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Let L be an (positive definite) even lattice.
One can construct a vertex operator algebra V; from L.
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Let L be an (positive definite) even lattice.
One can construct a vertex operator algebra V; from L.

Let {h1,..., h¢} be an orthonormal basis of h = C ®z L.

As a vector space,
Vi = M(1) @ C{L}

where
M(]_) = C[h,-(—n,-) ‘ i=1,...,0, n € Z>0]

and
C{L} = Spanc{e®|a € L}

is a twisted group algebra of L such that e®e® = (—1){®fefex,

Note: O(L) acts projectively on V.
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Let g € O(L) be a fixed point free isometry of L (gx = x implies x = 0).

Then g can be lifted to an automorphism g of V.
The lift g is not unique but is determined, up to conjugation if g is fixed

point free.
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Let g € O(L) be a fixed point free isometry of L (gx = x implies x = 0).

Then g can be lifted to an automorphism g of V.
The lift g is not unique but is determined, up to conjugation if g is fixed
point free.

Let V& = {v € V| | v = v} be the fixed point subVOA.

Main Question: Try to determine the automorphism group of VLé.
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Let g € O(L) be a fixed point free isometry of L (gx = x implies x = 0).

Then g can be lifted to an automorphism g of V.
The lift g is not unique but is determined, up to conjugation if g is fixed
point free.

Let V& = {v € V| | v = v} be the fixed point subVOA.
Main Question: Try to determine the automorphism group of VLé.

Important Fact: If L, = {x € L|(x,x) =2} = () and g is fixed point free,
then Aut (V}) is finite.
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Let g € O(L) be a fixed point free isometry of L (gx = x implies x = 0).

Then g can be lifted to an automorphism g of V.
The lift g is not unique but is determined, up to conjugation if g is fixed
point free.

Let V& = {v € V| | v = v} be the fixed point subVOA.
Main Question: Try to determine the automorphism group of VLé.

Important Fact: If L, = {x € L|(x,x) =2} = () and g is fixed point free,
then Aut (V}) is finite.

From now on, we assume Ly = ().
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Aut (V))

For a lattice VOA V|, the weight one subspace (V) forms a Lie algebra
with respect to the bracket [a, b] = a(g)b.
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Aut (V))

For a lattice VOA V|, the weight one subspace (V) forms a Lie algebra
with respect to the bracket [a, b] = 3(o)b. Then we have a subgroup

N(VL) = <exp(a(0)) | ac (VL)1> = IDH(VL).
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Aut (V))

For a lattice VOA V|, the weight one subspace (V) forms a Lie algebra
with respect to the bracket [a, b] = 3(o)b. Then we have a subgroup

N(VL) = <exp(a(0)) | ac (VL)1> = IDH(VL).

Let [ = {e® | a € L} be a central extension of L such that
evel = (—1)B) e for a, 5 € L.
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Aut (V))

For a lattice VOA V|, the weight one subspace (V) forms a Lie algebra

with respect to the bracket [a, b] = 3(o)b. Then we have a subgroup
N(VL) = <exp(a(0)) | ac (VL)1> = IDH(VL).

Let [ = {e® | a € L} be a central extension of L such that

evel = (—1)BeBe> for a, B € L.

For ¢ € Aut (L), define 1(¢) € Aut (L) by p(e®) € {£e ()} o e L.
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Aut (V))

For a lattice VOA V|, the weight one subspace (V) forms a Lie algebra

with respect to the bracket [a, b] = 3(o)b. Then we have a subgroup
N(VL) = <exp(a(0)) | ac (VL)1> = IDH(VL).

Let [ = {e® | a € L} be a central extension of L such that

evel = (—1)BeBe> for a, B € L.

For ¢ € Aut (L), define 1(¢) € Aut (L) by p(e®) € {£e ()} o e L.

Set O(L) = {¢ € Aut (L) | 1(p) € O(L)}.
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Aut (V))

For a lattice VOA V|, the weight one subspace (V) forms a Lie algebra
with respect to the bracket [a, b] = 3(o)b. Then we have a subgroup
N(\/[_) = <exp(a(0)) | ac (VL)1> = IDH(VL).

Let [ = {e® | a € L} be a central extension of L such that
evel = (—1)B e for a, 5 € L.
For ¢ € Aut (L), define 1(¢) € Aut (L) by p(e®) € {£e ()} o e L.

Set O(L) = {p € Aut (L) | () € O(L)}.
We can identify O(L) as a subgroup of Aut (V) and there is an exact
sequence of [FLM88, Proposition 5.4.1]

1 — Hom(L,Z/2Z) — O(L) % O(L) — 1.

Note that Hom(L, Z») = {exp(2mv/~1aq)) | @ € (L*/2)/L*} in Aut (V).
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It was proved by Dong and Nagatomo

Aut (V) = N(V,) O(L).
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It was proved by Dong and Nagatomo

Aut (V) = N(V,) O(L).

When L(2) = {x € L| (x,x) =2} = (), the normal subgroup
N(V.) = {exp(Aa(0)) | @« € L, A € C} is abelian and we have

N(V.) N O(L) = Hom(L,Z/2Z) and  Aut(V;)/N(V,) = O(L).
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It was proved by Dong and Nagatomo

Aut (V) = N(V,) O(L).

When L(2) = {x € L| (x,x) =2} = (), the normal subgroup
N(V.) = {exp(Aa(0)) | @« € L, A € C} is abelian and we have

N(V.) N O(L) = Hom(L,Z/2Z) and  Aut(V;)/N(V,) = O(L).

In particular, we have an exact sequence

1— N(Vy) — Aut (V) 2 O(L) — 1.
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Naut (V1) ( <§>)

Let L be an even positive definite lattice with L(2) = (). Let g be a fixed

point free isometry of L and g a lift of g in O([) Then we have the
following exact sequences.

1 — Hom(L/(1 — g)L,C*) — Naw (v)((&)) —= Nowy((g)) — 1;
1 — Hom(L/(1 — g)L,C*) — Caur(vy)(&) = Cowy(g) — 1.
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Naut (V1) ( <§>)

Let L be an even positive definite lattice with L(2) = (). Let g be a fixed
point free isometry of L and g a lift of g in O(L). Then we have the
following exact sequences.
1 — Hom(L/(1 — g)L,C*) — Naw (v)((&)) —= Nowy((g)) — 1;
1 — Hom(L/(1 — g)L,C*) — Caur(vy)(&) = Cowy(g) — 1.

It is clear that Nay(v,)((&)) acts on VLg and there is a group
homomorphism £ : Ny (v,)((8))/(&) — Aut (V).
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NAut (W) ( <§>)

Let L be an even positive definite lattice with L(2) = (). Let g be a fixed
point free isometry of L and g a lift of g in O(L). Then we have the
following exact sequences.
1 — Hom(L/(1 — g)L,C*) — Naw (v)((&)) —= Nowy((g)) — 1;
1 — Hom(L/(1 — g)L,C*) — Caur(vy)(&) = Cowy(g) — 1.

It is clear that Nay(v,)((&)) acts on VLg and there is a group
homomorphism £ : Ny (v,)((8))/(&) — Aut (V).

The key question is to determine if f is surjective.
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Naut (V1) ( <§>)

Let L be an even positive definite lattice with L(2) = (). Let g be a fixed

point free isometry of L and g a lift of g in O([) Then we have the
following exact sequences.

1 — Hom(L/(1 — g)L,C*) — Naw (v)((&)) —= Nowy((g)) — 1;
1 — Hom(L/(1 — g)L,C*) — Caur(vy)(&) = Cowy(g) — 1.

It is clear that Nay(v,)((&)) acts on VLg and there is a group
homomorphism £ : Ny (v,)((8))/(&) — Aut (V).
The key question is to determine if f is surjective.

Definition

An automorphism h € Aut (VLé) is said to be an extra automorphism if it
is not in the image of f.
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Some techniques
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Some techniques

Definition

Let V be a VOA and 7 € Aut (V). For any V-module M = (M, Yy),
the 7-conjugate (M o 7, Ypor(+, 2)) of M is defined as follows:
MoT =M as a vector space;

Ymor(a,z) = Ym(ra,z) foranyac V.
Then (Mo, Ynmor(+,2)) is also a V-module.
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Some techniques

Definition

Let V be a VOA and 7 € Aut (V). For any V-module M = (M, Yy),
the 7-conjugate (M o 7, Ypor(+, 2)) of M is defined as follows:
MoT =M as a vector space;

Ymor(a,z) = Ym(ra,z) foranyac V.
Then (Mo, Ynmor(+,2)) is also a V-module.

M o7 and M have the same character, i.e., dim M; = dim(M o 7);, Vi
and M o 7 is irreducible iff M is.

That means Aut (V) acts on the set Irr(V/) of irreducible modules of V.
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Theorem (Shimakura)

Let Vi(j) ={ve Vi |g(v)=e*V"U/"v} n=g|and 0<j < n—1.
Let 7 € Aut (V). Then 7 lifts to an automorphism of V iff

{Vili)or [0<j<n—1} = {Vi(j)|0<j<n-1}.
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Theorem (Shimakura)

Let Vi(j) ={ve Vi |g(v)=e*V"U/"v} n=g|and 0<j < n—1.
Let 7 € Aut (V). Then 7 lifts to an automorphism of V iff

{Vili)or [0<j<n—1} = {Vi(j)|0<j<n-1}.

Remark: 7 is extra if and only if
{ViU)e7[0<j<n—1} #{Vi(j) |0 <j<n—1}.
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The main idea is to study the irreducible modules of VLg
which have the same properties as V. (j).
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The main idea is to study the irreducible modules of VLg
which have the same properties as V. (j).

There are two types of irreducible Vfr—modules.
Untwisted type: submodules of V;-modules.

Vair = M(1) ® Spanc{e® |« € A+ L} for A+ L € D(L).
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which have the same properties as V. (j).

There are two types of irreducible Vfr—modules.
Untwisted type: submodules of V;-modules.
Vair = M(1) ® Spanc{e® |« € A+ L} for A+ L € D(L).

If g(A+ L) # XA+ L, then V)4, is also irreducible as an Vfr—module. Then
V41 is not a simple current module of Vf.
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The main idea is to study the irreducible modules of VLg
which have the same properties as V. (j).

There are two types of irreducible Vfr—modules.
Untwisted type: submodules of V;-modules.
Vair = M(1) ® Spanc{e® |« € A+ L} for A+ L € D(L).

If g(A+ L) # XA+ L, then V)4, is also irreducible as an Vfr—module. Then
V41 is not a simple current module of VL@.

Assume that (1 — g)\ € L, thatis, g(A+ L) = A + L.

Then V4, is g-invariant and g actson V. For0<i<p—1, we
denote V(i) = {v € Vayr | &(v) = exp(2my/—1i/p)v},

which is an irreducible Vf-module.
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Twisted type: submodules of twisted V;-modules.

Let 1 <s < p— 1. Recall from [Le85, DL96] that the irreducible
g5-twisted module V,"[2°] is given by

Vg = M)[g*) @ T,

where M(1)[g°] is the “g°-twisted” free bosonic space and T is an

irreducible module for a certain “g°-twisted” central extension of L.
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Twisted type: submodules of twisted V;-modules.

Let 1 <s < p— 1. Recall from [Le85, DL96] that the irreducible
g5-twisted module V,"[2°] is given by

Vg = M)[g*) @ T,

where M(1)[g°] is the “g°-twisted” free bosonic space and T is an

irreducible module for a certain “g°-twisted” central extension of L.

All twisted modules are g-invariant and we denote

V" 18°1(7) = {v € V" [&°] | &(v) = exp(2mv/~1i/p)v}.
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Notice that Vi = ®7_ Vi(j) = & Vi(j) o 7 as a VOA.
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Notice that Vi = ®7_ Vi(j) = & Vi(j) o 7 as a VOA.

One approach is to try to embed
e oVi() and @ Vi(j)or

into a “bigger” VOA
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Notice that Vi = ®7_ Vi(j) = & Vi(j) o 7 as a VOA.
One approach is to try to embed
e oVi() and @ Vi(j)or

into a “bigger” VOA
and try to study their relations using the automorphism group of the

bigger VOA.
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When |g| = 2, i.e,, g = —1, the full automorphism group of V" = Vf is
determined by Shimakura.
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When |g| =2, i.e., g = —1, the full automorphism group of V," = Vf is
determined by Shimakura.

Theorem ([Sh04, Proposition 3.16])

Let L be an even lattice such that L(2) = 0.
Aut (V}Y) contains an extra automorphism if and only if
L can be constructed by Construction B from some binary code C.
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Let L be an even lattice such that L(2) = 0.

Aut (V}Y) contains an extra automorphism if and only if

L can be constructed by Construction B from some binary code C.
Moreover, Aut (V,') is generated by O(L)/(8) and the triality
automorphisms defined as in [FLM88].
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When |g| =2, i.e., g = —1, the full automorphism group of V," = Vf is
determined by Shimakura.

Theorem ([Sh04, Proposition 3.16])

Let L be an even lattice such that L(2) = 0.

Aut (V}Y) contains an extra automorphism if and only if

L can be constructed by Construction B from some binary code C.
Moreover, Aut (V,') is generated by O(L)/(8) and the triality
automorphisms defined as in [FLM88].

Let C < Z3 be doubly even and let B={a;| i€ {1,...,n}} <R"s.t.
(a,',aj> = 20;j. The lattice

1
Lg(C) = Zziac+ > Z(ai+ o))
ceC ije{l,...,n}

is often referred as to the lattice obtained by Construction B from C,
where ac = Y7, iy
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When |g| =2, i.e., g = —1, the full automorphism group of V," = Vf is
determined by Shimakura.

Theorem ([Sh04, Proposition 3.16])

Let L be an even lattice such that L(2) = 0.

Aut (V}Y) contains an extra automorphism if and only if

L can be constructed by Construction B from some binary code C.
Moreover, Aut (V,') is generated by O(L)/(8) and the triality
automorphisms defined as in [FLM88].

Let C < Z3 be doubly even and let B={a;| i€ {1,...,n}} <R"s.t.
(a,',aj> = 20;j. The lattice

1
Lg(C) = Zziac+ > Z(ai+ o))
ceC ije{l,...,n}

is often referred as to the lattice obtained by Construction B from C,
where ac = > ciaj.  (Note: (B)z = A7)

C.H. Lam (AS.) Orbifold VOAs June 29, 2023 12 /40



Extra automorphisms (generalization of FLM triality map)
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Extra automorphisms (generalization of FLM triality map)

Let A, be a root lattice of type A,.
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Extra automorphisms (generalization of FLM triality map)

Let A, be a root lattice of type A,. (Coxeter number = determinant )

Let ha, be an (n+ 1)-cycle in Weyl(A,) = Symp1.
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Extra automorphisms (generalization of FLM triality map)

Let A, be a root lattice of type A,. (Coxeter number = determinant )

Let ha, be an (n+ 1)-cycle in Weyl(A,) = Symp1.
Then the action of ha, on sl,+1(C) is given by the conjugation of P,i.e,

ha, : A— PTLAP for A € sl(n+1,C),

and
B~1PB = diag(w,w?, ..., 1)
where

w w? w" 1
° ! 0 w? wt w 1

1 _ :

P == and B - .

0 0 1 v n + 1 n on n2
1 0 0 w w w 1

Orbifold VOAs

June 29, 2023



Extra automorphisms (generalization of FLM triality map)

Let A, be a root lattice of type A,. (Coxeter number = determinant )
Let ha, be an (n+ 1)-cycle in Weyl(A,) = Symp1.
Then the action of ha, on sl,+1(C) is given by the conjugation of P,i.e,

and

where

Define a map g4, : s/(n+1,C) — sl(n+1,C) by 04,(A) = B~1AB.

CH. Lam (AS.)

XK=}

ha,: A— P AP

B~1PB = diag(w,w?, ..., 1)

: 1 S
and B ==
. vn+1
0 w" w2n
1 1
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w 1
w?n 1
2
w" 1
1 1
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Extra automorphisms (generalization of FLM triality map)

Let A, be a root lattice of type A,. (Coxeter number = determinant )
Let ha, be an (n+ 1)-cycle in Weyl(A,) = Symp1.
Then the action of ha, on sl,+1(C) is given by the conjugation of P,i.e,

and

where

Define a map g4, : s/(n+1,C) — sl(n+1,C) by 04,(A) = B~1AB.

CH. Lam (AS.)

XK=}

ha,: A— P AP

B~1PB = diag(w,w?, ..., 1)

: 1 S
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. vn+1
0 w" w2n
1 1
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w?n 1
2
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Let pa, = 3(n—1,n—2,...,—(n—2),—(n— 1)) be the Weyl vector.
Define 174, = exp(ﬁ(%ripAn(O)).

C.H. Lam (AS.) Orbifold VOAs June 29, 2023 14 /40



Let pa, = 3(n—1,n—2,...,—(n—2),—(n— 1)) be the Weyl vector.
Define 174, = exp(n+1(27r/pAn(0))
Then the action of 14, on sl,+1(C) is given by 4, : A~ DAD™L.
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Let pa, = 3(n—1,n—2,...,—(n—2),—(n— 1)) be the Weyl vector.
Define 174, = exp(n+1(27r/pAn(0))
Then the action of 14, on sl,+1(C) is given by 4, : A~ DAD™L.

We have aAnhAna;nl =14, and op, 7]A,,UA hAT on slp+1(C).

C.H. Lam (AS.) Orbifold VOAs June 29, 2023 14 /40



Let
R=AL© - & A

be an orthogonal sum of simple root lattices of type A.
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be an orthogonal sum of simple root lattices of type A.
Let L be an even overlattice of R and p=>"_; ﬁpAkI.
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X =L(p)={a L] (ap) €}
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Let
R=AL© - & A

be an orthogonal sum of simple root lattices of type A.
Let L be an even overlattice of R and p=>"_; ﬁpAkI.
Set

X =L(p)={a L] (ap) €}

Then L = Spany X U R.
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Let
R=AL© - & A

be an orthogonal sum of simple root lattices of type A.
Let L be an even overlattice of R and p=>"_; ﬁpAkI.
Set

X =L(p)={a L] (ap) €}

Then L = Spany X U R.
Set

h:hAkl®"'®hAkj777:77Ak1®"'®77AkjaU:UAk1®"'®0Akj-
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Let
R=A, & DA

be an orthogonal sum of simple root lattices of type A.
Let L be an even overlattice of R and p=>"_; ﬁp%.
Set

X =L(p)={a L] (ap) €}

Then L = Spany X U R.
Set
h= ha, ®"'®hAkj777:77Ak1 Q- @NA, 0 =0 OB oA

Since they are inner automorphisms, we can extend them to V| by using
the same exponential expressions.
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Let
R=AL© - & A

be an orthogonal sum of simple root lattices of type A.
Let L be an even overlattice of R and p=>"_; ﬁpAkI.
Set

X =L(p)={a L] (ap) €}

Then L = Spany X U R.
Set
h= ha, ®"'®hAkj777:77Ak1 Q- @NA, 0 =0 OB oA

Since they are inner automorphisms, we can extend them to V| by using
the same exponential expressions.

We have o(V{) = V¥ and o induces an automorphism of V.

= = =
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Definition
A lattice X is said to be obtained by Construction B if
X = L(p) ={a e L|(a,p) € Z}, where L is an even overlattice of

R=A @ ®Agand p =31, hgyPa,-
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Definition

A lattice X is said to be obtained by Construction B if
X = L(p) ={a e L|(a,p) € Z}, where L is an even overlattice of

R=A @ ®Agand p =31, hgyPa,-

Let R = @D}_, Ax_1 be a root lattice. Suppose L = Lg(C) is constructed
by Construction B associated with a subgroup C of D(R). If g is a lift of
the fixed-point free isometry of L induced by a Coxeter element of R.
Then Vf has an extra automorphism.
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Proposition

Let U be a rootless even unimodular lattice. Let h € O(U) and he o(0)
a standard lift of h. Assume that (1) VBrb(h) = Vy and

(2) the conjugacy class of (hy in Aut (V) is uniquely determined by |hl|
and the VOA structure of VL’;’.

Then there exists T € Aut (Vgh) such that Vy, (1) o 7 is of twisted type.

v
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Proposition

Let U be a rootless even unimodular lattice. Let h € O(U) and he o(0)
a standard lift of h. Assume that (1) VBrb(h) = Vy and

(2) the conjugacy class of (hy in Aut (V) is uniquely determined by |hl|
and the VOA structure of VL’;’.

Then there exists T € Aut (Vgh) such that Vy, (1) o 7 is of twisted type.

v

Many isometries of the Leech lattice satisfy the above conditions, e.g.,
—3A.
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The converse also holds when g has prime order under some assumptions.
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The converse also holds when g has prime order under some assumptions.

Theorem (L-Shimakura)

Let L, = () and g € O(L) is fixed point free. Suppose |g| = p is a prime
and VLg has an extra automorphism.
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The converse also holds when g has prime order under some assumptions.

Theorem (L-Shimakura)

Let L, = () and g € O(L) is fixed point free. Suppose |g| = p is a prime
and VLg has an extra automorphism. Then either

@ L* has an element \ of norm 2 such that

(I—g)hel and spanz{L,\} > A;a_”’f(L)/(pfl)'
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The converse also holds when g has prime order under some assumptions.

Theorem (L-Shimakura)

Let L, = () and g € O(L) is fixed point free. Suppose |g| = p is a prime
and VLg has an extra automorphism. Then either

@ L* has an element \ of norm 2 such that

(I—g)hel and spanz{L,\} > A;a_”’f(L)/(pfl)'
(that means L can be obtained by Construction B with

rank(L —
R = Ap—l( )/ (p 1))
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The converse also holds when g has prime order under some assumptions.

Theorem (L-Shimakura)

Let L, = () and g € O(L) is fixed point free. Suppose |g| = p is a prime
and VLg has an extra automorphism. Then either

@ L* has an element \ of norm 2 such that
(1—g)hel and spanz{L,\} > Ara”k( )(p=1),
(that means L can be obtained by Construct/on B with
R — Arank(L)/ p—1) ) o7

@ L is a coinvariant sublattice of the Leech lattice.

(L= Ny, g =2A,—2A,3B,3C,5B,5C,7B,11A or 23A.)
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Assume that VLg has an extra automorphism o.
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Assume that VLg has an extra automorphism o.

Then
Vi(l) oo 2 Vi(r) foralll<r<p-1 (1)

Then either Case (l):
Vi(1) oo = Vig(r)

forsome 0 <r<p—1and A € D(L)\ {L} with (1—g)\ € L; or

Case (I1):
- Vi(1) oo = V[ [g°](r)

forsome0<r<p—-11<s<p-1.
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For Case I: V(1) oo = V4 ((r), we have

dim V,\+L(r)1 =dim V[_(].)l.
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For Case I: V(1) oo = V4 ((r), we have

dim V,\+L(r)1 =dim V[_(].)l.

dim Vo (r)1 = [(A+ L)(2)|/p and dim V(1)1 = m/(p — 1) imply that

A+ 0@)= (2)

By the similar argument, we also have

|(qA+L)(2)|:p”—m1 forany1<qg<p—1.

C.H. Lam (AS.) Orbifold VOAs June 29, 2023 20 /40



For Case I: V(1) oo = V4 ((r), we have

dim V,\+L(r)1 =dim V[_(].)l.

dim Vo (r)1 = [(A+ L)(2)|/p and dim V(1)1 = m/(p — 1) imply that

A+ 0@)= (2)

By the similar argument, we also have

|(qA+L)(2)|:p”—m1 forany1<qg<p—1.

Set N = Spany{\, L}. Then by L(2) = (), we have
p—1
IN@)| =Y (i + L)(2) = pm.
i=1
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By our assumption, we have g(A + L) = A + L.
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By our assumption, we have g(A + L) = A + L.

Claim: (A + L)(2) contains a base of the root system of type Ap_1.
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By our assumption, we have g(A + L) = A + L.
Claim: (A + L)(2) contains a base of the root system of type Ap_1.
Let v € (A+L)(2). Then {v,gv,....,gP v} C (A + L)(2) and

(vlg'(v)) = 0,£1, +2.
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By our assumption, we have g(A + L) = A + L.
Claim: (A + L)(2) contains a base of the root system of type Ap_1.
Let v € (A+L)(2). Then {v,gv,....,gP v} C (A + L)(2) and

(vlg'(v)) = 0,£1, +2.

e Since g is fixed point free, (v| 7" g'(v)) =0
and (v|g'v) # 2.
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By our assumption, we have g(A + L) = A + L.
Claim: (A + L)(2) contains a base of the root system of type Ap_1.
Let v € (A+L)(2). Then {v,gv,....,gP v} C (A + L)(2) and

(vlg'(v)) = 0,£1, +2.

e Since g is fixed point free, (v| 7" g'(v)) =0
and (v|g'v) # 2.

o If (v|gi(v)) =1for 1 <i<|g|—1,then (1—g')(v) € L(2),
which contradicts that L(2) = 0.

Therefore, (v|g'(v)) =0, -1, 2.
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Suppose (v|g/(v)) = —2 for some i. Then (v|gP~/(v)) = —2.
J’.’:_Ol<v,gfv) =0 implies (v, g/v) = 0 for all i # j
and p—i =i mod p.

That means p is even and p = 2.
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Suppose (v|g/(v)) = —2 for some i. Then (v|gP/(v)) = —2.
J’.’:_Ol<v,gfv) =0 implies (v, g/v) =0 forall i #j
and p—i =i mod p.

That means p is even and p = 2. Hence (v|g/(v)) € {0, —1} if p is odd.
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Suppose (v|g/(v)) = —2 for some i. Then (v|gP/(v)) = —2.
J’.’:_Ol<v,gfv) =0 implies (v, g/v) =0 forall i #j
and p—i =i mod p.

That means p is even and p = 2. Hence (v|g/(v)) € {0, —1} if p is odd.

It follows from P~ g/(v) = 0 that there is a 0 < j < p such that

(vIg/(v)) = (vIgP(v)) = ~1 and (v|g™(v)) = O for m # j, p — .
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Suppose (v|g/(v)) = —2 for some i. Then (v|gP/(v)) = —2.

J’.’:_Ol<v,gfv) =0 implies (v, g/v) =0 forall i #j

and p—i =i mod p.
That means p is even and p = 2. Hence (v|g/(v)) € {0, —1} if p is odd.

It follows from P~ g/(v) = 0 that there is a 0 < j < p such that
(vIg/(v)) = (vIgP(v)) = ~1 and (v|g™(v)) = O for m # j, p — .

Hence {g’(v) |0 < i < p — 1} is the union of a base and the negated
highest root of type A,_1.

Take w € Ny \ Span{g’v}. Then (w,g'v) = 0.
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Suppose (v|g/(v)) = —2 for some i. Then (v|gP/(v)) = —2.
J’.’:_Ol<v,gfv) =0 implies (v, g/v) =0 forall i #j
and p—i =i mod p.

That means p is even and p = 2. Hence (v|g/(v)) € {0, —1} if p is odd.

It follows from P~ g/(v) = 0 that there is a 0 < j < p such that

(vIg/(v)) = (vIgP(v)) = ~1 and (v|g™(v)) = O for m # j, p — .

Hence {g’(v) |0 < i < p — 1} is the union of a base and the negated
highest root of type A,_1.

Take w € Ny \ Span{g’v}. Then (w,g'v) = 0.
Otherwise, (w, g'v) = —1 but Zjl-gzlo_l g/v =0; there is an r s.t.
(w,g"v) = 1.
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If Vi(1) oo = V,"[g%](r), we analyze dim(V,"[g°](r))1.
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If Vi(1) oo = V,"[g%](r), we analyze dim(V,"[g°](r))1.
By the explicit construction of twisted modules,
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If Vi(1) oo = V,"[g%](r), we analyze dim(V,"[g°](r))1.
By the explicit construction of twisted modules, one can show that
rank L <24 and (1 —g)\ € L for any X\ € L*.
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If Vi(1) oo = V,"[g%](r), we analyze dim(V,"[g°](r))1.

By the explicit construction of twisted modules, one can show that
rank L <24 and (1 — g)\ € L for any X € L*.

Moreover, we get restrictions about L* /L.
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If Vi(1) oo = V,"[g%](r), we analyze dim(V,"[g°](r))1.

By the explicit construction of twisted modules, one can show that
rank L <24 and (1 — g)\ € L for any X € L*.

Moreover, we get restrictions about L* /L.

These restrictions (+L(2) = () are sufficient to prove that
L is contained in Leech lattice.
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Suppose L, =) and g € O(L) is fixed point free.
If VLg has an extra automorphism, then either

@ L can be obtained by Construction B or

@ L is a coinvariant sublattice of the Leech lattice.

Orbifold VOAs June 29, 2023



A counterexample

Let Ay be a root lattice of type Ay. Let p=(1,0,—1) be a Weyl vector of
A> and h a Coxeter element of A,.

Set X = {x € A2|(x,p) =0 mod 3} and L =X L A.
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A counterexample

Let Ay be a root lattice of type Ay. Let p=(1,0,—1) be a Weyl vector of
A> and h a Coxeter element of A,.

Set X = {x € A2|(x,p) =0 mod 3} and L =X L A.
Define g = h@ (—1). Then V& = Vi & Vi
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A counterexample

Let Ay be a root lattice of type Ay. Let p=(1,0,—1) be a Weyl vector of
A> and h a Coxeter element of A,.

Set X = {x € A2|(x,p) =0 mod 3} and L =X L A.
Define g = h@ (—1). Then V& = Vi & Vi

VLg has extra automorphisms since V{ has but L is not mentioned above.
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A counterexample

Let Ay be a root lattice of type Ay. Let p=(1,0,—1) be a Weyl vector of
A> and h a Coxeter element of A,.

Set X = {x € A2|(x,p) =0 mod 3} and L =X L A.
Define g = h@ (—1). Then V& = Vi & Vi
VLg has extra automorphisms since V{ has but L is not mentioned above.

Therefore, we need some indecomposable conditions.
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Another example

Assume that g’ is fixed point free on L for any 1 < i < |g| — 1. We call
such a g € O(L) a completely fixed point free isometry of L.
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Another example

Assume that g’ is fixed point free on L for any 1 < i < |g| — 1. We call
such a g € O(L) a completely fixed point free isometry of L.

Let L be an even with Ly = () and let g € O(L) be completely fixed point
free. Suppose VLg has extra automorphisms. Then either
(1) the order of g is a prime or
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Another example

Assume that g’ is fixed point free on L for any 1 < i < |g| — 1. We call
such a g € O(L) a completely fixed point free isometry of L.

Let L be an even with Ly = () and let g € O(L) be completely fixed point
free. Suppose VLg has extra automorphisms. Then either
(1) the order of g is a prime or

(2) L is isometric to the Leech lattice or some coinvariant sublattices of
the Leech lattice.

Orbifold VOAs June 29, 2023



Sketch of the proof

g is completely fixed point free of order n; the minimal polynomial of g on
L is the n-th cyclotomic polynomial ®,(x) and

the characteristic polynomial of g on L is ®,(x)%/#("),

where ¢ = rank(L) and ¢ is the Euler totient function.
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Sketch of the proof

g is completely fixed point free of order n; the minimal polynomial of g on
L is the n-th cyclotomic polynomial ®,(x) and

the characteristic polynomial of g on L is ®,(x)%/#("),

where ¢ = rank(L) and ¢ is the Euler totient function.

Suppose V(1) oo = V). ,(r) for some o € VLg. Then g stabilizes A\ + L.
Since the characteristic polynomial of g on L is ®,(x)%/#("),

¢ ey
dim V. (j)1 = {‘P(”)’ if (j,n)=1,

0, otherwise.

Hence, dim V)\+L(r)1 =
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Moreover, dim Vi (r)1 = |(A+ L)(2)|/n forany 0 < r < n—1.

Therefore,
n

¢(n) !

Since ®,(g)\ = 0 and g stabilizes A\ + L, we have ®,(1)\ € L.
Recall that

A+ 0D)2)] =

p(1) = {1 if nis not a prime power

p if n=ph
Now set N = Spany{L, A\}. Then we have |N/L| =1 or |[N/L| = p.
By our assumption, |N/L| > 1; hence n = p* and |N/L| = p.
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Since g stabilizes A + L, g also acts on N. Let g be a lift of g on Vj.

Now assume that n = pf and m = n/p = pt~1. Let h = g".

Then h is fixed point free of order p on L. Moreover, we have
_1 . te
o [N = S8 (A + D)(2)| = (p— 1) jfitegy = ot

o h(A+L)=A+1L.

The sublattice of N spanned by N(2) is isometric to the orthogonal sum of
k copies of Ap_1, where k = {/(p — 1). Therefore, N can be obtained by
construction A from a certain code C over Z, and L can be obtained by
construction B from the same code C.
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There is a standard lift h of h and an automorphism o € VZ’ such that
Vioo = V,(’, as V[’—modules.
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There is a standard lift h of h and an automorphism o € VZ’ such that
Vioo = V,(’, as V[’-modules.

By adjusting the lift & of g, we may also assume h= g™, where m=n/p .

In this case, we have .
Vi(1;h)oo =V,

.7 T T — I A m— . ~
Vi by = {v e Vi [ hv =€ 1ov} and VI, = @77 Vari(ip; 8)-
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There is a standard lift h of h and an automorphism o € VZ’ such that
Vioo = V,(’, as V[’-modules.
By adjusting the lift & of g, we may also assume h= g™, where m=n/p .
In this case, we have .

Vi(1;h)oo =V,
Vi by = {v e Vi [ hv =€ 1ov} and VI, = @77 Vari(ip; 8)-

Since Vi (1) oo = Vi, (r) and n is the smallest integer such that
Vi (1)®" =2 v, (0), we have

\//\_,_L(r)&s = 5,\+L(sr) % VL(O) if s <n.

Therefore, Vi, (r)™ = Vi, 1 (sr) = V,(0)
if and only if p|s and sr =0 mod n.
Thus, (m,r) =1.
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On the other hand,

m—1 m—1
Vi(Lih)yoo =@ Vi +ipig) oo = ) Vass(r + irp: 8).
i=1 i=1

Therefore, we have r =0 mod p and thus (p, m) = 1;
nevertheless, n = p' is a prime power and thus m=n/p=1and n=pis
a prime number.
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General cases: g is fixed point free of order n and L, = ()
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General cases: g is fixed point free of order n and L, = ()

Case 1: V(1)o7 = V)y/(r) for some A+ L € D(L)\ {L} and
T € Aut (VF).
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General cases: g is fixed point free of order n and L, = ()

Case 1: V(1)o7 = V)y/(r) for some A+ L € D(L)\ {L} and
T € Aut (VF).

Set N = Span{L, A\}. Then N is also an even lattice since V(1) has
integral weights.

Moreover, (1 — g)\ € L; therefore, g stabilizes each coset i\ + L for i € Z.
In particular, g acts on .
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General cases: g is fixed point free of order n and L, = ()

Case 1: V(1)o7 = V)y/(r) for some A+ L € D(L)\ {L} and
T € Aut (VF).

Set N = Span{L, A\}. Then N is also an even lattice since V(1) has
integral weights.

Moreover, (1 — g)\ € L; therefore, g stabilizes each coset i\ + L for i € Z.
In particular, g acts on .

Let g be a lift of g on Vy. Then g also acts on V)., and
we use V)1 (j) to denote the eigenspace
Vasr() = {x € Vagr | &x = 2™V "H/nx}.
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General cases: g is fixed point free of order n and L, = ()

Case 1: V(1)o7 = V)y/(r) for some A+ L € D(L)\ {L} and
T € Aut (VF).

Set N = Span{L, A\}. Then N is also an even lattice since V(1) has
integral weights.

Moreover, (1 — g)\ € L; therefore, g stabilizes each coset i\ + L for i € Z.
In particular, g acts on .

Let g be a lift of g on Vy. Then g also acts on V)., and
we use V)1 (j) to denote the eigenspace
Vaer() = {x € Vapr | 8x = e¥™V-1/nx},
Then we have
Vi(i) o = Vit (n)™ = Viagu(ri). (4)
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Now suppose [N : L] =m > 1. Sincel+g+---+g" 1 =0 and
(1—g)A €L n\eLand thus mdivides n.
Set k = n/m and let h = gk. We also denote h = g*.

We have (r, k) = 1.

Since V(1) o7 = Vi\y((r), Voayr(r) is also a simple current modules and
has order n with respect to the fusion product. By (4),

Vagt(r)™ = Virgr(ri)
Suppose V1 (r)¥ = V((0). Then

JA€ L i.e, mdividesj, rj=0 mod n.

That V;.(r) has order n implies (r, k) = 1. O
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The automorphism T € Aut (VE) stabilizes the orbifold subVOA V.

In particular, T can be lift to an automorphism of VL”.

Since h = gk on V., h has order m on V, and VZ’ = EBffz_ol Vi (mi); note

that e2™V=Imi/n 3re k-th roots of unity for 0 < i < k —1. By (4), we have

VL(mi) oT = (VL(].) o T)‘Xmi = Vm,'/\JrL(ml'j) = VL(mu) C VLh

Therefore, V[’ oT X VZ’ as desired.
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There exists a lift h € Aut (V) of h such that Z\VL = IA1|VL and

VI/\;%VLOT.

A\

Since [N : L] = m, there is u € L* such that (u,A\) =1/m mod Z.
Then h = gk - oy, will be the desired automorphism, where

ory = exp(—2mv/—1rp ).
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Let R = Spany{N>}. Then R is a root lattice associated with a simple
laced root system. Moreover, g acts on R since g must preserve No.
Let R =Ry @ --- @ R; be the sum of simple root lattices.

Then (V)1 = (Vr)1 ® CRL and dim(V1); = dim(V£)1 + dim(CRY).
Since h is regular on (Vg)1, dim(Vé)l < dim CR. Moreover, we have
dim(VA); = dim(V,)1 = rank(L) = dim CR + dim CR™.

Therefore, we have dim(V/2); = dim CR and dim(CR*)" = dim(CR").

Proposition

The isometry h preserves all irreducible components of R and h acts
trivially on R*-. Moreover, the order of hl(vg ), is the Coxeter number of
R;. ’

1

Remark: F"(VR-)I is conjugate to a lift of a Coxeter element of R;.
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All irreducible components of R are of type A.

Let & € R; be a root. Since Ly =0, o ¢ L.

Consider the set {a, ha, ..., h* ta}. Then we have (o, Z,s;ll ha) = —2.
Moreover, (a, h'a) € {0, —1, -2} forall 1 <i<s—1.

Suppose (a, h'a) = —2 for some i. Then (a, h*~'a) = —2 and

(o, Wa) =0forany j#iandi=s—1i,

that implies s is even and i = s/2. In particular, {a, ha, ..., h*"ta} spans
a lattice of type Ai/z in R; and h induces a cyclic permutation on Ai/z.

It is not possible except for the case that R; = A;.

Assume that rank(R;) > 1. Then (a, h'a)) € {0,—1}. Then
(a,hia) = (a, h*'a) = —1 and (a, Wa) =0 for any j #i,s — 1 mod s.

In this case, R; is an orthogonal sum of simple root lattice of type A. [
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We have |g|s| = |h|z|. Moreover, g preserves every irreducible component
of R and |g|r| = |h|Rr,| for each irreducible component R; of R.

Suppose |g|z| = |hlz-

Then there exists a root a € R such that the set {«, ha, ..., ¥ 1a} is a
proper subset of {a, ga,...,g" 1a}, where s and t are the smallest
positive integers such that h°a = « and gla = a.

Since Zf;é g'a=0and {a, ha,...,h*La} spans a lattice of type As 1,
the sublattice spanned by {a, ga, ..., gt ta} is isometric to A |,
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We have |g|s| = |h|z|. Moreover, g preserves every irreducible component
of R and |g|r| = |h|Rr,| for each irreducible component R; of R.

Suppose |g|z| = |hlz-

Then there exists a root a € R such that the set {«, ha, ..., ¥ 1a} is a
proper subset of {a, ga,...,g" 1a}, where s and t are the smallest
positive integers such that h°a = « and gla = a.

Since Zf;é g'a=0and {a, ha,...,h*La} spans a lattice of type As 1,
the sublattice spanned by {a, ga, ..., gt ta} is isometric to A |, where
a=t/s and g induces a cyclic permutation on these a-copies of As_;.

Such a case is not possible.
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We have GCD(m, k) =1 and g|n» has order k.

Suppose g|yn has order g. Then ¢ divides k. Moreover,

mq
(m,q)

mk = |g| = LCM(|g|3l, lg|nn]) =

m

Since g|k, we have mk/q = (m.a)" Then (m,q) =1 and k = q as
desired. [

We have L = R' 1 Anni(R').
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Thank You
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