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Motivating Preliminaries

Let g be a finite dimensional simple Lie algebra of type A, D, E and
of rank n. Fix:
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Motivating Preliminaries

Let g be a finite dimensional simple Lie algebra of type A, D, E and

of rank n. Fix:
@ a Cartan subalgebra h C g
e the Killing form (,-)
@ a set of roots A and a set of simple roots {a1,...,an}
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Motivating Preliminaries

Let g be a finite dimensional simple Lie algebra of type A, D, E and
of rank n. Fix:

@ a Cartan subalgebra h C g

the Killing form (-, -)

a set of roots A and a set of simple roots {a1,...,a,}
let Ay denote the set of positive roots

let x, denote a nonzero root vector for the root .

e 6 6 o o

denote by {)\1,...,A\,} the simple weights, dual to the simple
roots: <)\,’, Oéj) = (5,'7j
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Motivating Preliminaries

Let g be a finite dimensional simple Lie algebra of type A, D, E and
of rank n. Fix:

e 6 6 o o

a Cartan subalgebra h C g

the Killing form (-, -)

a set of roots A and a set of simple roots {a1,...,a,}
let Ay denote the set of positive roots

let x, denote a nonzero root vector for the root .

denote by {)\1,...,A\,} the simple weights, dual to the simple
roots: <)\,’, Oéj) = (5,'7j

o Let L = ®_,Za; be the root lattice
o Let P = ® ,Z\; be the weight lattice.
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Motivating Preliminaries

Let g be a finite dimensional simple Lie algebra of type A, D, E and
of rank n. Fix:

@ a Cartan subalgebra h C g

e 6 6 o o

the Killing form (-, -)

a set of roots A and a set of simple roots {a1,...,a,}

let Ay denote the set of positive roots

let x, denote a nonzero root vector for the root .

denote by {)\1,...,A\,} the simple weights, dual to the simple
roots: <)\,’, Oéj) = (5,'7j

Let L = @®]_;Za; be the root lattice

Let P = @7 ,ZM\; be the weight lattice.

Let A denote the set of positive roots, and let x, denote a
nonzero root vector for the root . Define also the subalgebra

n— Z Cxy

aceAy
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Motivating Preliminaries

We consider the affine Lie algebra g, and denote by V| the vertex
operator algebra constructed from L (cf. [LL]).
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Motivating Preliminaries

We consider the affine Lie algebra g, and denote by V| the vertex
operator algebra constructed from L (cf. [LL]).

V| gives a realization of the level 1 basic g-module L(Ag), and
Ve gives a realization of the basic §-module L(A;), in both cases
with the action of x, ® t" given by the n-th mode of the vertex
operator

Y(ea), x) =D xa(n)x™ "L,
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Principal subspaces

Consider the subalgebra of g:

i=n®C[tt]
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Principal subspaces

Consider the subalgebra of g:

i=n®C[tt]

Let vp be the highest weight vector of L(A). The principal
subspace W(N) of L(A) is defined by

Principal subspaces were originally defined and studied by Feigin
and Stoyanovsky.

Christopher Sadowski Lattice Principal Subspace



Principal subspaces

The principal subspace inherits certain compatible gradings from
L(A). First, we have the conformal weight grading:

W(A) = [T W)ssh,
SEZL

Given a monomial
xg,(m1) ... xg,(m)va € W(A),
its conformal weight is
—my — - —my+ hp,

where hp € Q is determined by A.
This grading is given by the Virasoro L(0) operator's eigenvalues
when acting on W(A).
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Principal subspaces

Second, W(A) has \;-charge gradings:

H W(A) 400

€L
foreachi=1,... n.

Given a monomial
x51(m1) c. x5r(m,)vA S W(/\),
it's A\j-charge is

r

> B+ (A A)

Jj=1
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Principal subspaces

Second, W(A) has \;-charge gradings:
H W(N) ity
€L
foreachi=1,... n.

Given a monomial

x51(m1) c. x5r(m,)vA S W(/\),

it's A\j-charge is

r

> B+ (A A)

Jj=1

These gradings are given by the eigenvalues of each X;(0),
i=1,...,n, acting on W(A) and “count” the number of «;'s
appearing as subscripts in each monomial.



Principal subspaces

These gradings are compatible, and we have that:

W(/\) = H W(A)rﬁ-()\l, A)yecistnt{An,\);s+hp+

Myeeestn,SEZL
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Principal subspaces

These gradings are compatible, and we have that:

W(/\) = H W(A)rﬁ-()\l, A)yecistnt{An,\);s+hp+

Myeestn,SEL
We define the multigraded dimensions of W/(A) by:

A n
XW(A)(Xla ey Xny Q) = trwnxq " 'Xf,\ qL(O)-

and a modified version

(A1) ”Xn_</\:)\n>qf(/\,/\>/2 A1 An L(0)

X/W(A)(XlaumeCI)_Xl trW(/\)Xl S Xxp"q

in order to have series with integer powers.
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Principal subspaces

In a series of papers, Capparelli, Calinescu, Lepowsky, and Milas
studied the principal subspaces of basic modules for all the cases
mentioned above, and also studied the principal subspaces of the

higher level s[(2)-modules. They constructed exact sequences
among principal subspaces:

0— W(A;) — W(N\y) — W(A;) — 0,

where the maps used arise naturally from the lattice construction
of L(A) and intertwining operators among standard modules.
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Principal subspaces

In a series of papers, Capparelli, Calinescu, Lepowsky, and Milas
studied the principal subspaces of basic modules for all the cases
mentioned above, and also studied the principal subspaces of the

higher level s[(2)-modules. They constructed exact sequences
among principal subspaces:

0— W(A;) — W(N\y) — W(A;) — 0,

where the maps used arise naturally from the lattice construction
of L(A) and intertwining operators among standard modules. They
then used these to find recursions satisfied by the multigraded
dimension of each W(A;):

mMmT+2m,-

/ q
XW(/\,’)(X]_;-..7Xn7q): Z gmMm 2
m=(my,...,m,)EN? (q)ml ... (q)ml
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Principal subspaces

In order to prove exactness, certain natural relations arising from
appropriate powers of vertex operators. In particular, for the level 1
cases we've been discussing, they needed to use the fact that

2
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Principal subspaces

In order to prove exactness, certain natural relations arising from
appropriate powers of vertex operators. In particular, for the level 1
cases we've been discussing, they needed to use the fact that

2

Y(e®,x)? =D xa(nmx "] =0

They defined operators

R(Oéhai“) = Z Xaf(ml)xai(m2)

my,my€EZ
mi+my=—t

and their truncations

RO(oi,ailt) = D Xoy(m1)Xa,(m2)

m1,my€Z<o
mi+my=—t
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Principal subspaces

Consider the surjection

Fa, = U(8) — L(A)

ar>a- v

and its restriction
f/\i . U(ﬁ) — W(/\,)

ar>a-vp
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Principal subspaces

Consider the surjection

Fa, = U(8) — L(A)

ar>a- v

and its restriction
f/\i . U(ﬁ) — W(/\,)

ar>a-vp

Calinescu, Lepowsky, and Milas showed that

Theorem (Calinescu, Lepowsky, Milas)

Kerfy, = .01 U@)R (o, ai|t) + U(w)i
and
Kerfy, = >0 U@R)R (v, ai|t) + U(R)iiy + U(f)xq, (1)




Known results

The exact sequences yield recursions:

@ In the case that g = sl(2), Capparelli, Lepowsky, and Milas
interpreted the Rogers-Ramanujan recursion in this context:

XW(ro) (% @) = Xw(no)(Xa, @) + Xaxw(no) (xa%, 9),

and obtained

2
ann
XW(AO)(X7 q) = Zﬁ
>0 d)n
and e ann2+n
XW(/\1)(X5 q) =X / q / 27)
>0 gd)n
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Known results

—

e For higher level sl(2)-modules, Capparelli, Lepowsky, and
Milas obtained the Rogers-Selberg recursions, giving the sum
side of the Gordon-Andrews identities as graded dimensions.
Namely, they interpreted the Rogers-Selberg recursion in this

context, and showed that:

XW(iA0+(k—i)A1)(X7 q) =
Z Z x M (k=1)/2 ghing + =iy N4 NN - N

m>0 Ny+-+N=m
Ny > >Nk >0

(q)Nl_NZ T (q)Nk—l_Nk(q)Nk
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A few other extensions

@ Penn studied the case where L is a positive definite even
lattice of rank n whose Gram matrix has non-negative entries.
In this work, he found presentations, constructed exact
sequences, and obtained recursions and characters.

@ Penn and Milas later constructed combinatorial bases for a
more general case of this problem, namely when L is an
integral lattice

In both of these works, the character of the principal subspace
takes a familiar form:
quAm
! my m,
X (%q) =D X
(@my - (@Demn "

The aim of the work in this talk is to generalize the results found
in the work by Penn to twisted modules for V.
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Towards the twisted case

Calinescu, Lepowsky, and Milas extended their results to the
principal subspace W/(A) of the basic Agz)—module L(A), and
obtained (among many other results):

X (6 q) = [J(1 = x*)~

n>1

Specializing x = 1,

Xwny(L:q) = H(l — gt
n>1

gives the generating function for partitions whose parts are odd
and distinct.
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Towards the twisted case

In various other works, the principal subspaces of standard modules
for twisted affine Lie algebras have been studied in other works:

° Agi) level 1, presentations, recursions, and graded dimensions
(Calinescu, Milas, Penn)
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Towards the twisted case

In various other works, the principal subspaces of standard modules
for twisted affine Lie algebras have been studied in other works:

° Agi) level 1, presentations, recursions, and graded dimensions
(Calinescu, Milas, Penn)

° Agi)fl, D,(,z), Eéz), Df) level 1, presentations, recursions, and

graded dimensions (Penn, S.)
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Towards the twisted case

In various other works, the principal subspaces of standard modules
for twisted affine Lie algebras have been studied in other works:

° Agi) level 1, presentations, recursions, and graded dimensions
(Calinescu, Milas, Penn)

° Agi)fl, D,(,z), Eéz), Df) level 1, presentations, recursions, and
graded dimensions (Penn, S.)

° Ag2n)_1, D,(,z), Eé2), Df’) level k > 1, combinatorial bases and
characters (Butorac, S.)

2 . . )
° Ag ) level k > 1, presentations, some recursions, conjectured
characters with computational evidence (Calinescu, Penn, S.)
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Consider a rank D
positive-definite even lattice

L=701 D Zap
equipped with a symmetric,
nondegenerate, bilinear form

(-,+,), and its Gram matrix

A= (aij) = (e, o)) )1<ij<p-
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Running Example: Consider the
lattice

Consider a rank D
positive-definite even lattice

L=Z01 % -Zap L =201 & Zoo ® Zaz ® Loy

equipped with a symmetric, with Gram matrix

nondegenerate, bilinear form 2111
(-,+,), and its Gram matrix 1200
1020

A= (ai ) = ({@i, ) )1<ij<D- 100 2
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Let

L, = Zzoal D ZZOQD-

o Consider an isometry
v: L — L such that
v(ly) C Ly,

@ It's easy to show that v is a
permutation of the «;.

o We realize v as a
permutation, decomposed
into /y disjoint cycles:

(1,2,...,h)(h4+1,h+2,....0b) - (h+h+ - +lg_1+1, ..., 1)
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Let

L, = Zzoal D ZZOQD-
Running Example: Consider the
automorphism v : L — v defined

o Consider an isometry by:
v: L — L such that v(on) = aq
V(L'i‘) - L"r' V(O[z) = a3, y(a3) =y

@ It's easy to show that v is a

permutation of the a;. Which can be realized by the

] permutation:
o We realize v as a

permutation, decomposed (1)(2,3,4).
into /y disjoint cycles:

(1,2,...,h)(h4+1,h+2,....0b) - (h+h+ - +lg_1+1, ..., 1)
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We relabel the elements of our
basis of L to interact more nicely
with the isometry v. Define:

(r) _
Q" = Ot l 141

and

(N _ N
01" = Qi = Vo

For simplicity, set

the first element of each orbit,
forl <r<d.
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We relabel the elements of our
basis of L to interact more nicely Running Example: Define
with the isometry v. Define:

(") af? = s
r
Q" = Ot l 141
and
and
a(z) =«
(r) () Lo
For simplicity, set agz) =12ap
aln = agr), In particular, we have
the first element of each orbit, oV = az, a? = ap.

forl <r<d.
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Now, let k be twice the order of v, and let 1 be a k-th root of
unity. We consider the two central extentions of L by (v):

1— () —L—L—0

and A
l1—(n)—L, —L—0

with commutator maps
Cofar, B) = (~1)(

and

respectively.

Christopher Sadowski Lattice Principal Subspace



Let e: L — L be a normalized section such that:
eg=1 and &, =« forall o€ L.
Let ec, be the normalized cocycle defined by:

(1 if i <j
e, (i, aj) = { (_1)<ai:aj> if i >j.

under which we have

eats = €qy(a, B)ea+ .
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We lift v to an automorphism ¥ of [ such that

Pa=va

and
Pa=aifva=a.
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We lift v to an automorphism ¥ of [ such that

Pa=va

and

Pa=aifva=a.

For o € {aj(-r)|1 <j < I}, we define this lifting by:
€va if /r is odd

ve, = € if /. is even and <V”/2a,a> € 27
M2, €va  If Iy is even and <1/’f/2a,a> ¢ 27,
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We lift v to an automorphism ¥ of [ such that

Pa=va

and

Pa=aifva=a.

For o € {aj(-r)|1 <j < I}, we define this lifting by:

o if /. is odd
ve, = € if /. is even and <V”/2a,a> € 27
M2, €va  If Iy is even and <1/’f/2a,a> ¢ 27,

We say that «; € L satisfies the evenness condition if a; = aJ(.r)
for some 0 < j </, — 1 and one of the following holds
@ /, is a positive even integer and <a;,y”/2a;> €27

@ /, is a positive odd integer.
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The VOA V,

Consider the lattice VOA V| characterized by the linear
isomorphism R
Vi =S5(h7) @ ClL]
where
h=L®zC, and b~ =t~ 'C[t "]

with the vertex operators

x) = Z h(n)x—"t

nez
for h € b and

Y(i(en), x) = E~(—a,x)ET(—a, x)eax™.

and vacuum and conformal vectors

1=191, w=

l\.)\l—l
g
S

Il
—

respectively.
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The twisted module V,"

We now construct the twisted module we call VLT for the VOA V.
For n € Z, consider

by = {h € blvh=n"h}

h= H Bn)-

n€Z/KZ

so that
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The twisted module V,"

We now construct the twisted module we call VLT for the VOA V.
For n € Z, consider

by = {h € blvh=n"h}

h= H Bn)-

n€Z/KZ

so that

We also project each h € ) onto b(,,) via the map
Pn:bh— h(n)

given by Pn(h) = %(h +n""vh+ 17_2”1/2/, 4ot ﬁ_(k_l)nyk_lh)
for h € b, and we call this projection simply h(,
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The twisted module V,"

Running Example: We will be primarily concerned with the 0-th
projection, and as such we have: In our example, we have that

bo) = Car + C(az + a3 + aa)

and
Q1(0) = Q1

1
a2(0) = g(a2 + az + o)

In general:
Ny, — 2 (o0 )
(o) = (a7 +-++a]7).

forl1<r<dand1<j</.
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The twisted module V,"

Form the affine Lie algebra

~ 1 n
blv]=]]ne 7 Zb(n) @ t" & Ck

with
[a®t", B® t"] = (o, B)yMOmynok

for & € bkm), B € Hkn), myn € %Z and k is central.
Form the induced module

Spl=v (6[1/0 Dy(11, 50 bm@track) © (3)

where ano bkn) ® t" acts trivially on C and k acts as 1. We will
make use of the fact that this is linearly isomorphic to S (6[1/]*)
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The twisted module V,"

Following the construction in [L] and the work of Calinescu,
Lepowsky, and Milas, we define:

N = {a € L|{a, b)) = 0}
M=(1-v)LCN

R = {a € NjpZio U*5) — o}
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The twisted module V,"

Following the construction in [L] and the work of Calinescu,
Lepowsky, and Milas, we define:

N ={a € L|{e; b(o)) = 0}
M=(1-v)LCN
R = {a € N|np=i-o i¥5) — o}

Using a theorem of [L]|, we assume that what we call the "twisted
Gram matrix":

= (o) 0))y

of our lattice is invertlble, to ensure that R = M = N, which gives
us a unique irreducible twisted module for V/, which we call VLT,
characterized by the linear isomorphism

V7 =5 (b[v”) @ CIL/N]
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The twisted module V,"

Importantly, we have a twisted vertex operator, and we focus on

Y7 ((en),x) = k(0 20 (0)E (—a, X E* (—aa, x)enx0 om0l /2 (e 2,
4)

where

E*(—a,x) = exp Z mx‘” . (5)

n
neLiZy

We define the following modes of the twisted vertex operators

Y (ea) ) = 3 ()7 x5
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The principal subspace WLT

We assume now that the Gram matrix of L contains only
non-negative entries. We define the principal subalgebra of V| to
be

Wy = (e*,...,e%),

the smallest vertex subalgebra of V| containing e“t, ..., D,
We define the principal subspace of WLT by
W' =w,-11

where lr =1®1e V.
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The principal subspace WLT
by

V,", and thus W,” is }Z-graded by the eigenvalues of L”(0), given

Yo(w,x) = L7 (n)x "2,

neZ
have

L”(0) (€ )m, -

We call this the grading by conformal weight. In particular, we

' (eoéf,)

1%
m,'lT

(7(m1 +---4+m,+ r) + Wt(lT)) (eafl):m T (eflir)

m,']'T

Christopher Sadowski Lattice Principal Subspace

1%
In particular, we will use kL”(0) to ensure that our weights are integers.



We also have d gradings by
charge, given by the eigenvalues
of [;{(AD)g) for 1 < i < d. We
call the sum of these charges the
total charge.

In essence, the (A('))(O)—charge
counts the number of ¢;
appearing in a monomial in W,".
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We also have d gradings by
charge, given by the eigenvalues
of [;{(AD)g) for 1 < i < d. We
call the sum of these charges the
total charge.

In essence, the (A('))(O)—charge
counts the number of ¢;
appearing in a monomial in W,".

Running Example: The element

(ea)”3(eqm)?1(eq@)” 1 - 17

Wi

has

@ conformal weight
=943+ 1+ wt(ly)

(] (A(l))(o)—charge =2

° ()\(2))(0)—charge =1.
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The principal subspace WLT

Now that we have endowed W," with (d + 1)-gradings, define the
homogeneous graded components

(WLT> ={ve W/ |wtv=nchv=m}
(n,m)
and the multigraded dimension

h(A®) e\ D)) kv
x(gix) = trfyyrg T OO gk,

where x™ = x;™ - - xJ¥. We also define the shifted multigraded
dimensions

X(ax)=a " x(gx) = > dim (WLT>(nm)anm

so that the powers of xi,...,xq and g are all integers.
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Properties of W,”

Following [L], we have that
Y/ (D'v, x) = lim Y?(v,x).

Xl/k_ynfrxl/k

Christopher Sadowski Lattice Principal Subspace



Properties of W,”

Following [L], we have that

D(nr o . o
Y (V va) 7X1/k_|>l,?2rx1/k Y (V,X).

From this, we have n fact, if /; is odd or if /; is even and
N
(al, V%Oé(’)> € 27 we have
Yﬁ(eaw,x) = Z (eaU))ﬁx*"*M
ne/jl_Z . (6)
€ (End V)Y, x 4] € (End V[ * x4)

Further, if /; is even and (a(j)7y%a(j)> ¢ 27 we have

YD(eaU),X) _ Z (eaU) ZX_H_M
ne%,jﬂ%z
€ (End V7)[[x"/?, x~/2]]  (End V[)[[x/%, x4,
(7)



Properties of W,”

Running Example: In our example, we have
D 1) W\p —n—
Yu(ea( ,X):Z(ea )ZX n—1
and

ne%Z

since we satisfy the evenness condition in all cases.
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Properties of W,”

Our twisted properties satisfy several other conditions. Namely, we
have that:

(e =" (e

if o)) satisfies the evenness condition
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Properties of W,”

Our twisted properties satisfy several other conditions. Namely, we
have that:

via\p _ ralip _aD\D
(e )n - 77/,- l(e )m
if () satisfies the evenness condition
z/'a(i) U 2rnl,-—1 a(i) 19
(e )n - 772/,- (e n»

otherwise.

Christopher Sadowski Lattice Principal Subspace



Properties of W,”

Our twisted properties satisfy several other conditions. Namely, we
have that:

(e =" (e

if o)) satisfies the evenness condition

°
raD\p 2rnli—1 \p
(") = e )y,
otherwise.
@ We have
a\P _
(e )n ]‘T - 0
forall n > —M. This is the first of our relations in WLT.
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Properties of W,”

Our twisted properties satisfy several other conditions. Namely, we
have that:

vial\o b o(D\D
(") =m"" (" )
if o)) satisfies the evenness condition

(") = (e

otherwise.

@ We have
(e")y17 =0
for all n > —M. This is the first of our relations in WLT.
@ All of the operators which occur as modes of the twisted
vertex operator commute, due to the fact that the Gram
matrix of L contains only non-negative entries.
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Our operators satisfy a certain natural set of relations, namely:

(mil)! (ai) " (vﬁ(ew,x)) Y(e,x) =0.  (8)

It follows that for all 1 < m < <Vroz(i)7a(f)> we have
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Our operators satisfy a certain natural set of relations, namely:

(mil)! (ai) " (vﬁ(ew,x)) Y(e,x) =0.  (8)

It follows that for all 1 < m < <Vroz(i)7a(f)> we have

Extracting appropriate coefficients of the formal variable x from
(??7) we have the expressions

.. M = 0N N
Ridrml = S )
ni+ny=—t
meZ;
n2€47
(10)
which act as O on 17.
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Presentation of W,"

We define
Ul = C[sz(”)

1§i§d,nEZ,~].
We have a projection
iUl - wo

4 7 (1) \p
Xu(il)(nh) T Xy(ij)(nij) — (eo‘ 1 )” e (ea

) -1
o @ niy n;. T,

J

(recall, the modes of the twisted vertex operator commute due to
our restriction on the Gram matrix of L).
By presentation, we mean to find the generators of kerfLT.
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Presentation of W,"

Consider the following expressions

<a(f)7a(f)>
.. N — ——— ~ ~
R(i,j,r,m|t) = Z 772’,-71LI( m— 12 )X;(f)(”l)xgu)(”z)a
m+ny=—t
I71€ZI-7
n2€Zf

(11)
and let J,_T be the left ideal generated by these expressions. Also,
define left ideal

1§i§d,nez,.+]. (12)
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Presentation of W,"

Theorem (Penn, S., Webb)

We have that
Ker f, =J] + U] ™.
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Presentation of W,"

Theorem (Penn, S., Webb)

We have that
Ker f, =J] + U] ™.

Idea of the proof: The fact that JLT + ULTJr C Ker fLT is true by
the above slides. For the reverse inclusion, we consider an element

from Ker fLT which is not in JLT + ULT+. We consider a
homogeneous element with respect to all gradings with smallest
positive total charge. Among these elements, we choose one which
has lowest conformal weights.
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Presentation of W,"

Idea of the proof: We use certain shifting maps to move our
element and eventually end up with a € /LT, a contradiction. The
most important ingredients in the proof are the maps: For each
A, 1 < i< d, define:

. yT T
T/\(i) . UL — UL

o N 13
xa(j)(n) = XG) (n + <<a( )>(0) ’ Al )>> ’

where n € Z;.
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Presentation of W,"

At the level of W,T, we have analogous maps, which are twisted
analogues of maps originally introduced in the work of Haisheng Li:

[—1
, ' NN .
ATOD, —x) = ([[ ()X ET(-AD, %), (14)
Jj=0
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Presentation of W,"

At the level of WLT, we have analogous maps, which are twisted
analogues of maps originally introduced in the work of Haisheng Li:

-1

AT, =) = ([ (-,

!

NN .
) ANOE(-AD,x). (14)
Jj=0

Taking the constant term of this map and calling it AT(A(), —x),

we have that

ATOD ) w - w]
a- 17' — 7’)\(;)(3) . 1T,

(15)

where a € U. We note here that the map 7, : U] — U/ is a
lifting of the map A (A\(D, —x)

Christopher Sadowski Lattice Principal Subspace



Presentation of W,"

Finally, we also need to show a few more relations hold. Namely,
we need:
Forall i,j,s,t € Zsuchthat 1 <ij,j <d, s, t >0, and

s+t</; <agé)),oz(j)> — 1, we have

al) _<0‘E£>))720‘§3)> - —7<a%))’a%))>—£ el

;| e? 2 [

>

These types of relations only appeared in earlier work by Milas and
Penn, but were not needed in the affine Lie algebra cases (both
untwisted and twisted).
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Exact Sequences

Knowing this presentation, it is easy to construct exact sequences:

Theorem (Penn, S., Webb)

Foreach i =1,...,d, we have the following short exact sequences

T Sl
0— W/

Importantly, we have the
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Corollary

We have the following short exact sequences for i =1,...,d:

0 — (WLT

(OENO)
(mfe;,nJrkM kZ 1mJ< 0))7 g)))>)

Sald), (WLT)(m ; M (WLT)(m k) — 0.

i
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Corollary

We have the following short exact sequences for i =1,...,d:

0 — (WLT

(OENO)
(mfe;,nJrkM kZ 1mJ< 0))7 g)))>)

e (WLT)(m,n) S, (WLT)(m,n—ﬁmf) —o

Moreover, we have recursions for i = 1, ..., d of the form:

X' (x; q) (16)
k
= X'(X1s- s Xim1, QU X1y Xit15 - -+ Xd3 G)

) el

(d) ()
+Xxiq 2 X1,---,4 < @ >Xd q)
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Character of W,"

Finally, we solve this recursion to obtain:

Corollary

We have

mfAm

/ q 2
X (% q) = Z kK kK X{nl"'xzrjnd
me(zdy) (975 q" )m -+ (9% g )m,

where A is the (d x d)-matrix defined by

= (el ey
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Character of W,"

Running Example: In our example from earlier, we obtain:

Y(LLg= Y -

my,m;>0 (q3; q3)m1(q; q)m2 ‘

3m%+3m1m2+m%

(17)

We note that this is the analytic sum-side for the Kanade-Russell
Conjecture I, found by Kursungoz. Namely, one form of the
Kanade-Russell Conjecture / is:

q3m%+3m1m2+m§ 1

2 (@) m (@ Dm (90,6565 0% %)’ (18)

m1,my>0

Christopher Sadowski Lattice Principal Subspace



Character of W,"

In a similar example, we can delete the last row and last column of
our Gram matrix in our example to obtain a 3 x 3 Gram matrix
(and rank 3 lattice), and applying the above theory we obtain:

X(LLag= >

my,m;>0

q2m§+2m1m2+m§

(92 %) m (4: @), (19)

which can be interpreted as the generating function of partitions of

n in which no part appears more than twice and no two parts differ
by 1 (Bressoud).

Beyond this, this example doesn’t generalize since the Gram matrix
is no longer positive definite if we increase the rank of the lattice.
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Thank youl!
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