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Construction of bases of parafermionic spaces

Principal subspaces

↓

Standard modules

↓

Parafermionic spaces



Affine Kac-Moody Lie algebra

I g̃ - affine Kac-Moody Lie algebra associated to the simple Lie algebra g of
type Xl

g̃ = g⊗ C[t, t−1]⊕ Cc⊕ Cd

with Lie bracket:

[x(j1), y(j2)] = [x, y] (j1 + j2) + 〈x, y〉 j1δj1+j2,0c

[c, x(j)] = 0, [d, x(j)] = jx(j),

where x(j) = x⊗ tj for x ∈ g and j ∈ Z and 〈·, ·〉 nondegenerate form on
g.

I h̃ = h⊕ Cc⊕ Cd - Cartan subalgebra
I Q = Zα0 ⊕ Zα1 ⊕ · · · ⊕ Zαl - root lattice
I Q∨ = Zα∨0 ⊕ Zα∨1 ⊕ · · · ⊕ Zα∨l - coroot lattice
I Λ0,Λ1, . . . ,Λl - fundamental weights



Standard modules of affine Lie algebra

I L(Λ) - standard g̃-module, i.e. the integrable highest weight g̃-module of
level k,

I Λ - rectangular weight, i.e. the highest weight of the form

Λ = k0Λ0 + kjΛj ,

where k0, kj ∈ Z+, and Λj is the fundamental weight such that 〈Λj , c〉 = 1.

L(Λ) is the unique irreducible quotient of the generalized Verma g̃-module,

N(Λ) = U(g̃)⊗U(g̃>0) U, where

I U - finite-dimensional, irreducible g-module of highest weight kjΛj ,
I g̃>0 = ⊕n>0(g⊗ tn)⊕ Cc⊕ Cd acts on U by

g⊗ tn · u = 0 for n > 0, c · u = ku, d · u = 0 for all u ∈ U.



Principal subspace

I g = n− ⊕ h⊕ n+, n+ = ⊕α∈R+Cxα
I ñ+ = n+ ⊗ C[t, t−1]

Principal subspace

WL(Λ) = U(ñ+)vΛ

Character of the principal subspace

ch WL(Λ) =
∑

m,r1,...,rl≥0

dim (WL(Λ))−mδ+r1α1+...+rlαlq
m

l∏
i=1

yrii

I (WL(Λ))−mδ+r1α1+...+rlαl the weight subspaces of WL(Λ) with respect to h̃



Quasi-particles

I L(Λ) is a module of VOA L(kΛ0), where

xαi(z) =
∑
m∈Z

xαi(m)z−m−1 ∈ (EndL(Λ))[[z, z−1]].

Quasi-particle of color i, charge r and energy -m

xrαi(z) = xαi(z)
r =

∑
m∈Z

xrαi(m)z−r−m ∈ (EndL(Λ))[[z, z−1]].

For fixed m ∈ Z quasi-particle xrαi(m) is

xrαi(m) =
∑

m1,...,mr∈Z
m1+···+mr=m

xαi(mr) · · ·xαi(m1).



Quasi-particle bases of principal subspaces WL(Λ)

Theorem (B. Feigin and A. Stoyanovsky 1994, G. Georgiev 1995, M. B., S.
Kožić, M. Primc 2014–2021)
For any rectangular highest weight Λ the set

BWL(Λ)
=
{
b · vΛ : b ∈ BWL(Λ)

}
forms a basis for the principal subspace WL(Λ) of untwisted affine Lie algebras.

I BWL(Λ)
the set of monomials of the form

b(αl) · · · b(α1),

where

b(αi) = xn
r
(1)
i

,i
αi(mr

(1)
i ,i

) · · ·xn2,iαi(m2,i)xn1,iαi(m1,i)

I charges of quasi-particles in color i = 1, . . . , l decrease from right to left,
I maximal charge for color i = 1, . . . , l is kαi = 2k/ 〈αi, αi〉 ∈ {k, 2k, 3k},
I energies of quasi-particles satisfy certain conditions.



Quasi-particle bases-example

I V = L(Λ0), L(Λ1), L(Λ2) the standard B(1)
2 - modules of level 1

I x1α2
(m3,2)x2α2

(m2,2)x2α2
(m1,2)xα1

(m3,1)xα1
(m2,1)xα1

(m1,1)vV

I conditions on energies of color i = 1:

I WL(Λ0):

m1,1 ≤ −1

xα1
(−1)

I WL(Λ1):

m1,1 ≤ −2

xα1(−2)

I WL(Λ2):

m1,1 ≤ −1

xα1(−1)



Quasi-particle bases-example

I V = L(Λ0), L(Λ1), L(Λ2) the standard B(1)
2 - modules of level 1

I x1α2(m3,2)x2α2(m2,2)x2α2(m1,2)xα1(m3,1)xα1(m2,1)xα1(m1,1)vV

I conditions on energies of color i = 1 follow from relation on level 1 module V :

x2α1(z) = 0 ⇒
∑
m∈Z

 ∑
m1,m2∈Z
m1+m2=m

xα(m1)xα(m2)

 z−m−2vV = 0 ⇒ m2 ≤ m1 − 2

I WL(Λ0):

m1,1 ≤ −1

m2,1 ≤ −3

m3,1 ≤ −5

I WL(Λ1):

m1,1 ≤ −2

m2,1 ≤ −4

m3,1 ≤ −6

I WL(Λ2):

m1,1 ≤ −1

m2,1 ≤ −3

m3,1 ≤ −5



Quasi-particle bases-example

I x1α2
(m3,2)x2α2

(m2,2)x2α2
(m1,2)vV

I conditions on energies of color i = 2:

I WL(Λ0):

m1,2 ≤ −2

xα2(−1) xα2(−1)

I WL(Λ1):

m1,2 ≤ −2

I WL(Λ2):

m1,2 ≤ −3



Quasi-particle bases-example

I x1α2
(m3,2)x2α2

(m2,2)x2α2
(m1,2)vV

I conditions on energies of color i = 2:

I WL(Λ0):

m1,2 ≤ −2

m2,2 ≤ −6

m3,2 ≤ −8

I WL(Λ1):

m1,2 ≤ −2

m2,2 ≤ −6

m3,2 ≤ −8

I WL(Λ2):

m1,2 ≤ −3

m2,2 ≤ −7

m3,2 ≤ −9

I conditions on energies of color i = 2 follow from the commutativity of vertex operators:

xα2(z)x2α2(z)
x2α2

(z)x2α2
(z)

}
=⇒ xα2(m2)x2α2(m1) ⇒ m2 ≤ m1 − 2

x2α2
(m2)x2α2

(m1) ⇒ m2 ≤ m1 − 4



Quasi-particle bases-example

I x1α2
(m3,2)x2α2

(m2,2)x2α2
(m1,2)xα1

(m3,1)xα1
(m2,1)xα1

(m1,1)vV

I conditions on energies of color i = 2:

I WL(Λ0):

m1,2 ≤ 1

m2,2 ≤ −3

m3,2 ≤ −5

I WL(Λ1):

m1,2 ≤ 1

m2,2 ≤ −3

m3,2 ≤ −5

I WL(Λ2):

m1,2 ≤ 0

m2,2 ≤ −4

m3,2 ≤ −6

I conditions on energies of color i = 1 follow from relation on level 1 module V :

(z1 − z2)xα1(z1)xnα2(z2) = (z1 − z2)xnα2(z2)xα1(z1), n ≤ 2

⇒ xnα2(m2)xα1(m1) ⇒ m2 ≤ m1 + 1



Character of WL(Λ)

Write conditions on energies in terms of dual partitions of
∑r

(1),
i
t=1 nt,i with parts r(s)

i , s = 1, . . . kαi

r
(1)
i

r
(2)
i

r
(3)
i

r
(4)
i

n4,i n3,i n2,i n1,i

I in the case of level one B(1)
2 -modules we have:

ch WL(Λ0) =
∑
r
(1)
1 >0

r
(1)
2 >r(2)

2 >0

qr
(1)2

1 +r
(1)2

2 +r
(2)2

2 −r(1)
1 (r

(1)
2 +r

(2)
2 )

(q; q)
r
(1)
1

(q; q)
r
(1)
2 −r

(2)
2

(q; q)
r
(2)
2

y
r
(1)
1

1 y
r
(1)
2 +r

(2)
2

2 ,

ch WL(Λ1) =
∑
r
(1)
1 >0

r
(1)
2 >r(2)

2 >0

qr
(1)2

1 +r
(1)2

2 +r
(2)2

2 −r(1)
1 (r

(1)
2 +r

(2)
2 )+r

(1)
1

(q; q)
r
(1)
1

(q; q)
r
(1)
2 −r

(2)
2

(q; q)
r
(2)
2

y
r
(1)
1

1 y
r
(1)
2 +r

(2)
2

2 ,

ch WL(Λ2) =
∑
r
(1)
1 >0

r
(1)
2 >r(2)

2 >0

qr
(1)2

1 +r
(1)2

2 +r
(2)2

2 −r(1)
1 (r

(1)
2 +r

(2)
2 )+r

(2)
2

(q; q)
r
(1)
1

(q; q)
r
(1)
2 −r

(2)
2

(q; q)
r
(2)
2

y
r
(1)
1

1 y
r
(1)
2 +r

(2)
2

2 ,

where

(a; q)r =
r∏
i=1

(1− aqi−1).



Character of WL(Λ)

Theorem
For any rectangular weight Λ = k0Λ0 + kjΛj of level k = k0 + kj in types B, C, F and G the
character chWL(Λ) equals

∑
r
(1)
1 >···>r

(kα1
)

1 >0...
r
(1)
l >···>r

(kαl
)

l >0

q
∑l
i=1

∑kαi
t=1 r

(t)2

i −
∑l
i=2

∑k
t=1

∑νi−1
p=0 r

(t)
i−1r

(νit−p)
i +

∑kαj
t=νjk0+(νj−1)kj+1

r
(t)
j∏l

i=1(q; q)
r
(1)
i −r

(2)
i
· · · (q; q)

r
(kαi

)

i

l∏
i=1

ynii ,

where νi = kαi/kαi′ for i = 2, . . . , l, and

i′ =


l − 2, if i = l and g = Dl,

3, if i = l and g = E6, E7,

5, if i = l and g = E8,

i− 1, otherwise.



Character of WN(Λ)

I principal subspace of GVM is defined as WN(Λ) = U(ñ+)vΛ

I WN(Λ)
∼= U(ñ<0

+ ), ñ<0
+ = n+ ⊗ t−1C

[
t−1
]

Theorem (M. B., S. Kožić, M. Primc)
For any rectangular weight Λ = k0Λ0 + kjΛj of level k = k0 + kj , and for any untwisted affine Lie
algebra g̃ we have

∑ q
∑l
i=1

∑
t>1 r

(t)2

i −
∑l
i=2

∑
t>1

∑νi−1
p=0 r

(t)

i′ r
(νit−p)
i∏l

i=1

∏
j>1(q; q)

r
(j)
i −r

(j+1)
i

l∏
i=1

ynii =
1∏

α∈R+
(α; q)∞

,

where νi = νi/νi′ , ni =
∑
t>1 r

(t)
i for i = 1, . . . , l and the sum on the left hand side goes over all

descending infinite sequences

r
(1)
1 > · · · > r

(m)
1 > · · · > 0

...

r
(1)
l > · · · > r

(m)
l > · · · > 0

of integers with finite support. (r(j)
i =number of q-p’s of color i and charge > j).



Idea of the proof of linear independence

∑
a∈A

cabvΛ =⇒
∑
a∈A

cab
+vΛ

b < b+

I In the case of B(1)
2

bvΛ0

Aλ17−−→ beλ1
vΛ0

e−1
λ1−−→ b+vΛ0

bvΛ2

Aλ17−−→ beλ1vΛ2

e−1
λ1−−→ b+vΛ2

Aλ1
∈ I
(

L(Λ1)

L(Λ1) L(Λ0)

)
Aλ1
∈ I
(

L(Λ2)

L(Λ1) L(Λ2)

)



Construction of bases of parafermionic spaces

Principal subspaces

↓

Standard modules

↓

Parafermionic spaces



Standard modules

I we use relations

1

p!
(zxα(z))p =

1

q!
E−(−α∨, z)(−zx−α(z))qE+(−α∨, z)eα∨zcα+α∨ ,

where kα = p+ q, p, q > 0.

I The coroot lattice Q∨ =
∑l
i=0 Zα∨i acts on the standard module L(Λ) via

Weyl translations:

Q∨ 3 α∨ 7→ eα∨ = ex−α(1)e−xα(−1)ex−α(1)exα(0)e−x−α(0)exα(0) ∈ EndL(Λ).

I BU(ĥ−) . . . Poincaré–Birkhoff–Witt-type basis of the universal enveloping
algebra of

ĥ− = h⊗ t−1C[t−1],

I B′WL(Λ)
=
{
b ∈ BWL(Λ)

: b does not contain q-p’s of max. charge kαi
}

.



Standard modules
Theorem (G. Georgiev 1995, M. B., S. Kožić, M. Primc 2021)
For any rectangular highest weight Λ the set

BL(Λ) =
{
eα∨ · h · b · vΛ : α∨ ∈ Q∨, h ∈ BU(ĥ−), b ∈ B

′
WL(Λ)

}
forms a basis for the standard module L(Λ).

Theorem (M. B., S. Kožić, M. Primc)
For any rectangular highest weight Λ the character of the standard module L(Λ) is

1∏l
i=1(q; q)i∞

∑
a1,...,al∈Z

∑
r
(1)
1 >···>r

(kα1 )

1 >0...
r
(1)
l >···>r

(kαl
)

l >0

q
∑l
i=1

∑kαi
t=1 r

(t)2

i −
∑l
i=2

∑k
t=1

∑νi−1
p=0 r

(t)
i−1r

(νit−p)
i +

∑kαj
t=νjk0+(νj−1)kj+1

r
(t)
j∏l

i=1(q; q)
r
(1)
i −r

(2)
i
· · · (q; q)

r
(kαi

−1)

i

q
1
2 (

∑l
i=1 k

2
i a

2
i 〈αi,αi〉+

∑l−1
j=1 kikjaiaj〈αi,αj〉)+

∑l
i=1

∑kαi
−1

s=1 (kiaisp
(s)
i 〈αi,αi〉+

∑l
j=1 kiaisp

(s)
j−1)

l∏
i=1

y
ni+kαiai
i ,

where νi = kαi/kαi′ for i = 2, . . . , l



Construction of bases of parafermionic spaces

Principal subspaces

↓

Standard modules

↓

Parafermionic spaces



Vacuum subspace of the standard module L(Λ)

I L(Λ)ĥ
+

- vacuum space of the standard module L(Λ)

L(Λ)ĥ
+

=
{
v ∈ L(Λ) : ĥ+ ·v = 0

}
, where ĥ+ = h⊗ tC[t].

I Z-operators for quasi-particles of higher charge

Znα(z) = E−(α, z)n/kxnα(z)E+(α, z)n/k

I Z-operators for quasi-particle monomials of charge type R′ = (n
r
(1)
l ,l

, . . . , n1,1)

ZR′(zr(1)
l ,l

, . . . , z1,1) =

= E−(αl, zr(1)
l ,l

)
n
r
(1)
l

,l
/k
. . . E−(α1, z1,1)n1,1/kxR′(zr(1)

l ,l
, . . . , z1,1)

×E+(αl, zr(1)
l ,l

)
n
r
(1)
l

,l
/k
. . . E+(α1, z1,1)n1,1/k,

where
xR′(zr(1)

l ,l
, . . . , z1,1) = xn

r
(1)
l

,l
αl(zr(1)

l ,l
) . . . xn1,1α1

(z1,1).

ZR′(zr(1)
l ,l

, . . . , z1,1) =
∑

m
r
(1)
l

,l
,...,m1,1∈Z

ZR′(mr
(1)
l ,l

, . . . ,m1,1)z
−m

r
(1)
l

,l
−n

r
(1)
l

,l

r
(1)
l ,l

. . . z−m11−n11
1,1

I the coefficients act on the vacuum space

ZR′(mr
(1)
l ,l

, . . . ,m1,1) : L(Λ)ĥ
+

→ L(Λ)ĥ
+

.



Vacuum subspace of the standard module L(Λ)

I The direct sum decomposition of the standard module,

L(Λ) = L(Λ)ĥ
+

⊕ ĥ−U(ĥ−) ·L(Λ)ĥ
+

,

defines the projection

πĥ+

: L(Λ)→ L(Λ)ĥ
+

.

I We have Weyl translations eα∨ : L(Λ)ĥ
+ → L(Λ)ĥ

+

for α∨ ∈ Q∨.

Theorem (G. Georgiev 1995, M. B., S. Kožić, M. Primc 2021)
For any rectangular highest weight Λ the set of vectors

eµZR′(mr
(1)
l ,l

, . . . ,m1,1)vL(Λ),

such that µ ∈ Q∨ and the charge-type R′ and the energy-type
(m

r
(1)
l ,l

, . . . ,m1,1) satisfy difference and initial conditions for B′WL(Λ)
, is a basis

of the vacuum space L(Λ)ĥ
+

.



Parafermionic space of the standard module L(Λ)

I The action of eα∨i produces isomorphisms of the h-weight subspaces

eα∨i : L(Λ)ĥ
+

ν → L(Λ)ĥ
+

ν+kαiαi
.

I Q(k) =
∐l
i=1 Zkαiαi ⊂ Q, where kαi = 2k/ 〈αi, αi〉 .

Parafermionic subspace of L(Λ)

L(Λ)ĥ
+

Q(k) =
∐

06m16kα1
−1

···
06ml6kαl−1

L(Λ)ĥ
+

Λ+m1α1+···+mlαl ⊂ L(Λ)ĥ
+



Parafermionic space of the standard module L(Λ)

I Georgiev defines the parafermionic space of highest weight Λ as the
space of kQ-coinvariants in the kQ-module L(Λ)ĥ

+

:

L(Λ)ĥ
+

kQ = L(Λ)ĥ
+

/ span
{

(ρ(kα)− 1) · v
∣∣ α ∈ Q, v ∈ L(Λ)ĥ

+
}
,

where ρ(kα) = eα ⊗ . . .⊗ eα : L(Λ)ĥ
+

ν → L(Λ)ĥ
+

ν+kα

I parafermionic projection

πĥ+

kQ : L(Λ)ĥ
+

→ L(Λ)ĥ
+

kQ.



Parafermionic space of the standard module L(Λ)

I For any µ = (Λ +m1α1 + . . .+mlαl)|h there is a unique ep1

α∨1
. . . eplα∨l

such
that

ep1

α∨1
. . . eplα∨l

: L(Λ)ĥ
+

µ

∼=−−−→ L(Λ)ĥ
+

Λ+(m1+p1kα1
)α1+...+(ml+plkαl )αl

⊂ L(Λ)ĥ
+

Q(k),

so that we can identify the h-weight subspaces L(Λ)ĥ
+

Λ+µ and L(Λ)ĥ
+

Λ+µ′

with h-weights µ and µ′ in the same class µ+Q(k) ∈ Q/Q(k).

I parafermionic projection

πĥ+

Q(k) : L(Λ)ĥ
+

→ L(Λ)ĥ
+

Q(k)



Parafermionic space of the standard module L(Λ)

I parafermionic current

Ψα(z) = Zα(z)z−α/k, Ψα(z) =
∑

m∈ 1
kα

+Z

ψα(m)z−m−1,

I parafermionic currents of charge n:

Ψnα(z) = Znα(z)z−nα/k, Ψnα(z) =
∑

m∈ n
kα

+Z
ψnα(m)z−m−n.

Lemma
For a simple root β and a positive integer n we have

Ψnβ(z) =

 ∏
16p<s6n

(
1− zp

zs

)〈β,β〉/k
z〈β,β〉/ks

Ψβ(zn) . . .Ψβ(z1)

∣∣∣∣∣
zn=...=z1=z

.



Parafermionic space basis in types B,C, F,G

I For monomials of quasi-particles of charge type R′ = (n
r
(1)
l ,l

, . . . , n1,1)

we define the corresponding Ψ-operators

ΨR′(zr(1)
l l

, . . . , z1,1) = ZR′(zr(1)
l l

, . . . , z1,1)z
−n

r
(1)
l

αl/k

r
(1)
l l

. . . z
−n1,1α1/k
1,1 ,

ΨR′(zr(1)
l ,l

, . . . , z1,1) =
∑

m
r
(1)
l

,l
,...,m1,1

ψR′(mr
(1)
l ,l

, . . . ,m1,1)

l∏
i=1

r
(1)
i∏
p=1

z
−mp,i−np,i
p,i

where the summation in the second equality is over all sequences
(m

r
(1)
l ,l

, . . . ,m1,1) such that mi,r ∈ ni,r
kαr

+ Z.

Lemma
For any simple roots βr, . . . , β1 and charges nr, . . . , n1 we have

Ψnrβr,...,n1β1
(zr, . . . , z1) =

 ∏
16p<s6r

(
1− zp

zs

)〈nlβs,npβp〉/k
z〈nsβs,npβp〉/ks


×Ψnrβr (zr) . . .Ψn1β1

(z1).



Parafermionic space of the standard module L(Λ)

Theorem (M. B., S. Kožić, M. Primc 2021)
For any highest weight Λ the set of vectors

πĥ+

Q(k)ZR′(mr
(1)
l ,l

, . . . ,m1,1)vΛ

= ψR′(mr
(1)
l ,l

+ 〈n
r
(1)
l ,l

αl,Λ〉/k, . . . ,m1,1 + 〈n1,1α1,Λ〉/k)vΛ,

such that the charge-type R′ and the energy-type (m
r
(1)
l ,l

, . . . ,m1,1) satisfy
difference and initial conditions for B′WL(Λ)

, is a basis of the parafermionic

space L(Λ)ĥ
+

Q(k) of type B,C, F,G.



Parafermionic character formulas of Kuniba,
Nakanishi, Suzuki in types B,C, F,G

Theorem (M. B., S. Kožić, M. Primc 2021)
For any rectangular highest weight Λ = k0Λ0 + kjΛj character of
parafermionic space is equal to

chL(Λ)ĥ
+

Q(k) = q−cΛtrqLΩ(0) =
∑
P
D′P(q)G′P(q)B′P(q),

where the sum goes over all finite sequences P = (Pl, . . . ,P1) of nonnegative
integers such that Pi = (p

(1)
i , . . . , p

(kαi−1)

i ) and

D′P(q) = 1∏l
i=1

∏kαi
−1

r=1 (q;q)
p
(r)
i

, νi = kαi/k = 2/ 〈αi, αi〉 ,

G′P(q) = q
1
2k

∑l
i,r=1

∑kαi
−1

m=1

∑kαr−1

n=1 〈αi,αr〉p(m)
i p(n)

r (min{kαrm,kαin}−mn),

B′P(q) = q
∑kαj

−1

t=νjk0−(νj−1)kj+1
(t−νjk0+(νj−1)kj)p

(t)
j q
−

kj
kαj

∑kαj
−1

t=1 tp
(t)
j .



Parafermionic spaces associated to twisted affine Lie
algebras

M. Okado, R. Takenaka, Parafermionic Bases of Standard Modules for
Twisted Affine Lie Algebras of Type A(2)

2l−1, D(2)
l+1, E(2)

6 and D(3)
4 , Algebras

and Representation Theory (2022)

R. Takenaka. Vertex algebraic construction of modules for twisted affine
Lie algebras of type A(2)

2l , arXiv:2205.05271 [math.RT]



Standard modules of twisted affine Kac-Moody Lie
algebra

I Let g be a complex simple Lie algebra of type A2l−1 or Dl+1

A2l−1
1 2

. . .
l − 1 l l + 1

. . .
2l − 2 2l − 1

Dl+1
1 2

. . .
l − 1 l

l + 1

I ν induces an the decomposition of g:

g = g(0) ⊕ g(1),

where
g(m) = {x ∈ g | ν(x) = (−1)mx}.



Standard modules of twisted affine Kac-Moody Lie
algebra

I g̃[ν] - twisted affine Kac-Moody Lie algebra associated to the simple Lie
algebra g

g̃[ν] =
∐
m∈ 1

2Z

g(2m) ⊗ tm ⊕ Cc⊕ Cd

I L(Λ) - standard g̃[ν]-module of level k with the highest weight of the form

Λ = k0Λ0 + kjΛj

I L(Λ) ∼= U(g̃[ν̂]) · vΛ is realized as a submodule of V T⊗kQ with a highest
weight vector

vΛ = vΛjk
⊗ · · · ⊗ vΛj1

,

where

js =

{
0 for 1 ≤ s ≤ k0

j for k0 + 1 ≤ s ≤ k
.



Principal subspace

I ñ+[ν] =
∐
m∈ 1

2Z
Cxα(2m) ⊗ tm ⊕ Cc

Principal subspace

WL(Λ) = U(ñ+[ν])vΛ

Twisted quasi-particle of color i, charge r and energy -m

xνrαi(z) = Y ν(xαi(−1)r1, z) =
∑
m∈ 1

2Z

xνrαi (m)z−m−r ∈ (EndV )[[z, z−1]].



Quasi-particle bases of principal subspaces WL(Λ)

Theorem
For any rectangular highest weight Λ the set

BWL(Λ)
=
{
b · vΛ : b ∈ BWL(Λ)

}
forms a basis for the principal subspace WL(Λ) of twisted affine Lie algebras
of type A(2)

2l−1 and D(2)
l+1.

I BWL(Λ)
the set of monomials of the form

bν(αl) · · · bν(α1),

where

bν(αi) = xνn
r
(1)
i

,i
αi(mr

(1)
i ,i

) · · ·xνn2,iαi(m2,i)x
ν
n1,iαi(m1,i)

I charges of quasi-particles in color i = 1, . . . , l decrease from right to left,
I maximal charge for color i = 1, . . . , l is k.



Quasi-particle bases of principal subspaces WL(Λ)

bν(αl) · · · bν(α1),

where

bν(αi) = xνn
r
(1)
i

,i
αi(mr

(1)
i ,i

) · · ·xνn2,iαi(m2,i)x
ν
n1,iαi(m1,i)

I Energies of quasi-particles satisfy certain conditions:

mp,i ≤ −µinp,i − 〈αi(0), αi−1(0)〉
r
(1)
i−1∑
q=1

min {ni−1, ni} − 2(p− 1)µinp,i −
∑np,i
s=1 µiδi,js ,

for 1 ≤ p ≤ r(1)
i ,

mp+1,i ≤ mp,i − 2µinp,i, for np+1,i = np,i, 1 ≤ p ≤ r(1)
i − 1,

where r(1)
0 = 0 and µi =

〈αi(0),αi(0)〉
2 .



Character of principal subspaces WL(Λ)

Theorem (M. B., S. Kožić, M. Primc)

For affine Lie algebras A(2)
2l−1 and D(2)

l+1, the principal subspace WL(Λ) has
character given by:

ch WL(Λ) =
∑
P

q
1
2

∑l
i,j=1

∑t
m,n〈αi(0),αj(0)〉min{m,n}p(m)

i p
(n)
j +p̃j∏l

i=1

∏t
s=1(qµi ; qµi)

p
(s)
i

l∏
i=1

ynii ,

where p̃j =
∑k
s=k0+1(s− k0)µjp

(s)
j and ni =

∑t
s=1 r

(s)
i . The sum goes over all

finite sequences P = (P1, . . . ,Pl) of lt nonnegative integers, where t = k for
every color i.



Standard modules

I operators eα on the standard module L(Λ) correspond to the translation
operator of the affine Weyl group

I BU(h̃[ν]−) . . . Poincaré–Birkhoff–Witt-type basis of the universal
enveloping algebra of

h̃[ν]− = h(0) ⊗ t−1C[t−1]⊕ h(1) ⊗ t−1/2C[t−1],

I B′WL(Λ)
=
{
b ∈ BWL(Λ)

: b does not contain q-p’s of max. charge k
}

.

Theorem
For any rectangular highest weight Λ the set

BL(Λ) =
{
eα · h · b · vΛ : α ∈ Q(0), h ∈ BU(h̃[ν]−), b ∈ B

′
WL(Λ)

}
forms a basis for the standard module L(Λ).



Character of standard modules

Theorem (M. B., S. Kožić, M. Primc)
For any rectangular highest weight Λ the character of the standard module L(Λ) is

1∏l
i=1(qµi ; qµi)i∞

∑
a1,...,al∈Z

∑
P

q
1
2

∑l
i,j=1

∑t
m,n〈αi(0),αj(0)〉min{m,n}p(m)

i p
(n)
j +p̃j∏l

i=1

∏t
s=1(qµi ; qµi)

p
(s)
i

q
1
2 (

∑l
i=1 k

2a2
i 〈αi(0),αi(0)〉+

∑l−1
j=1 k

2aiaj〈αi(0),αj(0)〉)+
∑l
i=1

∑k−1
s=1 (kaisp

(s)
i 〈αi(0),αi(0)〉+

∑l
j=1 kaisp

(s)
j−1)

l∏
i=1

yni+aii ,

where p̃j =
∑k
s=k0+1(s− k0)µjp

(s)
j and ni =

∑t
s=1 r

(s)
i .



Vacuum subspace of the standard module L(Λ)

I L(Λ)h̃[ν]+ - vacuum space of the standard module L(Λ)

L(Λ)h̃[ν]+ =
{
v ∈ L(Λ)

∣∣ h̃[ν]+ ·v = 0
}
,

I The direct sum decomposition of the standard module,

L(Λ) = L(Λ)h̃[ν]+ ⊕ h̃[ν]−U(h̃[ν]−) ·L(Λ)h̃[ν]+ ,

defines the projection

π[ν]+ : L(Λ)→ L(Λ)h̃[ν]+

Theorem
For any rectangular highest weight Λ the vectors

eα · πĥ+

(b · vΛ) , where α ∈ Q, b ∈ B′WL(Λ)
,

form a basis for the vacuum space L(Λ)h̃[ν]+ .



Parafermionic space of the standard module L(Λ)

Parafermionic subspace of L(Λ)

L(Λ)
h̃[ν]+

kQ = L(Λ)h̃[ν]+/span
{

(ρ(kα)− 1) · v
∣∣ α ∈ Q, v ∈ L(Λ)h̃[ν]+

}
Character of the parafermionic subspace

chL(Λ)
h̃[ν]+

kQ =
∑

m,r1,...,rl≥0

dim (L(Λ)
h̃[ν]+

kQ )(m,r1,...rl)q
m

2∏
i=1

yrii ,

I (L(Λ)
h̃[ν]+

kQ )(m,r1,...rl) the weight subspaces of L(Λ)
h̃[ν]+

kQ with respect to
the degree operator

−d−Dh̃[ν]+ , Dh̃[ν]+
∣∣
L(Λ)

h̃[ν]+
µ

=
〈µ(0), µ(0)〉

2k



Parafermionic space basis

I parafermionic projection

π
[ν]+

kQ : L(Λ)h̃[ν]+ → L(Λ)
h̃[ν]+

kQ

Theorem (M. B., S. Kožić, M. Primc)
For any rectangular highest weight Λ the vectors

π
[ν]+

kQ

(
π[ν]+ (b · vΛ)

)
, where b ∈ B′WL(Λ)

,

form a basis for the parafermionic space L(Λ)
h̃[ν]+

kQ of type A(2)
2l−1 and D(2)

l+1 .



Parafermionic character formula

Theorem (M. B., S. Kožić, M. Primc)
For any rectangular highest weight Λ = k0Λ0 + kjΛj character of
parafermionic space is equal to

chL(Λ)ĥ
+

Q(k) =
∑
P
D′P(q)G′P(q)B′P(q),

where the sum goes over all finite sequences P = (Pl, . . . ,P1) of nonnegative
integers such that Pi = (p

(1)
i , . . . , p

(k−1)
i ) and

D′P(q) = 1∏l
i=1

∏k−1
s=1 (qµi ;qµi )

p
(s)
i

,

G′P(q) = q
1
2

∑l
i,j=1

∑k−1
m,n(〈αi(0),αj(0)〉min{m,n}p(m)

i −mn2 ,

B′P(q) = q
∑k−1
t=k0+1(t−k0)p

(t)
j q−

kj
k

∑k−1
t=1 tp

(t)
j .



Thank you


	

