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3-transposition groups

Definition 1

(G, ) : 3-transposition group

G : group, | : a set of involutions s.t.

G =) 1°=1, and |ab| <3 forVa, bel.

<

Theorem 1 (Fischer'71, Cuypers-Hall'95)

The list of almost simple 3-transposition groups is as follows.
Q@ G=Sym,, I ={(ij)|1<i<j<n}

G = 07 (2), | = transvections

G = Sp,,(2), | = transvections

G = 0£(3), I = reflections

G =SU,(2), I = transvections

© 0 6 0 ©

G = PQ;{(2 or 3):Symg, Fioz 2304, | : unique
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Basic sets

Definition 2
Let (G, /) be a 3-transposition group and P a Sylow 2-subgroup.

The intersection P n [ is called a basic set of G and the size [P n /] is
called the width of G.

@ a bePnl=|abl=2= (Pnl): elementary abelian 2-group
@ Pl : a maximal set of mutually commutative elements in /

oVgeG, (Pn8=P&nl8=Psn| = |Pnl|: invariant of G

Fi22 Fi23 Fi24
Width 22 23 24
(Pl 210 2! 212

Normalizer 219.Myy 211 .My3 212. My,
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CFSG

Theorem 2

The complete list of finite simple group is given by:

(0) Z/pZ (p : prime)

(1) Alt,>5

(2) Groups of Lie type (i.e. matrix groups over finite fields)
)

3

Special symmetries in 24 dimension (cf. [FLM'88]):

26 sporadics (M11,12,22,23 .24, Co123, Fizp 2324, B, M, ...)

F24 Y/ c =24 VOA
G v A e Vi=VigVlt
M24 2.C01 M

Note that Gy(2B) = 2172*.Coy and Aut(V,)) = 224.Co; = (A/2A).Coy
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Sunshine construction?

Historically,
3-trans.gp. {3, 4}-trans.gp. 6-trans.gp.
Aim M %
7\ 7\
2B 3.Fiy L(1,00@VB  Ws(%s)® VF
S3 x Fixs U3A®C0mvh(U3A)
?
S5 x o1l X[23]

Note that CM[(2A) = 2.B and Nm(3A) = 3.Fix4 (Cf S3 = 322)
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Ising vectors

Let V be a VOA of OZ-type, i.e. V =®p=0Vn, Vo =RI1, V; =0.

Then V5 forms a commutative algebra with invariant bilinear form
ab:= aq)b, (alb)l = a@zb for a,be Vs.

This algebra is called the Griess algebra of V.
Lemma 3 (Miyamoto'96)

e€ V. ¢ = c. Virasoro vector <= ee = 2e and c. = 2(ele)

Definition 3

e € V, : Ising vector of o-type

<= e: ¢ =1p Virasoro vector s.t. (e) = L(1/,0) (simple subVOA)
There is no {e)-submodule isomorphic to L(15,146) in V
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Miyamoto involutions

Theorem 4 (Miyamoto'96)

If e € V is an Ising vector then 7, := (—1)6°(¢) ¢ Aut(V).
If 7« = idy then o. = (—1)20(6) € Aut(V).

Theorem 5 (Conway'85, Miyamoto'96, Hohn'10)

Ising vectors of Vi 1:1 2A-involutions of M
w D — w
e Te

By this correspondence, we can analyze 2A-involutions of M by
considering corresponding Ising vectors of V.

We can generalize the above correspondence for the other groups.
(cf. Lam-Y."16 arXiv:1604.04989)
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http://arxiv.org/abs/1604.04989

Dihedral subalgebras

Theorem 6 (Sakuma'07, cf. Nina's talk)

e, f € Vg : lIsing vectors

=

|TeTf| <6

(6-transposition property)
More precisely, there are 9 possible types of (e, f):

3C

O T O

1A 2A 3A 4A 5A 6A 4B 2B
(e, f) 1A | 2A | 3A | 4A | 5A | 6A | 4B | 2B | 3C
2W0(e|f) || 28 | 25 | 13 | 23 | 6 5 | 22| 0 | 22
dimde, )| 1 3 | 4|5 6 8 5 2 | 3

We will call U,x = (e, f) the dihedral subalgebra of type nX.
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Construction of 3-transposition groups I

V' : VOA of OZ-type

Dy : the set of Ising vectors of o-type in V

Set 0(Dy) = {0e | e€ Dy} and Gy = (Dy).

If e, f € Dy then (e, f) is either 1A, 2A or 2B-type.

Theorem 7 (Miyamoto'96, Matsuo'05, Cuipo-Lam-Y.'18)
(1) (Gy,o(Dy)) : 3-transposition group of symplectic type (Gy < Sp,,(2))
(2) If V. =(Dy) then (V, Gy) are classified (V is a subVOA of V\%R)

<e7 f> : 2A_type = [Te,Tf] =1on V and |O'eO'f| = 3 on V<7'eﬂ'f>
(e, f): 2B-type = [7e,7¢] = 1 on V and |oeof| < 2 on V<o

In order to realize Fischer groups, we need to use 7-involutions.
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Construction of 3-transposition groups II

V' : VOA of OZ-type

Ey : the set of Ising vectors of V (including both o and 7-types)

Fix a, be Ey s.t. {a,b) : 3A-type = (74, 7p) = S3

Set I, :={xe Ey|(alx)=(bly) =27} (ie {ax)=(bx)=~2Aalg)

Theorem 8 (Lam-Y.'16)

(L) x € b = [7x; Ta] = [m, 78] =1

(2) x, y e l,p = {x,y) : 1A, 2A or 3A-types
(3) x, y € L, p = |77y <3 in Aut(V)

(4) 6

v :={7x | x € l3p) = Gy : 3-transposition group in Caut(v){Ta, Th)

If we apply the theorem above to V? then we obtain Gy = Fiaz = Gy(S3).
Note that S3 x Firz < M whereas 3.Fiog < M but Fixg < M.
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Inductive structures

(G, 1) : 3-transposition group

Pick a € | and set G ={(xel|ax =xay/{ay (G,< Cg(a)/{a))
Similarly we define G[] = Gab = (Ga)p, GBI .= abe = (Gab)e---

G =Fipyg = G =Fiy, G = Fip, GBI = Fiy; = PSUg(2)

In the above process, a, b, ¢, ... : mutually commutative elements in /
Maximal collection : a basic set of (G, /)
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Inductive subalgebras

Gy = (7« | x € I, ) : 3-transposition group

Let n be the width of Gy. We define the inductive subalgebra
"= (a, b xt, L X

Set X[% := (a, b) and suppose we have defined X[ := (a, b, x1,... x".

Then we choose x/*1 e LLp st
x*g XU and (x1x) =272 1<j<i

and define X1 .= (X1 x"+1} as long as possible.

Then {7, | 1 < i < n} gives a basic set of Gy if Gy is connected.
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Inductive structures in VOA side

Set DIO := {7, | x € I, } and DUl := {r, e DUV

z : Lo

Comy X0 = ComyX[ 5 ComyXx[ o

Uy = 1y}

> Comy X!l
O O O O
Gl Gl G2 Glnl
T 1 T 1
(O = (pltly 5 (PR 5 > (Dl

Theorem 9 (Lam-Y.'16)
The Griess algebra of X[ is uniquely determined and

L(c3,0)®L(cs,0)®- - - @ L(cnra,0) = X" (full)

where ¢; =1 —6/(i + 2)(i + 3) (unitary series).
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Observation

2)(5n+ 29
The central charge of X" is c3 + ¢4 + -+ + cpya = (n +2)(5n + 29)
5(n+7)

If n = 23 : the central charge of X[ is 24

On the other hand, S3 x Fios <M = X[l c V& [Conway-Miyamoto]
L(C3a 0) ®---® L(C27, O) C X[23] c \/h
| |

finite extension

(cf. T.Creutzig @Dubrovnik 2017)

M %
/7 N\

2.B 3.Fipg
\ / < ?
53 X Fi23
S3 X P x123]
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Construction of 2 + 23 involutions

F=le1,....€nlz = Zer®---DZepn, (€i]€j) =20;; (2-frame) (n=8(16))

F* = %F . dual lattice of F

m:F* = F*/F>~F] > C: code wo Li(C):=7 1(C): lattice
La(C) : even, unimodular iff C : doubly-even, self-dual
F*31=12%(e1+ - +e) ¢----» (I1---I)€Fj (all-one vector)

ve: La(C)axr— (x|1)eFy v Lp(C) = 1/51(6) . sublattice

L/\(C) = LB(C) LJ (LB(C) + €1 + %1)

=vc' (1)

n=24, C=G<TF2* = La(G) = N(A), LA(G) = Nps = A
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Construction of 2 + 23 involutions

N(AZ*) = La(C (O)=A (fC=0)

) L
2 2
\ Lg(C) /

211 211
211

1) 5 5 La
\\\\\ , /////
s(1)

La( (1)

2

(0) LA(0)
2 2
\\\\\ Lsﬁo) /////
V2Dy4
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Construction of 2 + 23 involutions
Set ag = %1 — €1, O =€ —€j4] (1 <i< 23), Q4 = €23 + €24

[0, a1, ..., 03]z = V2Az
L(0) = [, ..., 2]z = v/2D2
Lg(1) = [az, ..., a,1]z = v/2N(Dy4) (totally even & 2-elementary)
L/\(l) = LB(].) [ (LB(].) + ao) = [042, ce, Q4,00 + l]z
+ _ 1 2]1 + 1 o —a; vt
w (a,-) = Ea;(_l) T Z(e + e ) S Ly
Set a:=w (ag), x':=w () (1<i<23)

(1) © Ising vector [DMZ]

Lemma 10 J

(a|x') = (d|xK)=25for1 <i<23and 1< <k<23.
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Construction of 2 + 23 involutions

Theorem 11 (Abe-Dong-Li'05, van Ekeren-Moller-Scheithauer'17)

V" has group-like fusion <= L : 2-elementary (i.e. 2L* <L)

In particular, 7 (V" 1)° = 226 and .7 (VLJF(I))o =12

X : trivial character of Lg(1)/2Lg(1)
VLXB(l) : Zo-twisted V|, 1)-module affording x

~ +
Viatt) = Vi @ Vigayvag ® Vi) © Visty o < V*

LB(1)+O‘0
eV CVATJr
X+ . + X+
.= >< -
where VLB(1)+ao VLB(1)+ao VLB(I)
Lg(1)

Proposition 12 (FLM'88)

dpe Aut(VLJ;(l)) st. p>=1andp: VLB(1)+aO VLXBJE1)
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Construction of 2 + 23 involutions

Set b:=pac VLA(I)

Lemma 13
(1) (a|b) =13/2%0 and <a b) : 3A-alg.
(2) (b|x) =275 for 1 < i< 23.

(3) X231 =(a,b,x! ,--~,x23> < Vi < Vi

Ta Ta Ta
O O
Y, X+ X+
Via@ = Vi@ ® Vi@ rae @ Vie1) @ Vis(1)+ao
O O
Th Th
)
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Mathieuss

Vio VLA(I) : G/1-graded SCE where G/1 = 211 as an abstract group

Proposition 14
Set H:= (1, |1<i<23). Then H=2 and (V)" = VL,\(l)- J

Note that (x!,...,x?3) = M,,, VLA(I) = (VHH  (cf. Cuipo's talk)
= G ={(0, | 1<i<23)y=W(Az3) =520 Vi,q

Lemma 15 (Shimakura'06)

Let ge G ={0,i |1 <i<23)=Sy.

Then 3 € Aut(V) =M st. gly, =g <= g€ Mo =Aut(G/1)

Theorem 16 (Creutzig-Lam-Y.)
StabM(VLA(l)) = 211.M23 = (g/l)" Aut(g/l)
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Main result

Theorem 17 (FLM'88, DGM'96, Creutzig-Lam-Y.)
X231 VL/\(I) c V : ¢ = 24 holomorphic VOA

— V= VLA(C) with C : doubly-even self-dual binary code of length 24

In particular, there exist 8 holomorphic conformal extensions of X[23].
C d10 e% d24 d122 dg 683, d16 €g dg d[? g

I\(C)| D242 D% DI AL D;  Dg A A
VLA(C) Dz,ng,l Dg,l Ag,l A%g Dz?,l Ai41 Va Z

dim V4 96 264 120 48 168 72 24 0
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Thank you!
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