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Aim: Try to prove all holomorphic VOAs of central charge 24 with V4 # 0
are unitary.
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Aim: Try to prove all holomorphic VOAs of central charge 24 with V4 # 0
are unitary.

Main tools:
@ Lattice VOAs are unitary.

@ All ¢ = 24 holomorphic VOAs with V; # 0 can be constructed from
Niemeier lattice VOAs by a single orbifold construction [Hohn-Moller].
< (N,g) and V > Vg is unitary.

@ g'-Twisted modules are unitary twisted modules for Vy.
@ Automorphism groups of V.

There is f € Aut(V) such that V' = V£,

Try to find another automorphism h such that h is conjugate to f
and [f,g] = 1.

v=@PVvi vi=vieVv® vi=gvo
i
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Unitary VOA and unitary modules

Definition

Let (V,Y,1,w) be a vertex operator algebra. An isomorphism ¢ : V — V
is called an anti-linear automorphism of V if ¢(Ax) = Ap(x),
o(1) =1, ¢(w) = w and ¢(upv) = ¢(u)np(v) for any u,v € V and n € Z.
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Unitary VOA and unitary modules

Let (V,Y,1,w) be a vertex operator algebra. An isomorphism ¢ : V — V
is called an anti-linear automorphism of V if ¢(Ax) = Ap(x),

#(1) =1, ¢(w) = w and ¢(upv) = ¢(u)sp(v) for any u,v € V and n € Z.

Definition ([DLin14])

Let (V, Y, 1,w) be a vertex operator algebra and let ¢ : V — V be an
anti-linear involution of V. Then (V, ¢) is said to be unitary

if there exists a positive-definite Hermitian form (', )y : V x V — C,
which is C-linear on the first vector and anti-C-linear on the second vector,
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Unitary VOA and unitary modules

Let (V,Y,1,w) be a vertex operator algebra. An isomorphism ¢ : V — V
is called an anti-linear automorphism of V if ¢(Ax) = Ap(x),

o(1) =1, ¢(w) = w and ¢(upv) = ¢(u)np(v) for any u,v € V and n € Z.

Definition ([DLin14])

Let (V, Y, 1,w) be a vertex operator algebra and let ¢ : V — V be an
anti-linear involution of V. Then (V, ¢) is said to be unitary

if there exists a positive-definite Hermitian form (', )y : V x V — C,
which is C-linear on the first vector and anti-C-linear on the second vector,
such that the following invariant property holds for any a,u,v € V:

(Y(eZL(l)(_Zi2)L(O)aﬂ Zil)uv V)V - (U, Y(¢(a)7Z)V)V7

where L(n) is defined by Y (w,z) =, 5 L(n)z="2.
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Let (V, @) be a simple unitary VOA with an inv. Hermitian form (-,-)y.
Then V is self-dual and of CFT-type ([CKLW, Proposition 5.3]) and V
has a unique invariant symmetric bilinear form (-, -), up to scalar ([Li94]).
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Let (V, ¢) be a simple unitary VOA with an inv. Hermitian form (-,-)y.
Then V is self-dual and of CFT-type ([CKLW, Proposition 5.3]) and V
has a unique invariant symmetric bilinear form (-, -), up to scalar ([Li94]).
Normalizing (1,1)y = (1,1) = 1, we obtain

(u,v)y = (u,¢(v)) forall u,ve V.

Definition ([DLin14])

Let (V, ®) be a unitary VOA and g a finite order automorphism of V. An
(ordinary) g-twisted V-module (M, Y)) is called a unitary g-twisted
V-module if there exists a positive-definite Hermitian form

(, )M : M x M — C such that the following invariant property holds for
ace Vand wy,w, € M:

(Ym(e®D (=270 27 YYwy, wo) = (w1, Yam(o(a), 2)wa) m-
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Lemma (cf. [FHL93, Remark 5.3.3])

Let (V, ) be a unitary VOA. Let M be a V-module and M’ the
contregredient module of M with a natural pairing (-,-) between M and
M.
© I/f M has a non-degenerate invariant sesquilinear form (-, -), which is
linear on the first vector and anti-C-linear on the second vector and
satisfies the invariant property, then the map ® : M — M’ defined by
(u,v) = (u,®(v)), u,v € M, is an anti-linear bijective map and
®(apu) = ¢p(a),P(u) forac V and u € M.
@ If there exists an anti-linear bijective map ® : M — M’ such that
®(apu) = ¢(a)n®(u) fora€ V and u € M, then (u,v) = (u, P(v)),
u,v € M, is a non-degenerate invariant sesquilinear form on M.
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Let (V, ¢) be a unitary VOA and ( , ) the corresponding positive definite
invariant Hermitian form. Define

Autc (V) = {g € Aut(V) | (gx,8y) = (x,y) for all x,y € V}.
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Let (V, ¢) be a unitary VOA and ( , ) the corresponding positive definite
invariant Hermitian form. Define

Autc (V) = {g € Aut(V) | (gx,8y) = (x,y) for all x,y € V}.

Let (V, ) be a unitary VOA. Then
(1) g € Aut( (V) if and only if g~ 'pg = ¢.
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Let (V, ¢) be a unitary VOA and ( , ) the corresponding positive definite
invariant Hermitian form. Define

Autc (V) = {g € Aut(V) | (gx,8y) = (x,y) for all x,y € V}.

Let (V, ) be a unitary VOA. Then
(1) g € Aut( (V) if and only if g~ 'pg = ¢.

(2) For any H < Aut( (V), (V" ¢) is also a unitary VOA.
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Lattice VOA

Let Vi = M(1) @c C{L} be the lattice VOA.
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Lattice VOA

Let Vi = M(1) @c C{L} be the lattice VOA.

There is a positive-definite Hermitian form on

M(1) = Spanc{ai(—n1)...ax(—n )1 | aj € L, nj € Z~o} such that
(1,1)=1, (a(n)u,v)= (u,a(—n)v)

for « € L and for any u,v € M(1).

Ching Hung Lam (A.S.) Unitary forms and holomorphic VOA October 7 , 2022



Lattice VOA

Let Vi = M(1) @c C{L} be the lattice VOA.

There is a positive-definite Hermitian form on

M(1) = Spanc{ai(—n1)...ax(—n )1 | aj € L, nj € Z~o} such that
(1,1)=1, (a(n)u,v)= (u,a(—n)v)

for « € L and for any u,v € M(1).

There also exists a positive-definite Hermitian form on
C{L} = Spanc{e® | @ € L} determined by (e%, e”) = 4, s.
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Lattice VOA

Let Vi = M(1) @c C{L} be the lattice VOA.

There is a positive-definite Hermitian form on

M(1) = Spanc{ai(—n1)...ax(—n )1 | aj € L, nj € Z~o} such that
(1,1)=1, (a(n)u,v)= (u,a(—n)v)

for « € L and for any u,v € M(1).

There also exists a positive-definite Hermitian form on
C{L} = Spanc{e® | @ € L} determined by (e%, e”) = 4, s.

Then a positive-definite Hermitian form on V« can be defined by
(u ® ea, V& eﬁ) = (U, V) : (eav 66)7

where u,v € M(1) and a, 3 € L.
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Let ¢ : Vi — V| be an anti-linear map determined by:

ai(—n) - ax(—ng) ® e* — (—1)ka1(—n1) ceap(—nk) @ e,

where ay,...,ax € L, € L.

Let L be a positive-definite even lattice and let ¢ be the anti-linear map of
V| defined as above.
Then the lattice vertex operator algebra (V, ¢) is a unitary VOA.

Ching Hung Lam (A.S.) Unitary forms and holomorphic VOA October 7 , 2022 8/29



Aut(j)(VL)

Theorem ([DN99])

Let L be a positive definite even lattice. Then
Aut(V,) = N(V,) O(L)

and the quotient Aut(V)/N(V}) is isomorphic to a quotient group of
O(L).

Let g € O(L). Then g € Aut(  \(V).

Let B € L* and n a positive integer. Then
h = exp(2ri®D) € Aut( (V1)
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Twisted modules

Let 7 be an isometry of L. Let p be a positive integer such that 77 = 1.
Define h = C ®z L and extend the Z-form (:|-) C-linearly to f. Denote

by ={aeblra=¢"a} forneZ,

where &£ = exp(2nyv/—1/p).

Let 6[7’] =[lhez by ® t"/P @ Cc be the 7-twisted affine Lie algebra of h.

Denote

G[T]+ - H h(n)®tn/P7 G[T]f - H b(n)®tn/P’ and 6[7']0 = bo)®Cc,
n>0 n<0

and

S[r] = S(blr]7).
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Set s =pif piseven and s = 2p if p is odd.
Define a 7-invariant alternating Z-bilinear map ¢” from L x L to Zs by

p—1

(. B) = 3 (s/2+ si/p) (v (a)|8) + SZ.
i=0
Consider the central extension
1 — (ke) — L, =1L — 1
such that aba—1p"1 = /@27(5’5) fora,be ZT.

Let 8 € Q® L™ such that p(B|L) € Z.
Then g = 7 exp(27if3(0)) also defines an automorphism of V| and gP = 1.
An irreducible g-twisted module is then given by

VX¥(g) = Slrl@ e’ @ U,

as a vector space.
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We define a Hermitian form on V}*(g) as follows.

For any a,b € e*ﬂZT, define

0 if blad A,
x(b~ta) if blac A,

where t(a) =a® 1€ e P ® Uy,
there ia positive-definite Hermitian form (', ) on S[7] such that

(17 1) =1,
(a(n) - u,v) = (u,a(=n) - v),

for any u,v € S[r] and a € L.
Then one can define a positive-definite Hermitian form on V}*(g) by

(uer,ves)=(uv)-(r,s), whereuveS[r],r,sceaU,.

For any x, V[X(g) is a unitary g-twisted module of (V, ¢).

T = = — e
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Orbifold construction from Niemeier lattice VOAs

Theorem (cf. Proposition 5.7 and Remark 5.8 of Hohn-Mdller)

Let V be a holomorphic VOA of central charge 24 with V1 # 0. Then
there exist a Niemeier N and an automorphism
g = Texp(2mifp(0)) € Aut(Vy) such that V = Viy(g). Moreover,

© 7 has the same frame shape as one of the 11 conjugacy classes of Cog
as discussed in [HO2].

Q@ L= Njand V,@T = V,ff ; in particular, Vi > V| ® V,\i.

© (VF)1 is non-abelian and has the same Lie rank as V;.
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Orbifold construction from Niemeier lattice VOAs

Theorem (cf. Proposition 5.7 and Remark 5.8 of Hohn-Mdller)

Let V be a holomorphic VOA of central charge 24 with V1 # 0. Then
there exist a Niemeier N and an automorphism
g = Texp(2mifp(0)) € Aut(Vy) such that V = Viy(g). Moreover,

© 7 has the same frame shape as one of the 11 conjugacy classes of Cog

as discussed in [HO2].
Q@ L= Njand V,@T = V,ff ; in particular, Vi > V| ® V,\i.

© (VF)1 is non-abelian and has the same Lie rank as V;.

Remark: 1. The choices for N and g are not unique.

2. We may choose (N, g) so that (V&)1 contains a simple Lie component

which is a proper Lie subalgebra of a simple ideal of V.
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Orbifold construction from Niemeier lattice VOAs

Theorem (cf. Proposition 5.7 and Remark 5.8 of Hohn-Mdller)

Let V be a holomorphic VOA of central charge 24 with V1 # 0. Then
there exist a Niemeier N and an automorphism
g = Texp(2mifp(0)) € Aut(Vy) such that V = Viy(g). Moreover,

© 7 has the same frame shape as one of the 11 conjugacy classes of Cog
as discussed in [HO2].

Q@ L= Njand V,@T = V,c ; in particular, Vi > V| ® V,\i.

© (VF)1 is non-abelian and has the same Lie rank as V;.

Remark: 1. The choices for N and g are not unique.
2. We may choose (N, g) so that (V&)1 contains a simple Lie component
which is a proper Lie subalgebra of a simple ideal of V.

There is a refection r in W(V4) < Aut(V) such that r((V5)1) # (Vi)
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Example: V; = Ag,3.

N = N(AZ),
T acts a permutation of the 24 copies of A;'s
with the cycle shape 163%: and

B = 3(012,a'?), where Za = Ay, ie, (a,a) = 2.

In this case, V = Wv(g) and (Vy(A7*)#)1 = AS5U(1)°.
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Next we recall a theorem from [DLin14], which is about the unitary form
for Zy simple current extensions of unitary VOAs .
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Next we recall a theorem from [DLin14], which is about the unitary form
for Zy simple current extensions of unitary VOAs .

Theorem ([DLin14, Theorem 3.3])

Let (V,p) be a rational and Cy-cofinite unitary self-dual vertex operator
algebra and M a simple current irreducible V-module having integral
weights.
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Next we recall a theorem from [DLin14], which is about the unitary form
for Zy simple current extensions of unitary VOAs .

Theorem ([DLin14, Theorem 3.3])

Let (V,p) be a rational and Cy-cofinite unitary self-dual vertex operator
algebra and M a simple current irreducible V-module having integral
weights.

Assume that M has an anti-linear map 1 such that

B(vaw) = @(V)ath(w) and ¥? = id, ((wr), ¥(w2))m = (w1, wa)ur and
the Hermitian form (, )y on V has the property that

(p(v1), o(v2))v = (v1,v)v.
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Next we recall a theorem from [DLin14], which is about the unitary form
for Zy simple current extensions of unitary VOAs .

Theorem ([DLin14, Theorem 3.3])

Let (V,p) be a rational and Cy-cofinite unitary self-dual vertex operator
algebra and M a simple current irreducible V-module having integral
weights.

Assume that M has an anti-linear map 1 such that

D(vaw) = p(v)ath(w) and ¥? = id, (Y(w1),9(w2))m = (w1, w2)m and
the Hermitian form (, )y on V has the property that

(e(v1), e(v2))v = (v, v2)v.

Let U=V @ M. Then (U, py) has a unique unitary vertex operator
algebra structure, where @y : U — U is the anti-linear involution defined
by ou(v,w) = (¢(v),(w)), for v e V,w € M. Furthermore, U is
rational and Cy-cofinite.
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As a consequences, we have the following result.

Let V' be a holomorphic VOA of central charge 24 with the weight one Lie

algebra isomorphic to one of the Lie algebras in the following Table. Then
V is unitary.

Class | # of V | Weight one Lie algebra structures

2A 17 | A% ASLAT L D3B3, A5, GaAS 1, DS, GaAY
A12C31A31, Gy Ds2CaiB3 1, Ag2As 1By,
E62Cs,1A5,1, Dg2BZ 1, C21Baa, DonAry, Co1F7 .,
E72B5.1F41Ci0,1B6,1, Bs1Es 2

12 6 4 3 2 4 2
2C 9 A1)4, 82)2. B3 21 B4 21 Bﬁ 21 Bl2,2v D4,4A2 21 C4,2A4 21 A8,2F4,2
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Next we consider other orbifold constructions.

Let V be a self-dual, simple VOA of CFT-type. Assume that V has two
commuting automorphisms f and h of order p. For i,j € Z, set
Viv ={ve V|f(v)=¢v, h(v)=&v}, where £ = exp(2my/—1/p). Set
Vi= J_l Viid. Assume the following:
@ There exists an anti-linear involution ¢ of V° such that
(VO ¢) is a unitary VOA;
Q@ Forie{l,...,p—1}, V'isa unitary (V°,¢)-module;
@ There exists an automorphism 1) € Aut(V) such that 1)~ 1f1) = h;
Q@ Y(V20) = V00 and =t = ¢ on VOO;

Then there exist an anti-linear involution ® of V such that
(V,®) is a unitary VOA.

Note: V =g, <, 1 Vidis Z%—graded.
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By the assumption (C), (V%) = V00 g vi0q... ¢ vP 10
is also a unitary VOA with the anti-linear automorphism ¢~
and a positive-definite invariant Hermitian form defined by

(2. b)y(voy = (¥ (a), v H(b))vo  for a,be (V).

Note that ©¢) ! = ¢ on V%0 by Assumption (D).

The invariant Hermitian form on the unitary (V°9, ¢)-module V-0 is
unique up to scalar foreach i=1,...,p— L.

We may choose a positive-definite invariant Hermitian form (-,-),; on V'

so that '
(u,v)yi = (U, v)yvoy for u,ve Vi,
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By Lemma 5, there exists an anti-linear bijective map &' : VI — VP~
such that ' _ '
®(a,v) = ¢(a),®'(v) foraec VO ve V

and _ '
(u,v)yi = (u,®'(v)) for wu,veV'.

For any u,v € V"0 we have

(u, ®(v)) = (u,v)yi = (N w), v (v))vo
= (W7 (u), v (v)) = (u, v (v)).

Hence _ .
Yop~t =@ on VIO
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Define the anti-linear map ¢ : V — V so that

fi VO
() = gb(u) orue v
¢ (u) forueV'i i=1,...,p—1,

and the positive-definite Hermitian form (-,-) on V by

(u> V) =

(u,v)y: ifuveVi i=0,1,...,p—1,
0 fue Vi ve Vi i#].

Clearly, @ is bijective.

Remark: Since the order of ¢ is 2, both the composition maps ®P~/ o ¢/
and ®' o ®P~' are the identity map on V/9. Viewing VP~ as an
irreducible unitary (V0 ¢)-module, we have ®P~/ = (¢/)~! on VP~ also.

Therefore, ® o ® is the identity of V.
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@ Fori,je{0,1,....p—1}, &(Vid) = vp=ini,
@ Foru,veV, (uv)= (ud(v)).

Proposition

The anti-linear map ® is an anti-linear involution of V.
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Proof: Since ¢ is an anti-linear automorphism of V0, & fixes the vacuum
vector and the conformal vector of V. Since (V°, ) is unitary, the

equation
S(upv) = O(u)p®(v) (0-2)

holds for u,v € V0 and n € Z.
By the definition of ®' for i = 1,2, (0-2) holds for u € V% and v € V'
By the skew symmetry, we have

n+l+1 .
upv = (=1)"v,u + Z (—=1) (vat1u)
i>1

for u,v € Vand n € Z.
Hence the equation (0-2) also holds for u € V' and v € V°.
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Let x € V%, y € V0 and u € V5!, By Borcherds' identity, for r, q € Z,
(Xr)/)qu = Z(_l) <l> (Xr—i(}’q+iu) - (_1)qu+r—i(XiU))-
i=0

By the assumptions on x and y and the identity above, we have

¢((Xr)’)qu) = ((D(X)rq)()/))qq)(u) = d>(x,y)q<b(u).

Thus, we obtain ®(u,v) = ®(u),P(v) for all x,y € V and n € Z.

Proposition

The positive-definite Hermitian form (, ) on V satisfies the invariant
property for (V, ®).
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Every holomorphic VOA of central charge 24 with V4 = 0 can be
constructed by a single orbifold construction from a Niemeier lattice VOA.
Let (N, g) be a pair of a Niemeier lattice and an automorphism of Vj

such that V = Vjy(g). Then
V=VEa Vwglo® & Vn[g” Mo,

where Vy[g'] denotes the irreducible g'-twisted module of Vj.

Let L be the even lattice such that V; = Comy (Comy(M(h))), where b
is a Cartan subalgebra of V; and suppose g = 7 exp(27i3(0) € Aut(Vy).
Then )

L=Nj and VE> Vi@ VS,
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Set

Vn = @ Vaent @ Vivgn, -
A+NTE(NT)*/NT
Then
VE = @ (Vagnr @ Vgn, )8 = @ Vapr @ Wy < V.
ANTE(NT)* /NT A+Le(NT)*/L

Define f € Aut(V) so that f acts on Vy[g]o as a multiplication of the
scalar &'. Then Vf = V£ and there is a v € Q ®z N such that (v|8) ¢ Z
and f = exp(2mivy(0)).
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By our choices of (N, g), there is always a root of V; and a lift
Yo € Stabayy(v) (VL @ W) of a reflection s, € W(V1) such that

Ya((Vi)1) # (V)1 and 7 = 1.
For simplicity, we use w and 1 to denote s, and ., respectively.
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By our choices of (N, g), there is always a root of V; and a lift
Yo € Stabayy(v) (VL @ W) of a reflection s, € W(V1) such that

Ya((Vi)1) # (V)1 and 7 = 1.
For simplicity, we use w and 1 to denote s, and ., respectively.

Define h = 1)f1)~1. Then h = exp(2miw(v)(0)) and it is clear that both
and hfix V. ® V,TT point-wisely.
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By our choices of (N, g), there is always a root of V; and a lift
Vo € StabAut(V)(VL ® W) of a reflection s, € W(V1) such that
Ya((Vi1) # (V§)1 and 9% = 1.

For simplicity, we use w and 1 to denote s, and ., respectively.

Define h = 1)f1)~1. Then h = exp(2miw(v)(0)) and it is clear that both
and hfix V. ® V,TT point-wisely.

Since all irreducible modules for V; ® V,(AT are simple current modules,
the subgroup of Aut(V) that fixes V; ® V,c point-wisely is
a finite abelian group.
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By our choices of (N, g), there is always a root of V; and a lift
Vo € StabAut(V)(VL ® W) of a reflection s, € W(V1) such that

Ya((Vi)1) # (V)1 and 7 = 1.
For simplicity, we use w and 1 to denote s, and ., respectively.

Define h = 1)f1)~1. Then h = exp(2miw(v)(0)) and it is clear that both
and hfix V. ® V,TT point-wisely.

Since all irreducible modules for V; ® V,(AT are simple current modules,
the subgroup of Aut(V) that fixes V; ® V,c point-wisely is
a finite abelian group.

In particular, [, h] = 1.
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Moreover, we have

ALed/L

where J={X e L* | (\,y) € Z,(\,w(7)) € Z}.
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Moreover, we have

ALed/L

where J={X e L* | (\,y) € Z,(\,w(7)) € Z}.

We have w(J) = J and p(V90) = V0.0,

Note that w? =1
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Let X be a sublattice of N such that Po(X) = J. Then V%0 < Vx and v
can be considered as a lift of an isometry of X in Aut(Vx). In particular,
we have )t = ¢ on VOO < V.
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Let X be a sublattice of N such that Po(X) = J. Then V%0 < Vx and v
can be considered as a lift of an isometry of X in Aut(Vx). In particular,
we have )t = ¢ on VOO < V.

Therefore, V,f and h satisfy the conditions in Theorem 15 and the main
theorem follows.
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Thank You
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