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G = SU(2,2)

G =5U(2,2) = {gcSL(4,C)|g"hrg = by}
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Simple roots: a, B, v, a+ 8, B+, a+ B+~

O { O
! B vy

Compact roots: «, 7y
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What do we want?
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What do we want?
The unitary dual of SU(2,2) is already found — [KnappSpeh1982].

D. Kova&evi¢ (Faculty of Electrical Engineering and Computing Uniy On K-types of irreducible representations of SU(2, 2)



What do we want?

The unitary dual of SU(2,2) is already found — [KnappSpeh1982].
We want to find the unitary dual of SU(2,2) using (g, K)-modules.

D. Kova&evi¢ (Faculty of Electrical Engineering and Computing Uniy On K-types of irreducible representations of SU(2, 2)



What do we want?

The unitary dual of SU(2,2) is already found — [KnappSpeh1982].
We want to find the unitary dual of SU(2,2) using (g, K)-modules.
We hope that it will lead us to unitary dual of some other groups.
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We analyze finitedimensional modules.
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We analyze finitedimensional modules.

Vin.k,m, the highest weight is v, i m,
Ha~Vn,k,m = NVp k,m;, HB~Vn,k,m = kVn,k.m7 H’y-Vn,k,m = MVp k. m, A= (nv ka m)

How to handle K-types?
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We analyze finitedimensional modules.
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By their highest weight vectors.
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We analyze finitedimensional modules.

Vi k.m, the highest weight is v, x m,
Ha~Vn,k,m = NVp k,m;, HB~Vn,k,m = kVn,k.m7 H’y-Vn,k,m = MVp k. m, A= (nv ka m)

How to handle K-types?
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( @ Cvp_2i,rtitjg—2), P+2r+q.
i€{0,...,p}
Jj€e{0,...,q}

By their highest weight vectors.

Vp,r,q-

We need modified operators.
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Aa+6+7 = Na+p+y

Bs = Y3

Aot = Xapp(Hy +1) + Yo Xorpiy

Apiy = Xpiy(Ha +1) = Vi Xo1 814

Ag = Xg(Ho +1)(Hy +1) = YaXarg(Hy + 1) + Yo Xy (Ho +1) = Yo Yo Xay 544
Bats = Yars(Ha +1) + Ya Vs

Bgiy = Yaiy(Hy £1) = Y, Y5

Botpiy = a+ﬂ+7(Ha + 1)(H7 +1)+ Yo Yﬁ+7(H7 +1) - Yy Ya+ﬁ(Ha +1) - Y, Yy Ys

Proposition

Operators As and Bs send highest weight vectors to highest weight vectors

D. Kova&evi¢ (Faculty of Electrical Engineering and Computing Uniy On K-types of irreducible representations of SU(2, 2)



The vector v is the highest weight vector of some K-type if and only if it satisfies X,.v = 0 and
Xy.v=0. Now, let v be the highest weight vector of some K-type. Then

Xa-(Aatptvy-v) = Xa-(Xatpry-V) = Xatpry-(Xa-v) + [Xa, Xat+pq].v =0

since X,.v =0 and [Xu, Xotp++] = 0. Similarly, X,.(Aq+s+~-v) = 0.
Similarly, Bg.v is the highest weight vector. Also,

Xa~(Aa+,8-V) = Xa-((Xu+,8(H7 + 1) + Yan+ﬂ+7)~V) = (Xa+ﬁ(H7 + 1) + YWXa+,3+7)-(Xa-V) =0.

Now,
Xy-(Aasp-v) = Xy ((Xarp(Hy + 1) + Y5 Xayg4y)-v) =
= (XaupXy(Hy +1) = Xaspry(Hy + 1) + (Hy + Y7 X)Xy p4q).v = 0
since Xo48Xy(Hy +1).v =0, Y, X, Xo184+~4.v =0 and

HyXat gy = Xarpry(Hy +1) ([Hy, Xatprqy] = Xatprq)-
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The proof is not complete, but, it is clear how to finish it.
For example,

Xy (Baypivy-v) =
= Xy ((Yaupy(Ha + 1)(Hy + 1) 4+ Ya Yoy (Hy + 1) = Y Yays(Ha + 1) = Ya Yy Yp).v) =
(Ya+6(Hoc + 1)(H7 + 1) + Ya Yﬂ(H“/ + 1) - H’Y Ya+B(Hoc + 1) - yaHWY,B)-V =0

Again, we used that
Hy Xatpiy = Xaypiry(Hy +1).
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What do we have?
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What do we have?

Operators X,3, ... send the highest weight vector v to the highest weight of another K-type and
"something” from the third K-type, and we want to "clean” that "something”.
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V321 means that v3 1 is the highest weight vector and

Ho.vsp1 =3v301, Hz.vzp1 =3v321, Hy.v321 =3v321, A=(3,2,1)

dim V351 = 630
The number of K-types is 57.

D. Kova&evi¢ (Faculty of Electrical Engineering and Computing Uniy On K-types of irreducible representations of SU(2, 2)



V321 means that v3 1 is the highest weight vector and

Ho.vsp1 =3v301, Hz.vzp1 =3v321, Hy.v321 =3v321, A=(3,2,1)

dim V351 = 630
The number of K-types is 57.

How do we get it?

On K-types of irreducible representations of SU(2, 2)

D. Kova&evi¢ (Faculty of Electrical Engineering and Computing Uniy



V321 means that v3 1 is the highest weight vector and
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dim V351 = 630
The number of K-types is 57.

How do we get it?

By Freudenthal’s formula and computer.
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V321 means that v3 1 is the highest weight vector and

Ho.vsp1 =3v301, Hz.vzp1 =3v321, Hy.v321 =3v321, A=(3,2,1)

dim V351 = 630
The number of K-types is 57.

How do we get it?
By Freudenthal’s formula and computer.

Freudenthal's formula produces weights. Then computer calculates K-types.
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V321

Example

We obtain
0 01 00 0O
02 0 2 00O
304 0 2 00
0 6 040 20
306 04 01
0 3 06 020
003 03 00O

Numbers in table denote number of K-types.
Rows and columns go from 0.
Bolded 3 means 3 K-types with the highest weight (2, 0).
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Next 2 "slices” are the same.
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Next 2 "slices” are the same.
It looks like s/(3, C)-module.
We do not have perpendicular lines.

Let us consider operators

Q = Xo+sXgty = XoXatptyy R= YarpYpry = Vo Yarpiy
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Next 2 "slices” are the same.
It looks like s/(3, C)-module.
We do not have perpendicular lines.

Let us consider operators

Q = Xo+sXgty = XoXatptyy R= YarpYpry = Vo Yarpiy

Proposition

Operators @ and R send highest weight vectors to highest weight vectors
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The vector v is the highest weight vector of some K-type if and only if it satisfies X,.v = 0 and
Xy.v=0. Now, let v be the highest weight vector of some K-type. Then

Xa(Q-v) = Xo-((Xay s X4y = XgXatpir)-v) = (XatpXatpiy = XatpXatsiy)-v =0

Xy (Qv) = Xy ((Xat s Xty = XpXatpir)-v) = (= XatpirXpty + Xgiy Xatpiy)v =0
Xa(R.v) = Xa-(Yorp Yoty = Yo Yarpiry)-v) = (= Y5 Y1y + Y5 Ys1q).v =0
Xy (Rv) = Xy (Yot Yoty = YaYo1y)-v) = (Yays Vs — YaYaip).v =0
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The vector v is the highest weight vector of some K-type if and only if it satisfies X,.v = 0 and
Xy.v=0. Now, let v be the highest weight vector of some K-type. Then

Xa(Q-v) = Xo-((Xay pXp 1y = XXatpir)-V) = (XaypXatsy = XarpXatpiy)v =0
Xy (Qv) = Xy ((Xat s Xty = XpXatpir)-v) = (= XatpirXpty + Xgiy Xatpiy)v =0

Xa(R.v) = Xa-(Yorp Yoty = Yo Yarpiry)-v) = (= Y5 Y1y + Y5 Ys1q).v =0
Xy (Rv) = Xy ((Yats Y4y = Y8 Yp1r)-v) = (Yar8Ys — Y5 Yaip).v =0

Actually, [Xa, Q] = [X,, Q] = [Xa, R] = [X,, R] = 0.
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Commutation relations

They satisfy
[As, Rl = Bat (1 = Hg), [Aatpiy, Rl = =Bs(Ha + Hs + Hy),

[Bﬁv Q] = Aa+ﬁ+'y(HB - 1)7 [Ba+6+'ya Q] = Aﬁ(Ha + H,B + H’y)a
[AoHrBJr'y,Aﬁ] = Q(Ha + Hy + 2), [Bﬁv Ba+ﬁ+’y] = R(Ha + Hy + 2),
[As, Q] = [Aatp4+: Q] = [Bs, R] = [Batpry: Rl = [Ag, Batpr] = [Bs, Aaspr] =0,

[AB+77 Ba+,6] = [BB+'Y7A<X+,3] =0.
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| do not see s/(3,C) here.
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| do not see s/(3,C) here.
Q and R are not good enough.
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| do not see s/(3,C) here.
Q and R are not good enough.

Let us consider Vy 1 1.
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o U— Bagpyyv
op— Bg.u

ez = Ag.w u e s
*q = Aatpiry-Z (&
“Rv—2p—3q Z e r

*Qw— —2p+3q
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It shows that @ and R are not good ...
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It shows that @ and R are not good ...
Also, As and Bs are not good ...
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Multiplicities of all K-types are 1 (m = 0).
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It shows that @ and R are not good ...

Also, As and Bs are not good ...

However, let us consider following example: V5 4.
Multiplicities of all K-types are 1 (m = 0).

We do not want to construct a basis. We calculate expressions

AsBs, Ao+t pBat AgtryBatvys Aat sy Batpiny
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It shows that @ and R are not good ...

Also, As and Bs are not good ...

However, let us consider following example: V5 4.
Multiplicities of all K-types are 1 (m = 0).

We do not want to construct a basis. We calculate expressions

AsBs, Ao+t pBat AgtryBatvys Aat sy Batpiny

If the multiplicity is 1, these expressions are numbers.

They are given in the following example.
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O OO O U1 OO oo
O OO0l oO PO OO
O O 01l O PO WOoOo
O U O PO WON O
o PO WONOHRO
OPpPpOWONOHHOO
OO WONOHOOO
OO ONOH+HOOOO
OO OO M=OOOOOoO

o
o
()
(=)

1
0
2
0
3
0
4
0
5
0
1

m = 0 ensures that all multiplicities are equal to
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We can also calculate products RQ (QR).
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We can also calculate products RQ (QR).

We have
[Bovt v, Aat 4] +[Q; R] =

(C - 3(Ha + H”/ + 2)2 - 4(H06+Hﬂ)(HB + Hv)) (Hoc + Hv + Hv + 1)

0| =

and
[Bﬁ,Aﬂl + [Qv R] =

% (¢ = 3(Ha + Hy +2)* — 4(Ho + Hp)(Hp + Hy)) (Hs — 1)
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We can also calculate products RQ (QR).

We have
[Bovt v, Aat 4] +[Q; R] =

(C - 3(Ha + H”/ + 2)2 - 4(H06+Hﬂ)(HB + Hv)) (Hoc + Hv + Hv + 1)

0| =

and
[Bs, As]l +[Q, R] =

% (¢ = 3(Ha + Hy +2)* — 4(Ho + Hp)(Hp + Hy)) (Hs — 1)

In our example, ¢ = 355.
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Thank you!
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