient is a square in Z.
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Continued fractions of square roots of polynomials

o Let f(x) = anx"+a,_1x" L +...+ap € Z[x]. We will discuss
the continued fraction representation of \/f(x).
e We will assume that f(x) is of even degree. We also assume
that the leading coefficient is a square in Z.
o If deg f(x) = 2, when is the continued fraction expansion of
f(x) periodic?
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Continued fractions of square roots of polynomials

Let f(x) = x?> 4 1. Let's see the continued fraction algorithm

implemented on v/ x< + 1.
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Continued fractions of square roots of polynomials

Let f(x) = x?> 4 1. Let's see the continued fraction algorithm

implemented on v/ x< + 1.

e a(x)=|Vvx®+1] =x.
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Continued fractions of square roots of polynomials

Let f(x) = x?> 4 1. Let's see the continued fraction algorithm
implemented on v/x2 + 1.
e a(x)=|Vvx?+1] =x.
1 Vx2+14x
e fi(x) = = =

2
x2+1-x x>+1-x2 Xl
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Continued fractions of square roots of polynomials

Let f(x) = x?> 4 1. Let's see the continued fraction algorithm
implemented on v/x2 + 1.
e a(x)=|Vvx?+1] =x.
1 Vx2+14x
e fi(x) = = =
Vx2+1—x x>+1-x2
e ai(x) = [A(x)] = 2x.

x2 4+ 1+ x.
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Continued fractions of square roots of polynomials

Let f(x) = x?> 4 1. Let's see the continued fraction algorithm
implemented on v/x2 + 1.
e a(x)=|Vvx?+1] =x.
1 VX H T4 x
2+1-x xX2+1—-x2
e ai(x) = Lfl(x){ = 2x.

° )= R e VT~

x2 4+ 1+ x.

=vx2+1+x.
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Continued fractions of square roots of polynomials

Let f(x) = x?> 4 1. Let's see the continued fraction algorithm
implemented on v/x2 + 1.
e a(x)=|Vvx?+1] =x.

1 VX H T4 x

_ 2
° ilx) X +1l-x x2+1-x2 SRR
e ai(x) = Lfl(x){:2x. .

H(x) = = =vx2+1+x.
o 2(X) fl(X)—al(X) /7X2—|—1—X xc+1+x
°

1
x2+1 = x+ .
2
X+2x+
= [x;2x,2x,...]
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Continued fractions of square roots of polynomials

Let f(x) = x?> 4 1. Let's see the continued fraction algorithm
implemented on v/x2 + 1.
e a(x)=|Vvx?+1] =x.

1 VX H T4 x

_ 2
° Al 2+1—x x2+1-—x2 x“+1+4x
e aj(x) = Lfl(x){ = 2x. .

f(x) = - = VX1 14x
R AT B 09 B v
°

1
x2+1 = x+ .
2x +

2x+_

= [x;2x,2x,...] = [x,ﬂ]
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Continued fractions of square roots of polynomials

Let f(x) = x?> 4 1. Let's see the continued fraction algorithm
implemented on v/x2 + 1.
e a(x)=|Vvx?+1] =x.

1 VX H T4 x

_ 2
° Al 2+1—x x2+1-—x2 x“+1+4x
e aj(x) = Lfl(x){ = 2x. .

f(x) = - = VX1 14x
R AT B 09 B v
°

1
x2+1 = x+ .
2x +

2x +
= [x2x,2x,...] = [x;2x].
o If deg(f(x)) = 2, then the continued fraction expansion of

\/f(x) is periodic.
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Continued fractions of square roots of polynomials

o Let f(x) = apx" +ap_1x" 1+ ...+ ap € Z[x].
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Continued fractions of square roots of polynomials

o Let f(x) = apx" +ap_1x" 1+ ...+ ap € Z[x].

@ We will assume that f(x) is of even degree.
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Continued fractions of square roots of polynomials

o Let f(x) = apx" +ap_1x" 1+ ...+ ap € Z[x].

@ We will assume that f(x) is of even degree. We also assume
that the leading coefficient is a square in Z.
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Continued fractions of square roots of polynomials

o Let f(x) = apx" +ap_1x" 1+ ...+ ap € Z[x].
@ We will assume that f(x) is of even degree. We also assume
that the leading coefficient is a square in Z.

o If deg f(x) > 4, when is the continued fraction expansion of

y = \/f(x) periodic?
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Continued fractions of square roots of polynomials

o Let f(x) = apx" +ap_1x" 1+ ...+ ap € Z[x].
@ We will assume that f(x) is of even degree. We also assume
that the leading coefficient is a square in Z.

o If deg f(x) > 4, when is the continued fraction expansion of

y = \/f(x) periodic?

@ The curve
y? = f(x)

has two rational points at infinity cox := (1: +,/a, : 0)
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Continued fractions of square roots of polynomials

Theorem (Adams, Razar, 1980)

Let C : y?> = f(x) be a hyperelliptic curve described as above. The

divisor Doy = (004) — (00-) is torsion if and only if the continued
fraction of y is periodic.
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Continued fractions of square roots of polynomials

Theorem (Adams, Razar, 1980)

Let C : y?> = f(x) be a hyperelliptic curve described as above. The

divisor Doy = (004) — (00-) is torsion if and only if the continued
fraction of y is periodic.

In the latter case, the following statements hold:

a) y =lao;a1,a2,- ,am-1,2730, 3m—1, - - , a2, a1, 2dg|, where
(a1, a2, ,am_1) is skew symmetric of skew value v~ 1.

b) degap =g+ 1, and1 <degaj < g forl<i<m-—1.
c) The order of Dy, is g + 1+ >, " deg a;.
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Torsion on Jacobian Varieties

Theorem (Kuru, S-, 2025)

Fix an integer g > 3. Let o, 8 > 1,y > 0 be integers such that
20+ 28 +v =g+ 1. Let a1(x), r(x), u(x) € Q[x] be of degrees
«, B,, respectively. If the affine equation

v = 02 (@ rx) + 1)+ a1(x)) 44 (a2 (x) + r(x))

describes a hyperelliptic curve C, then the divisor at infinity is
torsion of order g + 1 + 6 + 33 + 7.
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Torsion on Jacobian Varieties

Theorem (Kuru, S-, 2025)

Fix an integer g > 3. Let o, 8 > 1,y > 0 be integers such that
20+ 28 +v =g+ 1. Let a1(x), r(x), u(x) € Q[x] be of degrees
«, B,, respectively. If the affine equation

v = 02 (@ rx) + 1)+ a1(x)) 44 (a2 (x) + r(x))

describes a hyperelliptic curve C, then the divisor at infinity is
torsion of order g + 1 + 6 + 33 + . In addition, if B =1, and the
Galois group of the polynomial

r(x) (u(x)(al(x)2r(x) +1)+ al(x))2 + 4 (u(x)ar(x)r(x) + 1)

is either the full symmetric group Syg1 or the alternating group
Az 1, then the Jacobian Jc of C satisfies that End(Jc) = Z, in
particular, Jc is an absolutely simple abelian variety
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Torsion on Jacobian Varieties

There exists infinitely many hyperelliptic curves of genus 3 over Q
whose Jacobians posses a rational point of order 13.
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Torsion on Jacobian Varieties

There exists infinitely many hyperelliptic curves of genus 3 over Q
whose Jacobians posses a rational point of order 13.

4
In

y2 = () (0@ (0260 + 1)+ @)+ 4 ((x)as()r? () + r(x))

choose r(x) =ax+ b e Q[x], a#0, u(x) =ve Q) {0}, and
ai(x) =cx+d € Q[x], c #0. O

v
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What is

b6x

dx?
/\/x4—|—4x3—6x2+4x+1
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What is

6x
dx?
Vx4 4x3 —6x2 +4x + 1
6x dx

Vx4 +4x3 —6x2+4x+1
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What is

b6x

dx?
VXA +4x3 —6x2 +4x+1

6x

dx =
Vx4 +4x3 —6x2+4x+1

log |x® + 12x5 +45x* + 44x3 — 33x%2 + 43 +
g

(x* + 10X3+30X2+22x—11)\/x4+4x3—6x2+4x+1].
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Periodic continued fractions

Let f(x) be a degree 4 polynomial with integer coefficients, no
double roots, and a square leading coefficient.
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Periodic continued fractions

Let f(x) be a degree 4 polynomial with integer coefficients, no
double roots, and a square leading coefficient.
Recall C : y2 = f(x) is an elliptic curve with two rational points oo™

and oo™
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Periodic continued fractions

Let f(x) be a degree 4 polynomial with integer coefficients, no
double roots, and a square leading coefficient.
Recall C : y2 = f(x) is an elliptic curve with two rational points oo™

and oo™

Theorem (Adams, Razar, 1983)

The following statements are equivalent.

(1) y = /f(x) has a periodic continued fraction expansion.
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Periodic continued fractions

Let f(x) be a degree 4 polynomial with integer coefficients, no
double roots, and a square leading coefficient.
Recall C : y2 = f(x) is an elliptic curve with two rational points oo™

and oo™

Theorem (Adams, Razar, 1983)

The following statements are equivalent.

(1) y = /f(x) has a periodic continued fraction expansion.
(2) The point (co™) — (00™) is a torsion point in C(Q)
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Periodic continued fractions

Let f(x) be a degree 4 polynomial with integer coefficients, no
double roots, and a square leading coefficient.
Recall C : y2 = f(x) is an elliptic curve with two rational points oo™

and oo™

Theorem (Adams, Razar, 1983)

The following statements are equivalent.

(1) y = /f(x) has a periodic continued fraction expansion.

(2) The point (00™) — (00™) is a torsion point in C(Q), i.e., a
point of finite order.
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Periodic continued fractions

Let f(x) be a degree 4 polynomial with integer coefficients, no
double roots, and a square leading coefficient.

Recall C : y2 = f(x) is an elliptic curve with two rational points oo™
and co™.

Theorem (Adams, Razar, 1983)

The following statements are equivalent.

(1) y = \/f(x) has a periodic continued fraction expansion.
(2) The point (00™) — (00™) is a torsion point in C(Q), i.e., a
point of finite order.

(3) There exist W(x), Z(x) € Q[x] such that
W(x)? — f(x)Z(x)? € Q% with Z(x) # 0.
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6x
Vx4 +4x3 —6x2+4x+1

dx

Mohammad Sadek Abelian varieties, torsion and local arithmetic



6x

dx
Vx4 +4x3 —6x2+4x+1

e Set D(x) =x*+4x3 —6x2 +4x +1,
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6x

dx
Vx4 +4x3 —6x2+4x+1

o Set D(x) = x* 4+ 4x3 — 6x% + 4x + 1, /D(x) is periodic.
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6x

dx
Vx4 +4x3 —6x2+4x+1

o Set D(x) = x* 4+ 4x3 — 6x% + 4x + 1, /D(x) is periodic. So,
there is a solution to the equation p(x)? — D(x)q(x)? € Q*.
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6x

dx
Vx4 +4x3 —6x2+4x+1

o Set D(x) = x* 4+ 4x3 — 6x% + 4x + 1, /D(x) is periodic. So,
there is a solution to the equation p(x)? — D(x)q(x)? € Q*.

@ In fact, the solution is

p(x) = x84 12x5 +45x* + 44x3 — 33x% 4 43
g(x) = x*410x3 4 30x% +22x — 11.
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6x

dx
Vx4 +4x3 —6x2+4x+1

o Set D(x) = x* 4+ 4x3 — 6x% + 4x + 1, /D(x) is periodic. So,
there is a solution to the equation p(x)? — D(x)q(x)? € Q*.

@ In fact, the solution is

p(x) = x84 12x5 +45x* + 44x3 — 33x% 4 43
g(x) = x*410x3 4 30x% +22x — 11.

and nicely enough 6x = p'(x)/q(x) =: f(x).
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6x

dx
Vx4 +4x3 —6x2+4x+1

o Set D(x) = x* 4+ 4x3 — 6x% + 4x + 1, /D(x) is periodic. So,
there is a solution to the equation p(x)? — D(x)q(x)? € Q*.

@ In fact, the solution is

p(x) = x84 12x5 +45x* + 44x3 — 33x% 4 43
g(x) = x*410x3 4 30x% +22x — 11.

and nicely enough 6x = p'(x)/q(x) =: f(x).

/ \/f%dx = log (p(x) + q(x)v/D(x)) .
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Thank you!
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