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Conformal superalgebras

Definition (Conformal superalgebra)

A conformal superalgebra R is a left Z2−graded C[∂]−module endowed with a
C−linear map, called λ−bracket, R ⊗ R → C[λ]⊗ R, a⊗ b 7→ [aλb], that satisfies
the following properties for all a, b, c ∈ R:

1 [∂aλb] = −λ[aλb], [aλ∂b] = (λ+ ∂)[aλb];

2 [aλb] = −(−1)p(a)p(b)[b−λ−∂a];

3 [aλ[bµc]] = [[aλb]λ+µc] + (−1)p(a)p(b)[bµ[aλc]];

where p(a) denotes the parity of the element a ∈ R and p(∂a) = p(a) for all
a ∈ R.

A conformal superalgebra can be also defined using the so called n−products
(a(n)b), where:

[aλb] =
∑
n≥0

λn

n!
(a(n)b).

We can define an ideal of R. We can define simple, finite conformal
superalgebra, and the derived subalgebra.
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Conformal superalgebras

Definition

A module M over a conformal superalgebra R is a left Z2−graded C[∂]−module
endowed with the C−linear map R ⊗M → C[λ]⊗M, a⊗ v 7→ aλv that satisfies
the following properties for all a, b ∈ R, v ∈ M:

1 (∂a)λv = [∂, aλ]v = −λaλv ;

2 [aλ, bµ]v = [aλb]λ+µv .

A module M is called finite if it is a finitely generated C[∂]−module.
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Conformal superalgebras

Theorem (Fattori, Kac 2002)

Any finite simple conformal superalgebra R is isomorphic to one of the conformal
superalgebras of the following list: Cur g, where g is a simple finite−dimensional
Lie superalgebra, Wn(n ≥ 0), Sn,b, S̃n (n ≥ 2, b ∈ C), Kn(n ≥ 0, n 6= 4), K ′4, CK6.
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Annihilation superalgebra

Annihilation superalgebra

We recall the construction of the annihilation superalgebra associated with R.
Let R̃ = R[y , y−1], p(y) = 0, ∂̃ = ∂ + ∂y . We define for all a, b ∈ R,
f , g ∈ C[y , y−1], n ≥ 0:

(af(n)bg) =
∑
j∈Z+

(a(n+j)b)
(∂jy

j!
f
)

g .

We observe that ∂̃R̃ is a two sided ideal of R̃ with respect to the 0−product.
Lie R := R̃/∂̃R̃ is a Lie superalgebra with the bracket induced by the 0−product.

Definition (Annihilation superalgebra)

The annihilation superalgebra A(R) of a conformal superalgebra R is the
subalgebra of Lie R spanned by all elements ayn with n ≥ 0 and a ∈ R.
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The conformal superalgebra of type K

The conformal superalgebra of type K

Let
∧

(N) be the Grassmann superalgebra in the N odd indeterminates ξ1, ..., ξN .
Let t be an even indeterminate and

∧
(1,N) = C[t, t−1]⊗

∧
(N).

W (1,N) =

{
D = a∂t +

N∑
i=1

ai∂i | a, ai ∈
∧

(1,N)

}
.

Let ω = dt −
∑N

i=1 ξidξi .

K (1,N) = {D ∈W (1,N) | Dω = fDω for some fD ∈
∧

(1,N)} .

We can define
∧

(1,N)+ = C[t]⊗
∧

(N), W (1,N)+ and K (1,N)+.
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The conformal superalgebra of type K

∧
(1,N) has a Lie superalgebra structure as follows: for all f , g ∈

∧
(1,N)

[f , g ] =
(

2f −
N∑
i=1

ξi∂i f
)

(∂tg)− (∂t f )
(

2g −
N∑
i=1

ξi∂ig
)

+ (−1)p(f )
( N∑

i=1

∂i f ∂ig
)
.

K (1,N) ∼=
∧

(1,N) as Lie superalgebras via:

∧
(1,N) −→ K (1,N)

f 7−→ 2f ∂t + (−1)p(f )
N∑
i=1

(ξi∂t f + ∂i f )(ξi∂t + ∂i ).

We consider on K (1,N) the standard grading, i.e.
deg(tmξi1 · · · ξis ) = 2m + s − 2.
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The conformal superalgebra of type K

The conformal superalgebra of type K is defined as

KN := C[∂]⊗
∧

(N).

For f = ξi1 · · · ξir and g = ξj1 · · · ξjs :

[fλg ] =
(
(r − 2)∂(fg) + (−1)r

N∑
i=1

(∂i f )(∂ig)
)

+ λ(r + s − 4)fg .

We recall that
g = A(KN) = K (1,N)+.

g has depth 2 with respect to the standard grading. g−2 is one−dimensional, we
call Θ the generator −1/2 of g−2.
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The conformal superalgebra of type K

Proposition (Boyallian, Kac, Liberati 2010)

Let g be the annihilation superalgebra of a conformal superalgebra R of type K .
Finite modules over R correspond to modules V over g, called finite conformal,
that satisfy the following properties:

1 For every v ∈ V , there exists j0 ∈ Z, j0 ≥ −d, such that gj .v = 0 when
j ≥ j0;

2 V is finitely generated as a C[Θ]−module.
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The conformal superalgebra of type K

Let g = ⊕i∈Zgi be a Z−graded Lie superalgebra. We will use the notation
g+ = ⊕i>0gi , g− = ⊕i<0gi and g≥0 = ⊕i≥0gi .

Remark

Let F be a g≥0−module. We denote by M(F ) the generalized Verma module.
If F is a finite−dimensional irreducible g≥0−module, we call M(F ) a finite
Verma module.
If M(F ) is not irreducible, we call M(F ) degenerate.
We have a Z≥0−grading on U(g−) and M(F ).

Definition

Given a g−module V , we call singular vectors the elements of:

Sing(V ) = {v ∈ V | g+.v = 0} .

If V = M(F ), we will call trivial singular vectors the singular vectors of degree 0
and nontrivial singular vectors the singular vectors of positive degree.
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The conformal superalgebra of type K

Theorem (Kac, Rudakov 2002; Cheng, Lam 2001)

Let g be the annihilation superalgebra associated with a conformal superalgebra of
type K , then

1 if F is an irreducible finite−dimensional g≥0−module, then g+ acts trivially
on it and M(F ) has a unique maximal submodule;

2 the map F 7→ I(F ), where I(F ) is the quotient of M(F ) by the unique
maximal submodule, is a bijective map between irreducible
finite−dimensional g0−modules and irreducible finite conformal g−modules;

3 the g−module M(F ) is irreducible if and only if the g0−module F is
irreducible and M(F ) has no nontrivial singular vectors.
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The conformal superalgebra K′
4

The conformal superalgebra K ′4

The conformal superalgebra KN is simple if N 6= 4. If N = 4:

K4 = K ′4 ⊕ Cξ1ξ2ξ3ξ4

Proposition

A(K ′4) is a central extension of K (1, 4)+ by a one−dimensional center CC :

A(K ′4) = K (1, 4)+ ⊕ CC .
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The conformal superalgebra K′
4

Let g := A(K ′4).

g−2 = 〈1〉 ,
g−1 = 〈ξ1, ξ2, ξ3, ξ4〉 ,
g0 = 〈{C , t, ξiξj 1 ≤ i < j ≤ 4}〉 ∼= sl2 ⊕ sl2 ⊕ Ct ⊕ CC
∼= 〈ex , fx , hx〉 ⊕ 〈ey , fy , hy 〉 ⊕ Ct ⊕ CC .

Remark

g has finite depth 2.
The element t is a grading element, i.e. [t, a] = deg(a)a for all a ∈ g.

Similarly to the case of KN , we study the singular vectors in order to classify finite
irreducible modules over K ′4.
We will denote the weights of weight vectors of g0−modules as µ = (m, n, µt , µc)
with respect to the action of hx , hy , t,C .
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The conformal superalgebra K′
4

Theorem (B., Caselli 2022)

There are no singular vectors of degree greater than 3.

There are four families of highest weight singular vectors of degree 1.

There are four families of highest weight singular vectors of degree 2.

There are exactly two highest weight singular vectors of degree 3.
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The conformal superalgebra K′
4

Let F be an irreducible finite−dimensional g0−module with highest weight µ. We
call M(µ) the finite Verma module M(F ).

Theorem (B., Caselli 2022)

The finite Verma module M(m, n, µt , µc) is degenerate if and only if (m, n, µt , µc)
is one of the following:

A) (m, n,−m+n
2 , m−n2 ) with m, n ∈ Z≥0,

B) (m, n, 1 + m−n
2 ,−1− m+n

2 ) with m, n ∈ Z≥0,

C) (m, n, 2 + m+n
2 , n−m2 ) with m, n ∈ Z≥0, (m, n) 6= (0, 0),

D) (m, n, 1 + n−m
2 , 1 + m+n

2 ) with m, n ∈ Z≥0.
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The conformal superalgebra K′
4

Remark

Between M(µ) and M(µ̃) there exists a morphism of g−modules if and only if
there exists a non trivial singular vector ~m in M(µ̃) of highest weight µ.

∇ : M(µ) −→ M(µ̃)

vµ 7−→ ~m

If ~m is a singular vector of degree d , we say that ∇ is a morphism of degree d .
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The conformal superalgebra K′
4
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The conformal superalgebra K′
4

Definition

The conformal dual M∗ of M is defined by:

M∗ = {fλ : M → C[λ] | fλ(∂m) = λfλ(m), ∀m ∈ M} .

The structure of C[∂]−module is given by (∂f )λ(m) = −λfλ(m). The λ−action
of R is given by:

(aλf )µ(m) = −(−1)p(a)p(f )fµ−λ(aλm).

Definition

Let T : M → N be a morphism of R−modules. The dual morphism
T ∗ : N∗ → M∗ is defined by [T ∗(f )]λ (m) = −fλ (T (m)) .

Remark

A consequence of the main result on conformal duality, showed by Cantarini,
Caselli and Kac, is that, for K ′4, the conformal dual of M(F (m, n, µt , µc))
corresponds to the shifted dual M(F∨), where F∨ ∼= F (m, n,−µt + 2,−µc).
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The conformal superalgebra K′
4

Homology

Theorem (B. 2022)

The sequences in the Figure below are complexes and they are exact in each
module except for M(0, 0, 0, 0) and M(1, 1, 3, 0). The homology spaces in
M(0, 0, 0, 0) and M(1, 1, 3, 0) are isomorphic to the trivial representation.
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The conformal superalgebra CK6

The conformal superalgebra CK6

For ξI ∈
∧

(6) we define ξ∗I to be such that ξI ξ
∗
I = ξ1ξ2ξ3ξ4ξ5ξ6.

CK6 = C[∂]− span
{

f − i(−1)
|f |(|f |+1)

2 (−∂)3−|f |f ∗, f ∈ ∧
(6), 0 ≤ |f | ≤ 3

}
.
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The conformal superalgebra CK6

Remark

We recall that
g := A(CK6) ∼= E (1, 6).

The homogeneous components of non−positive degree of g and K (1, 6)+ coincide
and are:

g−2 = 〈1〉,
g−1 = 〈ξ1, ξ2, ..., ξ6〉,
g0 = 〈t, ξiξj : 1 ≤ i , j ≤ 6〉 ∼= Ct ⊕ sl(4).
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The conformal superalgebra CK6

Remark

Let F be an irreducible finite-dimensional g0−module. Then

M(F ) ∼= C[Θ]⊗ ∧
(6)⊗ F .

Lemma (B. 2023; statement by Boyallian, Kac, Liberati 2013)

Let ~m ∈ M(F ) is a singular vector. Then the degree of ~m with respect to Θ is at
most 2.

From now on we denote the highest weight of an irreducible finite−dimensional
g0−module as µ = (n1, n2, n3, µt) where µt is the weight with respect to h1, h2,
h3 and t, where

h1 = −iξ34 − iξ56, h2 = −iξ12 + iξ34, h3 = −iξ34 + iξ56.

Boyallian, Kac and Liberati classified all highest weight singular vectors for CK6

and obtained the following morphisms between degenerate finite Verma modules.
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The conformal superalgebra CK6

Boyallian, Kac, Liberati 2013:
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The conformal superalgebra CK6

We denote by F the dual functor.

Proposition

The functor F is exact if we consider only morphisms T : M → N, where N/ Im T
is a finitely generated torsion free C[∂]−module.

Remark

A consequence of the main result on conformal duality showed by Cantarini, Caselli
and Kac is that, in the case of CK6, the conformal dual of M(F (n1, n2, n3, µt))
corresponds to the shifted dual M(F∨), where F∨ ∼= F (n3, n2, n1,−µt + 4).
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The conformal superalgebra CK6

Proposition (B. 2022)

As g0−modules:

Hn1,n2(MA) ∼=

{
C if (n1, n2) = (0, 0),

0 otherwise.

Hn2,n3(MC ) ∼=

{
C if (n2, n3) = (1, 0),

0 otherwise.
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Open problems

Open problems

It remains to complete the study of the homology of the complexes for the
second quadrant of CK6;

it would be interesting to understand if it is possible to use similar techniques
to compute the homology of the complexes for E (5, 10).
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