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Alen Andrašek (University of Zagreb, Faculty of Civil Engineering)Regular Higher Power Diophantine Triples Dubrovnik, 24.6.2025. 1 / 23



Diophantine m-tuples

Definition

A Diophantine m-tuple is a set {a1, a2, . . . , am} such that aiaj + 1 is a
square.

Such sets were studied by Diophantus who exhibited some concrete
quadruples with rational numbers.
Fermat was the first to write down the integer quadruple {1, 3, 8, 120} and
Euler extended this to a quintuple. Uniqueness was proven by Stoll.
Dujella proved that the size m of an integer Diophantine m-tuple is at
most 5 and in fact later it was proved that an integer Diophantine
quintuple is impossible.
Finally, we note that parametric families of rational Diophantine sextuples
have been found, but not one example of a septuple.
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Higher Power Diophantine m-tuples

Definition

A k-th power Diophantine m-tuple is a set {a1, a2, . . . , am} such that
aiaj + 1 is a k-th power.

Such sets are much more sparse. For integer Diophantine m-tuples,
Dujella and Bugeaud showed that for any k > 2, m is bounded. In fact,

for k = 2, m ≤ 4,

for k = 3, m ≤ 7,

for k = 4, 5, m ≤ 5,

for 6 ≤ k ≤ 176, m ≤ 4,

for k > 176, m ≤ 3

No bounds on the size are known in the rational case.
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Higher Power Diophantine m-tuples

Definition

A k-th power Diophantine m-tuple is a set {a1, a2, . . . , am} such that
aiaj + 1 is a k-th power.

For k = 3, the only known example of an integer triple is

(2, 171, 25326)

and for k = 4, the only known example of a positive integer triple is

(1352, 9539880, 9768370).

No other higher power integer triples are known. (There are three more
triples if we allow negative numbers for k = 3, namely (1,−2, 63),
(4,−7, 31), (36,−37, 35973).
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Standard Notation

Let us fix the usual notation for Diophantine triples {a, b, c}, namely

ab + 1 = rk ,

ac + 1 = sk ,

bc + 1 = tk .
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Newer results

In a recent preprint, Batta, Szikszai, Tengely showed that there exist
infinitely many rational Diophantine triples for any k ≥ 3 (not integral).

In fact, we simply choose t = 0 and then set s = ±1/r . This gives

{a, b, c} =

{
− 1

rk/2
,
rk − 1

rk/2
, rk/2

}
for k even, and similarly

{a, b, c} =

{
− 1

r (k−1)/2
,
rk − 1

r (k+1)/2
, r (k+1)/2

}
.

for k odd.
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Newer results

Their main results are that

Theorem

Every cubic Diophantine pair except {−1, 1} and {−3, 3} can be extended
to a cubic Diophantine triple.

and

Theorem

There exist infinitely many cubic Diophantine quadruples.

The authors demonstrate this by finding a rational parametrization for
such quadruples.
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Regular Higher Power Triples

The requirement that one of the numbers {r , s, t} be 0 is quite specific
and certainly impossible for integers. This motivated us to find solutions
with non-zero r , s, t.

For even k , we define the following notion.

Definition

A higher power Diophantine triple (for even k) is regular if a = sk/2 − rk/2

(or equivalently, c = a+ b + 2rk/2).

In particular, we will concentrate on the case k = 4 and try to find some
interesting examples of families of triples.
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The Equation for Regular Quartic Triples

From the first two equations, take b = r4−1
a , c = s4−1

a . The third equation
becomes

r4 − 1

a
· s

4 − 1

a
+ 1 = t4.

In general, choosing random numbers a, r , this will give an equation of
genus 3.

But if we take a regular triple i.e. a = s2 − r2, then this reduces
to (

s2r2 − 1

s2 − r2

)2

= t4.

Upon taking roots, we get an elliptic curve in s, t (for fixed r).
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The Equation for Regular Quartic Triples

The main equation to consider is the following

s2r2 − 1

s2 − r2
= t2.

In practice, we will multiply this by (s2 − r2)2 to get the elliptic curve (for
fixed r)

(s2r2 − 1)(s2 − r2) = □.

A brute-force search reveals the following r , s work

(337, 339), (337, 3107), (507, 1242).

Note that for r = 337 and s = 339, then t = 3107 and vice-versa. This
gives the already known integer triple. Unfortunately, for the remaining
pair, the corresponding t is not an integer.
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Fixing the difference between s and r

Note that in our only integer solution we have s − r = 2. Set s = r + α.
Then our main equation becomes

t2 =
s2r2 − 1

s2 − r2
=

r2(r + α)2 − 1

α(2r + α)

=

(
(2r + α)2 − α2 + 4

) (
(2r + α)2 − α2 − 4

)
16α(2r + α)

Note that the only way cancellation can occur is if α = ±2.
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A very special case

Then for α = 2, one gets the elliptic curve

t2 =
1

4
(r + 1)(r2 + 2r − 1).

This a curve of rank 1 with torsion Z/2Z. The only integer point that
gives a non-trivial solution is r = 337 giving t = 3107.

This gives a moral argument why the known triple is a rarity.
First, one will have to find integer points on elliptic curves (generically,
with rank 0).
And only for α = ±2 is cancellation guaranteed to occur.
Note: The above elliptic curve can be written as y2 = x3 − 2x or
y2 = 2x4 − 1, giving the relation 2392 + 1 = 2 · 1692. This is used in
certain Machin-like formulas. Also, 3107 = 13 · 239.
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Alen Andrašek (University of Zagreb, Faculty of Civil Engineering)Regular Higher Power Diophantine Triples Dubrovnik, 24.6.2025. 12 / 23



A very special case

Then for α = 2, one gets the elliptic curve

t2 =
1

4
(r + 1)(r2 + 2r − 1).

This a curve of rank 1 with torsion Z/2Z. The only integer point that
gives a non-trivial solution is r = 337 giving t = 3107.
This gives a moral argument why the known triple is a rarity.
First, one will have to find integer points on elliptic curves (generically,
with rank 0).

And only for α = ±2 is cancellation guaranteed to occur.
Note: The above elliptic curve can be written as y2 = x3 − 2x or
y2 = 2x4 − 1, giving the relation 2392 + 1 = 2 · 1692. This is used in
certain Machin-like formulas. Also, 3107 = 13 · 239.
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A (complex) sidenote

Note that, if one is willing to extend the problem to Gaussian integers,
α = ±2i can be chosen in(

(2r + α)2 − α2 + 4
) (

(2r + α)2 − α2 − 4
)

16α(2r + α)

so that cancellation occurs.

This again leads to the curve just mentioned
(but over Q(i)). Now it has rank 2 and one can find a couple Gaussian
integer triples, namely

(28 + 4i , 42 + 24i , 140 + 52i),

(15− 10i , 15 + 10i , 16i).

Alen Andrašek (University of Zagreb, Faculty of Civil Engineering)Regular Higher Power Diophantine Triples Dubrovnik, 24.6.2025. 13 / 23



A (complex) sidenote

Note that, if one is willing to extend the problem to Gaussian integers,
α = ±2i can be chosen in(

(2r + α)2 − α2 + 4
) (

(2r + α)2 − α2 − 4
)

16α(2r + α)

so that cancellation occurs. This again leads to the curve just mentioned
(but over Q(i)). Now it has rank 2 and one can find a couple Gaussian
integer triples, namely

(28 + 4i , 42 + 24i , 140 + 52i),

(15− 10i , 15 + 10i , 16i).
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The Generic Case

Now we consider the case with generic α (r is a parameter here).

r2(r + α)2 − 1

α(2r + α)
= t2.

This can be written as

y2 = (x2 − 1)(x2 − r4)

where x = rs = αr + r2. And in Weierstrass form as1

Er : y2 = (x − 2r2)(x + 2r2)(x − r4 − 1).

This curve generically has rank 0.

1Note the form y 2 = x(x + (r 2 − 1)2)(x + (r 2 + 1)2) which guarantees a rational
point of order 4. But a rational point of order 8 is impossible.
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The Generic Case Weierstrass Equation

For a given r , if we find a point (x , y) on Er it will correspond to

s =
r(x − 2)

x − 2r4
, t =

4r4 + 2r2y − x2

2(2r6 − 2r2x + 2r2 + y)r

It is to be noted that adding torsion points on the elliptic curve will
correspond to changing the signs of s, t, taking reciprocals and switching s
and t.
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The Search for Good r

We conducted a computer search for r such that the curve has non-zero
rank. With this we certainly found many (a, b, c) with small denominators,
but never integers.

We conducted this search for values r up to 105 in PARI/GP.
Unfortunately, with the default settings, PARI/GP was almost always
unable to find generators for the curves. Interestings exceptions were given

for r = 10864, where s = −236052992/18817 and
t = 236052993/10864,

for r = 40545, where s = −1643897025/35113 and
t = 3287794051/40545.

Comparatively, for other r of similar size, the denominators were usually
about2 size of r2.

2For r = 87607, s = 335541549/3718, t = 12292366697/33695
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Continued fraction for
√
3

Note the relation between the denominators appearing in the previous slide

18817/10864 = 1.73205081 . . .

35133/40545 = 0.86651868 . . .

These are very good approximations for
√
3. Indeed, checking for 10864

and 40545 in the OEIS reveals that these are denominators of even
convergents of

√
3 i.e. the number r satisfies the equation

p2 − 3r2 = 1.
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Alen Andrašek (University of Zagreb, Faculty of Civil Engineering)Regular Higher Power Diophantine Triples Dubrovnik, 24.6.2025. 17 / 23



Continued fraction for
√
3

Note the relation between the denominators appearing in the previous slide

18817/10864 = 1.73205081 . . .

35133/40545 = 0.86651868 . . .

These are very good approximations for
√
3. Indeed, checking for 10864

and 40545 in the OEIS reveals that these are denominators of even
convergents of

√
3 i.e. the number r satisfies the equation

p2 − 3r2 = 1.
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From integers to rationals via
√
3

If we assume then that r is such that r2 = (p2 − 1)/3, we will find an
extra point on Er , namely (r2 + 1, pr(1− r2)).3

The calculation works for
any number r as above, not just integers, and so we get a rational
parametrization

r =
2u

3− u2
,

with corresponding s, t given by

±u4 − 9

8u2
,± 2u(u2 − 3)

u4 + 2u2 + 9

as well as their reciprocals. It turns out that r can be taken to be a square
in infinitely many ways.

3It is interesting that for r = 2911, PARI/GP with default settings does not find the
generators.
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Another parametrization

In the equation (s2r2 − 1)(s2 − r2) = □, another option is to consider

when a = s2 − r2 = □.

Then s = u2+1
u2−1

r and we get the elliptic curve

(u2 + 1)2r4 − (u2 − 1)2 = □

In Weierstrass form this is

y2 = x3 + 4(u4 − 1)2x .

This has the generic point P = (2(u2 + 1)(u − 1)2, 4(u2 + 1)2(u − 1)2).
This gives trivial solutions with r = 1, but 2P = (4u2, 4u(u4 + 1)) gives

r =
u4 + 1

2u(u2 + 1)
, s =

u4 + 1

2u(u2 − 1)

Choosing 1+
√
3−
√

2
√
3

2 < u < 1 + 1+
√
3+
√

2
√
3

2 , will give positive a, b, c .
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Even more parametrizations

Another option is to consider when a = s2 − r2 = k□. (For example, when

k = 2, we obtain (r , s) = (337, 339). Then s = ku2+1
ku2−1

r

(ku2 + 1)2r4 − (ku2 − 1)2 = k□

In Weierstrass form this is

y2 = x3 + 4k2(k2u4 − 1)2x .

This has a point of infinite order P = (4k2u2, 4k2u(k2u4 + 1)). When
k = 1, this was a double point. But here it’s not and so it gives trivial r !
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Even More Parametrizations

Still, we can take 2P and arrive at some wild parametrization with

r =
(ku2 + 1)4 − 12k2u4

(ku2 − 1)4 − 12k2u4

giving complicated a, b, c . Note that a simple example would be given
when ku2 − 1 = 1, which leads to k = 2□.

Finally, I note that writing
β = kt2+1

kt2−1
i.e. s = βr , we get

r =
β4 + 6β2 − 3

1 + 6β2 − 3β4
,

so we may have started with this as well.
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Alen Andrašek (University of Zagreb, Faculty of Civil Engineering)Regular Higher Power Diophantine Triples Dubrovnik, 24.6.2025. 21 / 23



Further Questions

Can we choose good parameter values as to get another integer
triple? When is this possible for these parametrizations?

Should we look for regular quadruples
d = a+ b + c + 2abc + 2r2s2t2?

Which quartic pairs {a, b} can be extended to a triple? Which
numbers a appear infinitely often in triples?

What about non-regular triples like (240, 543, 1105/14641)?

What about similar results for D(n)-triples?
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The End

Thank you for your attention.
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