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Setting

g = complex semisimple Lie algebra

h = Cartan subalgebra

B = nondegenerate symmetric invariant bilinear form on g

C(V),C(V ;B),
∧
V ,S(V) . . .

W(g) = S(g)⊗
∧

g

Weil algebra

B extends to
∧
g:∧j g ⊥ ∧k g for j ̸= k

B(a1 ∧ · · ·∧ ak,b1 ∧ · · ·∧ bk) = det[B(ai,bj)]
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History

J =
(∧

g
)g

=
{
x ∈

∧
g : ady(x) = 0, ∀y ∈ g

}
J+ =

∑
k≥1

Jk augmentation ideal

P = (J+ ∧ J+)⊥ primitive invariants
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History

Theorem (Hopf-Koszul-Samelson)

dimP = rk g and P ↪→ J extends to an isomorphism of algebras∧
P → J

q :
∧
g → C(g) Chevalley/quantization map

q(zi1 ∧ zi2 ∧ · · ·∧ zik) = zi1 · zi2 · · · · · zik
zi orthonormal basis for g

q is g-equivariant

Theorem (Kostant)

q(J) ∼= C(P,B0)
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History

α : U(g) → C(g) α(x) =
−1

4

n∑
i=1

[x,bi]di, x ∈ g

bi,di dual bases of g

E = α(U(g))

Theorem (Kostant, ρ-decomposition)

E ∼= EndVρ, C(g) = E⊗ q(J)
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History

ιx :
∧
g → ∧

g, ι(x)y = B(x,y), x,y ∈ g contraction
(extended as a derivation by the Leibniz rule)

Lemma (Kostant)

q(ιxp) ∈ E, ∀x ∈ g,p ∈ P

Theorem (Kostant)

∀x ∈ g x =

rk g∑
i=1

(ιxpi)qi

pi,qi : B0-dual bases of P
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History

g = n+ ⊕ h⊕ n− triangular decomposition

C(g) = C(h)⊕ (n+C(g) +C(g)n−)

Harish-Chandra map:

µ : C(g) → C(h)

Theorem (Bazlov)

µ : C(g)h → C(h) is an algebra isomorphism

Theorem (Bazlov)

µ is a linear bijection between q(P) and h
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History

Filtration on P:
P(k) =

⊕
i≤k
Pi

P ⊂ ∧
g⇝ grading Pi

! q respects filtration
Bazlov⇝

h(k) := µ(q(P(k)))

ǧ = LA defined by the dual root system, ȟ corresponding CSA

(ě, ȟ, f̌) ⊂ ǧ principal sl2-triple

ρ ∈ h∗ as an element of ȟ coincides with ȟ (Kostant)

ȟ∗ ∼= h⇝
h(m) := {x ∈ h : (ad∗

ě)
m+1x = 0}
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History

Theorem

µ(q(P(2m+1))) = h(m)

conjectured: Kostant

proved: Joseph, Alekseev–Moreau
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Transgression

W(g) = S(g)⊗
∧

g

Weil algebra

W(g) =
∧

g⊕ S1(g)W(g)

π :W(g) → ∧
g

dW = dCE + dK = Chevalley–Eilenberg + Koszul

Cp ∈W(g) such that dWCp = p

Transgression

t : (S+(g))g → ∧
g, p 7→ π(Cp)

Karmen Grizelj Relative Weil algebra and primitive invariants (corrected version)



Relative case

Wg,t =Wk,t e.g. g = sl(2n+ 1, R), k = so(2n+ 1, R)

g = k⊕ p Cartan decomposition
h = t⊕ a fundamental Cartan subalgebra
t = k∩ h, a = p∩ h

Theorem (Panyushev, Han)

C(p) admits the ρ-decomposition

C(p) = E⊗ J = α(U(k))⊗C(p)k.
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Present

C(p) = C(a)⊕ ((n+ ∩ p)C(p) +C(p)(n− ∩ p))

µ : C(p) → C(a)

Theorem (G., Krutov, Pandžić)

µ : C(p)k → C(a) is an algebra isomorphism

Karmen Grizelj Relative Weil algebra and primitive invariants (corrected version)



Future?

We want

∀x ∈ p,p ∈ P(p) q(ιxp) ∈ E

⇒ µ is a (vector space) isomorphism between P(p) and a

Clifford algebra conjecture for C(p)
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Progress

relative Weil algebra

W(g, k) =
(
S(g)⊗

∧
p
)k

=W(g)k−bas

dW restricts to W(g, k) from W(g)

prS : S(g)
g → S(k)k

T := {x ∈ S(g)g ⊂W(g, k) : prS(x) = 0}

p = dW(Cp)

Transgression

t : T → (∧
p
)k, p 7→ π(Cp)
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Progress

t(T 2) = 0

λp : S(k) → ∧
p, λp(x) =

−1

4

(p)∑
i

[x, ei]∧ fi, x ∈ k

µ ∈ g⇝ µ̂ generators for S(g)

t(ξ̂1ξ̂2 . . . ξ̂jψ̂) = const. · λp(ξ1ξ2 . . . ξj)ψ

t(p) = const.
(p)∑
i

ei ∧ λp(ι
S
fi
p)
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Conjecture

ker t = T 2

im t = primitive invariants in
∧

p
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