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SLy(R) is defined by
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H is the upper half—plane: Im(z) >0
SL>(R) acts on H in a well-known way
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H can be regarded as a model for the hyperbolic plane with
(invariant under SL(R))
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SLy(R) is defined by
ﬂﬂ@:{(iZ);aaqdeR@d—M:l}

H is the upper half—plane: Im(z) >0
SL>(R) acts on H in a well-known way
az+b a b
z=— = SLH(R H
84 z+a & ( d)e 2(R), z¢
H can be regarded as a model for the hyperbolic plane with
(invariant under SL(R))

hyperbolic volume: C’;;’y

dx2+dy?
2

hyperbolic distance: ds® = )
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we are interested in discrete subgroups I' of SLy(R)
traditionally called Fuchsian groups

the hyperbolic geometry can be used to construct nice
fundamental domains Fr for the action of I on H
Main interest:
. . . .oy dxd|
[is a Fuchsian group of the first kind if [[. <5 < oo
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Fuchsian groups of the first kind

Siegel . . . . ..
£ Fr is a polygon in the hyperbolic plane H with finitely many
vertices: some of them might be at infinity = R U {oco}

a [—conjugate of a vertex at infinity is called cusp for [

In what follows I" always denotes a Fuchsian group of the first kind
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Fuchsian groups of the first kind

Let H* be the union of H and the set of all cusps for I
the space Ry of -orbits for H* has a structure of compact
Riemann surface

compact Riemann surface (analysis)=
complete (projective) non—singular irreducible algebraic curve over
C (algebraic geometry)  Because:

@ a compact Riemann surface SR can be embedded in a complex
projective space IP” for some n using suitable meromorphic
functions; particular case is less analytic:
modular forms are used to make this step explicit for Ry

@ Chow's theorem: the image is a complex irreducible smooth
projective curve = given by homogeneous polynomial
equations
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Examples Fuchsian groups of the first kind (Number

theory)
Principal congruence subgroups: let N > 1, we define

M(N) = {<i 3) € SLy(Z); a,d =1 (mod N), b,c =0 (mod N)}

a congruence subgroup is a subgroup I of SLy(7Z) such that
I(N) CT for some N > 1.
the most important congruence subgroups:

o) ={ (3 ) € Sta(@i e =0 (mod w)}

the set of cusps for congruence subgroups is Q U {oco}
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a holomorphic function f : H — C is called modular form for [ of
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1. f(v.z) = j(v,2)"f(z), forall z€H, v €T, where
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Modular forms of one variable

a holomorphic function f : H — C is called modular form for [ of
(integral) weight m > 0 if

1. f(v.z) = j(v,2)"f(z), forall z€H, v €T, where

. def _(a b
J(ﬁYaZ)_CZ"i_d? 7_<C d>

2. f is holomorphic in cusps for [
3. In addition, if f vanish at all cusps it is called a cusp form

condition 2. is a technical condition which for I' = 'o(N) and the
cusp oo means that 7 has a Fourier expansion so called
g—expansion

f(z)=ao+a1qg+ a2q° + -+, q=-exp(2mV/—1z),

and condition 3. f means ag =0
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Modular forms of one variable

Famous example: Ramanujan A function is a cusp form for
SLy(Z) =To(1) of weight 12:
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oo
A(z)=q ][ (1—-¢")* =q—24¢> +252¢° — -
n=1
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Modular forms of one variable

Famous example: Ramanujan A function is a cusp form for
SLy(Z) =To(1) of weight 12:

oo
A(z)=q ][ (1—-¢")* =q—24¢> +252¢° — -
n=1

Coefficients in the g—expansion of modular forms usually carry
deep arithmetic information

Goran Mui¢ Models of Xy(/N) and beyond via modular forms and some app!



Cuspidal forms of one variable
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Let S,(I") be the vector space of all cusp forms for I’

Riemann—Roch theorem for the curve Rr
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Let S,(I") be the vector space of all cusp forms for I’
Riemann—Roch theorem for the curve Rr

o = dim 5,() is finite dimensional
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Let S,(I") be the vector space of all cusp forms for I’
Riemann—Roch theorem for the curve Rr
o = dim 5,() is finite dimensional

e — the formula for the dimension of S,,(I") when m > 2
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Cuspidal forms of one variable

Let S,(I") be the vector space of all cusp forms for I’
Riemann—Roch theorem for the curve Rr
o = dim 5,() is finite dimensional

e — the formula for the dimension of S,,(I") when m > 2

For applications in number theory, there are various ways of
construction bases for Sp,(I") especially when ' = To(N)
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Cuspidal forms of one variable for [o(N)

In fact, there are computer systems such as SAGE or MAGMA for
computing with modular forms.
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RAry(n) in various complex PN resulting in explicit equations.
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Cuspidal forms of one variable for [o(N)

In fact, there are computer systems such as SAGE or MAGMA for
computing with modular forms. For example, computation of
g—expansions of certain bases of Sp,(lo(N)).

This is very useful for computing explicit embeddings of curves
RAry(n) in various complex PN resulting in explicit equations.

That was studied by many people (including very recently some of
my works joint with Kodrnja). For that computations, the space of
weight two cusp forms for I'o(N) is especially useful since it
canonically isomorphic to the space of holomorphic differentials on
the curve.
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Assume that I has at least one cusp e.g. [ =To(N). Let g(I') be
the genus of Ar.
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Assume that I has at least one cusp e.g. [ =To(N). Let g(I') be
the genus of Ar.

Let m > 2 an even integer, such that dim M,(I') > 3.
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Assume that I has at least one cusp e.g. [ =To(N). Let g(I') be
the genus of Ar.

Let m > 2 an even integer, such that dim M,(I') > 3.

Let f, g, h be three linearly independent modular forms in M, ().
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Assume that I has at least one cusp e.g. [ =To(N). Let g(I') be
the genus of Ar.

Let m > 2 an even integer, such that dim M,(I') > 3.
Let f, g, h be three linearly independent modular forms in M, ().

Then, we define a holomorphic (regular) map

mr—ﬂPﬁ

MNH — P?

z— (F(2): g(2) : h(2)). (0-1)
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Since PRr has a canonical structure of complex projective
irreducible algebraic curve, this map can be regarded as a regular
map between projective varieties. Consequently, the image is an
irreducible projective curve which we denote by C(f, g, h).
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Since PRr has a canonical structure of complex projective
irreducible algebraic curve, this map can be regarded as a regular
map between projective varieties. Consequently, the image is an
irreducible projective curve which we denote by C(f, g, h).

The degree d(f, g, h) of the map (0-1) is by definition the degree
of the field extension of the fields of rational functions:

(C(C(f?ga h)) - C(mr)
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Since PRr has a canonical structure of complex projective
irreducible algebraic curve, this map can be regarded as a regular
map between projective varieties. Consequently, the image is an
irreducible projective curve which we denote by C(f, g, h).

The degree d(f, g, h) of the map (0-1) is by definition the degree
of the field extension of the fields of rational functions:

(C(C(f?ga h)) - C(mr)

The degree degC(f, g, h) of the curve C(f, g, h) is the degree of
the reduced homogeneous equation defining C(f, g, h) in P2
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Description of d(f, g, h) - degC(f, g, h)
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Description of d(f, g, h) - degC(f, g, h)

Any f € My (), f # 0 has a divisor which has the form
div(f) = (the part independent of f) + ¢},

Goran Mui¢ Models of Xy(/N) and beyond via modular forms and some app!



Description of d(f, g, h) - degC(f, g, h)

Any f € My (), f # 0 has a divisor which has the form
div(f) = (the part independent of f) + ¢},
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Description of d(f, g, h) - degC(f, g, h)

Any f € My (), f # 0 has a divisor which has the form
div(f) = (the part independent of f) + ¢},

¢ is usual divisor on the curve Rr

We write

= Z va(f)a (a finite sum), c¢(a) = va(f)
acRr
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Description of d(f, g, h) - degC(f, g, h)

Any f € My (), f # 0 has a divisor which has the form
div(f) = (the part independent of f) + ¢},

¢ is usual divisor on the curve Rr

We write

= Z va(f)a (a finite sum), c¢(a) = va(f)
acRr

When f € Sp,(I"), we define another divisor

of = — E a
acRr
a cusp
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Description of d(f, g, h) - degC(f, g, h)
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Description of d(f, g, h) - degC(f, g, h)

Theorem (M.)
We have the following:

d(f,g,h) degC(f,g, h) =

dim My (1) + (1) — 1 = 34, min (ci(a), ¢ (a), ¢4 (a)),
dimS,(MN +g(MN)—1—€m — Zaemr min (cr(a), cg(a), cp(a)),
iff,g,h € Sn(l),

where e = 1 and €, = 0 for m even, m > 4.
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Models of Rr

C(f,g,h) is a model of R if the map (0-1) defines birational
equivalence, or equivalently d(f, g, h) =1
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Models of Rr

C(f,g,h) is a model of R if the map (0-1) defines birational
equivalence, or equivalently d(f, g, h) =1

In this case, the theorem implies
degC(f, g, h) =

dim M) + £(T) 1 = Yooy, min (¢4(a). (@), ch(a)).
dim Sy(F) + (M) — 1 —€em — > _gem, Min (cr(a), cg(a), cn(a)),
if f,g,he Sn(n)
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Models of Rr

Definition

Let W C My,(I') be a non-zero linear subspace. Then, we say that
W determines the field of rational functions C(Rr) if dim W > 2,
and there exists a basis fy, ..., fs_1 of W, such that C(Rr) is
generated over C by the quotients fi/fy, 1 < i <s—1.
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Models of Rr

Definition

Let W C My,(I') be a non-zero linear subspace. Then, we say that
W determines the field of rational functions C(Rr) if dim W > 2,
and there exists a basis fy, ..., fs_1 of W, such that C(Rr) is
generated over C by the quotients fi/fy, 1 < i <s—1.

This notion does not depend on the choice of the basis used. Also,
it is equivalent to the fact that the holomorphic map SR — P!
given by z — (fo(z) : - -+ : fs_1(2)) is birational onto its image in
ps—1,
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Models of Rr

Definition

Let W C My,(I') be a non-zero linear subspace. Then, we say that
W determines the field of rational functions C(Rr) if dim W > 2,
and there exists a basis fy, ..., fs_1 of W, such that C(Rr) is
generated over C by the quotients fi/fy, 1 < i <s—1.

This notion does not depend on the choice of the basis used. Also,
it is equivalent to the fact that the holomorphic map SR — P!
given by z — (fo(z) : - -+ : fs_1(2)) is birational onto its image in
ps—1,

For example, if dim 5;,(I") > max(g(I') + 2, 3), then we can take
W = S,,(I') by general theory of algebraic curves
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Models of Rr

Definition

Let W C My,(I') be a non-zero linear subspace. Then, we say that
W determines the field of rational functions C(Rr) if dim W > 2,
and there exists a basis fy, ..., fs_1 of W, such that C(Rr) is
generated over C by the quotients fi/fy, 1 < i <s—1.

This notion does not depend on the choice of the basis used. Also,
it is equivalent to the fact that the holomorphic map SR — P!
given by z — (fo(z) : - -+ : fs_1(2)) is birational onto its image in
ps—1,

For example, if dim 5;,(I") > max(g(I') + 2, 3), then we can take
W = S,,(I') by general theory of algebraic curves

We recall that Ry is hyperelliptic if g(I') > 2, and there is a degree
two map onto PL. If %r is not hyperelliptic, then
dim S3(I") = g(I') > 3, and we can take W = S,(T)
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Models of Rr

We recall that g(lo(N)) > 2 unless

N € {1-10,12,13,16,18,25} when g(['o(N)) =0, and
N € {11,14,15,17,19 — 21,24, 27,32,36,49} when g(o(N)) = 1.

Let g(Fo(N)) > 2. Ogg has determined all Xo(N) which are
hyperelliptic curves. In view of Ogg's paper, we see that Xo(N) is
not hyperelliptic for N € {34,38,42,43,44,45 51 — 58,60 — 70} or
N > 72. This implies g(Fo(N)) > 3.
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Simple example: Models of R

Proposition

Consider three linearly independent forms from the four

dimensional space S4(I'0(14)) of cusp forms of weight four for

F0(14)
f=qg*>—2¢°—2¢°+q" —6q° +12¢1° + 4q" + 243 + ...,
g=q—q® —24° — g —4q® +64° + 10¢X° — 6gM +- .-
h=g*—2¢°+q" +q° —4q° + 4q™t — 2g12 4 213 1 ... .

Then, the map (0-1) is a birational equivalence of Xo(14) and
C(f, g, h). Moreover, degC(f, g, h) = 3.
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Simple example: Models of R

Proposition

Consider three linearly independent forms from the four

dimensional space 54(I'0(14)) of cusp forms of weight four for

F0(14)
f=q>—2¢°—2¢°+q" — 6¢% +12¢'° + 4q' +2¢3 + .- -,
g:q3_q5_2q6_q7_4q8+6q9+10q10_6q11+"‘ ’
h=g*—2¢°+q" +q° —4q° + 4q™t — 2g12 4 213 1 ... .

Then, the map (0-1) is a birational equivalence of Xo(14) and
C(f, g, h). Moreover, degC(f, g, h) = 3.

Proof: Let ay, be the Ig(14)—orbit of the cusp co. Since the
forms have at least double zero at a,, and f has exactly double
zero, we have
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Simple example: Models of R

Z min (c¢(a), cg(a), cp(a)) > min (cr(aoo), ¢g(ao0), ch(as)) = 1.

ClEXo(14)

< dim S4(Fo(14)) + g(To(14)) =1 — ¢4 — 1 =3

= g(lo(14)) =1 = deg(C(f,g,h) € {1,2,3}.
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Models of Rr

But deg C(f, g, h) = 1 means that C(f, g, h) is a line which is
clearly impossible since f, g, and h are linearly independent. The
case deg C(f, g, h) = 2 means that C(f, g, h) is an irreducible
conic. Using

2d(faga h) = d(faga h)degC(f,g,h) < 37

we must have
d(f,g,h)=1

This means that Xp(14) is birationally equivalent to the conic
C(f,g,h). But irreducible conic is non-singular. This means that
Xo(14) isomorphic to a conic. This is a contradiction since conic
has genus 0 while Xp(14) has genus 1.

Thus, degC(f, g, h) = 3. Consequently, d(f, g, h) =1 proving the
proposition.
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Models of Rr

Theorem (Kodrnja-M.)

Assume that m > 2 is an even integer. Let W C Mpn,(T),
dim W > 3, be a subspace which determines the field of rational
functions C(Rr) (see Definition 0-3). Let f,g € W be linearly
independent. Then there exists a non-empty Zariski open set
U C W such that for any h € U we have the following:

(i) f,g, and h are linearly independent;

(ii) RRr is birationally equivalent to C(f, g, h) via the map (0-1).
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Models of Rr

Theorem (Kodrnja-M.)

Assume that m > 2 is an even integer. Let W C Mpn,(T),

dim W > 3, be a subspace which determines the field of rational
functions C(Rr) (see Definition 0-3). Let f,g € W be linearly
independent. Then there exists a non-empty Zariski open set

U C W such that for any h € U we have the following:

(i) f,g, and h are linearly independent;

(ii) RRr is birationally equivalent to C(f, g, h) via the map (0-1).

Problem: Given f, g, determine h such that C(f, g, h) is a model
of fﬁr
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Models of Rr

Corollary

Let m > 2 be an even integer. Assume that one of the following
holds:

(A) g(Fo(N))>1, and m >4 (if N #11) or m > 6 (if N = 11);
(B) Xo(N) is not hyperelliptic, and m = 2.

(In either case, dim Sp,(Fo(N)) > 3.) Let f,g € Sp(Fo(N)) be
linearly independent with integral q-expansions. Then, there exists
infinitely many h € S;,(To(N)) with integral g—expansion such that
we have the following:

(i) Xo(N) € R vy is birationally equivalent to C(f, g, h) via

the map (0-1), and

(ii) the reduced equation of C(f, g, h) has integral coefficients up
to a multiplication by a non-zero constant in C.
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Some methods for explicit determination of h
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Some methods for explicit determination of h

Problem: Given f, g (subject to the condition of the theorem),
determine h such that C(f, g, h) is a model of Rr
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Some methods for explicit determination of h

Problem: Given f, g (subject to the condition of the theorem),
determine h such that C(f, g, h) is a model of Rr

We offer two solutions:
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Some methods for explicit determination of h

Problem: Given f, g (subject to the condition of the theorem),
determine h such that C(f, g, h) is a model of Rr

We offer two solutions:

1) the method of estimates for Primitive Elements in finite
extensions of algebriac function fields
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Some methods for explicit determination of h

Problem: Given f, g (subject to the condition of the theorem),
determine h such that C(f, g, h) is a model of Rr

We offer two solutions:

1) the method of estimates for Primitive Elements in finite
extensions of algebriac function fields

2) the trial method for determining primitive element in finite

extensions of algebriac function fields , commonly used in the cases
of algebraic number fields

Goran Mui¢ Models of Xy(/N) and beyond via modular forms and some app!



the method of estimates for Primitive Elements

Proposition

Assume that m > 2 is an even integer. Let W C Mp(T),

dim W = 4, be a subspace which determines the field of rational
functions C(Rr) (see Definition 0-3). Select a basis

{f =fo,g =h,h, s} of W. We assume that all f; has integral
g—expansions. Then, there exists an explicitly computable ¢y € Z
such that for all ¢ € Z, |c| > ¢y, Rr is birationally equivalent to

C(f.g, he) via the map (0-1) with h = he, where he % f + cfs.

V.
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Example for the method of estimates for Primitive
Elements

Proposition

Consider the four dimensional space W %f S4(To(14)) of cusp
forms of weight four for ['o(14). It has a basis:

f=fo=q-2¢°—4q° — g’ +8¢° — 11¢° — 12¢'° +- 12¢" + - -,
g=f=q*-2¢°—2¢°+q" — 6% +12¢1° + 4¢" + 243 + - - -,
fh=q —q°—2q° — q" — 4¢° +6¢° +10¢'° — 6g'* + - - -,

=g —2¢°+q +q® — 40 +4q' —2g2 4213 4 ... .
Put h. def f> + cf3, ¢ € Z, as in the statement of the previous
proposition. Then, Xy(14) is birationally equivalent to C(f, g, hc)
via the map (0-1) with h = h¢ for |c| > 7.
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The trial method
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The trial method

Let W C S5,,(I"), m > 2, be a non-zero subspace that determines
the field of rational functions C(Rr)
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The trial method

Let W C S5,,(I"), m > 2, be a non-zero subspace that determines
the field of rational functions C(Rr)
Assume that dmW =s >4
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The trial method

Let W C S5,,(I"), m > 2, be a non-zero subspace that determines
the field of rational functions C(Rr)

Assume that dmW =s >4

Let fy,...,fs—1 be a basis of W. We let f = fy and g = f1.
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The trial method

Let W C S5,,(I"), m > 2, be a non-zero subspace that determines
the field of rational functions C(Rr)
Assume that dmW =s >4

Let fy,...,fs—1 be a basis of W. We let f = fy and g = f1.

Let K % C(f/g), and

L= C(Re) = C(A/fo, h/fo, ... fia/h) = C(f/g, B/F, ..., fia/f)
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The trial method

Let W C S5,,(I"), m > 2, be a non-zero subspace that determines
the field of rational functions C(Rr)
Assume that dmW =s >4

Let fy,...,fs—1 be a basis of W. We let f = fy and g = f1.

Let K % C(f/g), and

L= C(Re) = C(A/fo, h/fo, ... fia/h) = C(f/g, B/F, ..., fia/f)

L is a finite algebraic extension of K, and we have the following:

L:K(fé/fb? ceey f;,l/fb)
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The trial method

Let W C S5,,(I"), m > 2, be a non-zero subspace that determines
the field of rational functions C(Rr)
Assume that dmW =s >4

Let fy,...,fs—1 be a basis of W. We let f = fy and g = f1.

Let K % C(f/g), and

LE C(%r) = C( /o, b/fo, ..., fi1/fo) = C(f/g, B/F, ..., fi1/f)
L is a finite algebraic extension of K, and we have the following:
L= K(fé/fb? ceey f;,l/fb)

interested in finding a primitive element of L over K which has
the form of linear combination of the generators f,/fy, ..., f_1/f
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The trial method
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The trial method

def _
For a = (a2,a3,...,as_1) € Z°72, we let

h b, arbh/fy+ - +as1fia/fyE L.
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The trial method

def _
For a = (a2,a3,...,as_1) € Z°72, we let

h %y, ah/fo+ -+ as_1fs_1/fo € L.
by the main theorem

d(faga h) : degC(f,g, h) < dim Sm(r) +g(r) —-1- €m,
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The trial method

def _
For a = (a2,a3,...,as_1) € Z°72, we let

h b, arbh/fy+ - +as1fia/fyE L.

by the main theorem

d(f,g,h) -degC(f,g,h) <dimS,(MN +g(lN) —1—é€m,
Thus, if we have
dimS,(MN) +g(MN) —1—€m
> ;
then d(f, g, h) =1i.e., C(f,g,h) is a model of Rr.

degC(f,g, h) >
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The trial method

def _
For a = (a2,a3,...,as_1) € Z°72, we let

h b, arbh/fy+ - +as1fia/fyE L.

by the main theorem

d(f,g,h) -degC(f,g,h) <dimS,(MN +g(lN) —1—é€m,
Thus, if we have
dimS,(MN) +g(MN) —1—€m
> ;
then d(f, g, h) =1i.e., C(f,g,h) is a model of Rr.
We organize (s — 2)-tuples in Z5~2 as follows:

degC(f,g, h) >

s—1
def
Sm = {azfz/fo +--+as_1fs_1/fo;ai € Z,Z|ai! = M} ,
i=2
for all M € Z>1. For M > 1, we order elements of Sy using the
lexicographical order.
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The trial method

The algorithm:

(1) Let M = 1. Repeat the following:

(2) For a € Sy, we repeat the following: compute degC(f, g, h)
(by means of computing the equation), and check if
degC(f, g, h) > dmSn(Te()1em for p — p_If the holds,
then the algorithm stops. OUTPUT: h such that h/f is a
primitive element for the extension K C L.

(3) Increase M by one, and return to step (2).
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Example: The trial method
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Example: The trial method

Let ' = Io(N) such that g(I'o(N)) > 4, and Xo(N) is not
hyperelliptic = we may take W = Sy([o(N)). In this case we
need to test

degC(f,g, h) > g(I_O(N)) -1
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Example: The trial method

Let ' = Io(N) such that g(I'o(N)) > 4, and Xo(N) is not
hyperelliptic = we may take W = Sy([o(N)). In this case we
need to test

degC(f,g, h) > g(I_O(N)) -1

As an example, we consider the case N = 72. Then,
g(lo(72)) =5, and we may take

Ffefo=q®—q® —2q"5 + ¢ +4g% —2¢¥ + ... .

g=f=q —2q" —q'7 +4¢B —3¢° +-..
=g —q% -3¢ +¢®+3¢ +45% +---,
f=qg—2q"—4g"9 — ¢ + 8¢ + 645 +-- -,
fo=q®—4g"™ +2¢%° +8q® + ... .
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Example: The trial method
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Example: The trial method

Applying above algorithm, we obtain the following:

(1) For M =1, we have three cases in their lexicographical order
a=(0,0,1), (0,1,0), and (1,0,0). We have
degC(f, g, ha) =3, 2, and 3, respectively. In any case,
degC(f, g, ha) < g(lo(72)) —1 = 4. So, we go to the next

step.
(2) For M = 2, in the lexicographical order, we have the
following:
2. a= (0,1,1) degC(f g,h ) =3<4
3. a=(0,2,0), degC(f, g, h,) =2 < 4,
4. a=(1,0,1), degC(f, g, h,) =7 > 4; STOP.
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Example: The trial method

hence, for h = h(1 1) is a birational equivalence of Xp(72) and
C(f,g,h@,0,1)). The reduced equation of C(f, g, h(1,0,1)) is given
by the irreducible polynomial
— 4-X0 X] — 3X0 X1 — 8X0 X1 — XO Xl 4-X0X1 4X1 — 4X0 X1X2+
+ 2XO X1 Xo — 4x0 Xixo — Xo X1X2 + 8XO X1 X2 4xox} x2 +8x7 x2—|—

+ 4X0 X1 x2 4x1 x2
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Applications

| discussed in my talk in Split in June, we use Hilbert's
irreducibility to compute certain Galois groups of finite extensions
of algebraic function fields ( a variant of considerations of Serre)
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Applications

| discussed in my talk in Split in June, we use Hilbert's
irreducibility to compute certain Galois groups of finite extensions
of algebraic function fields ( a variant of considerations of Serre)

| am also interested in obtaining explicit results in the theory of

complex algebraic curves, " representation theory of curves” instead
of the representation theory of reductive Lie groups
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Thank you!
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