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Triality of principal VW-algebras

The W-algebras Wk(sl,,) enjoy the triality

WH(sl,) FF duality yyks)  Relation of levels
%O _— (k+n)(k+n)=1
1 1
Com(V¥(sy), V=X (s1) @ La(s1n)) wrn + e = L

Ex Wk(sl3) = (L(z), W5(2)) with OPEs

Tes(k) 2L(w)  Bwl(w)
(z=w)* (z=w)* (z—w)

3W3(W) 6WW3(W)

L(z)L(w) ~ . (k)= 25— 12 (k L34 L)

k+3
L(z)Ws(w) ~

(z=w)?  (z-w)
W3(Z) W3(w) -~ —4(31(<:f|)/51)3é<+12) + —12(3k-¢(—:)_(if<)1—12)L(w) + —6(3k+4()§5_k;)132)awL(w) +oe
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More trialities?

Feigin and Semikhatov proposed the following triality:

Com(m, WK (sln, faup)) —————— Com(m, WH(sly1, forin))
T _— Relation of levels
Com(V*“(gl,), V¥ (sla1)) (k+n(k+n-1)=1

1 1 _
k+n + l+n 1

Ex Com(m, V¥(sl2)) ~ Com(r, Wk (sly1))

= WH(slyy) = Com(r?, VE(shh) @ Vi)
Gaiotto and Rapcak explained this triality as symmetry of boundary

conditions of 4D gauge theory and generalized to W-superalgebras of
certain type
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Gaiotto—Rapcak’s triality

Ya,b,c[w] Yb,c,a[l - %]
v -4
ua) | Ule) x Uy | U@)

U(b) U(c)

X\ oo X
ue)| YO

U X: =TS = :1 L
(a) v ( 10 )

Yc,a,b[ﬁ]
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Hook-type WW-superalgebras

For type A, the affine coset of the following W-superalgebras appear
W£+(n7 m) — Wk(s[n+M) fn,l"’)a

Wi (n, m) = WX(sLos mim: Farm,1m)-
In this talk, we focus on the Feigin—Frenkel type duality:
Fact 1 (Creutzig—Linshaw '20)

For k.t € C\Q with (k+n+m)(¢{+n) =1,

Com(V*(gly,), Whs(n, m)) == Com(V*(gly,), Wy (n, m)).

W™, 2, (BT, WL, 2, b m, (2EmEL)mY

L] P
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Orthosymplectic cases

05pn\Zm = (50n S5 5):’2m) eC"® (C2m.

We.(n, m) WE, (n, m) WE.(n, m) WE.(n, m)
g 502(ntm+1) 5P2(n+m) $02(n4m)+1 05P112(n+m)
f 502041 5P5, 502n41 5Pap
g4 502m+1 5Pom 502m 05P112m
WE_(n, m) WE_(n, m) WE_(n, m) WE_(n, m)
9 | 05Pomr12(ntm)  O5P2(ntm)+12m  O5P2mi2(n+m)  O5P2(n+m)+2)2m
f 5P2(n+m) 502(n+m)+1 5P2(n+m) 502(n+m)+1
g4 502m41 5P 500m 05P1)2m

Fact 2 (Creutzig-Linshaw '21)
For k, 0 € C\Q with rx y(k + hy,)({+ h}_) =1,

Com(V*(gy), Wy (n, m))?2 =~ Com(V*(gy), WY _(n, m))%.
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Kazama—-Suzuki coset construction

Let's ask whether we can upgrade this duality to that of W-superalgebras.
Kazama—Suzuki coset construction is a prototype in this direction:

KS: W£(5[2|1) Com (ﬂ'Hf, Vk(s[z) & VZ>

=
Gt — Vieze® (1)
'_)

G~ =l ©l-1)
We have its inverse construction due to Feigin—Semikhatov—Tipunin
VK (sly) =~ Com <w”9,wf(s[2|1) ® vﬁz) .
These two constructions yield categorical equivalence

QF\: VE(slo)-modhy = W (sl )-mod: Q5. (e = £2).
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Rephrasing the coset functors

1p
Vk(slg)z@%k+®ﬂ'2 , 5[2|1 @%Z ® .

nezZ neZ

The coset functors work well for Heisenberg vertex algebras but don't for
affine vertex algebras in general:

Com(r®, m@m) ~ 7+, Com(Vi(al,), Vi i(gl,) ® Li(al,)) ~ W*(gl,,).

We have another nice tool, relative semi-infinite cohomology functor.

Fact 3 (I.Frenkel-Garland—Zuckerman)
For A\, u € Py,

<+ K r
Hrél ’ ( VN ® Vu2) = 5,,,0(5)\#1@[‘51"“]

holds for (k1, k2) such that k1 + ko = —Kg.

v

— Ty

i =T =
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Gluing objects: first example

1p
Vk(slz)z@‘(a”k+®7r2 . Wishp) =% o,
nezZ nezZ
—1lp - ip
5 Ko =@ om Ky =@M eom
neZ neZ
~ V7 ~V gy, Q.

Proposition 2.1 (CGNS '21)
For k,¢ € C with (k4 2)(¢ + 1) = 1, there exist isomorphisms of vertex
superalgebras

Hrel (9[1; Vk(5[2) ® K+—>—) =~ Wz(5[2|1),

HY, (gl Wi(shp) ® Koyy) = VE(sh).

™ = = = et
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Gluing objects: general case
Let's continue the same game to see what's these gluing objects are:

W£+(n7 m) = W (5[n+m7 n, 1m @ (gk * ®an (g[m)

AePL
- £y
Wf‘,(n, m) = WE(E[n+m‘m, f;<,+m|1m) ~ @ %f’ ®V}\ﬁ (g[m)
AEP,
—2hY
= Koo = PV (o) © Vi (al)
AEP;
— 05 —2hY ki
K*H+ = @ V ‘ g[m) ® Vkﬂ (g[m)
AEP;

They are specializations of the families

K*(alm: @) = €D V3loln) © V3. (0ln),  ailfr + 5 = =1
AePL

=- Something happens when ﬁ + ﬁ e 7??

= LHS= 0 is realized as the algebra of chiral differential operators:

Kol ) ~ 281,

Shigenori Nakatsuka (Alberta) Dubrovnik conference 10/22



Easy example of CDO: ¢} , (k #0)

I&H =U@lL)  ©  CloGli] = Clh_p,x,8"x | n > 1].
' T Ul [tD)

The OPE is given by

M2)A(W) ~ s M) (W) ~ (g x5 (2)(w) ~ 0

ab.=xk < 96,_1 — g =7

Hi(z) = h(z)
—h(z) + kx71(2)0:x(z) —  H_k(2).

Cl6L] ~EPCrwC, = Priet, ~ 28 ,
neZ n€Z
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“Shifted” chiral differential operators 22, [n]
We consider the case X = A, C, D and set G = GL,, Spoy,, SO2m

KLg % KLIg Kazhda?—Lusztig Uq(g)-mod &wuq_l(g)—mod
T > (Cq[G]> ~pre [KW,TW]
KLE K KLY = Uy(g)-mod K U1 (g)-mod,,
,@gi[n] e | CE,"T[G]
(e + i = ) (9=exp (75%))

Fact 4 (Moriwaki '21)
For G = GLm, Spon,, SO2m and k ¢ Q, there exist vertex superalgebras

1 1

78 = @D Vi@eVie), o =™
\EPL(G)

™y = = = = e
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Reconstruction via convolution operation
Theorem 2.2 (CLNS'22)

For irrational levels in duality relation and X = A, C, D, there exist isomorphisms of
vertex superalgebras

Wi (n,m) ~ H%, (gu; Wi (n,m) @ 92;]3,,(5‘ [1]) ,

Wi (n, m) ~ H, (gu; Wy (n,m) ® 92?%; [—1]) .

Proof:

W£+(”, m) = W(1m27 27 ey, (M)b‘n)’

2

Whe (n,m) = W™, 2, - m, (227,

Wi (n,m) = 6" @ Vh(gl,) © CLF @ VR (CM) e ¢ " o V(T ) @ -

W (n,m) =%y~ @ Vi(gl,) @ €5 @ VE(C) e e aVE T ) e
w1
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Reconstruction via convolution operation
Theorem 2.3 (CLNS'22)

For irrational levels in duality relation and X = A, C, D, there exist isomorphisms of
vertex superalgebras

Wi (n,m) = Hia (9 Wh= (n,m) @ 28 4 [11)

Wi (n, m) ~ Hrel( g Wi— (n, m)®9c;,, e*[ 1])

y
Proof:

Whe(n,m) = W™ 2, n, (751)2™),

Whe (n,m) = W™, 2, - m, (227,

Wh.(n,m) = 6" @ Vh(gl,) © CLF @ VE(C™) a6 o V(T ) o -

P& 11 = V¥ (g1,,) @ Vi (gl,) @ VR (C7) @ VE(C7) @V (C™) @ VE(CT) &

Wi (n,m) =%y~ ® Vi(gl,) @ €47 @ VE(CM) e ¢l @ V([T @
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Kazhdan—Lusztig category and intertwining operators
We continue the case X = A, C, D

W (n, m) ~s W_(n, m)
We introduce the following module categories
KLY . (n,m) = {M | G[t] ~ M} C W5 (n, m)-mod
Then we have functors
H,: KL%, (n,m) = KLS_(n,m): H_

together with functorial homomorphism of intertwining operators

int . [log Ms _, Jlog H(Ms)
T W (mm) \ My My Wz (mm\ Hy (My) Hi (M) )

Conjecture 2.4 (CLN, work in progress)

(i) The functors H. give an equivalence of categories and indeed
quasi-inverse to each other.
(it) H' are functorial isomorphisms which are quasi-inverse to each other.

™y i - = = et
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To summarize...

H (g0 ® @g;,k; [1])
Feigin-Frenkel duality
WE. (n,m) D WK, (n, m)eLil = Wi (n,m)%I c WL (n, m)

H, (geie ® 88 . [1

KL§<+(n, m) exact functor KL§<_ (n, m)

[e® Y@g;"kg (5 2)]

//\
log M: log M:
Iw)k(Jr(n’m)(Ml 7\42) ex. func hom /W)f-’(f(n,m)(Ml 7\/12)

[e® Ygé‘;,e; 1( 2)]
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Application | — Special functions in characters

H2. (00 © 78 4. [1])

k ¢
KL+ (n, m) KL4-(n, m)
, (exact) ,
Type: W™, 2, -+, n, (251)°7) Type: W(1™,2, -+, n+ m, (Z55EL)2m)

ch: sa(z1,- - Zm) trigometric SB-integral so) (9 - 59")

\R—I—(Zla"' 7Zm7q)1 R_(Z]_,"' 7Zm7q)1
Chw’;ﬁ (M)(z,9) ChH,?e1(W2+ (M)(z,9)
binomial identity g-binomial identity

;(—l)a [ ': ] 2Z=(1-2)" . i:o(_l)aq;a(aﬂ) [ ’,777 ]qza — (2:q)m

comes from Wakimoto resol.
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Application Il — Free field modules for F.S. case

Let us compare some basic classes of modules for the pair

WK (510, faub) = Whi(n = 1,1) «w Wi (n — 1,1) = W (slyp1, forin).-

Theorem 3.1 (CGN '20)
W (s, fuup) = Com (M= WE(slyp1, forin) ® V7).
WE(slyj1, Forin) = Com(7H, WK (51, fouy) © V).

The goal is to explain the following dictionary [N,CLN] at generic levels:

WH(sl,, fup )-side W (81, Forin)-side
Wakimoto modules “thin" Wakimoto modules
“thick” Wakimoto modules Wakimoto modules
relaxed highest weight modules | “Verma modules”
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VK(sly) v.s. V¢(ns,) (Feigin—Semikhatov—Tipunin)

VK(sl,)-side V¢(nsy)-side

affine Verma modules topological Verma modules

relaxed highest weight modules | massive Verma modules

We have an exact sequence

VE(sla): 0= M (5 — M, — Vi —0.

nwiy ntwiy

By setting ¢ = ,%2 the counterpart is

Ve(ns2): 0= QF (M o0) —QF ,(Mis) = Le(F. ) — 0

/

s MC(L"H) M) M(F.5)
. a2
M€ (€2, <0y = M(2, <0) /(Gj1/2|%en, Len)): topological
—
massive
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Relaxed highest weight modules
We thicken M_, to obtain the massive Verma module M¢(<2, 9):
@ Weight module R, p =U(sh) ® C,p
ClQ,h)

M(Z, F) ~ QJ_rn/Q(RrI;(n+2)/2,n)
@ Adamovic's embedding

VE(sk) =sWH(sh) @ N, M=, g C Ve @ Vyqy
PEZL

~AME N =M dk@WM @b

(a:ﬂk+mmm+§xb:2@_g»
For X\ generic, the Feigin—Fuch's resolution gives [N]:
0 — M5, [[A] = M [A] = Lf [A] — 0.
bat,,
0 — M (a_, 8)) = M (ay, Bx) = Le(at, Bx) — 0.
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Generalization to Feigin—Semikhatov duality [N,CLN]
@ affine Verma modules Mk ~> Wakimoto modules W§’+

Wk(ﬁ[n, fsub) N 7[_kJrn ® By~ ﬂ_kJrn ® By =: W’;\,+

O—>HDS(V,\)—>W"+—> P wit,, = —o.
L(w)=1

For the super-side, we get

‘— 0—
0 — Hy(HBs(VR)) = Wy — €D S. Wi 1y, = = 0.
Lw)=1
n+l 1 —n+3
- (-2g7,-27'q72 ;q)x
ch Wu ~ —,
(¢:9)5%

(B) massive Verma M¢(%, ') ~ Wakimoto modules W

\% V, B
e ) 7 Ve Ve =
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k-+hY ket Hie =
i em= W
N N
k+hY _ Tok+ Hie 0,— __erhY
it en= Wk W = e v

Ao = —(l+h) A+ (N, @ne1)wn)

sl, sl

XA 7 Xy

() u<s —lu *

O

(C) relaxed highest weight modules [Fehily] v.s. “Verma modules”
Ri(XA, u) = M;A ® Me[u], Rf(xu) = Mfw ® Vz
~ Hi(RE(0 1) = SeRE(xy), = —(E+ hY)(A + uwy).
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