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Quasi-lisse vertex algebras (cf. Hao’s talk)

Definition (A.-Kawasetsu’18)

A vertex algebra is called quasi-lisse if the associated variety

XV = SpecmRV , RV = V /C2(V ), has finitely many symplectic

leaves.

Theorem (AK18)

Let V be quasi-lisse, conformal.

i) There exists only finitely many simple ordinary representations

of V ;

ii) For an ordinary representation M, trM(qL0−c(V )/24) converges

to a holomorphic function on the upper half place. Moreover,

{trM(qL0−c(V )/24) | M ordinary } is a subspace of the space of

the solutions of a modular linear differential equation (MLDE).
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Quasi-lisse vertex algebras and quasi-modular forms

Remark

The normalized character of a quasi-lisse vertex algebra is

“often” quasi-modular, that is,

χV (τ) ∈ C[E2(τ),E4(τ),E6(τ)].

Examples

i) ([AK18]) Lk(g) with g = D4,E6,E7,E8, k = −h∨/6− 1.

(cf. Kawien’s talk).

ii) (Conjectured by [Milas’22]) Class S chiral algebras ([A])

“Generalized multiple q-zeta values”
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Singular support of quasi-lisse vertex algebras

Theorem (A.-Moreau’21)

V quasi-lisse

⇒ SS(V ) := Spec(grV ) ∼= J∞XV as topological spaces.

(cf. Rastelli’s conjecture below)
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When is quasi-lisse condition satisfied?

Proposition (AK18)

Let V be conical, quasi-lisse, conformal. The the image [ω] of the

conformal vector ω of V is nilpotent in Zhu’s C2-algebra of RV .

Theorem

Let V be a quotient of a universal affine vertex algebra V k(g) or

a universal W-algebras Wk(g, f ). Then the following conditions

are equivalent.

i) V is quasi-lisse.

ii) the image [ω] of the conformal vector ω of V is nilpotent in

Zhu’s C2-algebra of RV .
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Symplectic singularity

Definition (Beauville’99)

A symplectic singularity is a normal variety such that

i) ∃ a closed symplectic 2-form on its smooth part Xreg ,

ii) for any resolution p : X̃ → X , p∗ω extends to X̃ .

Remark

symplectic singularity

⇒ Poisson by {f , g} = unique extension of {f |Xreg , g ||Xreg
}.

Theorem (Kaledin’06)

symplectic singularity ⇒ finitely many symplectic leaves.
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Quotient symplectic singularity

Example (Beauville)

Let X be a symplectic singularity, G finite group of

automorphisms of X preserving the symplectic form ω on Xreg .

⇒ X/G is a symplectic singularity.
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Symplectic singularity associated with complex reflection

groups

Γ complex reflection group, Γ = 〈rα〉 ⊂ GL(VΓ), VΓ = Crk Γ.

Complex reflection groups

<latexit sha1_base64="z2jTI10O+T0ah+c8tJUONAeMaIA=">AAAB+XicbVDLSsNAFJ3UV62vqCtxM1gEF1KSutBloRuXFewD2lAm05t26CQzzEyKJRS/xYUgLnThV/gJ/o3Tmk1bz+pwzn1wTig508bzfpzCxubW9k5xt7S3f3B45B6ftLRIFYUmFVyoTkg0cJZA0zDDoSMVkDjk0A7H9bnfnoDSTCSPZiohiMkwYRGjxFip757VRSw5PGEFEQc6F/FQiVTqvlv2Kt4CeJ34OSmjHI2++90bCJrGkBjKidZd35MmyIgyjHKYlXqpBknomAwhI7HW0zic4cuYmJFe9ebif143NdFdkLFEpgYSakesF6UcG4Hn6fCAKRuCTy0hVDH7GdMRUYQa28HyJQ0JiUFf48GESb3gQbYodFay2f3VpOukVa34NxX/oVqueXkLRXSOLtAV8tEtqqF71EBNRNEzekUf6NPJnBfnzXn/Gy04+c4pWoLz9Qtue5RU</latexit>

Coxeter

groups

<latexit sha1_base64="M0uC3kM33B1ir2iUoYNAHuHhHvQ=">AAACDXicbZC7TsMwFIYdriXcCowsFhUSA1RJGWCs1IWxSPQiNVXluKepVceObKeiivIMDDwLAxJigAHxCLwNbikDLf/06fznov+ECWfaeN6Xs7K6tr6xWdhyt3d29/aLB4dNLVNFoUEll6odEg2cCWgYZji0EwUkDjm0wlFt6rfGoDST4s5MEujGJBJswCgxttQrXgQhRExkFIQBlbs1eQ8WcBDgSMk00W4Aov9r94olr+zNhJfBn0MJzVXvFT+DvqRpbMcpJ1p3fC8x3YwowyiH3A1SDQmhIxJBRmKtJ3GY49OYmKFe9KbF/7xOagbX3YyJJDUgqG2x3iDl2Eg8TYz7TAE1fGKBUMXsZUyHRBFqEy1s0iBIDPoc98cs0TPuZrMn567N7i8mXYZmpexflv3bSqnqzb9QQMfoBJ0hH12hKrpBddRAFD2iZ/SG3p0H58l5cV5/Wlec+cwR+iPn4xuIZZyl</latexit>
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<latexit sha1_base64="+cbgbZG2vzJ//3NXit4f6N/htJA=">AAACKXicbVE9T8MwEHX4LOGrwMhiUSExoCqBAUakLrAViX5IJKoc95paOLZlO4go6i9i4HcwMiABAwz8EdxSBgpverp3707vLlGcGRsEr97c/MLi0nJlxV9dW9/YrG5tt43MNYUWlVzqbkIMcCagZZnl0FUaSJZw6CQ3jbHeuQVtmBRXtlAQZyQVbMAosa7Uq15ECaRMlBSEBT3yG7owlnAuU03UkFEcRZjKTHG4wxoGHOjYh1Mtc2X8CET/x9qr1oJ6MAH+S8IpqaEpmr3qY9SXNM+cnXJizHUYKBuXRFtGOYz8KDegCL0hKZQkM6bIkhHez4gdmlltXPxPu87t4DQumVC5BUFdi9MGOcdW4vE1cJ9pl4gXjhCqmduM6ZBoQl2imUkGBMnAHOL+LVNmwuNy8oCR77KHs0n/kvZRPTyuh5dHtbNgeoUK2kV76ACF6ASdoXPURC1E0QN6Ru/ow7v3nrwX7+27dc6benbQL3ifX6VLqOE=</latexit>

Crystallographic

complex reflection

groups

<latexit sha1_base64="9vDFzMwliz230cBk8HJUBa4Kh0E="></latexit>

Weyl

groups

<latexit sha1_base64="0Myex1CifVF+Ok32DdyHqP5b2wE=">AAACCnicbZDLSsNAFIYnXmu8RV26GSyCiJSkLnRZcOOygr1AE8pkcpoOnUzCzKQQQt7Ahc/iQhAXunDjI/g2pjUubP1XP+c7F/7jJ5wpbdtfxsrq2vrGZm3L3N7Z3du3Dg67Kk4lhQ6NeSz7PlHAmYCOZppDP5FAIp9Dz5/czHhvClKxWNzrLAEvIqFgI0aJLktD69z1IWQipyA0yMLsQcax6+JQxmmiTBdE8MuGVt1u2HPhZeNUpo4qtYfWpxvENI3KccqJUgPHTrSXE6kZ5VCYbqogIXRCQshJpFQW+QU+jYgeq0U2K/7HBqkeXXs5E0mqQdCypWSjlGMd41lcHDAJVPOsNIRKVl7GdEwkoWWihU0KBIlAXeBgyhI1914+/3BhltmdxaTLpttsOJcN565Zb9nVF2roGJ2gM+SgK9RCt6iNOoiiR/SM3tC78WA8GS/G60/rilHNHKE/Mj6+ARVem04=</latexit>

T ∗VΓ = VΓ ⊕ V ∗
Γ symplectic vector space

Γ ↷ T ∗VΓ, preserving the symplectic form

⇒ Get symplectic singularity

MΓ := T ∗VΓ/Γ = SpecC[T ∗VΓ]
Γ
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Vertex algebras labelled by complex reflection groups

Conjecture (Bonetti-Meneghelli-Rastelli ’19)

For any complex reflection group Γ, there exits a vertex

superalgebra VΓ with the following properties:

i) XVΓ
∼= MΓ = T ∗VΓ/Γ, In particular, VΓ is quasi-lisse.

ii) ∃ conformal vertex algebra homomorphism VircΓN=2 → VΓ,

where VircΓN=2 is the N = 2 superconformal algebra with

central charge cΓ = −3
∑rank Γ

i=1 (2pi − 1), p1, . . . , prank Γ the

degree of the fundamental invariants in C[VΓ]
Γ. Moreover, if

Γ is a Coxeter group, then VircΓN=2 is enhanced to the small

N = 4 superconformal algebra VircΓN=4

iii) VΓ admits a free field realization VΓ ↪→ (βγbc)⊗ rank Γ.
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Connection with the 4D/2D duality

Beem-Lemos-Liendo-Peelaers-Rastelli-van Rees’15

There exits a map

V : {4D N = 2 SCFTs} −→ {VOAs} = {2D CFTs}

such that

Schur(T ) = χV(T )(q) = TrV(T )(q
−c/24+L0)

for any 4D N = 2 SCFT T .

Conjecture (Beem-Rastelli ’18)

For any 4D N = 2 SCFT T , we have

Higgs(T ) ∼= XV(T ).
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Connection with the 4D/2D duality

Conjecture [Rastelli’18]

i) V(T ) is a complete invariant of a 4D N = 4 SCFT T .

ii) In fact, the associated scheme X̃V(T ) = Spec(RV(T )) is a

complete invariant.

iii) V(T ) is a strict chiral quantization of X̃V(T ) (or classically

free). That is, grV(T ) ∼= C[J∞X̃V(T )].

Remark

i) The Higgs branch Higgs(T ) is not a complete invariant. So

one can think V(T ) as a refinement of Higgs(T ).

ii) By the 3D mirror symmetry,

Higgs(T ) = Higgs(T3D) ∼= Coulomb(Ť3D), where T3D is the

3D theory obtained from T by S1-compaticification.
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Connection with the 4D/2D duality

• When Γ = W (g), the Weyl group of a simple Lie algebra g, it

is expected that

VW (g) = V(SYMg),

where SYMg is the 4-dimensional N = 4 super Yang-Mills

theory with gauge algebra g. It is known that

Higgs(SYMg) ∼= MW (g).

• When Γ is a crystallographic complex reflection group that is

not a Coxeter group, then it is expected that VΓ = V(TΓ) for
some the 4-dimensional theory TΓ with N = 3 supersymmetry.
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Aim

To prove the Bonetti-Meneghelli-Rastelli conjecture for

Γ = W (slN) = SN .

VSN
= CN−1 ↶ SN ,

MSN
= (CN−1 ⊕ CN−1)/SN

VSN
is of c.c. cSN

= −3
∑N−1

i=1 (2(i + 1)− 1)) = −3(N2 − 1)

↑ conformal

Vir
−3(N2−1)
N=4 ⊃ V−N2−1

2 (sl2)
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N = 2 case

MS2 = SpecC[x , y ]S2 , S2 3 s : x 7→ −x , y 7→ −y

= SpecC[x2, xy , y2] = SpecC[a, b, c]/(a2 − bc)

= {A =

(
a b

−c −a

)
∈ sl2(C) | detA = 0}

= N (sl2), nilpotent cone of sl2,

cS2 = −3(22 − 1)− 9,

VirN=4
−9 the unique simple quotient of Vir−9

N=4.

Theorem (Adamovic ’15)

XVirN=4
−9

∼= N (sl2) and there is a vertex algebra embedding

VirN=4
−9 ↪→ βγbc.

VS2 = VirN=4
−9 .
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First observation

T ∗P1 → N (sl2), Springer resolution

Normality of N (sl2) ⇒ Γ(T ∗P1,OT∗P1) ∼= C[N (sl2)]

Ωch
P1 chiral de Rham complex of P1 ([Malikov, Schechtman,

Vaintrob ’99]

Ωch
P1 is a sheaf of vertex superalgebra on P1, which is locally

isomorphic to βγbc :

β, γ even, b, c odd,

[γλβ] = 1, [bλc] = 1.

Γ(P1,Ωch
P1
) vertex superalgebra

Question Is Γ(P1,Ωch
P1
) isomorphic to VirN=4

−9 ?

No, because the natural action of ŝl2 on Γ(P1,Ωch
P1
) is of level 0,

but the action of ŝl2 on VirN=4
−9 is of level −9/6 = −3/2.
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P1
) is of level 0,

but the action of ŝl2 on VirN=4
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P1
) is of level 0,

but the action of ŝl2 on VirN=4
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First observation

∃Ωch
P1,α, α ∈ 1

2Z, twisted chiral de Rham complex of P1

([Gorbounov, Malikov, Schechtman ’05])

The level of ŝl2-action on Γ(P2,Ωch
P1,α) is 2α

2 − 2.

Theorem (A.-Möller)

Γ(P1,Ωch
P1,1/2)

∼= VirN=4
−9 and the restriction map

Γ(P1,Ωch
P1,1/2) ↪→ Γ(U0,Ω

ch
P1,1/2) coincides with Adamovic’s

realization.
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But...

For N > 2, the symplectic singuarity MSN
is not resolved by a

cotangent bundle to some smooth variety. So we cannot use the

twisted chiral de Rham complex.
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Symmetric powers of C2 and Hilbert scheme of points in C2

It is more convenient to work in glN setting:

VSN
= CN−1 ↪→ CN ↶ SN

(C2)N/SN = (CN ⊕ CN)/SN
∼= MSN

× T ∗C,

symmetric powers of C2

It is well-known that the singularity of (C2)N/SN is resolved by

the Hilbert scheme HilbN(C2) of N-points on C2:

HilbN(C2) = {I ∈ C[x , y ] | dimCC[x , y ]/I = N} 3 I

↓ ↓
(C2)N/SN 3 supp(C[x , y ]/I )

17



Symmetric powers of C2 and Hilbert scheme of points in C2

It is more convenient to work in glN setting:

VSN
= CN−1 ↪→ CN ↶ SN

(C2)N/SN = (CN ⊕ CN)/SN
∼= MSN

× T ∗C,

symmetric powers of C2

It is well-known that the singularity of (C2)N/SN is resolved by

the Hilbert scheme HilbN(C2) of N-points on C2:

HilbN(C2) = {I ∈ C[x , y ] | dimCC[x , y ]/I = N} 3 I

↓ ↓
(C2)N/SN 3 supp(C[x , y ]/I )

17



Symmetric powers of C2 and Hilbert scheme of points in C2

It is more convenient to work in glN setting:

VSN
= CN−1 ↪→ CN ↶ SN

(C2)N/SN = (CN ⊕ CN)/SN
∼= MSN

× T ∗C,

symmetric powers of C2

It is well-known that the singularity of (C2)N/SN is resolved by

the Hilbert scheme HilbN(C2) of N-points on C2:

HilbN(C2) = {I ∈ C[x , y ] | dimCC[x , y ]/I = N} 3 I

↓ ↓
(C2)N/SN 3 supp(C[x , y ]/I )

17



Symmetric powers of C2 and Hilbert scheme of points in C2

It is more convenient to work in glN setting:

VSN
= CN−1 ↪→ CN ↶ SN

(C2)N/SN = (CN ⊕ CN)/SN
∼= MSN

× T ∗C,

symmetric powers of C2

It is well-known that the singularity of (C2)N/SN is resolved by

the Hilbert scheme HilbN(C2) of N-points on C2:

HilbN(C2) = {I ∈ C[x , y ] | dimCC[x , y ]/I = N} 3 I

↓ ↓
(C2)N/SN 3 supp(C[x , y ]/I )

17



Symmetric powers of C2 and Hilbert scheme of points in C2

It is more convenient to work in glN setting:

VSN
= CN−1 ↪→ CN ↶ SN

(C2)N/SN = (CN ⊕ CN)/SN
∼= MSN

× T ∗C,

symmetric powers of C2

It is well-known that the singularity of (C2)N/SN is resolved by

the Hilbert scheme HilbN(C2) of N-points on C2:

HilbN(C2) = {I ∈ C[x , y ] | dimCC[x , y ]/I = N} 3 I

↓ ↓
(C2)N/SN 3 supp(C[x , y ]/I )

17



Quantization of HilbN(C2)

[Kashiwara-Rouquier’08] constructed a sheaf Aℏ of ℏ-adic algebras

on HilbN(C2) such that

• Aℏ/ℏAℏ ∼= OHilbN(C2), i.e., Aℏ is a quantization of OHilbN(C2),

• Γ(HilbN(C2),Aℏ)
C∗ ∼= spherical rational Cherednik algebra

associated with SN ,

• gr Γ(HilbN(C2),Aℏ)
C∗ ∼= C[(C2)N/SN ] = C[C2N ]SN .

Want to “chiralize” the Kashirara-Rouquier construction, but a

naive attempt does not work due to some obstruction in

constructing sheaf of vertex algebras.

18



Quantization of HilbN(C2)

[Kashiwara-Rouquier’08] constructed a sheaf Aℏ of ℏ-adic algebras

on HilbN(C2) such that

• Aℏ/ℏAℏ ∼= OHilbN(C2),

i.e., Aℏ is a quantization of OHilbN(C2),

• Γ(HilbN(C2),Aℏ)
C∗ ∼= spherical rational Cherednik algebra

associated with SN ,

• gr Γ(HilbN(C2),Aℏ)
C∗ ∼= C[(C2)N/SN ] = C[C2N ]SN .

Want to “chiralize” the Kashirara-Rouquier construction, but a

naive attempt does not work due to some obstruction in

constructing sheaf of vertex algebras.

18



Quantization of HilbN(C2)

[Kashiwara-Rouquier’08] constructed a sheaf Aℏ of ℏ-adic algebras

on HilbN(C2) such that

• Aℏ/ℏAℏ ∼= OHilbN(C2), i.e., Aℏ is a quantization of OHilbN(C2),

• Γ(HilbN(C2),Aℏ)
C∗ ∼= spherical rational Cherednik algebra

associated with SN ,

• gr Γ(HilbN(C2),Aℏ)
C∗ ∼= C[(C2)N/SN ] = C[C2N ]SN .

Want to “chiralize” the Kashirara-Rouquier construction, but a

naive attempt does not work due to some obstruction in

constructing sheaf of vertex algebras.

18



Quantization of HilbN(C2)

[Kashiwara-Rouquier’08] constructed a sheaf Aℏ of ℏ-adic algebras

on HilbN(C2) such that

• Aℏ/ℏAℏ ∼= OHilbN(C2), i.e., Aℏ is a quantization of OHilbN(C2),

• Γ(HilbN(C2),Aℏ)
C∗ ∼= spherical rational Cherednik algebra

associated with SN ,

• gr Γ(HilbN(C2),Aℏ)
C∗ ∼= C[(C2)N/SN ] = C[C2N ]SN .

Want to “chiralize” the Kashirara-Rouquier construction, but a

naive attempt does not work due to some obstruction in

constructing sheaf of vertex algebras.

18



Quantization of HilbN(C2)

[Kashiwara-Rouquier’08] constructed a sheaf Aℏ of ℏ-adic algebras

on HilbN(C2) such that

• Aℏ/ℏAℏ ∼= OHilbN(C2), i.e., Aℏ is a quantization of OHilbN(C2),

• Γ(HilbN(C2),Aℏ)
C∗ ∼= spherical rational Cherednik algebra

associated with SN ,

• gr Γ(HilbN(C2),Aℏ)
C∗ ∼= C[(C2)N/SN ] = C[C2N ]SN .

Want to “chiralize” the Kashirara-Rouquier construction, but a

naive attempt does not work due to some obstruction in

constructing sheaf of vertex algebras.

18



Quantization of HilbN(C2)

[Kashiwara-Rouquier’08] constructed a sheaf Aℏ of ℏ-adic algebras

on HilbN(C2) such that

• Aℏ/ℏAℏ ∼= OHilbN(C2), i.e., Aℏ is a quantization of OHilbN(C2),

• Γ(HilbN(C2),Aℏ)
C∗ ∼= spherical rational Cherednik algebra

associated with SN ,

• gr Γ(HilbN(C2),Aℏ)
C∗ ∼= C[(C2)N/SN ] = C[C2N ]SN .

Want to “chiralize” the Kashirara-Rouquier construction, but a

naive attempt does not work due to some obstruction in

constructing sheaf of vertex algebras.

18



Quantization of HilbN(C2)

[Kashiwara-Rouquier’08] constructed a sheaf Aℏ of ℏ-adic algebras

on HilbN(C2) such that

• Aℏ/ℏAℏ ∼= OHilbN(C2), i.e., Aℏ is a quantization of OHilbN(C2),

• Γ(HilbN(C2),Aℏ)
C∗ ∼= spherical rational Cherednik algebra

associated with SN ,

• gr Γ(HilbN(C2),Aℏ)
C∗ ∼= C[(C2)N/SN ] = C[C2N ]SN .

Want to “chiralize” the Kashirara-Rouquier construction,

but a

naive attempt does not work due to some obstruction in

constructing sheaf of vertex algebras.

18



Quantization of HilbN(C2)

[Kashiwara-Rouquier’08] constructed a sheaf Aℏ of ℏ-adic algebras

on HilbN(C2) such that

• Aℏ/ℏAℏ ∼= OHilbN(C2), i.e., Aℏ is a quantization of OHilbN(C2),

• Γ(HilbN(C2),Aℏ)
C∗ ∼= spherical rational Cherednik algebra

associated with SN ,

• gr Γ(HilbN(C2),Aℏ)
C∗ ∼= C[(C2)N/SN ] = C[C2N ]SN .

Want to “chiralize” the Kashirara-Rouquier construction, but a

naive attempt does not work due to some obstruction in

constructing sheaf of vertex algebras.
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HilbN(C2) as Nakajima quiver variety

V = EndCN ⊕ Hom(C,CN) 3 (X , γ),

V ∗ = EndCN ⊕ Hom(CN ,C) 3 (Y , β),

T ∗V = V ⊕ V ∗ ↶ GLN(C)

µ : T ∗V → glN(C) = glN(C)∗, µ(X ,Y , γ, β) = [X ,Y ] + γβ,

moment map for the GLN(C)-action

• µ−1(0)//GLN(C) ∼= (C2)N/SN ,

• HilbN(C2) ∼= (µ−1(0) ∩ X)/GLN(C),
X = {(X ,Y , γ, β) | 〈X ,Y 〉 im γ = CN} stable subspace

Kashirara-Rouquier quantization: replace T ∗V by its quantization,

i.e., the Weyl algebra, and do the quantized Hamiltonian reduction.
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Chiralization of Kashirara-Rouquier constuction

Natural to try to: replace the Weyl algebra by its affine analogue,

i.e., βγ-system and do the BRST reduction

H∞/2+0(ĝlN , glN , (βγ)
⊗ dimV ).

However, H∞/2+0(ĝlN , glN ,M) is defined only when the level

(cocycle) of the ĝlN -module M equals to − Killing form.

!!! Bonetti-Meneghelli-Rastelli suggest to construct a sheaf of

vertex superalgebras.

20



Chiralization of Kashirara-Rouquier constuction

Natural to try to: replace the Weyl algebra by its affine analogue,

i.e., βγ-system

and do the BRST reduction
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Chiralization of HilbN(C2)

We replace the framing vector space C by the superspace C1|1:

V = EndCN ⊕ Hom(C,CN) ⇝ EndCN ⊕ Hom(C1|1,CN)

In other words, we replace HilbN(C2) by the supervariety

HilbN(C2)Ltot
with the underlying topological space HilbN(C2) and

the structure sheaf OHilbN(C2) ⊕OΠLtot , where ΠLtot is the odd

tautological line bundle of HilbN(C2).
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Main result

Theorem (A.-Kuwabara-Möller)

There exists a sheaf of ℏ-adic vertex superalgebra

([A.-Kuwabara-Malikov’15) Vℏ on HilbN(C2) such that

1) Vℏ/ℏVℏ ∼= π∗OJ∞ HilbN(C2)Ltot
, where

π : J∞ HilbN(C2)Ltot
→ HilbN(C2)Ltot

→ HilbN(C2) is the

projection;

2) it is locally (βγbc)⊗N ;

3) XΓ(HilbN(C2),Vℏ)C
∗ ∼= C2N/SN .

Moreover, ∃VN ⊂ Γ(HilbN(C2),Vℏ)
C∗

such that

i) Γ(HilbN(C2),Vℏ)
C∗ ∼= VN ⊗ βγ ⊗ SF ;

ii) XVN
∼= MSN

,

where SF is the symplectic fermions.
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There exists a sheaf of ℏ-adic vertex superalgebra

([A.-Kuwabara-Malikov’15) Vℏ on HilbN(C2) such that

1) Vℏ/ℏVℏ ∼= π∗OJ∞ HilbN(C2)Ltot
, where

π : J∞ HilbN(C2)Ltot
→ HilbN(C2)Ltot

→ HilbN(C2) is the

projection;

2) it is locally (βγbc)⊗N ;

3) XΓ(HilbN(C2),Vℏ)C
∗ ∼= C2N/SN .

Moreover, ∃VN ⊂ Γ(HilbN(C2),Vℏ)
C∗

such that

i) Γ(HilbN(C2),Vℏ)
C∗ ∼= VN ⊗ βγ ⊗ SF ;

ii) XVN
∼= MSN

,

where SF is the symplectic fermions.

22



Main result

Theorem (A.-Kuwabara-Möller)
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VN = VSN

Remark

i) For N = 2, V2
∼= VirN=4

−9 .

ii) For N = 3, V3 is as described by Bonetti-Meneghelli-Rastelli.

Remark

For an open set U ⊂ HilbN(C2),we get an embedding

Γ(HilbN(C2),Vℏ)
C∗

↪→ Γ(U,Vℏ)
C∗
.

Considering an appropriate open set U0 we obtain an embedding

Γ(HilbN(C2),Vℏ)
C∗

↪→ (βγbc)⊗N−1 ⊗ βγ ⊗ SF that restricts to

the embedding VN ↪→ (βγbc)⊗N−1. We have checked this

coincides with the expected ones for N = 2, 3,

23
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coincides with the expected ones for N = 2, 3,
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VN = VSN

Remark

i) For N = 2, V2
∼= VirN=4

−9 .

ii) For N = 3, V3 is as described by Bonetti-Meneghelli-Rastelli.
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Some words on ℏ-adic vertex algebras

A ℏ-adic vertex algebra V

⇔ flat C[ℏ]-module V + λ-bracket V ⊗ V → V [[λ]] such that

V /ℏNV is a VA for any N

e.g., ℏ-adic βγ-system (βγ)ℏ = C[[ℏ]][β0, β−1, . . . , γ−1, γ−2, . . . ]

[γλβ] = ℏ.

⇒

[fλg ] =
∑
i≥0

ℏiPi (f , g)λ
i , ∃bidifferential operator Pi

for any f , g ∈ C[β0, β−1, . . . , γ−1, γ−2, . . . ]

⇒ Can define [f −1
λ g−1] =

∑
i≥0 ℏiPi (f

−1, g−1)λi
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On supercharacter = Schur index

“Theorem” ([AKM])

The supercharacter of VN is quasi-modular (for Γ(1) if N is odd

and for Γ(2) if N is even).

Remark

∃ Conjectural character formula ([Pan-Peelaers’22])

For N = 2M + 1,

χV (q) = (−1)M
∑M

k=0 ck Ẽ2k

Ẽ0 = 1, Ẽ2k =
∑⃗
n∑

j≥1
jnj=k

∏
p≥1

1
np!

(− 1
2pE2p)

np , ck ∈ C
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Connection to 3D mirror symmetry

Remark

The 3D theory obtained from SYMslN by S1-compatification is

known to be self-dual, and so its Higgs branch and Coulomb

branch are the same. Then the conjecture of [Costello-

Creutzig-Gaiotto’18] says

Ext•(VN ,VN) ∼= C[MSN
]
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Thank you!
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