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Introduction

@ The canonical number system in the number field can be viewed as a natural
generalization of the radix representation of rational integers to algebraic
integers, which was started with Knuth (1960) and Penney (1965).
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Introduction

@ The canonical number system in the number field can be viewed as a natural
generalization of the radix representation of rational integers to algebraic
integers, which was started with Knuth (1960) and Penney (1965).

Definition (Canonical number system in number field)

Let Zk be the ring of integers of the algebraic number field K and let
w € Zg with |[Normy jq(a)] > 2. A pair (x, Ny («)) where

N() (OC) Z{O, boag |NormK/Q(a)| — ].}

is called a canonical number system (in short CNS) in Zk (or in K), if every
Y € Zk has a (unique) representation of the form

/-1 )
Y= Z dleJ, with dy, ..., dj_1 € No (DC) ,dji_1 #0.
Jj=0

w is called basis of this CNS, Ny («) is called its set of digits.
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@ All the canonical number systems have been determined: in Z by Griinwald
(1885) and Penney (1965),
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@ All the canonical number systems have been determined: in Z by Griinwald
(1885) and Penney (1965), in the Gaussian integers by Katai and Szabé
(1975).
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@ All the canonical number systems have been determined: in Z by Griinwald
(1885) and Penney (1965), in the Gaussian integers by Katai and Szabé
(1975). Later this was extended to arbitrary quadratic number fields by Katai
and Kovdcs (1980, 1981) and independently by Gilbert (1981).
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@ All the canonical number systems have been determined: in Z by Griinwald
(1885) and Penney (1965), in the Gaussian integers by Katai and Szabé
(1975). Later this was extended to arbitrary quadratic number fields by Katai
and Kovdcs (1980, 1981) and independently by Gilbert (1981).

o Elements of a general theory (for an arbitrary number field K) is due to
Kovacs (1981) as well as Kovacs and Pethd (1991, 1992).
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In 1991 Pethé gave a more general definition:
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In 1991 Pethé gave a more general definition:

Definition (Number system)

Let P € Z|x] be a monic polynomial and let N' be a complete residue system of Z
modulo P(0) containing 0. The pair (P, N') is called a number system if for each
a € Z|[x] there exist unique integers | € N, dy, ...,d;_1 € N, dj_1 # 0 such that

-1
a=) dix'(modP)
=0

P is called basis of this number system, N is called its set of digits.
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In 1991 Pethé gave a more general definition:

Definition (Number system)

Let P € Z|x] be a monic polynomial and let N' be a complete residue system of Z
modulo P(0) containing 0. The pair (P, N') is called a number system if for each
a € Z|[x] there exist unique integers | € N, dy, ...,d;_1 € N, dj_1 # 0 such that

-1
a=) dix'(modP)
=0

P is called basis of this number system, N is called its set of digits.

o If (P, ) is a number system, then each coset A € R : =Z x| /P (x) Z [x]
contains a polynomial with coefficients belonging to .
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In 1991 Pethé gave a more general definition:

Definition (Number system)

Let P € Z[x] be a monic polynomial and let N be a complete residue system of Z.
modulo P(0) containing 0. The pair (P, N') is called a number system if for each
a € Z|[x] there exist unique integers | € N, dy, ...,d;_1 € N, dj_1 # 0 such that

-1
a=) dix'(modP)
Jj=0

P is called basis of this number system, N is called its set of digits.

o If (P, ) is a number system, then each coset A € R : =Z x| /P (x) Z [x]
contains a polynomial with coefficients belonging to .

e Choosing the set of digits Ny = {0,1, ..., |P(0)| — 1}, the number system
(P, Np) is called a canonical number system (CNS) and P is called a CNS
basis or CNS polynomial.
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Canonical number systems (P, Ny), where P € Z[x] is any monic polynomial and
No ={0,1,...,|P(0)]| — 1} have been extensively studied.

Many papers are devoted to following two problems:
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Canonical number systems (P, Ny), where P € Z[x] is any monic polynomial and
No ={0,1,...,|P(0)]| — 1} have been extensively studied.

Many papers are devoted to following two problems:

@ To work out an efficient algorithms that allow to decide whether a given
polynomial P is CNS polynomial or not.
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Canonical number systems (P, Ny), where P € Z[x] is any monic polynomial and
No ={0,1,...,|P(0)]| — 1} have been extensively studied.

Many papers are devoted to following two problems:

@ To work out an efficient algorithms that allow to decide whether a given
polynomial P is CNS polynomial or not.

@ To give the characterization of the CNS polynomials by considering only its
coefficients.
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Canonical number systems (P, Ny), where P € Z[x] is any monic polynomial and
No ={0,1,...,|P(0)]| — 1} have been extensively studied.

Many papers are devoted to following two problems:

@ To work out an efficient algorithms that allow to decide whether a given
polynomial P is CNS polynomial or not.

@ To give the characterization of the CNS polynomials by considering only its
coefficients. Until now the complete description (characterization) of CNS
polynomials remains an open problem even for polynomials of small degree.
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Canonical number systems (P, Ny), where P € Z[x] is any monic polynomial and
No ={0,1,...,|P(0)]| — 1} have been extensively studied.

Many papers are devoted to following two problems:

@ To work out an efficient algorithms that allow to decide whether a given
polynomial P is CNS polynomial or not.

@ To give the characterization of the CNS polynomials by considering only its
coefficients. Until now the complete description (characterization) of CNS
polynomials remains an open problem even for polynomials of small degree.
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Canonical number systems (P, Ny), where P € Z[x] is any monic polynomial and
No ={0,1,...,|P(0)]| — 1} have been extensively studied.

Many papers are devoted to following two problems:

@ To work out an efficient algorithms that allow to decide whether a given
polynomial P is CNS polynomial or not.

@ To give the characterization of the CNS polynomials by considering only its
coefficients. Until now the complete description (characterization) of CNS
polynomials remains an open problem even for polynomials of small degree.

It turns out that these two problems are closely related to a dynamical systems, so
called shift radix systems (SRS).
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Definition (SRS)

Let d > 1 be an integer. Tor = (r,...,rq) € R? we associate the mapping
T, : Z9 — 79 in the following way: Forz = (z0,...,24-1) € Z9 let

T(z) = (z1,.... 241, — |rz])

where vz = rjzy + ... + ryz4, i.e. vz is the inner product of the vectors v and z.
We call T, a shift radix system (SRS) if for all z € Z9 there exists a k € N such
that TK(z) = 0.
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Definition (SRS)

Let d > 1 be an integer. Tor = (r,...,rq) € R? we associate the mapping
T, : Z9 — 79 in the following way: Forz = (z0,...,24-1) € Z9 let

T(z) = (z1,.... 241, — |rz])

where vz = rjzy + ... + ryz4, i.e. vz is the inner product of the vectors v and z.
We call T, a shift radix system (SRS) if for all z € Z9 there exists a k € N such
that TK(z) = 0.

We define two sets related to the behavior of the periods of T,. Let
Dy = {r eR?: (17 (2)) e is ultimately periodic for all z € Zd}
D§ = {reRr’:7 isSRs}

Clearly, we have
DY C Dy.

(Representation Theory XVIII, Dubrovnik, Croatia, J



@ Shift radix systems were introduced in 2005 by S. Akiyama, T. Borbély, H.
Brunotte, A. Pethd, and J. M. Thuswaldner in the first part of the series of

their four papers: Generalized radix representations and dynamical systems
I-1V.
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@ Shift radix systems were introduced in 2005 by S. Akiyama, T. Borbély, H.
Brunotte, A. Pethd, and J. M. Thuswaldner in the first part of the series of

their four papers: Generalized radix representations and dynamical systems
I-1V.

@ In this series of papers Akiyama et al. described the basic properties of SRS
as well as their relations to f—expansions and canonical number systems.
Namely, for certain parameters r EDS corresponding SRS are closely related
to canonical number systems.
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o If Pis a CNS polynomial, then each coset A € R : =Z [x] /P (x) Z [x]
contains a polynomial with coefficients belonging to Ng, which we call the
CNS representation of this coset.
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o If Pis a CNS polynomial, then each coset A € R : =Z [x] /P (x) Z [x]
contains a polynomial with coefficients belonging to Ng, which we call the
CNS representation of this coset.

@ To find the CNS representation of coset A € R we use the following
backward division algorithm.
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o If Pis a CNS polynomial, then each coset A € R : =Z [x] /P (x) Z [x]
contains a polynomial with coefficients belonging to Ng, which we call the
CNS representation of this coset.

@ To find the CNS representation of coset A € R we use the following
backward division algorithm.

o Let P(x) = x9 + pg_1x97 1+ ...+ pix+ py € Z[x] . Since P is monic it is
clear that every coset A € R has a unique element of degree at most d —1:

A= €ER.

-1
Y Aix
j=0
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o If Pis a CNS polynomial, then each coset A € R : =Z [x] /P (x) Z [x]
contains a polynomial with coefficients belonging to Ng, which we call the
CNS representation of this coset.

@ To find the CNS representation of coset A € R we use the following
backward division algorithm.

o Let P(x) = x9 + pg_1x97 1+ ...+ pix+ py € Z[x] . Since P is monic it is
clear that every coset A € R has a unique element of degree at most d —1:

A= €ER.

-1
Y Aix
j=0

o Let Z' [x] = {a€ Z|[x] :dega < d} and let us define the backward division
mapping Tp : Z!' [x] — Z' [x] by

d-1 d .
a=) AxX — Tp(a)= ) (Ait1—api1) ¥,
j=0 j=0

|
—

where g = {%J and A; = 0.
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@ Then
A=[Ay—qpo + xTp (a)], where Ay — gpy € Np.
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@ Then
A=[Ay—qpo + xTp (a)], where Ay — gpy € Np.

o If there exists an integer k € IN such that T,gk) (a) = 0, then after k iterates
k—1 .
a, Tp(a), Tg (a), ...we obtain CNS representation of coset A = l Y dij]
j=0
(d; € No)

(Representation Theory XVIII, Dubrovnik, Croatia, J



@ Then
A=[Ay—qpo + xTp (a)], where Ay — gpy € Np.

o If there exists an integer k € IN such that T,E-,k) (a) = 0, then after k iterates
k—1 .
a, Tp(a), Tg (a), ...we obtain CNS representation of coset A = l Y dij]
j=0
(d; € No)

o Consequently, a polynomial P is a CNS polynomial if and only if for any
a € Z' |x] there exists an integer k € IN such that T,(Dk) (a) =0.
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@ Then
A=[Ay—qpo + xTp (a)], where Ay — gpy € Np.

o If there exists an integer k € IN such that T,E-,k) (a) = 0, then after k iterates
k—1 .
a, Tp(a), Tg (a), ...we obtain CNS representation of coset A = l Y dij]
j=0
(d; € No)

o Consequently, a polynomial P is a CNS polynomial if and only if for any
a € Z' |x] there exists an integer k € IN such that T,(Dk) (a) =0.

@ It turns out that the CNS property of a given monic polynomial P is
algorithmically decidable.

(Representation Theory XVIII, Dubrovnik, Croatia, Ji



@ Then
A=[Ay—qpo + xTp (a)], where Ay — gpy € Np.

o If there exists an integer k € IN such that T,E-,k) (a) = 0, then after k iterates
k—1 .
a, Tp(a), T2 (a), ...we obtain CNS representation of coset A = l Y dij]
j=0

p
(dj € No)
o Consequently, a polynomial P is a CNS polynomial if and only if for any

a € Z' |x] there exists an integer k € IN such that T,(Dk) (a) =0.

@ It turns out that the CNS property of a given monic polynomial P is
algorithmically decidable.

@ One has to apply “backward division mapping” to all polynomials satisfying
dega < deg P and of the bounded size (height H (a) < C), iteratively. The
efficiency of the algorithm depends on the size of C.
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@ Brunotte (2001), (and independently Scheicher and Thuswaldner (2004))
observed that the suitable basis transformation of Z’ x|

{l,x, ...,xdfl} —{wi, ..., wa-1}

implies a nicer and much better applicable transformation than Tp is.
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@ Brunotte (2001), (and independently Scheicher and Thuswaldner (2004))
observed that the suitable basis transformation of Z’ x|

{l,x, ...,xdfl} —{wi, ..., wa-1}

implies a nicer and much better applicable transformation than Tp is. If
d—1
a= 2 ajwj
Jj=0

then Tp : Z' [x] — Z' [x] implies the mapping Tp : Z9 — Z9 given by

a = (ao ..... ad,l)EZdn—>
1 Pd— p1
Tp(a) = (a1, ‘vad—lv{31+ -1, --+adJ)
PO PO

The mapping Tp is called Brunotte's mapping.
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@ Brunotte (2001), (and independently Scheicher and Thuswaldner (2004))
observed that the suitable basis transformation of Z’ x|

{l,x, ...,xdfl} —{wi, ..., wa-1}

implies a nicer and much better applicable transformation than Tp is. If
d—1
a= 2 aij
Jj=0

then Tp : Z' [x] — Z' [x] implies the mapping Tp : Z9 — Z9 given by

a = (ao ..... ad,l)EZdn—>
1 Pd— p1
Tp(a) = (a1, ~13d—1v{31+ -1, --+adJ)
PO PO

The mapping Tp is called Brunotte's mapping.

o Consequently, a polynomial P is a CNS polynomial if and only if for each
a=(ap,...,a4-1) € Z9 there exists an integer k €N such that

(Representation Theory XVIII, Dubrovnik, Croatia, Ji



@ Note that

1 pg1 Pl)

Tp(a) = (a1,...,a4_1, — |ar]) = 7¢(a), wherer:(p0 0 ;o

Thus, P is a CNS polynomial if and only if T, is SRS for

r = 1 Pd-1 P1
Po' Po 'T"Po) "
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@ Note that

1 _
Tp(a) = (a1,..., 341, — |ar]) = T¢(a), wherer:(,pdl,..,pl>.
PO PO PO

Thus, P is a CNS polynomial if and only if T, is SRS for

_ (1 Pd- P1 . i
r= (po'ipo p0> . Or, in other words:

A polynomial P (x) = x? + pg_1x9 1 4+ ...+ pix +po € Z[x] is a CNS
polynomial if and only if (l Pa—1 %) S Dg.

Po’' Po

(Representation Theory XVIII, Dubrovnik, Croatia, J



Some generalizations

Various variants of number systems and canonical number systems (P, ') have
been studied in the literature. For example:
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Some generalizations

Various variants of number systems and canonical number systems (P, ') have
been studied in the literature. For example:

e Symmetric canonical number systems (SCNS) are number systems (P, )
where P € Z[x] is any monic polynomial and

P(O)] |P(0)]
N = ‘2'2> nz.

These number systems were studied for instance by Akiyama and Scheicher
(2007), Brunotte (2009), Katai (1995) and Scheicher, Surer, Thuswaldner
and van de Woestijne (2014).
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o Generalizations to larger ground rings R, i.e. when P € R][x]

o Jacob and Reveilles (1995), Brunotte, Kirschenhofer and Thuswaldner (2011):
R = Z[i];

o Scheicher, Surer, Thuswaldner and van de Woestijne (2014): R - commutative
ring;

o Pethd and Varga (2017): R = [Ey - ring of integers of Euclidean imaginary
quadratic number fields.

o Pethé and Thuswaldner (2019): R = O - any order in the number field IL.
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o Generalizations to larger ground rings R, i.e. when P € R][x]

o Jacob and Reveilles (1995), Brunotte, Kirschenhofer and Thuswaldner (2011):
R = Z[i];

o Scheicher, Surer, Thuswaldner and van de Woestijne (2014): R - commutative
ring;

o Pethd and Varga (2017): R = [Ey - ring of integers of Euclidean imaginary
quadratic number fields.

o Pethé and Thuswaldner (2019): R = O - any order in the number field IL.

@ In this talk we deal with e—canonical number system.
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Definition (e-CNS)
Let P(x) = x9 + pg_1x9 71+ ..+ pix+py € Z[x], e €[0,1), and let
N = [=¢pol . (1 =€) [po]) N Z.

The par (P, N¢) is called an e—canonical number system (short e-CNS) if for each
a € Z|x] there exist unique integers | € N, dy, ..., dj_1 € N, dj_1 # 0 such that

-1
a=) dix'(modP)
=0

P is called base of the e—CNS or e— CNS polynomial. To N we refer as the
e—set of digits.
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Definition (e-CNS)
Let P(x) = x9 + pg_1x9 71+ ..+ pix+py € Z[x], e €[0,1), and let

Ne = [=¢lpol . (1 =€) lpo]) N Z.

The par (P, N¢) is called an e—canonical number system (short e-CNS) if for each
a € Z|x] there exist unique integers | € N, dy, ..., dj_1 € N, dj_1 # 0 such that

-1
a=) dix'(modP)
=0

P is called base of the e—CNS or e— CNS polynomial. To N we refer as the
e—set of digits.

Note that:

@ Set N, consists of |py| consecutive integers and contains 0.

@ The case ¢ = 0 corresponds to usual CNS while ¢ = % corresponds to
symmetric canonical number system (SCNS).
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@ A fundamental problem is to characterize all e-CNS polynomials (of given
degree).
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@ A fundamental problem is to characterize all e-CNS polynomials (of given
degree).

@ It turns out that problem of characterization of e-CNS polynomials is closely
related to a dynamical systems, so called e-shift radix systems.
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@ A fundamental problem is to characterize all e-CNS polynomials (of given
degree).

@ It turns out that problem of characterization of e-CNS polynomials is closely
related to a dynamical systems, so called e-shift radix systems.

@ The concept of shift radix systems (SRS) was introduced Akiyama et
al.(2005). Akiyama and Scheicher (2007) presented a slight modification of
SRS, so called symmetric shift radix systems (SSRS). P. Surer (2009)
constructed a following new generalization:
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Definition (&-SRS)

Let d > 1 be an integer and e € [0,1) . Tor = (r1,...,rg) € RY we associate the
mapping Ty : 79 — 79 in the following way: Forz = (zg,...,24_1) € 7 let

Tre(z) =(21,...,29_1,— [rz+e])

where ¥z = ryz; + ... + rqzy, i.e. rz is the inner product of the vectors r and z.
The mapping Ty¢ is called an e-shift radix system (e-SRS) if for any z € Z9 there
exists k € N such that T¥.(z) = 0.
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Definition (&-SRS)

Let d > 1 be an integer and e € [0,1) . Tor = (r1,...,rg) € RY we associate the
mapping Ty : 79 — 79 in the following way: Forz = (zy,...,2z4_1) € 7 let

Tre(z) =(21,...,29_1,— [rz+e])

where ¥z = ryz; + ... + rqzy, i.e. rz is the inner product of the vectors r and z.
The mapping Ty¢ is called an e-shift radix system (e-SRS) if for any z € Z9 there
exists k € N such that T¥.(z) = 0.

We define two sets related to the behavior of the periods of Ty .. Let

Dy, = {r eR?: (T7(2)) peny is ultimately periodic for all z € Z}
D, = {reR’:t.iseSRS)
We have
DY, C Dy,
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Lots of basic properties and notations concerning Dy . and Dg ¢ » P- Surer (2009)
directly adopted from the well analyzed case ¢ = 0 and the case ¢ = % since
0-SRS corresponds to classical SRS while %—SRS corresponds to SSRS.
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Lots of basic properties and notations concerning Dy . and Dg ¢ » P- Surer (2009)
directly adopted from the well analyzed case ¢ = 0 and the case ¢ = % since
0-SRS corresponds to classical SRS while %—SRS corresponds to SSRS.

Lete € [0,1) and P (x) = x9 4+ py_1x97 L + ...+ pix+po € Z[x]. Then P is
e—CNS polynomial if and only if (i Bd-1 ﬂ) € DS’E.

Po’ Po " Po
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Lots of basic properties and notations concerning Dy . and D?],e , P. Surer (2009)
directly adopted from the well analyzed case e =0 and the case ¢ = 2 since
0-SRS corresponds to classical SRS whlle -SRS corresponds to SSRS.

Lete € [0,1) and P (x) = x9 4+ py_1x97 L + ...+ pix+po € Z[x]. Then P is
e¢—CNS polynomial if and only if (— Bd=1 L) € D

Po’ Po " po

o It has turned out that the description of the sets D, . and DO d,e IS not trivial,
namely considerable difficulties occur already in dimension d = 2.
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Lots of basic properties and notations concerning Dy . and D?],e , P. Surer (2009)
directly adopted from the well analyzed case e =0 and the case ¢ = 2 since
0-SRS corresponds to classical SRS whlle -SRS corresponds to SSRS.

Lete € [0,1) and P (x) = x9 4+ py_1x97 L + ...+ pix+po € Z[x]. Then P is
e¢—CNS polynomial if and only if (— Bd=1 L) € D

Po’ Po " po

o It has turned out that the description of the sets D, . and DO d,e IS not trivial,
namely considerable difficulties occur already in dimension d = 2.

For example, set ’Dg e C IR? for ¢ = 0 has a very complicated structure, so
Dg o cannot be completely described (there are several characterization
results on DI o - Akiyama et al. (2005)).

(Representation Theory XVIII, Dubrovnik, Croatia, J



Lots of basic properties and notations concerning Dy . and D?],e , P. Surer (2009)
directly adopted from the well analyzed case e =0 and the case ¢ = 2 since
0-SRS corresponds to classical SRS whlle -SRS corresponds to SSRS.

Lete € [0,1) and P (x) = x9 4+ py_1x97 L + ...+ pix+po € Z[x]. Then P is
e¢—CNS polynomial if and only if (— Bd=1 L) € D

Po’ Po " po

o It has turned out that the description of the sets D, . and DO d,e IS not trivial,
namely considerable difficulties occur already in dimension d = 2.

For example, set ’Dg e C IR? for ¢ = 0 has a very complicated structure, so
Dg o cannot be completely described (there are several characterization
results on DI o - Akiyama et al. (2005)).

On the other hand, it turned out that the set D e C R? for e = 1 has a very

simple structure, so it can be characterized completely (Akiyama and
Scheicher (2007)).
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@ Since, we have
0
,deg g Dd,&!

then any analysis of Dg . starts with Dy ..
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@ Since, we have
0
,deg g Dd,&!

then any analysis of Dg,s starts with Dy ,.
@ The set Dy . is, up to the boundary, easy to describe.

(Representation Theory XVIII, Dubrovnik, Croatia, J



@ Since, we have
0
Dd,e C Dye,

then any analysis of Dg,s starts with Dy ,.
@ The set Dy . is, up to the boundary, easy to describe. Namely,

Eq C 'Dd'(€ - gd.

where &£, is open bounded set characterized by several strict inequalities
(sometimes referred to as the Schur-Takagi region). For example, we have

522{(x,y)€lR2:|x|<l, |y|<x+1}_
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@ Since, we have
0
Dd,e - Dd,ﬂ'

then any analysis of Dg,s starts with Dy ,.
@ The set Dy . is, up to the boundary, easy to describe. Namely,

Eq C 'Dd'(€ C gd.

where &£, is open bounded set characterized by several strict inequalities
(sometimes referred to as the Schur-Takagi region). For example, we have

522{(x,y)€lR2:|x|<l, |y|<x+1}_

Therefore
IntDy, = Eq,

and, consequently, Int Dy  is equal for all £ € [0, 1).
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@ Since, we have
0
Dd,e C Dye,

then any analysis of Dg,s starts with Dy ,.
@ The set Dy . is, up to the boundary, easy to describe. Namely,
gd C 'Dd'(€ C gd.

where &£, is open bounded set characterized by several strict inequalities
(sometimes referred to as the Schur-Takagi region). For example, we have

& = {(X,y) €lR2:|x| <1, ly] <x+1}_
Therefore

Int Dd’g = EC/,

and, consequently, Int Dy  is equal for all £ € [0, 1).
o Set
Dy:NdDye =Dy \Eq

is very hard to describe and probably depends on ¢ (for example there exist
only partial results for D o\ &2).
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@ Further, P. Surer (2009) showed that ngg, for e € (0,1)\ {%} can be

gained by cutting out polyhedra from Dy . and presented a method to obtain
these polyhedra (method adopted from the case ¢ = 0 and slightly modified).
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@ Further, P. Surer (2009) showed that ngg, for e € (0,1)\ {%} can be

gained by cutting out polyhedra from Dy . and presented a method to obtain
these polyhedra (method adopted from the case ¢ = 0 and slightly modified).

@ He also has shown that ngs is closely related to D2’1_€ for
e€ (0,1)\ {%} . Precisely, the sets Dg . and Dg 1_. are equal up to the
boundary and the boundaries are reversed.
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@ Further, P. Surer (2009) showed that ngs, for e € (0,1)\ {%} can be

gained by cutting out polyhedra from Dy . and presented a method to obtain
these polyhedra (method adopted from the case ¢ = 0 and slightly modified).

@ He also has shown that ngs is closely related to D2’1_€ for
e€ (0,1)\ {%} . Precisely, the sets Dg . and Dg 1_. are equal up to the
boundary and the boundaries are reversed.

@ He stated several characterization_results for the two dimensional case.
Namely, for each ¢ € (0,1)\ {%} he has found explicitly given set D* (¢)
with

DY, C D" (e) C&

and showed that ngg can be can be obtained from D* (¢) by cutting out
finitely many polygons.
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@ Further, P. Surer (2009) showed that ngs, for e € (0,1)\ {%} can be

gained by cutting out polyhedra from Dy . and presented a method to obtain
these polyhedra (method adopted from the case ¢ = 0 and slightly modified).

@ He also has shown that ngs is closely related to D2’1_€ for
e€ (0,1)\ {%} . Precisely, the sets Dg . and Dg 1_. are equal up to the
boundary and the boundaries are reversed.

@ He stated several characterization_results for the two dimensional case.
Namely, for each ¢ € (0,1)\ {%} he has found explicitly given set D* (¢)

with
DY, C D" (e) C&
and showed that DY, can be can be obtained from D* (¢) by cutting out
finitely many polygons.
@ Surer use these results to give explicit characterizations of Dg . for some

particular values of ¢ € (0,1)\ {%} :
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@ Our main result is the characterization of quadratic e—~CNS polynomials for
all values € € [0, 1).
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@ Our main result is the characterization of quadratic e—~CNS polynomials for
all values € € [0, 1).

@ This result is a consequence of our new characterization results of e—shift
radix systems (¢ —SRS) in the two-dimensional case and their relation to
quadratic e—CNS polynomials (Theorem 1).

Theorem (1-dim2)
Lete € [0,1) and P (x) = x> + p1x + pg € Z [x]. Then P is e—CNS polynomial
if and only if (L ﬂ) € Dg,s'

Po’ Po
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The characterization of the classical quadratic CNS polynomials (¢ = 0) is already
given in several papers in several ways:

Let P(x) = x?> 4+ p1x + pg € Z [x]. Then P is a 0—CNS polynomial if and only if
—1<p1 <pp and py > 2.
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The characterization of the classical quadratic CNS polynomials (¢ = 0) is already
given in several papers in several ways:

Let P(x) = x?> 4+ p1x + pg € Z [x]. Then P is a 0—CNS polynomial if and only if
—1<p; <pp andpy > 2.

Akiyama and Scheicher (2007) gave a complete description of the set Dg 1.

Proposition (1)

1 1 1
0 _ 2.
D,, = {(x,y)EIR .|X|<§, —X—2<y§x—|—2}

1 1
U{<2,y> 61R2:—1<y§20ry:1}

As a consequence of the Proposition 1 and Theorem 1-dim2, Akiyama and
Scheicher (2007) obtained characterization of quadratic SCNS polynomials.
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The statement of the following corollary is a slight modification of the statement
of the Akiyama and Scheicher's corollary adapted to our needs.
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The statement of the following corollary is a slight modification of the statement
of the Akiyama and Scheicher's corollary adapted to our needs.

Corollary (1)

Let P (x) = x> + p1x+py € Z [x]. Then P is a %—CNS polynomial if and only if

p1 <5gn(po)+m or pp=1+2
2 2

-1<p1 <2 pp=2

po| > 2
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The statement of the following corollary is a slight modification of the statement
of the Akiyama and Scheicher's corollary adapted to our needs.

Corollary (1)

Let P (x) = x> + p1x+py € Z [x]. Then P is a %—CNS polynomial if and only if

p1 <5gn(po)+m or pp=1+2
2 2

-1<p1 <2 pp=2

po| > 2

Precisely, P is a %—CNS polynomial if and only if

lp1| < 'sgn(po)

1
+%, pol = 3. if |po| is odd

|p1] Ssgn(po)—l—l—@ or p1:1+%, |po| > 4, if |po| is even
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Our main result is given in the following theorem.

Theorem (3, J. and Mileti¢)

Let P (x) = x?>+p1x +py € Z[x],
corresponding €—set of digits is

Ne={—k ... lpo| =1 —k}.

po| >2,e€0,1), and let k = | |pg|]|.Then

i) Lete € [O, %)or let € = % if |po| is odd. Then P is a e—CNS polynomial if
and only if —k—1<p <po—k po>2
or additionally

1 1
k+2—|po| <p1 <k—-1 py<-3 ifee[,}
lpo| " 2

ii) Lete € (% 1) orlet e = % if |po| is even. Then P is a e—CNS polynomial if
and only if —ptk<p <k+l p>2

or additionally

1 |po| —1
—k+1<p<—k=2+]|p|, pp<-3 ifec [2, |p(|)/|3| )
0
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@ This characterization provides a unified view of the well-known
characterizations of the classical quadratic CNS polynomials (¢ = 0) and
quadratic SCNS polynomials (¢ = 1/2).
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@ This characterization provides a unified view of the well-known
characterizations of the classical quadratic CNS polynomials (¢ = 0) and
quadratic SCNS polynomials (¢ = 1/2).

@ We reprove following well-know result to explain main idea of the proof.
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Let P(x) = x?> 4 p1x + pg € Z [x]. Then P is a 0—CNS polynomial if and only if
—1<p1 <pp and py > 2.
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Let P(x) = x?> 4 p1x + pg € Z [x]. Then P is a 0—CNS polynomial if and only if
—1<p1 <pp and py > 2.

o Akiyama et al. (2005, 2006) have shown that D ; C D (0), where D (0) is
the trapezium

D(O)::{(x,y)G]R2:O§x<1, —x§y<x+1}.
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Let P(x) = x?> 4 p1x + pg € Z [x]. Then P is a 0—CNS polynomial if and only if
—1<p1 <pp and py > 2.

o Akiyama et al. (2005, 2006) have shown that D ; C D (0), where D (0) is
the trapezium

D(o)::{(x,y)em2:ogx<1, —x§y<x+1}.

@ They also have shown that set Dg o has a very simple structure if x <2/3,
and they completely characterized Dg o in that region.
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Let P(x) = x?> 4 p1x + pg € Z [x]. Then P is a 0—CNS polynomial if and only if
—1<p1 <pp and py > 2.

o Akiyama et al. (2005, 2006) have shown that D ; C D (0), where D (0) is
the trapezium

D(o)::{(x,y)em2:ogx<1, —x§y<x+1}.

@ They also have shown that set Dg o has a very simple structure if x <2/3,
and they completely characterized Dg o in that region. Precisely, they proved:

2
D%OHR(O)—{(x,y)elR2:O§x§3, —x§y<x—|—1} =:B(0),

where R (0) is the half-plain R (0) = {(x,y) € R?> : x < 2/3}.
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Let P(x) = x?> 4 p1x + pg € Z [x]. Then P is a 0—CNS polynomial if and only if
—1<p1 <pp and py > 2.

o Akiyama et al. (2005, 2006) have shown that D ; C D (0), where D (0) is
the trapezium

D(o)::{(x,y)em2:ogx<1, —x§y<x+1}.

@ They also have shown that set Dg o has a very simple structure if x <2/3,
and they completely characterized Dg o in that region. Precisely, they proved:

2
D%OHR(O)—{(x,y)elR2:O§x§3, —x§y<x—|—1} =:B(0),

where R (0) is the half-plain R (0) = {(x,y) € R?> : x < 2/3}.
So we have:
B(0) c D3, C D(0).
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DA



P(x) = x* + pix+ po
(0) c D§o € D(0)

B
B(O):{(x,y):nggg, —X§y<x—|—1}
D(0) ={(x.y)

0<x<1, —x<y<x+1}
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P(x) = x* + pix+ po
(0) c D§o € D(0)

B
B(O):{(x,y):OﬁxS; —X§y<x—|—1}
D) ={(xy):0<x<1 —x<y<x+1}

Proof:
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P(x) = x* + p1x + po
B(0) C D3y C D(0)

:{ O<x<§ —x§y<x+1}
={(x,y):0<x<1, —x<y<x+1}
Proof:
Ifpp > 2,—1<p1<pO:> o<igg Ltk o1y
3’ Po ~ PO Po
— (,310 g;>es(0)cpgo TLQ P is 0 — CNS polynomial,
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P(x) = x* + p1x + po
B(0) C D3y C D(0)

:{ O<x<§ —x§y<x+1}
={(x,y):0<x<1, —x<y<x+1}
Proof:
Ifpp > 2,—1<p1<pO:> o<igg Ltk o1y
3’ Po ~ PO Po
= (plo g;)eB(O)CDgo 1L>1 P is 0 — CNS polynomial.

1
If P is 0 — CNS polynomial ! ( pl) eDdycD(0) —

1 1 1
— 0< —<land—— <P 41 — py>2 —1<p <pp. O

Po Po Po Po

(Representation Theory XVIII, Dubrovnik, Croatia, J



@ Note that the characterization of 0—CNS polynomials
po =2, —1<p1 <po
is just the characterization of all (pg, p;) €Z2, |po| > 2 such that
1 p
(Po’ Po) €D(0).
o Also we see that if P (x) = x? + p1x + pp is 0—CNS polynomial, then

where B (0) is the (best possible) "nice part" of the set DS’O with the
respect to the range of x.
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Now we will generalize this idea for each ¢ € [0,1) .
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Now we will generalize this idea for each ¢ € [0,1) .
Let e € [0,1) and

D* (e) := {(X,Y)€R2:—x—£§y<x+1—s, x<l—g¢}ifee {0%)
{(xy)ER? —x—1+e<y<x+e x<e} ifec [%,1)

and let half-plains L (&) and R (€) be given by

{(x.y) € R?: —¢ <x} ifee [o%)
{(x.)

L(e):= e]RZ:—(l—s)<X}'if£€[

1)

N

{(x,y) eER?:x<2/3—¢}, ifece€ {0, %)
R () := , | 1
o eReirszs - ohkec 1)
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@ We know that
DY, C D* (¢) (1)

(P. Surer for e € (0,1)\ {%} fore=0and e = % (1) easy follows

previous mention results).
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@ We know that
D3, C D (¢) (1)
(P. Surer for e € (0,1)\ {%} fore=0and e = % (1) easy follows
previous mention results).

@ Casese =0, ¢ = % £ = % and ¢ = 1io indicate that for all € € [0, 1) sets
Dg’€ and D* (€) should coincide in the stripe S (¢) := L (¢) N R (e), i.e.

DI, NS(e)=D"(e)NS () (2)

and
DY, CL(e). (3)
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@ We know that
DY, C D* (¢) (1)

(P. Surer for e € (0,1)\ {%} fore=0and e = % (1) easy follows
previous mention results).
@ Casese =0, ¢ = % £ = % and ¢ = 1io indicate that for all € € [0, 1) sets
Dg’€ and D* (€) should coincide in the stripe S (¢) := L (¢) N R (e), i.e.
DY NS (e) =D () NS (e) (2)
and
DY, C L(e). (3)

Le
t D(e):=D"(e)NL(e) and B(e):=D"(e)NS(e).

Therefore, to prove our conjectures (2) and (3), it is enough to prove
B(e) C DS’E Cc D(e),

since (1) holds.
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Since D* (e ( ), L(e) and R (g) are explicitly given sets, then D (¢) = D* (¢) N L (¢)

and B (¢) = D (¢) N R (¢) are also explicitly given sets:
{(x E]RZZ—X—ES)/<X+1—£, -£§x<1-s},if£€[0,%)
D (e
(€) {(x E]I{Q:—x—1+£<y§x+£,—(1—5)<x§£},if€€[%,1)

y)ER%: —x—e<y<x+l-g —e<x<§—e)ifec [04)
¥YERZ: —x—14e<y Sx4e —(1—gi< g%—(l—f)}ifse{%,l)
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Since D* (g), L (e) and R (g) are explicitly given sets, then D (¢) = D* (¢) N L (¢)
and B (¢) = D (¢) N R (¢) are also explicitly given sets:

[(x,y)ER%: —x—e <y <x+1l—g —e<x<l—¢}, ife€ [0,,})
D(e) =
() [(x,y)ER% —x—14+e<y<x+e —(l—¢g)<x<e},ifee [%1)

. (x,y)€ER%: —x —e <y < x+1—¢, fegxg%fs},ifse [o,%)
(x,y) ER%: —x —14+e<y < x+e, *(17£]<XS%7(17£)} if e € B,l)

o Note that the sets B(e) and D(e) are defined by the same inequalities except
for the upper bound for x. Consequently,

(33) oo (32)ee0

except for finitely many possible positive small values of pg.
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Therefore, in order to prove our main result:

@ we have to characterize all (pg, p1) € Z? such that (pi p—) € D (¢), for all
e€[0,1);
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Therefore, in order to prove our main result:

@ we have to characterize all (pg, p1) € Z? such that (pi p—) € D (¢), for all
e€[0,1);

@ we need to find the finitely many possible positive small values of py such

that (1 ”1) € D(e)\B(e).
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Therefore, in order to prove our main result:

@ we have to characterize all (pg, p1) € Z? such that (pi p—) € D (¢), for all
e€[0,1);

@ we need to find the finitely many possible positive small values of py such

that (1 ”1) € D(e)\B(e).

@ we have to prove that B (¢) C D3, C D (e) holds for all ¢ € [0,1).
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Therefore, in order to prove our main result:

@ we have to characterize all (pg, p1) € Z? such that (pi p—) € D (¢), for all
e€[0,1);

@ we need to find the finitely many possible positive small values of py such
that (. B1) € D(e)\B (¢).

@ we have to prove that B (¢) C D3, C D (e) holds for all ¢ € [0,1).

Then using B (¢) C DY, C D (e) and Theorem 1, similarly as in case ¢ = 0, we
can easily obtain the characterization of e—CNS polynomials expect for finitely
many possible positive small values of pg.
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o Also note if B (¢) C D3, C D (&) holds, then
Dge NR(e) =B(e)

which means that we completely characterize sets Dg e for x < % —eif

ec|0.3)andfor x < 3—(1—¢)ifee [5.1).
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o Also note if B (¢) C D3, C D (&) holds, then
Dge NR(e) =B(e)

which means that we completely characterize sets Dg e for x < % —eif

ec|0.3)andfor x < 3—(1—¢)ifee [5.1).

o Note that in case ¢ = 0, the range of x mentioned above (x < %) is the best
possible range of x where D8’€ and D (¢) coincide. Namely, for ¢ = 0 the
range for x cannot go beyond % since the points (% —%) and (% %) are on
the boundary of a cutout polygons but not contained in them.
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o Also note if B (¢) C D3, C D (&) holds, then
Dge NR(e) =B(e)

which means that we completely characterize sets Dg e for x < % —eif

ec|0.3)andfor x < 3—(1—¢)ifee [5.1).

o Note that in case ¢ = 0, the range of x mentioned above (x < %) is the best
possible range of x where Dg ¢ and D (g) coincide. Namely, for ¢ = 0 the
range for x cannot go beyond % since the points (% —%) and (% %) are on

the boundary of a cutout polygons but not contained in them.
e For all others € € (0, 1) it is probably not the case.
o Fore= % the best possible range of x is x < % and we have
x < %:%—(1—8).
@ Fore= % the best possible range of x is x < % — % = %

e Fore= % the best possible range of x is x < %

(Representation Theory XVIII, Dubrovnik, Croatia, Ji






Characterization of all (pi p—) belonging to sets D (¢) and B (¢)

Let P (x) = x9 + py_1x97 1+ .+ pix+ pg € Z [x], with |pg| > 2 and
€€ 10,1). Then
Ne=[-¢|pol. (1 —¢)[po]) N Z.
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Characterization of all (pi p—) belonging to sets D (¢) and B (¢)

Let P (x) = x9 + py_1x97 1+ .+ pix+ pg € Z [x], with |pg| > 2 and
€€ 10,1). Then
Ne=[-¢|pol. (1 —¢)[po]) N Z.

Let us rewrite the interval [0, 1) as disjoint union of the subintervals as follows

1 1 2 k k41 -1
[0,1)—[0,>u[,)u U[,Jr)u...u[p(" ,1).
|po lpol” |pol lpol” [pol |pol

Kk k+l _ _
Ifec | k), k=0, po| ~ 1, then

k= lelpo|l] and Ne={—k,...|po| —1—k}.
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Characterization of all (pi p—) belonging to sets D (¢) and B (¢)

Let P (x) = x9 + py_1x97 1+ .+ pix+ pg € Z [x], with |pg| > 2 and
€€ 10,1). Then
Ne=[-¢|pol. (1 —¢)[po]) N Z.

Let us rewrite the interval [0, 1) as disjoint union of the subintervals as follows

1 1 2 k k41 -1
[0,1)—[0,>u[,)u U[,Jr)u...u[p(" ,1).
|po lpol” |pol lpol” [pol |pol

Kk k+l _ _
Ifec | k), k=0, po| ~ 1, then

k= lelpo|l] and Ne={—k,...|po| —1—k}.

Therefore, N = Mk, where ¢, = ﬁ.
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Characterization of all (pi p—) belonging to sets D (¢) and B (¢)

Let P (x) = x9 + py_1x97 1+ .+ pix+ pg € Z [x], with |pg| > 2 and
€€ 10,1). Then
Ne=[-¢|pol. (1 —¢)[po]) N Z.

Let us rewrite the interval [0, 1) as disjoint union of the subintervals as follows

1 1 2 k k41 -1
[0,1)—[0,>u[,)u U[,Jr)u...u[p(" ,1).
|po lpol” |pol lpol” [pol |pol

Kk k+l _ _
Ifec | k), k=0, po| ~ 1, then

k= lelpo|l] and Ne={—k,...|po| —1—k}.

Therefore, N = Mk, where ¢, = ﬁ.

P is e—CNS polynomial if and only if P is e, —CNS polynomial. l
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Proposition (1)

Let (po, p1) € Z2,

[0,1), and let k = |&|po|].

i) Lete € {O )or let e=1 if |po| is odd. Then (%,%) €D (e) if and only if

—k—1<p1 <po—k, po=2
or additionally
1 1
k+2—|po| <p1 < k-1, py< -3 "fee[v]
lpo| " 2

ii) Let ec (%,1)or let e=% if |po| is even. Then (% %) € D (¢) if and only if

—po+k<pr<k+1, pyp=>2

or additionally

1 -1
—k+1<p < —k—=2+|p|, pp< -3 if e€ [2,|p(|)ﬁ|)|>_
0

) € D (¢) if and only if (7 ) € D (gx) where g = |Po\

Consequently, ( 5" Po

Po’ Po
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Proposition (2)

Let (po, p1) € Z2, |po| > 2 ande € [0,1). Let k = |e|po|| ., ek = ]pLO'. Then we
have:

L p1) € D (¢) and pg # 2,3,4,5, than (%,%) € B(e).

( D
i) If (l, pl) € D (e), than (pl p—) € B(ey), except for pg = 2 or 4 and
€ +
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Proposition (2)

Let (po, p1) € Z2, |po| > 2 ande € [0,1). Let k = |e|po|| ., ek = ﬁ. Then we
have:

)If(po p0> D (e) and py # 2,3,4,5, than (% %)GB()
€ D(

(,,0 B) <

0
11 1
Thiv)

(¢), than (pi p—) € B(ey), except for pg = 2 or 4 and

Proposition (3)

Let e € [% %—|—|p|> and pg =2 or pg = 4. Then P (x) = x> + p1x + pg is a

e—CNS polynomial if and only if —py + k < p; < k+ 1 where k = |€|po|] .
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Proposition (2)

Let (po, p1) € Z2, |po| > 2 ande € [0,1). Let k = |e|po|| ., ek = ﬁ. Then we
have:

() and po # 2,3,4,5, than (£, L) € B(e).

) €D
(Po Po) € D (e), than (pi p*) € B (k) , except for py =2 or 4 and
+

A\

Proposition (3)

Let e € [% %—|—|p|) and pg =2 or pg = 4. Then P (x) = x> + p1x + pg is a

e—CNS polynomial if and only if —py + k < p; < k+ 1 where k = |€|po|] .

Remark

Ife € [%%+|;}T\) and pg = 2 or pg = 4, thensk:%.

(Representation Theory XVIII, Dubrovnik, Croatia, Ji



Characterization of set DS’S in half-plain R (¢)
We have to prove
B(e) CDy.C D(e) forallee[0,1). (1)
We note:
@ We know that (1) holds for ¢ = 0 and ¢ = % (Akiyama et al. (¢ = 0),

Akiyama and Scheicher (e = %))
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Characterization of set DS’S in half-plain R (¢)
We have to prove
B(e) CDy.C D(e) forallee[0,1). (1)
We note:
@ We know that (1) holds for ¢ = 0 and ¢ = % (Akiyama et al. (¢ = 0),
Akiyama and Scheicher (e = %))
e It is enough to prove (1) for € € (0, %) since the sets ngg and Dg,lfg are
equal up to the boundary and the boundaries are reversed.
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Characterization of set DS’S in half-plain R (¢)
We have to prove
B(e) CDy.C D(e) forallee[0,1). (1)
We note:
@ We know that (1) holds for ¢ = 0 and ¢ = % (Akiyama et al. (¢ = 0),
Akiyama and Scheicher (e = %))
e It is enough to prove (1) for € € (0, %) since the sets DSVE and Dg,lfg are
equal up to the boundary and the boundaries are reversed.
o We have
D3, C D*(e) and B(e),D(e) C D* (e).
@ In general it is easier to examine if a certain region of D* (&) does not belong
to DS’E than opposite.
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Characterization of set DS’S in half-plain R (¢)
We have to prove

B(e) CDy.C D(e) forallee[0,1). (1)

We note:
@ We know that (1) holds for ¢ = 0 and ¢ = % (Akiyama et al. (¢ = 0),

Akiyama and Scheicher (e = %))

e It is enough to prove (1) for € € (0, %) since the sets ngg and Dg,lfg are
equal up to the boundary and the boundaries are reversed.
o We have
ngg C D*(¢) and B(e),D(e) C D* (e).
@ In general it is easier to examine if a certain region of D* (&) does not belong
to DS’E than opposite.
o We note that
D(e) = D () \T (e)
where T (g) is triangle. Thus, to prove nge C D (), it suffices to prove that
T (¢) can be cut out from D* (¢), i.e. that T (¢) N ngg =Q.
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Characterization of set DS’S in half-plain R (¢)
We have to prove

B(e) CDy.C D(e) forallee[0,1). (1)
We note:

@ We know that (1) holds for ¢ = 0 and ¢ = % (Akiyama et al. (¢ = 0),
Akiyama and Scheicher (e = %))

e It is enough to prove (1) for € € (0, %) since the sets ngg and Dg,lfg are
equal up to the boundary and the boundaries are reversed.

o We have

ngg C D*(¢) and B(e),D(e) C D* (e).

@ In general it is easier to examine if a certain region of D* (&) does not belong
to DS’E than opposite.

o We note that

D(e) = D () \T (e)

where T (g) is triangle. Thus, to prove nge C D (), it suffices to prove that
T (¢) can be cut out from D* (¢), i.e. that T (¢) N ngg =Q.
So, the set inclusion ngs cD (s) is easy to prove, but it turns out to be a
hard problem to prove that some parts of the set B (¢) belong to Dg,e'
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Algorithm for e-shift radix systems

o We start with Dy . and have to remove all points r where (Tﬁg(z))neN is
periodic for some z €Z2, z # 0. In particular, r ¢ Dg o When there exist
nonzero points zg,...,zj_1 € 72 with

Tr,e Tre Tre Tre
Z) — > Z] — ... — Z|_1 —— Z

By definition of mapping Ty these points are of the form
zZy) = (Z(),Zl) , Z1 = (21,22) e Zj-1 = (ZI—LZO) .

We refer to such a sequence as a cycle of Ty of period | and we write it in
the form 7w = (29,21, ...,2/_1).
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Algorithm for e-shift radix systems

o We start with Dy . and have to remove all points r where (Tﬁg(z))neN is
periodic for some z €Z2, z # 0. In particular, r ¢ Dg o When there exist
nonzero points zg,...,zj_1 € 72 with

Tr,e Tre Tre Tre
Z) — > Z] — ... — Z|_1 —— Z

By definition of mapping Ty these points are of the form
zZy) = (Z(),Zl) , Z1 = (21,22) e Zj-1 = (ZI—LZO) .
We refer to such a sequence as a cycle of Ty of period | and we write it in
the form 7w = (29,21, ...,2/_1).
e By definition of mapping Ty, for r = (ry, r2) we derive
Tr,e .
zZ, = (Zi,zi+1) — Zjy]1 = (Z;+1,Z;+2) ) Vi= 0, ceey /=2

if and only if

0<nzi+mnzi1+zip+e<l Vi=0,..,/-2. (2)
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Algorithm for e-shift radix systems

o We start with Dy . and have to remove all points r where (Tp,s(z»neJN is
periodic for some z €Z2, z # 0. In particular, r ¢ Dg o When there exist
nonzero points zg,...,zj_1 € 72 with

Tr,e Tre Tre Tre
Z) — > Z] — ... — Z|_1 —— Z

By definition of mapping Ty these points are of the form
zZy) = (Z(),Zl) , Z1 = (21,22) e Zj-1 = (ZI—LZO) .
We refer to such a sequence as a cycle of Ty of period | and we write it in
the form 7w = (29,21, ...,2/_1).
e By definition of mapping Ty, for r = (ry, r2) we derive
Tr,e .
zi = (zi,ziy1) — zit1 = (Zi41,Zi42) . Vi=0,..,1=2
if and only if
0<nzi+mnzi1+zip+e<l Vi=0,..,/-2. (2)

o Hence, m = (z9,21,...,2/_1) is a cycle of Ty, for those r =(r1, ry) that
satisfy the system of inequalities (2).
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@ For a cycle m = (29, 21, ..., zj_1) of Tre we define
Pe () = {r =(r1,m) €ER?: (1, ry) satisfies (2)} .

Then P (1) is a (possibly degenerated) convex polygon in IR?.
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@ For a cycle m = (29, 21, ..., zj_1) of Tre we define
Pe () = {r =(r1,m) €ER?: (1, ry) satisfies (2)} .

Then P (1) is a (possibly degenerated) convex polygon in IR?.
@ Sincer € DS’,E if and only if T, has (0) as its only period we conclude that

DY, =Dye\ U Pe(m)

rell
where IT is set of all families of cycles 7w # (0) of finite length. We call this
family of (non-empty) polygons the family of cutout polygons of ngg.

@ The problem is that this representation is not very practicable, since IT is a
infinite set.
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@ For a cycle m = (29, 21, ..., zj_1) of Tre we define
Pe () = {r =(r1,m) €ER?: (1, ry) satisfies (2)} .

Then P (1) is a (possibly degenerated) convex polygon in IR?.
@ Sincer € DS’,E if and only if T, has (0) as its only period we conclude that

DY, =Dye\ U Pe(m)

mell

where IT is set of all families of cycles 7w # (0) of finite length. We call this
family of (non-empty) polygons the family of cutout polygons of ngg.

@ The problem is that this representation is not very practicable, since IT is a
infinite set.

@ There is an algorithm, based on "convexity property" of Ty ¢, that allows us
to check whether a given subset of IntD, . is subset of set Dg . Or not.
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o Letec [0,1) and let
QC /ni.“DQ"€

be closed and convex set, for example the convex hull H of r,...,r,. Then
there exists an algorithm to create a set of witnesses V C Z2 for Q and an
algorithm to create a finite directed graph G(V,€) =V x E with set of
vertices V C Z? and set of edges E C V x V.
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o Letec [0,1) and let
QC /ni.“DQ"€

be closed and convex set, for example the convex hull H of r,...,r,. Then
there exists an algorithm to create a set of witnesses V C Z2 for Q and an
algorithm to create a finite directed graph G(V,€) =V x E with set of
vertices V C Z? and set of edges E C V x V.

@ Let V be a finite set of witnesses of the closed and convex set Q@ C IntD5 ..
Further let A be the set of graph-cycles 7w of G(V, €) without the trivial one
(0). Then

QNDY. = Q\ U Pe(n).

TeEA
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o Letec [0,1) and let
QC /ni.“DQ"€

be closed and convex set, for example the convex hull H of r,...,r,. Then
there exists an algorithm to create a set of witnesses V C Z2 for Q and an
algorithm to create a finite directed graph G(V,€) =V x E with set of
vertices V C Z? and set of edges E C V x V.

@ Let V be a finite set of witnesses of the closed and convex set Q@ C IntD5 ..
Further let A be the set of graph-cycles 7w of G(V, €) without the trivial one
(0). Then

QNDY. = Q\ U Pe(n).

TEA
o Consequently, if G(V, ) has only trivial cycle (0) orif U Pe(m)NQ =0,

TEN
then Q C Dg e

o If the algorithm to create a finite directed graph G(V, ¢) does not converge,
we have to subdivide Q into several parts and perform the algorithm for each
of these parts.
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e We know
DY, C D* (e) C IntDy,

So we apply the algorithm for the closed convex set D* (¢), precisely for the
sets Q = T (¢) and Q = B (¢).
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o We know
DY, C D* (e) C IntDy,

So we apply the algorithm for the closed convex set D* (¢), precisely for the

sets Q = T (¢) and Q = B (¢).

@ Denote A (A, B, C) := T (¢). We obtain that corresponding graph G(V, ¢)
has two nontrivial cycles: 713 = (1,0), 712 = (—1,1) and

A(A B, C)NDY . =A(A B, C)\ (P (1) UPe (r2)) = BC\ {C}
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o We know
DY, C D* (e) C IntDy,

So we apply the algorithm for the closed convex set D* (¢), precisely for the

sets Q = T (¢) and Q = B (¢).

@ Denote A (A, B, C) := T (¢). We obtain that corresponding graph G(V, ¢)
has two nontrivial cycles: 713 = (1,0), 712 = (—1,1) and

A(A B, C)NDY . =A(A B, C)\ (P (1) UPe (r2)) = BC\ {C}

= T(e)NDY, =0 = DY, C D).
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o We know
DY, C D* (e) C IntDy,

So we apply the algorithm for the closed convex set D* (s) precisely for the
sets Q = T (¢) and Q = B (¢).

@ Denote A (A, B, C) := T (¢). We obtain that corresponding graph G(V, ¢)
has two nontrivial cycles: 713 = (1,0), 712 = (—1,1) and

A(A B, C)NDY . =A(A B, C)\ (P (1) UPe (r2)) = BC\ {C}

= T(e)NDY, =0 = DY, C D).

@ We have to subdivide the set B (&) into several convex parts (for example 16
parts if € € [10 2)) since the algorithm that creates a set of witnesses V

doesn't converge if the convex set isn't sufficiently small. The problem
becomes harder and harder the closer ¢ is to 0 and the nearer we get to the
liney=x+1-—¢.
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£=012

o For example for A (D, I, K) C B () we obtain that G(V, €) has only one
nontrivial cycles 713 = (1,1, —1)

A(D,I,K)NPe(m3) =@ =>A(D,I,K) C DI,.

e For for A(E, F, G) C B (e) we obtain that G(V, ¢€) has only trivial cycles
1 =(0), then A (E,F,G) C DY,
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e—canonical number systems in number fields

Definition

Let L be a number field of degree n, and denote its ring of integers by Z;. Let
& € Z; and let N' CZ be a complete residue system modulo |Normy ;q ()]
containing 0. The pair (a, N) is called a number system in Z; (or in L) if each
Y € Z, is represented uniquely in the form

y=dy+dia+...+d_1a'7t, withdy, di,....d_1 €N, d_1 #£0. (1)

w is called base of number system (x, N') and N is called its set of digits.
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e—canonical number systems in number fields

Let L be a number field of degree n, and denote its ring of integers by Z;. Let
& € Z; and let N' CZ be a complete residue system modulo |NormL/Q (a)|
containing 0. The pair (a, N') is called a number system in Z, (or in L) if each
Y € Z, is represented uniquely in the form

y=dy+dia+...+d_1a'7t, withdy, di,....d_1 €N, d_1 #£0. (1)

w is called base of number system (x, N') and N is called its set of digits.

@ In particular, number system (a, \') is called a ¢—canonical number systems
(or e=CNS) in Z; if

N = [—¢|Normy, g ()], (1 — &) |[Normy ;q (2)|) N Z =N ()

where e € [0,1).
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e—canonical number systems in number fields

Definition

Let L be a number field of degree n, and denote its ring of integers by Z;. Let
& € Z; and let N' CZ be a complete residue system modulo |NormL/Q (zx)|
containing 0. The pair (a, N') is called a number system in Z, (or in L) if each
Y € Z, is represented uniquely in the form

y=dy+dia+...+d_1a'7t, withdy, di,....d_1 €N, d_1 #£0. (1)

w is called base of number system (x, N') and N is called its set of digits.

@ In particular, number system (a, \') is called a ¢—canonical number systems
(or e=CNS) in Z; if

N = [—¢|Normy, g ()], (1 — &) |[Normy ;q (2)|) N Z =N ()

where e € [0,1).

@ Pethé and Thuswaldner (2019) gave more general definition of number
system:
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Definition (Generalized number system)

Let K be a number field of degree k and let O be an order in K. Let P € O[x]
be monic polynomial and N' C O be a complete residue system modulo P(0)
containing 0. The pair (P, N') is called a generalized number system over O
(GNS for short) if each a € O[x| admits a representation of the form a

a=dy+dix+...+d_1x'1(mod P) with dy,dyi,....d_1 €N, dj_1 #0.

e If K=Q and O = Z - Pethd’s definition of number system (P, \)
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Definition (Generalized number system)

Let K be a number field of degree k and let O be an order in K. Let P € O[x]
be monic polynomial and N' C O be a complete residue system modulo P(0)
containing 0. The pair (P, N') is called a generalized number system over O
(GNS for short) if each a € O[x| admits a representation of the form a

a=dy+dix+...+d_1x'1(mod P) with dy,dyi,....d_1 €N, dj_1 #0.

e If K=Q and O = Z - Pethd’s definition of number system (P, \)
o f K=Q, O=2Z, Pe Z|x] is monic irreducible polynomial then
Z[x|/P(x)Z[x] = Z[«]

for any root « of P.
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Definition (Generalized number system)

Let K be a number field of degree k and let O be an order in K. Let P € O[x]
be monic polynomial and N' C O be a complete residue system modulo P(0)
containing 0. The pair (P, N') is called a generalized number system over O
(GNS for short) if each a € O[x| admits a representation of the form a

a=dy+dix+...+d_1x'1(mod P) with dy,dyi,....d_1 €N, dj_1 #0.

e If K=Q and O = Z - Pethd’s definition of number system (P, \)
o f K=Q, O=2Z, Pe Z|x] is monic irreducible polynomial then
Z[x]/ P(x)Z[x] = Z|a]
for any root & of P. Note that |P(0)| = [Normgy),q(a)|-
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Definition (Generalized number system)

Let K be a number field of degree k and let O be an order in K. Let P € O[x]
be monic polynomial and N' C O be a complete residue system modulo P(0)
containing 0. The pair (P, N') is called a generalized number system over O
(GNS for short) if each a € O[x| admits a representation of the form a

a=dy+dix+...+d_1x'1(mod P) with dy,dyi,....d_1 €N, dj_1 #0.

e If K=Q and O = Z - Pethd’s definition of number system (P, \)
o f K=Q, O=2Z, Pe Z|x] is monic irreducible polynomial then
Z[x]/ P(x)Z[x] = Z|a]
for any root a of P. Note that |P(0)[ = |Normgq),q(a)|-

@ In this case the fact that (P, \) is number system is equivalent to the fact
that each ¢ € Z[a]| admits a unique expansion of the form

y=dy+dia+ ..+ d,,lrx’_l
with dg, ....,dj_1 € N, dj_1 #0.
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Definition (Generalized number system)

Let K be a number field of degree k and let O be an order in K. Let P € O[x]
be monic polynomial and N' C O be a complete residue system modulo P(0)
containing 0. The pair (P, N') is called a generalized number system over O
(GNS for short) if each a € O[x| admits a representation of the form a

a=dy+dix+...+d_1x'1(mod P) with dy,dyi,....d_1 €N, dj_1 #0.

e If K=Q and O = Z - Pethd’s definition of number system (P, \)
o f K=Q, O=2Z, Pe Z|x] is monic irreducible polynomial then
Z[x]/ P(x)Z[x] = Z|a]
for any root a of P. Note that |P(0)[ = |Normgq),q(a)|-

@ In this case the fact that (P, \) is number system is equivalent to the fact
that each ¢ € Z[a]| admits a unique expansion of the form

y=dy+dia+ ..+ d,,lrx’_l
with dy, ...,dj_1 € N, dj_1 # 0. So, instead of (P, N'), can write (&, V).
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Definition (Generalized number system)

Let K be a number field of degree k and let O be an order in K. Let P € O[x]
be monic polynomial and N' C O be a complete residue system modulo P(0)
containing 0. The pair (P, N') is called a generalized number system over O
(GNS for short) if each a € O[x| admits a representation of the form a

a=dy+dix+...+d_1x'1(mod P) with dy,dyi,....d_1 €N, dj_1 #0.

e If K=Q and O = Z - Pethd’s definition of number system (P, \)
o f K=Q, O=2Z, Pe Z|x] is monic irreducible polynomial then
Z[x]/P(x)Z|x] = Z]«]
for any root a of P. Note that |P(0)[ = |Normgq),q(a)|-
@ In this case the fact that (P, \) is number system is equivalent to the fact
that each ¢ € Z[a]| admits a unique expansion of the form
y=dy+dia+ ..+ d,,lrx’_l

with dy, ...,dj_1 € N, dj_1 # 0. So, instead of (P, N'), can write (&, V).
Note

(«, N) is number system in Zg(, (in L=Q(a)) = Z =Z]a]
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@ Therefore, if there exist a number system (&, \) in the ring of integers Z; of
field L, then Z,; is monogenic and « generates power integral basis.
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@ Therefore, if there exist a number system (&, \) in the ring of integers Z; of
field L, then Z; is monogenic and « generates power integral basis.

@ The real innovation of Pethd and Thuswaldner's paper (2019) is the
definition of the digit sets of GNS by using fundamental domains F of the
action of ZK on R¥ containing 0, where k denotes the degree of K over Q.
For P € O[x] this enabled them to define the digit set,

Nrpo) = NF

uniformly depending only on the chosen fundamental domain F and on P(0).
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@ Therefore, if there exist a number system (&, \) in the ring of integers Z; of
field L, then Z; is monogenic and « generates power integral basis.

@ The real innovation of Pethd and Thuswaldner's paper (2019) is the
definition of the digit sets of GNS by using fundamental domains F of the
action of ZK on R¥ containing 0, where k denotes the degree of K over Q.
For P € O[x] this enabled them to define the digit set,

Nrpo) = NF

uniformly depending only on the chosen fundamental domain F and on P(0).

W fK=0Q, 0=2,
Fe=[-¢1—¢), e€[0,1)

and P € Z[x] is a monic polynomial then GNS (P, Nz,) is e—=CNS (P, N;)
since

Nz, =[-¢|P(0)], (1 =€) [P(0)]) N Z =N,
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@ Therefore, if there exist a number system (&, \) in the ring of integers Z; of
field L, then Z; is monogenic and « generates power integral basis.

@ The real innovation of Pethd and Thuswaldner's paper (2019) is the
definition of the digit sets of GNS by using fundamental domains F of the
action of ZK on R¥ containing 0, where k denotes the degree of K over Q.
For P € O[x] this enabled them to define the digit set,

Nrpo) = NF

uniformly depending only on the chosen fundamental domain F and on P(0).
o If K=0Q, 0=2,
Fe=[-¢e1l—¢), e€[0,1)
and P € Z[x] is a monic polynomial then GNS (P, Nz,) is e—=CNS (P, N;)
since

Nz, =[-¢|P(0)], (1 =€) [P(0)]) N Z =N,

If P is additionally an irreducible polynomial, then GNS (P, Nz,) is e—CNS
(a, Ne (2)) in field L= Q () where a is any root of P.
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@ It turns out that if ring of integers Z,; of L is monogenic, then there exist a
e—CNS («, Nz (a)) in Z; and a is a generator of power integral bases.
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@ It turns out that if ring of integers Z,; of L is monogenic, then there exist a
e—CNS («, Nz (a)) in Z; and a is a generator of power integral bases.

@ A deep result of Gybry (1976) states that, up to translation by rational
integers, Z,; admits finitely many generators of power integral bases and they
are effectively computable.
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@ It turns out that if ring of integers Z,; of L is monogenic, then there exist a
e—CNS («, Nz (a)) in Z; and a is a generator of power integral bases.

@ A deep result of Gybry (1976) states that, up to translation by rational
integers, Z,; admits finitely many generators of power integral bases and they
are effectively computable.

o Kovdcs and Pethd (1992) proved that if a is a generator of power integral
basis then, up to finitely many possible exceptions, &« + m, m € Z is a basis
of 0-CNS if and only if m < M, where M denotes a constant (for each
sufficiently small m).
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@ It turns out that if ring of integers Z,; of L is monogenic, then there exist a
e—CNS («, Nz (a)) in Z; and a is a generator of power integral bases.

@ A deep result of Gybry (1976) states that, up to translation by rational
integers, Z,; admits finitely many generators of power integral bases and they
are effectively computable.

o Kovdcs and Pethd (1992) proved that if a is a generator of power integral
basis then, up to finitely many possible exceptions, &« + m, m € Z is a basis
of 0-CNS if and only if m < M, where M denotes a constant (for each
sufficiently small m).

@ Pethé and Thuswaldner (2019): If 0 € int(F) then all but finitely many
generators of power integral bases of Z; form a basis for number system in

L. In particular, if ¢ € (0,1) then all but finitely many generators of power
integral bases of Z; form a basis of e—CNS in Z,.
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@ It turns out that if ring of integers Z,; of L is monogenic, then there exist a
e—CNS («, Nz (a)) in Z; and a is a generator of power integral bases.

@ A deep result of Gybry (1976) states that, up to translation by rational
integers, Z,; admits finitely many generators of power integral bases and they
are effectively computable.

o Kovdcs and Pethd (1992) proved that if a is a generator of power integral
basis then, up to finitely many possible exceptions, &« + m, m € Z is a basis
of 0-CNS if and only if m < M, where M denotes a constant (for each
sufficiently small m).

@ Pethé and Thuswaldner (2019): If 0 € int(F) then all but finitely many
generators of power integral bases of Z; form a basis for number system in
L. In particular, if ¢ € (0,1) then all but finitely many generators of power
integral bases of Z; form a basis of e—CNS in Z,.

@ This means that 0—CNS are quite exceptional among other e—CNS. They
are kind of “boundary case” since 0 € d.F.
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@ It turns out that if ring of integers Z,; of L is monogenic, then there exist a
e—CNS («, Nz (a)) in Z; and a is a generator of power integral bases.

@ A deep result of Gybry (1976) states that, up to translation by rational
integers, Z,; admits finitely many generators of power integral bases and they
are effectively computable.

o Kovdcs and Pethd (1992) proved that if a is a generator of power integral
basis then, up to finitely many possible exceptions, &« + m, m € Z is a basis
of 0-CNS if and only if m < M, where M denotes a constant (for each
sufficiently small m).

@ Pethé and Thuswaldner (2019): If 0 € int(F) then all but finitely many
generators of power integral bases of Z; form a basis for number system in
L. In particular, if ¢ € (0,1) then all but finitely many generators of power
integral bases of Z; form a basis of e—CNS in Z,.

@ This means that 0—CNS are quite exceptional among other e—CNS. They
are kind of “boundary case” since 0 € d.F.

@ Therefore, the problem of finding all e=CNS (&, N («)) in L, where
e €10,1), is equivalent to find all e=CNS (P, N¢), where P € Z[x] runs
through the set of all minimal polynomials of all generators of power integral
basis « of Z,; .

(Representation Theory XVIII, Dubrovnik, Croatia, Ji



o Let L be quadratic number filed and let D # 0, 1 be unique squarefree integer
such that L=Q (\@) . It is well known that the ring of integers Oy of L is
monogenic and that all generators of power integral basis of O, are given by

a = +VD+m meZ if D =2,3(mod 4)

1++vD
1£VD

n = 5

m, meZ if D=1(mod4)
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o Let L be quadratic number filed and let D # 0, 1 be unique squarefree integer
such that L=Q (\@) . It is well known that the ring of integers Oy of L is
monogenic and that all generators of power integral basis of O, are given by

a = +VD+m meZ if D =2,3(mod 4)
x = 1i2\m+m,m€Z if D=1(mod4)

@ The minimal polynomial of & = :I:\/B—i— mis
Pm(x) = x2 —2mx + (m2 — D) .
while minimal polynomial of of & = % +mis

Pm(x) =x* — (2m+1) x + (m +m+1_4D>.
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o Let L be quadratic number filed and let D # 0, 1 be unique squarefree integer
such that L=Q (\@) . It is well known that the ring of integers Oy of L is
monogenic and that all generators of power integral basis of O, are given by

a = +VD+m meZ if D =2,3(mod 4)
IS 1j:T\m—i—m,mEZ if D=1(mod4)

@ The minimal polynomial of & = :I:\/B—i— mis

Pm(x) = x2 —2mx + (m2 — D) .

while minimal polynomial of of & = % +mis

Pon(x) = 52 — (2m+1) x + (m +m+1_4D>.

@ Using our characterization of quadratic e—CNS polynomials we are able to
find explicitly all e=CNS in all quadratic number fields L= Q (ﬁ)

Namely, a generator of power integral basis a is e—CNS basis in O, if and
only if corresponding minimal polynomial Py, is e—CNS polynomial.
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Case D = 2,3(mod 4)

Let Pp(x) = x% —2mx + (m2 — D), where me€ Z and let € € [0,1). By our
theorem on characterization of quadratic e—~CNS polynomials and using the
properties of the floor and ceiling functions, we derive:

a) Lete € {0, %) or let e = % if ‘mz — D} is odd. Then P, is a e—CNS
polynomial if and only if

—em?+eD—1<2m<(l—e)m*—(1—-2)D+1, m*~D >?2

or additionally

‘ ‘ ; 1 1
(1—&)m?—(1 —2)D+1 < —2m < —em®+D—1, m*~D < -3 if ¢ [m E} .
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Case D = 2,3(mod 4)

Let Pp(x) = x% —2mx + (m2 — D), where me€ Z and let € € [0,1). By our
theorem on characterization of quadratic e—~CNS polynomials and using the
properties of the floor and ceiling functions, we derive:

a) Lete € {0, %) or let e = % if ‘mz — D} is odd. Then P, is a e—CNS
polynomial if and only if

—em?+eD—1<2m<(l—e)m*—(1—-2)D+1, m*~D >?2

or additionally

‘ ‘ ; 1 1
(1—&)m?—(1 —2)D+1 < —2m < —em®+D—1, m*~D < -3 if ¢ [m E} .

b) Let e € (% 1) orlet e = % if |m2 — D| is even. Then Pp, is a e—=CNS
polynomial if and only if
—(1-g)m*+(1—-e5)D—-1<2m<em*—:eD+1, m*—D >2,

or additionally

. . 1 1
em?—De+1 < —2m < — (1 —2)m?*+(1 — ) D—1, m*>~D < -3 if = ¢ {El — Di)

—m?2
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Theorem 1 Letz € [0,1) and let D = 2,3(mod 4) be squarefree rational
integer. Let Op be the ring of integers of the number field . = Q) (\/ﬁ) .
Then o € O is a e—CNS basis in Op if and only if o = £V D + m,

m € Z where m € 7 satisfies the following conditions:
i) Case = =0

m <0, ifD < -2,z2=0

m < —1, ifD=—-1,z=0

m < — L@J -2, ifD>0,2=0
i) Case D > 0 and = € (0, 1)
m < ".1[1(7)] -1 or m> "J[z(ﬂ-‘ . if D> 0.2 (0.1)
m<|-vVD+2|-20or m>[VD+2|+3, ifD>0.VD+2€Z, ==}
m < Lf\/D—HJ —2o0r m> (\/D—H‘ +2. difD > 0. \/D—H,%Z’. e :%.

m< — (J[Q(‘_J-‘ or m> — "JII(_J-I +1. if D >0,z € (% l)
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and additionally

m =0, ifD =3 €32
h[;)-‘ <m< L D — fJ , ifD >3, € [% Z\ﬁ)
1) | - a9 1 1
[M_, }5 n < P[l } 1, ifD>3 =¢ [va~ 2)

—[VD+2|+3<m<|VD+2| -2 ifD>3 ==}

[P s m< - (M) ifD >3, = (41— A
[ rrsm<| /o], #D>3ce (1o 1-3)
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i) Case D < 0 and = € (0,1)

m > |'.Ur_';_l-‘ orm < —1. ifD=—1 =¢ ((), 3_:"3)
m > [.Ur_'f]-‘ or 1 < ’V.U:'*J-‘ —1 or m=—1. ifD=—1 =¢ 3’2‘3 %)
m=>=4 or m< —3orm=—1, iszfl,;’:%

m =

— [_\I;‘_J-‘ +lorm< — (.U:EH-‘ orm=—1 ifD=-1 =€ (%._Hj"ﬂ

m > — [_\I;‘fl-‘ +lorm< —1 ifD=—1 =¢ "J,_T‘E. 1)
m > [.Ur_'f]-‘ or m < \‘.U:‘:*"J . fyD=-2¢c¢C (Oé—)
|m| = 3, ifD=-2:=1

m> = [ M7 | +1orm< -] -1 yD=-2:2(1)
m > |'.\L_';_J-‘ or M < \_.Ué_JJ . ifD<-3 c€ (U —é) D > —%

m> — _U;‘_J +lerm=< — _U,H" -1, ifD\_’.f.'%_;*G(El.l).D}—,;__,
207 [+
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m €7, if D< -3 =¢ (0%) .D< -5
(
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