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Vertex algebras

Positive energy modules

V – a Z-graded vertex algebra
E(V) – the category of graded V-modules, M ∈ E(V) provided

M is a V-module
M is a C-graded vector space
YM (a, z) =

∑
n∈Z a

M
(n)z

−n−1 has conformal dimension m for a ∈ Vm,
i.e. deg aM(n) = −n+m− 1

E+(V) – the category of positive energy V-modules, M ∈ E+(V)
provided

M belongs to E(V)
M =

⊕∞
n=0 Mλ+n with Mλ ̸= 0

the top degree component

M =

∞⊕
n=0

Mλ+n 7→Mtop = Mλ
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Vertex algebras

Zhu’s correspondence

A(V) – the Zhu’s algebra of V
A(V) is a unital associative algebra
πZhu : V → A(V) – a canonical surjective mapping
M(A(V)) – the category of A(V)-modules
M ∈ E+(V) =⇒ Mtop ∈M(A(V)), the action of πZhu(a) ∈ A(V) on
Mtop is given through aM(deg a−1) for a ∈ V

Zhu’s correspondence

M 7→Mtop{
simple positive energy

V-modules

}
1:1←→

{
simple A(V)-modules

}
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Vertex algebras

Topological Lie algebra U(V)

Borcherds (1986)

U(V) = (V ⊗C C((t)))/ im ∂, ∂ = T ⊗ id+ id⊗∂t

U(V) is a complete topological Lie algebra
a[n] – the projection of a⊗ tn ∈ V ⊗C C((t)) onto U(V)
[a[m], b[n]] =

∑∞
k=0

(
m
k

)
(a(k)b)[m+n−k] for a, b ∈ V, m,n ∈ Z

deg a[n] = −n+ deg a− 1 for a ∈ V
U(V) = U(V)− ⊕ U(V)0 ⊕ U(V)+ – a triangular decomposition of
the Lie algebra U(V)
U(V)0 → A(V) – a canonical surjective homomorphism of Lie
algebras

a[deg a−1] 7→ πZhu(a)
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Vertex algebras

Restriction functor

M ∈ E(V) =⇒ M is a U(V)-module

a[n] 7→ aM(n)

ΩV : E+(V)→M(A(V)) – the restriction functor

ΩV(M) = {v ∈M ; U(V)−v = 0}

for M ∈ E+(V)
ΩV(M) – the vector subspace of lowest weight vectors
ΩV(M) is a U(V)0-module

ΩV(M) is an A(V)-module

πzhu(a) 7→ aM(deg a−1)

M ∈ E+(V) =⇒ ΩV(M) ⊃Mtop
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Vertex algebras

Induction functor

MV :M(A(V))→ E+(V) – the induction functor
the left adjoint functor to ΩV

Hom(MV(E),M) ≃ Hom(E,ΩV(M))

MV(E)top ≃ E as A(V)-modules
MV has the universal property

For M ∈ E(V) and a morphism φ : E → ΩV(M) of A(V)-
modules, there exists a unique morphism φ̃ : MV(E) → M of
V-modules which extends φ
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Affine vertex algebras

Affine vertex algebras

g = n⊕ h⊕ n – a simple Lie algebra

κg – the Cartan–Killing form on g, κg = 2h∨κ0

κ – a g-invariant symmetric bilinear form on g, κ = kκ0 for k ∈ C
ĝκ – the affine Kac–Moody algebra associated to g of level κ

gκ = g((t))⊕ Cc
[am, bn] = [a, b]m+n + κ(a, b)δm,−n c, an = a⊗ tn for a ∈ g, n ∈ Z
c is the cental element of ĝκ

Vκ(g) – the universal affine vertex algebra
Vκ(g) = U(ĝκ)⊗U(g[[t]]⊕Cc)C ≃ U(g⊗C t−1C[t−1])⊗CC
a(z) =

∑
n∈Z anz

−n−1 for a ∈ g

[a(z), b(w)] = [a, b](w)δ(z − w) + κ(a, b)∂wδ(z − w) for a, b ∈ g

Vκ(g) is an N0-graded vertex algebra
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Affine vertex algebras

Induction functor

M(g) – the category of g-modules
E(ĝκ) – the category of smooth ĝκ-modules on which c acts as the
identity, M ∈ E(ĝκ) provided

cv = v for v ∈M

for v ∈M , there exists Nv ∈ N such that (g⊗ tNvC[[t]])v = 0

E+(ĝκ) – the category of positive energy ĝκ-modules on which c acts
as the identity

Mκ,g :M(g)→ E+(ĝκ)

Mκ,g(E) = U(ĝκ)⊗U(g[[t]]⊕Cc)E

Mκ,g(E)top ≃ E as g-modules

Mκ,g(M
g
b (λ)) – the Verma ĝκ-module for λ ∈ h∗

Mκ,g(L
g
b(λ)) – the Weyl ĝκ-module for λ ∈ P+

L. Křižka October 5, 2022 Dubrovnik 8 / 24



Affine vertex algebras

Feigin–Frenkel homomorphism

we
κ,g : Vκ(g)→Mn ⊗C Vκ−κc(h)

U(g) An ⊗C U(h)πe,g
//

Vκ(g)

U(g)

πZhu

��

Vκ(g) Mn ⊗C Vκ−κc(h)
we

κ,g //Mn ⊗C Vκ−κc(h)

An ⊗C U(h)

πZhu

��

C[n∗] – an An-module, Cλ+2ρ – a 1-dim h-module given by λ ∈ h∗

C[n∗]⊗C Cλ+2ρ ≃Mg
b (λ) as g-modules

MMn
(C[n∗])⊗C Mκ−κc,h(Cλ+2ρ) ≃Wκ,g(λ) – the Wakimoto

ĝκ-module for λ ∈ h∗
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Sheaf of chiral differential operators

Beilinson–Bernstein correspondence

g = n⊕ h⊕ n – a simple Lie algebra
G – a connected semisimple algebraic group with its Lie algebra g
B – the Borel subgroup of G
X = G/B – the flag variety for G

λ ∈ h∗ =⇒ Dλ
X =⇒ Φλ

X : U(g)→ Γ(X,Dλ
X)

w ∈W ≃ NG(H)/H – the Weyl group of g

πλ
w,g : U(g)

Φλ
X−−→ Γ(X,Dλ

X)→ Γ(Uw,Dλ
X) ≃ Γ(Uw,DX) ≃ An

Uw = ẇNB ⊂ G/B, Uw ≃ Cdim n, ẇ ∈ NG(H) – a Tits lift of w
πλ
w,g – a homomorphism of associative algebras
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Sheaf of chiral differential operators

Sheaf of rings of twisted differential operators

g = sl2, X = G/B ≃ CP1, X = Ue ∪ Us

W = {e, s}, λ ∈ C ≃ h∗ (λ 7→ λω)

πλ
e,g :

πλ
s,g :

U(g)
Φλ

X−−→ Γ(X,Dλ
X)→

{
Γ(Ue,Dλ

X) ≃ Γ(Ue,DX) ≃ AC

Γ(Us,Dλ
X) ≃ Γ(Us,DX) ≃ AC

πλ
e,g(f) = −∂x, πλ

s,g(f) = −y2∂y − (λ+ 1)y,

πλ
e,g(h) = 2x∂x + λ+ 1, πλ

s,g(h) = −2y∂y − λ− 1,

πλ
e,g(e) = x2∂x + (λ+ 1)x, πλ

s,g(e) = ∂y,

gluing rules

x = −1

y
, y = −1

x
,

∂x = y2∂y + (λ+ 1)y, ∂y = x2∂x + (λ+ 1)x
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Sheaf of chiral differential operators

Universal sheaf of rings of twisted differential operators

g = sl2, X = G/B ≃ CP1, X = Ue ∪ Us

W = {e, s}

πe,g :

πs,g :
U(g)

ΦX−−→ Γ(X, D̃X)→

{
Γ(Ue, D̃X) ≃ AC ⊗C U(h)

Γ(Us, D̃X) ≃ AC ⊗C U(h)

πe,g(f) = −∂x, πs,g(f) = −y2∂y − yh,

πe,g(h) = 2x∂x + h, πs,g(h) = −2y∂y − h,

πe,g(e) = x2∂x + xh, πs,g(e) = ∂y,

gluing rules

x = −1

y
, y = −1

x
,

∂x = y2∂y + yh, ∂y = x2∂x + xh
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Sheaf of chiral differential operators

Wakimoto free field realization

Wakimoto (1986), Feigin–Frenkel (1988)

πe,g : U(g)→ An ⊗C U(h)

⇓ chiralization

we
κ,g : Vκ(g)→Mn ⊗C Vκ−κc(h)

κc – the critical level

κc(a, b) = − trg/b(ad(a) ad(b)), a, b ∈ b

g = sln, κ0(a, b) = tr(ab) for a, b ∈ g, κc = −nκ0, n = h∨
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Sheaf of chiral differential operators

Wakimoto free field realization

Dκ
X – a sheaf of vertex algebras over X

we
κ,g :

ws
κ,g :

Vκ(g) wκ,g−−−→ Γ(X,Dκ
X)→

{
Γ(Ue,Dκ

X) ≃MC ⊗C Vκ−κc(h)

Γ(Us,Dκ
X) ≃MC ⊗C Vκ−κc(h)

we
κ,g(f(z)) = −ax(z),

we
κ,g(h(z)) = 2:a∗x(z)ax(z): + bx(z),

we
κ,g(e(z)) = :a∗x(z)

2ax(z):− k∂za
∗
x(z) + a∗x(z)bx(z)

ws
κ,g(f(z)) = −:a∗y(z)2ay(z): + k∂za

∗
y(z)− a∗y(z)by(z)

ws
κ,g(h(z)) = −2:a∗y(z)ay(z):− by(z),

ws
κ,g(e(z)) = ay(z),
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Sheaf of chiral differential operators

Wakimoto free field realization

Vκ(g) – the universal affine vertex algebra

[h(z), e(w)] = 2e(w)δ(z − w), [h(z), f(w)] = −2f(w)δ(z − w),

[e(z), f(w)] = h(w)δ(z − w) + k∂wδ(z − w),

[h(z), h(w)] = 2k∂wδ(z − w)

MC – the Weyl vertex algebra

[ax(z), a
∗
x(w)] = δ(z − w), [ay(z), a

∗
y(w)] = δ(z − w)

Vκ−κc(h) – the Heisenberg vertex algebra

[bx(z), bx(w)] = 2(k + 2)∂wδ(z − w),

[by(z), by(w)] = 2(k + 2)∂wδ(z − w)
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Sheaf of chiral differential operators

Wakimoto free field realization

πe,g : U(g)→ An ⊗C U(h)

πe,g(f) = −∂x,
πe,g(h) = 2x∂x + h,

πe,g(e) = x2∂x + xh,

we
κ,g : Vκ(g)→Mn ⊗C Vκ−κc(h)

we
κ,g(f(z)) = −ax(z),

we
κ,g(h(z)) = 2:a∗x(z)ax(z): + bx(z),

we
κ,g(e(z)) = :a∗x(z)

2ax(z):− k∂za
∗
x(z) + a∗x(z)bx(z)

L. Křižka October 5, 2022 Dubrovnik 16 / 24



Sheaf of chiral differential operators

Sheaf of differential operators DC

AC – the Weyl algebra

C =⇒ AC = Γ(C,DC)

f ∈ OC(C) – a polynomial =⇒ Uf = {x ∈ C; f(x) ̸= 0} – a
principal open subset of C

DC(Uf ) ≃ OC(C)f ⊗OC(C) AC

The sheaf DC is uniquely determined by the global sections, i.e by the
Weyl algebra AC
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Sheaf of chiral differential operators

Sheaf of chiral differential operators Dch
C

MC – the Weyl vertex algebra (the algebra of chiral differential
operators)

C =⇒ MC = Γ(C,Dch
C )

f ∈ OC(C) – a polynomial =⇒ Uf = {x ∈ C; f(x) ̸= 0} – a
principal open subset of C

Dch
C (Uf ) ≃ OC(C)f ⊗OC(C)MC

The sheaf Dch
C is uniquely determined by the global sections, i.e by

the Weyl vertex algebraMC

L. Křižka October 5, 2022 Dubrovnik 18 / 24



Sheaf of chiral differential operators

Weyl vertex algebraMC

x : C→ C – the canonical linear coordinate function
MC = C[. . . , ∂x−2 , ∂x−1 , x0, x1, . . . ]

fields

a(z) =
∑
n∈Z

anz
−n−1, a∗(z) =

∑
n∈Z

a∗nz−n,

where an = ∂xn and a
∗
n = x−n for n ∈ Z

|0⟩ = 1 – the vacuum

commutation relations

[a(z), a(w)] = 0, [a(z), a∗(w)] = δ(z − w), [a∗(z), a∗(w)] = 0
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Sheaf of chiral differential operators

Sheaf of chiral differential operators Dch
C

Example

Dch
C (C∗) ≃ C[. . . , ∂x−2 , ∂x−1 , x

±1
0 , x1, . . . ]

Y (x−N
0 |0⟩, z) = a∗(z)−N for N ∈ N . . . ???

Feigin’s trick

a∗(z)−N =
1

(x0 +
∑

n∈Z\{0} xnz
n)N

= x−N
0

∞∑
j=0

(
−N
j

)
x−j
0

( ∑
n∈Z\{0}

xnz
n

)j

= x−N
0

∞∑
j=0

(−1)j
(
N + j − 1

j

)
x−j
0

( ∑
n∈Z\{0}

xnz
n

)j
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Sheaf of chiral differential operators

Sheaf of twisted chiral differential operators Dκ
X

X = Ue ∪ Us

Γ(Ue,Dκ
X) ≃MC⊗CVκ−κc(h), Γ(Us,Dκ

X) ≃MC⊗CVκ−κc(h)

gluing rules

a∗x(z) = −a∗y(z)−1,

ax(z) = :a∗y(z)
2ay(z):− k∂za

∗
y(z) + a∗y(z)by(z),

bx(z) = by(z)− 2(k + 2)a∗y(z)
−1∂za

∗
y(z)

a∗y(z) = −a∗x(z)−1,

ay(z) = :a∗x(z)
2ax(z):− k∂za

∗
x(z) + a∗x(z)bx(z),

by(z) = bx(z)− 2(k + 2)a∗x(z)
−1∂za

∗
x(z)

κ = kκ0, κc = −2κ0, κ0(a, b) = tr(ab) for a, b ∈ g
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Wakimoto functor

Chiral differential operators

Dκ
X – a sheaf of twisted chiral differential operators

κ =⇒ Dκ
X =⇒ wκ,g : Vκ(g)→ Γ(X,Dκ

X)

Dκc
X [Arakawa, Chebotarov, Malikov 2011]

Dκ
X – a N0-graded sheaf of vertex algebras over X

A(Dκ
X) – a sheaf of associative algebras over X

U ⊂ X 7→ A(Dκ
X(U))

A(Dκ
X) ≃ D̃X as sheaves of associative algebras over X

E(Dκ
X), E+(Dκ

X)
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Wakimoto functor

Wakimoto functor

ΩDκ
X
: E+(Dκ

X)→M(D̃X) – the restriction functor

MDκ
X
:M(D̃X)→ E+(Dκ

X) – the induction functor

M(g, χ) – the category of g-modules with central character χ

Wλ
κ,g :M(g, χλ)→ E+(ĝκ) for λ ∈ h∗

M(g, χλ)
∆−→M(Dλ

X) −→M(D̃X)
M−→ E+(Dκ

X)
Γ(X,?)−−−−→ E+(ĝκ)

wκ,g : Vκ(g)→ Γ(X,Dκ
X)

Wλ
κ,g(E)top ≃ E as g-modules provided ⟨λ, α∨⟩ /∈ N (antidominant)

Mκ,g(E)→Wλ
κ,g(E) if ⟨λ, α∨⟩ /∈ N (antidominant)
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Thank you for your attention!

L. Křižka October 5, 2022 Dubrovnik 24 / 24


	Vertex algebras
	Affine vertex algebras
	Sheaf of chiral differential operators
	Wakimoto functor
	

