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Motivation

m Curious relationships between various quantum invariants of
knots/3-manifolds and characters of (log)VOAs have been discovered.

m colored Jones polynomial of torus knots/links and characters of
Virasoro/singlet/triplet VOAs.

m homological block of 3 or 4-fibered Seifert manifolds and
(1,p)/(p,p')-logVOAs.

m However, compared to the former, the latter theory is less well known.
It is important to construct a large number of interesting logVOAs and to
develop a unified methodology for study of them.

In particular, correspondence between knots/3-manifolds and logVOAs.

m In this talk, | propose a clue to this problem by developing the geometric
calculation method of characters of (1, p)-logVOA proposed by
Feigin—Tipunin.
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Setting

m p € Z>o, g: (ADE type) simple Lie algebra
m Let us consider the finite parameter set

rankg

Api={) "Hwi|1<r <p}~1P/P

i—1
For \ € %P, [A] denotes the representative in A,.

m The Weyl group W acts on A, by [A] — [0 * A], where
O’*A:U()\#*%p)* %p. Set

e (o) = Ligx [N —[oxA) € P

T

In other words, €yj(0) is the “carry over” of the TW-action.
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Felder complex

Definition (Felder complex)

We call the data (Vjz))jajen, Felder complex if

m V) 's are weight B-modules with the grading
Vi = EBAGAW (Via])a compatible with the B-action.

m There exists linear operators QE’\]: Vial = Vo, #2] such that

+Z>0

m ker QP] admits the P;-action.
m For [\] € AJ¢, we have

0 — ker QY — Viy) — ker QN (epy (03)) = 0
as B-modules.

(More precisely, we need more parameters as VX;P\]’ Vi,ﬁ;[A]"")
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Felder complex is illustrated as follows.

Vin Vieisn]
[0] [0]

@

hi=4 2 0 —2 —4 —6 5 3 1 -1 -3 -5

Figure: Felder complex.
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Vial
0

2122

44— 4-{4-4

hi=4 2 0 —2 —4 —6
0—  kerQ™ < LHS -
————

@kzo c2k+1g 2k

V[O'i*/\]
[0]
. B
g
B-B-E-E
E-8-E-5-5-E
5 3 1 -1 -3 -5
LHS
O =0
———
~ ker Q7 (ex(04))
——

@z 2t BB
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‘/[A] ‘/[ai *A]

o [0]

-
20202

— BE-E-E-B
BE-E-EE <
5-5-[51-5-5-15

hi=4 2 0 —2 -4 —6 5 3 1 -1 -3-5
0— ker ngiﬂ] < RHS — % -0
ker Q;”"
———
DrsoC2F 20|26 1
> ~ kerQE/\] (€o;xa(75))
——
€Bk20€2k+1®-
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Feigin—Tipunin’s construction H°(G x 3 Vi)

We call H%(G x5 V]5)) Feigin—Tipunin's construction.

Theorem (S'21, S'22, Creutzig-Nakatsuka-S)

If (Via))inea, fs a Felder complex, then we have
m The evaluation map at id € G/B gives

rankg

HO(G XB ‘/[)\]) — ﬂ kerQEA] - ‘/[)\].
=1

In particular, H°(G x5 Via)) is isomorphic to the maximal G-submodule
of Vin] and < above is ~ iff [\] is near to 0.
m For B € Py, we have chq V[Z]:"Oﬂ = chq V[Z*:f]iem )
m (Borel-Weil-Bott type duality) If (p[\] + p,0) < p, then we have
H™(G x5 Viy) =~ H" 0N (G x5 Viygern)(—p)). In particular,
H™°(G xp Vjy) = 0.
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h—oo/3 h=3~— ‘[A]( o)
chy Vi~ = chy Vg

In the case g = sla, ch, V[Z]:""ﬁ = chy V[Z:{B]_e[’\](a)

is illustrated is follows.

Vial Vi ]
0 0

U
—

— 3-83-3
aniw 44.%4%444
5-5-5-8-5-5 5-5-B-5-5-5

hi=4 2 0 -2 -4 —6 5 3 1 -1 -3 -5

Figure: ch, V[i]: = chy V[, *ﬁ D) for g = sly.
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BWB duality

In the case g = slz, BWB duality is proven as follows.

m By applying the long exact sequence of H*(SL2 X g —) to the short exact
sequence
0 — ker Q™ — Vi) = ker QN (—w) — 0,

we have H" (SLa X V}x]) = n,0 ker QP‘].

m On the other hand, by applying the long exact sequence of
H*®(SLz x g —) to the short exact sequence

0 — ker QN (—w) — Viewa)(—w) — ker QM (—2w) — 0,

we have H" (SLa X B Vigux)(—@)) = 6n,1 ker QM.
m Therefore, H"(SL2 x5 Vj\)) =~ H" "' (SL2 x5 Vipun) (—@)).

10/39



Characters of log VOAs and quantum invariants

Felder complex and char > 0

Borel-Weil-Bott type duality above implies that the theory of Felder complex
and that of reductive algebraic group with char > 0 (or quantum group at root
of unity) are equivalent in some sense. In particular, it is expected that despite
the BWB duality above holds only for the case (p[A] + p, 6) < p, we have

H"°(G x5 Viy) =0

for any [A] € A, because of the Kempf vanishing theorem in another side.
Moreover, by studying the counterparts of the results by Bezrukavnikov et al.,
we might be able to prove the log-Kazhdan-Lusztig corrspondence at the level
of abelian categories.
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Character formula by Atiyah—Bott formula

Let chy V' be the character of V' defined by

ch, V = Z dim Vag®.
A

Then we have

chy H(G x5 Viy) = > (=1)" chy H(G x5 Viy))

n>0
. (o h=co
=Y dimL(B) > (-1)") chy Vi
BePy oceW
=" dimL(8) > (-1 eh, Vi
= m g Vg s
pepr, cEW

i.e. chy H(G xp V]y) is reduced to chy V[];*f wi@)
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Example: (1, p)-logVOA for (g, forin)

m V 5q: lattice VOA assoc to the rescaled root lattice /pQ

m The conformal vector is given by

w = % Z cijai(,l)aj + \/]3(1 — %)p(_g)l.

1<i,j<rankg

Vi =V -3+ A: minuscle weight

The B-module structure on V[, is given by
fi = /6\/50”032, hz = [—%ai(o)—l

m The linear operator QE)‘] is the short screening operator

1 R
QM :/e VP (1) e VP (2o pran) )AE

We call H(G x5 V. /5q) the (1,p)-logVOA for (g, fprin)-
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Example: (1, p)-logVOA for (g, forin)

Then (Viz))alea, consists a Felder complex and we have the following.

Theorem (S'21, S'22)
m HO(G x5 Vix) = (29 ker QM and it is isomorphic iff [A] is near to 0.
In particular, two definitions of (1, p)-logVOA coincides.
m H°(G x5 Vjy) ~ ®ﬁ€P+ L(B) ® Wg[r], where Ws_ 1) is a Wo-module
with L.w. Ag(y. Note that WP~"(g) is a sub VOA of Wj.
m (For (p[A\] + p,0) < p) we have
chy H(G x5 V) = W > dimL(B) ) (—1)1(P g vrs+esin

BeP, cEW

m For (p[A| + p,0) < p, H°(G x5 V) is simple as (1, p)-logVVOA module
and each Wg ., so is as WP~ "(g)-modules.
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Example: (1, p)-logVOA for (sly, 0)

m VF(slh) = By @ Vpa, — II[0] @ V, 54,
L ‘/[r] € {B’Y ® Vr,sv T(H[i] ® Vr,s), H[b] ® ‘/7",3 | [b] 7é [0]7 [%]}

m The B-module structure on V}, is given by

f= /B®eﬁ°‘dz, h=[=Jz00) + 5 (u+v)©)]

and the grading is the conformal one.

m The linear operator is the short screening operator
7ia+l(u+v)
Q7 = [T VT )z

m We call H°(SLz x5 By ® V /5, ) the (1,p)-logVOA for (sl2,0).
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Example: (1, p)-logVOA for (sly, 0)

Then (V}r))1<r<p consists a Felder complex and we have the following:
Theorem (Creutzig-Nakatsuka-S)

m HY(G x5 Vi) ~ ker Q"
m (SLa, V¥(sl2))-module structure on H°(G x5 V},9).
m BWB duality and character formula (two variables).

m simplicity theorem.

The same type results would be hold for general (1, p)-logVOA for (g, f).
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Beyond (1, p)-logVOAs?

From the results above, certain aspects of the representation theory and
structure of (1,p)-logVOA are controlled by the theory of Felder complex,
which is essentially not a issue on VOA, but simple Lie algebra/group (put more
simply, sl2). In other words, regardless of the complexity of the specific form of
the VOA-modules, B-action, etc., its representation theory can be studied.

Is the theory of Felder complex used to study other logVVOAs?
In other words, how fundamental a position does the theory of (1, p)-logVOA
occupy in the that of logVOAs?
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Example: (p1, p2)-logVOA for (sly, forin)

W p1,p2 € Zx>2: coprime, p = pip2
m V pa, is the lattice VOA with the conformal vector
1 1 1
1o0-na+ ol = 55)p-2)1
B Vieiral = Vo p(Ar—3)=[ry]+[r2]» Where [r1] € Ap, and [r1] € Ap,.
m The linear operators
Q" Vi ral = Vipr—ralraly - @7 Virayiral = Vil fpa—ral

are short screening operators.

® Vi ),[r] does not consists a Felder complex, but Im QPi—ml ¢ Vel [ra
consists a Felder complex with the B-action definined by Frobenius
homomorphism.
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The socle sequence of V] [, is illustrated as

i I N
HEEE : M 2 1
3 N BN EEEEEE
I Y B BN ey By By B
s HMsBs BB S ETHEE
4 2 0 -2 —4 3 1 —1

m |k, . k, k : simple U(L)-modules
Lpy—r1,re,—ky Lryro,—ky Lpy—ry,pa—ra,—ky Lry,py—ry,—k, respectively.

m Mo D My 2 Ms, where
Mo/My = k, My/Ms = [lle k., M =

m If we exchange r1 with py — 71 (resp.r2 with p2 — r2), then the colors also
exchange.
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The socle sequence of Im Q"1 "1 is illustrated as

1
B 1 |
2 2 E
» '.J 2 2
3 3 3 '1 =
- 3 3 3
4 4 4 4 e E 4
4 u Ty 4 4 4 4 4
5 5 5 5 5 ) = ) )
5 5 5 5
4 2 0 -2 —4
3 1 -1 -3

m They consist a Felder complex by the B-action by the Frobenius
homomorphism and the remaining short screening operator Q[”].

m In particular, by taking H°(SLs x5 —), only |k remains, which consists
the simple module XJ;.,} [,] of the (p1,p2)-logVOA.
In particular, we can reduce chy X} ] to chg Im Qri1=0,
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r1]>0

Can we calculate chy Im Q! using Felder complex (or Atiyah—Bott)?

Let us consider a L(cp, ,py,0)-module \N/[Tl],[m] illustrated as

o 0

N HEN
H:H:H W28 B
s @:sHsE H HEESEEBENE
 EA EA RS B Y B BN BN
T 5. 5.= 5* 5.
4 2 0 -2 —4 3 1 -1 -3

m | don't know the socle sequence, but the composition factors are
supposed to be given as above. i.e. add . and [k—1 to V[ffﬁé?o
For a makeshift definition of V{, 1 [,], see [Hikami-S].

m Then they has the shape of Felder complex by regarding the pairs (.
k+1)and ((k, k+1) as weight vectors.
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Calculation on chy &) 1]

Using this 17[T1]7[T2], let us calculate chy [, ,[r,) using Felder complex (or
Atiyah—Bott formula).
Let us recall that the socle sequence of V},,; ] [r,) is given as follows.

]
2 2
5 3 B 3 B 3

T

S
=
Y <
=
-
-_A
> <
=

L
L
L

ot
Ot <
ot
Ot <
UY.
Ot <
ot
Ot <
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Then V] [ro] has the shape as follows.

p1—"1],
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Vi
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HO(G XB ‘N/[pl—erz])

By taking HO(SL2 X B —), we obtain the following.

1 1
2 2
3 3 3 3
1 1 1 4
5 5 5 5
h= 3 1 -1 -3
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f{O(G XB ‘7["’1],[7‘2]) = Im Q[pl—’rl]

Set fIO(SLz X B ‘7[r1],[r2]) :=Im Q[m’”], which is illustrated as

1
2 2
B B B
1 4 1 1
5 5 "5 5 5
h= 4 2 0 =) 4

Then we have
chy H(SLa X5 Vipy1ra))" % = ey H*(SLa X5 Vipy —r1ira)" T
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HY(G x5 H(G x5 Vi r)

Since F[O(SLQ X B Vi ],[re]) CONsists a Felder complex again, we take
HO(SLQ XB ) and obtain Xrl] [ra] = HO(SL2 XB .HO(SLQ XB Vv[,nl]’[m])).

1
3 3 3
5 5 5 5 5
h= 4 2 0 -2 —4
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Indeed, we have

77((]) Chq HO(SLQ XB f‘IO(SLQ X f/[rl]’[TZ]))h:O
[ (/ h=2n [ (/ h=2n
= Z (chg HO(SL2 XB Viri1,ir2)) "3 — chg HO(SL2 X B Viri],[p2—r2]) : 2+1)
no>0
Z (chg f{O(SLQ XB ‘7[P1*T1]7[T2])h:2n2+1 — chq I:[O(SLQ XB ‘7[P1*T1]7[P2*T2])h:2n2_
ng >0

Z (chq "‘/[h:2n1+2n2+1 — chy "‘/[h:2n1+2n2+2 )

p1—r1],[r2] p1—71],[p2—72]

ny,n2>0

~ h=2n142n9+2 ‘7h=2n1+2n2+3
— (chq Virdtral e Vi pa—ra] )

§ n(qﬁp177-1,7v2,2n+1 _ qulf'r'l,p27'r'2,2n+2 _ qA'r'1,7'2,27L+2 + qA7'1,p271'2,2n+3)
n>0

and it coinsides with ch, X[},‘.:?

1][ra]”
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(1, p1p2)-logVOA v.s. (p1, p2)-logVOA

m In the case of (1, p1p2)-logVOA, there is only one parameter [A] € Ay, p,,
and we consider the Felder complex w.r.t this [A].

m On the other hand, in the case of (p1, p2)-logVOA, there are two
parameters [A\1] € A,, and [A2] € Ap,, and we apply the theory of Felder
complex (or Atiyah—Bott character formula) to [A1] and [A2] separately.

m These two Felder complexes are related by the “symmetrization of Felder
complex”

chg H(G xp V)"=*2% = chy H(G xp V)"="

above, and it enables us to the nested-use of Atiyah—Bott character
formulae.

m These discussions also holds for

(Al [AN]) € Apy X oo X Apyy
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Nested Felder complex/Feigin—Tipunin’s construction

From the above discussion, it is natural to consider the following.
W Di,...,DN € Z>2: coprime, p :=Dpi---DN.
= _ 1 .. _ 1
m Qo= P1 P2 PN
m V 5q: lattice VOA with conformal vector

wi=3 Y, e+ vpQop-nl.

1<i,j<rankg
m For [\;] € Ap,, set

X=(A],-- PN €Apy X oo X Apy

V:X =V (@3t B= A A Aae AN simple V 5o-module
(A; minuscle weight).
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Definition (Nested Felder complex/Feigin—Tipunin's construction)

We call (H°(G xp --- H (Gxp VX o ))[X]eAp nested Felder complex if

0<m<N-1

m Foreach0<m <N -1, ﬁO(G X B -~~}E[0(G><B V_”[)\Nﬂ”]w---)

m
consists a Felder complex.

m For p € PL and o0 € W, we have

e ch, v me

A
o chy, FIO(G XB V[M],m)h:ﬁ = chyq HO(G XB ‘7[w0*A1]7»~~)h:B+p7
o chy HO(G XB - -I:[O(GXB VX e )h:ﬁ_e[*me](")

m>2

=ch, HO(G X5 I:IO(G X5 ---.FNIO(GXB ‘N/X ) ..)h:ﬁ—e[AN_m](O')“'p

I

m—1
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The second condition above is “symmetrization of Felder complex” or
“connection of Felder complex w.r.t [An,] and that w.r.t [Am—1]".
Let us recall that a Felder complex is illustreted as

[0] [0]

hj=4 2 0 -2 -4 —6 5 3 1 -1 -3 -5
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Then the second condition is illustrated is follows.

[o] [@ [0]

1
2
3

4
5

4 2 0 -2 -4 -6 5 3 1 -1 -3 =5 -7
5 3 1 -1 =3 =5 6 4 2 0 -2 -4 -6

h;

h]‘

Figure: H(G x5 V) and H(G x5 V).
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As we see in the case of N =2 (i.e. (p1,p2)-logVOA), if we regard the pair

(, ) (or (k. |k+1]) ) as weight vectors, then these pictures are

regarded as the maximal G-submodule of a (larger) Felder complex.

[o] 10 [0]

1
2
3

4
5

4 2 0 -2 -4 -6 5 3 1 -1 -3 -5 -7
5 3 1 -1 -3 -5 6 4 2 0 -2 -4 -6

>
<.
[l
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In the same manner as N = 2, we obtain the character formula.

Theorem (S)

We have the character formula

(@)™ chg H*(G x5 H*(G x5 - H*(Gx5 Vis, ay) )"

N-1
_ Z p(71) - p(yw) Z (_1)l(w1)+-..+l(wN)
Y15 YN 20 wi,..., wNEW

h Vh=’v1+'~~+’YN+:\+(N—1)P—€WO*>\1(wl)—zﬁ\;zGAi(wi)
Chq W RKWORA],WI*kAD, ..., WN *A N ’

where p(—) is the Kostant's partition function.
In particular, when g = sl and A = 0, the character is given by
n+N-—-1 LentN—xN | S5
e 4 i=1 i
ST S e Al
n>0 €1,...,en€{£1}

which coincides with the homological block of (N + 2)-fibered Seifert manifold!

35/39



Characters of log VOAs and quantum invariants

Conclusion

When g = slz, chy H°(G x5 H°(G xp ---)) is calculated as

First, we decompose the Fock spaces to 2%V types of colors/components.

We can decompose the colors as 2% = 2V =1 4+ 9N¥=1 \where the first
2N=1 colors appear symmetric w.r.t. Cartan weight k, but the latter is
shifted by —1. In other words, we obtain a Felder complex w.r.t [An].

2]\7—1

By applying H°(G xp —), only colors that are symmetric w.r.t the

Cartan weight h are taken out.

In h > 0, it has the same character as a Felder complex w.r.t [Any_1]
consisting of 2V 71 = 2¥=2 1 9¥=2 colors. So we can compute the
character by applying H°(G x g —) again (in other words, by taking
2N=2 colors that are syemmetric w.r.t the Cartan weight h, again).

By repeating this procedure, we can take out only one color, which is the
desired logVOA(-module) of the form

“H(G xp H'(G xp - - H (G xp Vi)
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Future work (1)

Let us recall the question above.

Question

Is the theory of Felder complex used to study other logVVOAs?
In other words, how fundamental a position does the theory of (1, p)-logVOA
occupy in the that of logVVOAs?

The following conjecture claims that the theory of Felder

complex/(1, p)-logVOA is fundamental in that of conjectural logVOAs
corresponding to (Seifert/plumbed) 3-manifolds.

Conjecture

There exists logVVOA(-modules)

HO(GXBEIO(G XB"'F[O(GXBVX"')

(i.e. given by nested Feigin—Tipunin construction) such that the character
coincides with the homological block of corresponding Seifert manifold.
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Future work (2)

m For ¢ < 7, the limit of sl.-colored Jones polynomial of the torus link
T'(c, cp) gives the character of (1, p)-logVOA for (slc, fprin)-

® On the other hand, the limits of slz-colored Jones polynomial of the torus
link T'(2p, 2p’) (minus certain modular form) gives the character of
(p, p')-logVVOA for (sla, forin)-

m So it is expected that the limits of sl,.-colored Jones polynomial of the
torus link T'(cp, cp’) (minus certain modular form) gives the character of
(p, p')-logVOA for (sl., forin), but (p,p’)-logVOA is constructed only for
the case r = 2.
m However, we can expect the character of (irreducible modules of)
(p, p’)-logVOA for (g, forin) is given by
h=y1+v2+ A +p =€ ang ] (W1)— ‘[AZ](wz)

l l
>° pOp(r2) Y (=)IIF R ey e
¥1,7220 wi,wpeW

and thus we can check the expectation above.
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Thank you!
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