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F local non-archimedean field of characteristic different from 2

00 ... 01
00 ... 10

=1 . . .| € GL(n, F).
1 0 ... 00O

Symplectic group of rank n > 1 is a group

G, = Sp(2n,F) = {g € GL(2n,F) : [j) _OJ"} g’ [? _OJH} :g_1}7

where 7 is the transposition with respect to the second diagonal.
Fix B < G,, Borel subgroup of upper triangular matrices.

Parabolic subgroups B < Ps are parametrized by ordered partitions
of n:

Ps = MsNg <— s=(n1,....nk), m-+---+ng=n, nj >0,
Ms = GL(n1, F) x -+ x GL(ng_1, F) x Gp,,

Ms is the Levi subgroup of Ps.
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G, is an /-grupa, every neighbourhood of the identity contains an
open compact subgroup.

Representation of an /-group on a complex vector space is smooth
if the stabiliser of every vector is an open subgroup.

R(Gp) free Abelian group generated by classes of irreducible
representations of G,.

R(G) = @nZOR(Gn).

Ry (G) is Zxg sublattice generated by classes of irreducible

representations.
71, T2 € R(G)

7T1§7T2<:>772*7T1€RSF(G).
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Functor of the normalized parabolic induction
0% X xT=Indf7 (5@ @ @ T)
normalized Jacquet module
rs(0) = rm,(0) = Jacqy (o).
Frobenius reciprocity

Homg, (o, Ind AG;S (7)) = HomMs(JachG;s (o), 7).
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A is a contravariant exact functor on category of smooth
representations of G,

Alg G, 25 Alg G,

SO

~

A
T2, 7welr Gy,

for §; € Irr GL(n;, F), i=1,...k, m=n;+---+ ng and
T € Irr G,_p, we have

(51><---><5k>47')/\%5~1><---><&>47-,

where ~ denotes contragredient.

Igor Ciganovi¢ University of Zagreb



p € Irrc yGL(m,, F) cuspidal and unitarizable.
v=|det |r, x,y €R, y —x+1€Z>p.

A= [V p, v pl ={v*p,...,vYp} is called a segment.
e(A) = e(6(A) = 2.

0(x,y) =d([*p,Yp]) = vWpx - xv*p.
For A = [v™Yp,v™*p] we have §([v*p, Y p])~ = 0(—y, —x).
Let 6; = 0(A;),ei = e(0;),i =1, 2.
81 x & reduces < Aj U Ay is segment and Ay € Ay, Ay € Ag.

In case of reducibility and e; > e> we have

5(A1 U Ag) X (5(A1 N A2) 01 X 0p —» L(51 X 52) = L(51,52).

Igor Ciganovi¢ University of Zagreb



Langlands classification

s — (5(A1)><---><(5(Ak)—»7r,
7 € IrrGL(n, F),
e(A1) > - > e(Ak) > 0.
o — 0(A1) X - X 0(Ak) X T —> 0

o € IrrG,,
e(A1)>--->e(Ag) >0
T tempered representation of G,
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Meeglin-Tadi¢ classification of discrete series
o <«— (Jord,ocusp€)
o discrete series of G,, n € N, p € Irr ,GL(m,, F) self-dual, a € N.
§([v==D/2p ,(2=D/2)]) s o

is irreducible for all a of one parity. For a of the other parity, it
reduces, except for finite exceptions.

Jord(c) = {(a, p) is an exception } is a finite set.

Jord,(0) = {a e N | (a,p) € Jord},
a_ =max{a € Jord, | & < a}.
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Ocusp IS patrial cuspidal support of o, if it is irreducible, cuspidal
and
T = T X Ocusp-

for some 7 € IrrGL(my, F).

€: D, C Jord U (Jord x Jord) — {£1}

D. ={((a, p),(a',p")) € Jord x Jord | p = p’ and a # a'}U
{(a,p) € Jord | a€ 2N or a € 2N — 1 and p X o¢ysp reduces}.
e(a,p)e(a_, p) P =1 = o = §([p-"V/2p LaD/12)]) 0 o
For a € minJord, (o) even

e(a,p) =1 += 30’0 < 8([v2p, V1" V/2p]) 1 o’
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Geometrical lemma

pro) =120+ ss(funr())-
k=1

y—x+1 |

W)= S S

0'®@o’'<p*(o) i=0 j=0
51 povpl) X B([ ) x 8 B([ i, 0 gl o
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From now
o cuspidal representation of G,
p € Irre wGL(m,, F) self-dual

1

v2p X o reduces

a,b,c€Z+%%§a<b<c.

Decompose
5(3,a) x 8(—=b,c) x o
6(3,b) x 6(—a,c) x o
5(3,¢) x 0(—a,b) x o
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We have discrete series

N[

0a > 0(3,a) x o — L(6(3,3) x 0),
azc —}—O'EC — d(—b,c) x o — L(6(—b,c) x 0),
. S 6(3,b) xoc

Ug_ca + cha - 6(_b7 C) X 0o —> L(5(—b, C) X Ua)

abc+aabc (—a,b) x oc — L(6(—a, b) x 0¢)
+ _ .+
b,c,a Ua,b,c
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Standard intertwining operators

§(—b,c) x 6(3,a) x 0 = 6(%,a) x §(—b,c) x o

— 6(3,a) x 6(—c, b) x o

>~ §(—c, b) x 6(%, a)xo

— 8(—c,b) x §(—a,—3) x 0.
Image

L(6(—b, c) x 6(%, a) X o)
Kernels
(5(%,3) X OZ:C —1—5(%,3) X Op s

d(—c, b) x o,.
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8(3,a) x oy +8(3,3) X 05 = 8(3,3) X 6(=b,c) x 0
o +0p s 0(=b,c) X 05 = 6(—b,c) x 5(3,a) 1o

b,c,a

p(6(—b,c) x 5(2,a) x o) > 2-8(—b,c) x6(},a) @0

™ 8(3,a) X o . > 6(3,8) X 8(3,b) x T = 6(3,b) x 6(5,8) } T
—d(a+1,b) x 7.
+

TE {Uzc7a,0;67a},eﬂ(a) =e(b) = 7 Opea
We have exact sequences

+
Jiqa — (5(%,3) X U;:C — L(5(%,a) X Ub,c)'

Note ,u*(affc L) = 6(5,a) % Jifc
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Teorem. Representation §(—b, c) x 6(3,a) x o has a filtration
{vi}

V3/Va 2 L(6(—b,c) x 6(3,a) x o)

Va/ Vi = L(6(3,a) @ of ) + L(6(5, ) x 0, ) + L(5(—b, ¢) x 04)

~ + —
Vl - Ub,c,a + Ub,c,a
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Now decompose

b = b6(~a,c)x6(b, b) x 0 =

5(3,b) x 6(—a,c) x 0.
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Standard intertwinings

5(—a,c) x §(3,b) x o
B 5(3,b) x 6(—a,¢) x o
5y 5(L,b) x 6(—c,a) x o
B 5(—c,a) x 5(L,b) x o
B 5(—a,c) x 5(—b, ) x o
5(3,b) x 6(—a,c) x o
B §(~a,c) x d(},b) %o
& §(—a,c) x §(—b,—3) x o
& §(—b,~L) x 8(~a,c) x o
B §(—b,~L) x 8(—c,a) x o
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Let K; = Ker f;, and H; = Ker g;. We have

Ko = Hp = {0},
K12 Hs" = §([v2 p, 1)) % o, + 0([v2p, vPp]) 0,
Ko 22 Hy =2 5([v=p, vPp]) x (5([1/%/), vp]) % o,
K3 = Hi = 6([v™p,v7p]) x o,
Im(fz0---ofy) = L(v) =Im(gz 00 g),

In R(G)
Vi Ki<v <K+ Ko+ Kz+ L(v).

(Mui¢) In R(G)

d(—a,c) x op :JZC@ + L(6(—a,c) x op)+
L(6(—a, b) x oc) + L(6(—b,c) x 7,).
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Cuspidal support: Tpeca Obca Tabe only possible d.s.

15 (8(3,b) x 6(—a ) 0)>1-8(3,a) @0, +1-6(3,3) @0,
pi(8(3.b) @ 05) 21-8(—a,b) @ oc +1-6(3,3) @ 0 +
0-0(3,a)® Ope
1 (0(3,b) x0,.) >0-6(—a,b)®oc+0-6(3,a) ® Op e
Corollary. All d.s. with multiplicities
5(%ab)X5( )NO’>O’Z‘:3+0';C73,

) aC—O—l—:ca’

Jet
3(3,b) x
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Other subquotients

Lemma. p*(L(6(—a,b) x 0c)) > 6(3,a) ® L(6(3, b) x o).
Corollary.

(5(l b) x O'IC _O'abc + L(6(—a, b) x oc)+
L(3(3,a) x op ) + L(3(3,b) x o),

8(3,b) x o5 =L(5(3, )mbc)+L(5( ,b) X 03 .).
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The remaining subquotient that appears in two kernels satisfies
w*(L(6(—b,c) ¥ 05)) > 5(%, a) ® L(6(—b, c) x o).
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Theorem. In R(G)

L

+

L(6(—a,c) x op)+

L(6(—a, b) x oc)+

L(8(—b, c) x 0,)

+

L(6(3,2) » o5,0) + L(O(3, b) % 030)+
L(5(3,a) @ 0, ) + L(3(3,b) x 05)
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Decomposing kernels (in bold)
L(5(3, a) » ojc) + L(6(—a, b) X 0oc) —
6(2,b) x ot /Uabc —»
L(8(3, ) X 0ac),

L(5(%,a) @ o) = (3, b) x ooe
— L(6(3, b) x )

O-I_)‘_ca_‘_ L( (_b C) X 5(%7 ) )+Ul;,c,a =
5(—c,b) x 8(}, a) x o /L(5(~b, c) x 0)
L(5(3,2) x o ) + L(3(3. ) x 0 ),

L(5(=b, ¢) % 02) + L(5(—a, b) x o) —
d(—c,a) x op/L(6(—a,c) x ap) = o

a,b,c”
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Let ko = hg = {0}, for all i > 1

k,':K,'ﬂ/m(f,',lo-uofo), h,-:H,-ﬁ/m(g,-,lo--.ogo).

In R(G)
ki = |Ki—ki-i =+ — kol gt (o)
where m € R(G), 7 =Y, mim;, m; € Z, mj & 7 € IrrG for i # j,
define
7]t (6) = Z m;;.
{ilm; >0}
In R(G)

ki =K1, k= LKz - li R} (G)’ k3 :\_K3 — ko — li RF(G)
hy =Hi, ho :LHz - hlJRJ(G)’ h3 :LH3 —hy — hlJRO*(G)'
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Two filtrations of v

L(5(3,a) x UIC) + L(6(—a,b) x oc) + L(5(3,b) @0, ) <
ki/(07pc+ L(3(5.2) @ 0, ) = L(3(3. b) % o),
ka/L(0(=b,c) ¥ 0a) = 0}, ,+
L(6(—b,c) x 5(5, a)xo),
ks = L(6(—a, c) x op),

L(0(—b,c) x 0a) + L(0(—a, b) x 0c) —
hi/o}, . — L(3(=a,c) x op),
hy/(L(5(3,a) % o )+ L(5(3,2) x 0}, ) =
Tpeat L(6(=b,c) x 6(3,a) x o),
hs 2 L(8(5, b) % 03c) + L(8(5, b) % 05c).
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Theorem. Let ¢ = §([v?p, v°p]) X 5([y%p, vPp]) x o. Define

Wi =of ., + L(&(% 2) % ),

Wy =L(5(1, 2) x o} ) + L(0(~a, b) % 0c)+
L(8(3, b) ;c) L(6(=b, c) x 04),

Ws =L(8(3, b) x 07.) + L(5(—a,c) x op)+
Opeat L(O(=b,c) x (3, a) x o),

Wi =L(v).

Then there exists a sequence
{0} =WC WV CVWV,CV;C V,=1, such that

Vi/Vii =W, i=1,...4
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Finally we decompose 6(3,c) x d(—a, b) x 0.

8(3,¢) x 6(—a,b) x o

fi
5(—a, b) ><V(5(%, )Xo
f
§(—a,b) x §(—c,—3) %o
f3
5(—c,—12) ><V<5(—a, b) x o
fa
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For all i let K; = Ker f;. We have

Ki 2 8(3,b) x §(—a,c) x o,

Ky =2 6(—a, b) x o,

Kz 2 8(—c,b) x 6(3,a) x o,

Ky 2 5(—c,—3) x a;b +0(—c,—35) ¥,

In R(G):

Vi, Ki<v¢y <K+ Ko+ K3+ Ky + L(v).
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Theorem. Representation §(3,c) x §(—a, b) x o has a filtration
{Vi}:
Vi %UZ'C‘; + L(5(3, a) x The)s
Va/Va 2L(5(%, 2) % o) + L(5(3, b) % 05e)+
L(6(—b,c) x 05) + L(0(—a, b) x oc),
V3/Vo 2o, 4o, + L(6(3,b) x o1) + L(6(—a,c) @ op)+
L(5(—b, c) x §(3,a) x o),
Via/ V3 =L(8(3, b) x 6(—a,¢) x o) + L(5(5,¢) x of )+
L33, ) » 7).
Vs / Vi =L(1).
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Thank you!
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