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In any cohomology theory the notion of a vector superspace and a
superalgebra are indispensable.

A vector superspace is a vector space V with a decomposition
V=Vs®Vj. Forv eV,,a€Z/2Z = {0,1}, one calls p(v) = a the

parity of v. A superalgebra is a Z/2Z-graded algebra: V, Vg C Vo4 p.

Basic Example:

EndV = (End V)5 @ (End V)1,

where (End V) (resp. (End V')1) consists of parity preserving (resp.
reversing) endomorphisms.

N



The Lie bracket on a superalgebra is
[a,b] = ab — (=1)P@P®)pq, (1)

If a superalgebra is associative, then the Lie bracket (1) on it defines a
Lie superalgebra structure. Axioms of a Lie superalgebra

(skew-commutivity) [a,b] = —(=1)P@P®)[p, g]
(Jacobi identity) [a, [b, c]] = [[a, ], ¢] + (—=1)P(@P®)[b [a, ¢]]

Recall Koszul rule: sign changes iff odd passes odd

Basic example: End V' with bracket (1) is the general linear Lie
superalgebra

Another example: if V carries a structure of a superalgebra, then
DerV = {D € End V | D(ab) = D(a)b+ (—1)PPIP )¢ D(b)}

is the Lie superalgebra of derivations of the superalgebra V.



An important special case (W for Witt):
W(V) =Der S(V),

the Lie superalgebra of derivations of the (commutative) superalgebra
of polynomial functions on V* (= the Lie superalgebra of polynomial
vector fields on V*).

The Lie superalgebra W (V) carries a natural Z-grading, coming from

S(V):
W)= P W V),

j=z-1

where

W(V) =V, Wo(V) = EndV, W/ (V) = Hom(S V), V).



Explicit formula for the bracket on W (V) :

[X,Y] = X0V — (-1)PrMyOx, (2)
where X € W™(V), Y € W™(V), and
(XOY) (00 ® ... @ Vmgn) =

> ewlios o yimin) X(Y(vig @ ... Qv;,) @ Vi, @ ... Qv;,,).
10< .. <y
i7n+1 <---<im+n

The summation is over the shuffles in Sy, p41, and €, = (—=1)V,
where N = # of interchanges of indices of odd v;’s.



Since W(V') = Hom(S?V, V), even elements of the vector superspace
W1(V) correspond bijectively to commutative superalgebra structures
(i.e. ab= (=1)P@P®)pg) on V.

But if we want skew-commutative, we need to reverse the parity of
V' : consider the vector superspace IIV with the even part V7 and the
odd part Vg, and consider the Lie superalgebra W (ITV).

The odd elements X € W(IIV) are in bijective correspondence with
skew-commutative superalgebra structures on V :

[a,b] = (~=1)PDX(a®b), a,beV (4)



A remarkable fact is that (4) satisfies the Jacobi identity (hence
defines a Lie superalgebra on V') if and only if

[X,X] =0. (5)

Since, by Jacobi identity, ad[X, X] = 2(ad X)?, we see that, given a
Lie superalgebra structure on V, with the bracket, defined by
X € WHIIV), we obtain a cohomology complex

(€ =D, ad X), where €7 = WI~}(TIV).
Jj=0

This is the Chevalley-Eilenberg Lie (super)algebra cohomology
complex with coefficients in the adjoint representation.



More generally, given a module M over the Lie superalgebra V| one
considers, instead of V, the Lie superalgebra V x M with M an
abelian ideal, and by a simple reduction procedure construct the
Chevalley-Eilenberg complex of V' with coefficients in M.



Basic idea. Given an algebraic structure A on a vector (super)space
V, construct a Z-graded Lie superalgebra

Wa(V) = € W4(1IV,)

jz—-1

such that an odd element X € W} (IIV), satisfying [X, X] = 0, defines
the algebraic structure A on V. Then we obtain a cohomology
complex for the structure A:

(€ = @) 2 X), where €3 = W5 (1V).
Jj=0

For a V-module M one uses a reduction procedure as in the Lie
(super)algebra case.



The above construction of the Lie superalgebra W (V) is easy to
reformulate in terms of the linear operad P = Hom(V'), where
P(j) = Hom(V®I, V), j > 0, so that

Wi = P(j +1)%+1.

A straightforward generalization produces a cohomology theory for
any linear symmetric (super)operad P. The art is how to construct
the linear operad P, which produces a cohomology theory of a given
algebraic structure A.



The first example beyond the Lie (super)algebra is the Lie conformal
(super)algebra (LCA). Recall that an LCA structure on a vector
superspace V with an even endomorphism 0 is defined by the
A-bracket (X indeterminate, p(\) = 0)

[a]: V®2 S VA, a®b > [axd],
satisfying the following axioms:

(sesquilinearity)  [Daxb] = —A[axb], [axdb] = (0 + N)[axb],
(skew-commutivity) [baa] = —(—1)P(@P®)[q_, _5b].
(Jacobi identity) [ax[buc]] = [[arblasuc] + (=1)P@PO b [arc]].

Explanation: writing [a,b] = >_, 5o #"cn, [a—x—ob] is
dnzo(=A=0)"cn.



In order to construct the corresponding Z-graded Lie superalgebra
WLCA(V), let

V, = V[)\l,,)\n]/(6+)\1 —‘r—l—)\n)V[)\l,,)\n] (6)

Then WY, (V) consists of linear maps Yy, . a, : yemth v,
which are invariant w.r. to the simultaneous permutation of factors in
V@t and of the A’s, and which satisfy the sesquilinearity
properties (0 < j <n)

Yag, o (00®...Q@00; ®@...Qv,) = =Y, x, (V0 ® ... ® V).

The box product on Wrca(V) = @ W{CA(V) is defined by a
§>—1

formula, similar to (3), but “decorated” by A;’s:



(XDY))\U,...,)\m+n (UOa ... avm+n)

= Z €y (i07 ) im—i—n)X)\iO-&-.“-&-)\i" ’>"in+1 7“">"im+n (7)

(YMOW Ay (Vig ® . ®0;,,) @V, ® . @V, )

Here, as in (3), the summation is over the shuffles in S, 1,11, and €,

is the same. Then formula (2) defines a structure of Z-graded Lie
superalgebra on Wi,ca (V).



As in the Lie (super)algebra case, we consider the Z-graded Lie
superalgebra Wi,ca (IIV). Then Wy, (ITV) = II(V/0V),

WPoA(IIV) = Endy V, and odd elements X € Wi, (IIV) correspond
bijectively to the linear maps [.».] : V2 — V[)], satisfying
sesquilinearity and skew-commutativity axioms of LCA. Explicitly,
this bijection is given by (cf. with (4)):

[axt] = (=1PW X5 s _ala@Db). (8)

As in the Lie superalgebra case, [X, X] = 0 iff (8) satisfies the Jacobi
identity.



We obtain an LCA cohomology complex for the adjoint module:

(CLoa = @C£CA7 ad X), where CJ , = Wi\ (TIV).
3=0
This complex, for any V-module M, was constructed by

Bakalov-VK-Voronov in [BKV99], where also its basic properties were
studied and cohomology of main examples was computed.

Basic examples of LCA. All simple finitely generated over C[d] Lie
conformal algebras were classified by [D’Andrea-VK 98]:

» Virasoro LCA: Vir = C[9]L, [L,L] = (04 2))L,

» Affine LCA: Curg = C[d]g, [axb] = [a,]], where g is a simple
Lie algebra.



Theorem 1 [BKV99]
(a) dim H{'w, (Vir,F) =1 for n =0, 2,3; = 0 otherwise.
(b) HECA(CUTQ, IF) = Hn(ga F) S2) Hﬂ+1(gv IF)

Theorem 2 [BKV99]
(a) Hyca(Vir,Vir) =0
(b) HECA(CHI'Q, Curg) = anl(g’ IF)

Corollary Since Hf,(V,V) = Casimirs for i = 0, =derivations
modulo inner derivations for i = 1, and = 1st order deformations for
i = 2, we obtain that all Casimirs of Vir and Cur g are trivial, all
derivations are inner, and all their 1-st order deformation are the
obvious ones.

Theorem 3 [BKV99] (cf. [Ritt50] for n = 2) For the Vir-module
Ma =F[0]v, Lyv = (0 + AX)v, A € F, on has:

2 ifn=r+1 andr € Z,
1 ifn=rr+2 andreZ,,

dim H]’CLCA(Vir7 Ml—#) = {

and H{'¢, (Vir, Ma) = 0 otherwise



The main tool for computing the LCA cohomology is the basic
complex

(Croa = PChcasdx),

n>0

obtained from from the definition of Cca, by replacing in the
definition of W{l, (V') the space V;,, defined by (6), by V[A1,..., Ay].
One gets thereby an LCA Wi,ca (V) with canonically defined
representation of Wy,ca (V) on it, giving, in particular the action dx
of X, and an exact sequence of maps:

0 — OWrea(V) = Wica(V) 5 Wiea(V).

In good situations, e.g. if V' is free as an F[J]-module, the map 7 is
surjective. Hence this short exact sequence induces a cohomology long
exact sequence.



The basic LCA complex is more like a Lie (super)algebra complex, in
particular, Cartan’s formula holds (a € LCA):

ax = [tx(a),dx], 9)

where ¢y (a) is defined by

(A(@)Y )xg,ae(@0 @ ... @ ag) = i?A,AO,...,)\k (a®ap®...Qag). (10)

Using Cartan’s formula one can often compute the basic LCA
cohomology or put severe restrictions on it. Using that the complexes
(0CLca,dx) and (CLca,dx) are isomorphic, and the long exact
sequence, one gets hold on the LCA cohomology.



The next characters in our story are Poisson vertex (super)algebras
(PVA). They are similar to Poisson algebras in the same way as Lie
conformal algebras are similar to Lie algebras. Namely a PVA is a
unital commutative associative algebra with an even derivation 9
(called a differential algebra), endowed with a structure of LCA, such
that these two structures are related by

(Leibniz rule)  [axbe] = [arble + (—1)P@P®p[ayc],
which, due to skew-commutativity, implies

(right Leibniz rule)  [abxc] = (€92 a)[bac] + (—1)P(@P®) (£997p)[ayc].



Given a differential superalgebra V, the Lie superalgebra Wpya (V) is
a Z-graded superalgebra of Wyca(V), where Wi,y C Wi, consists
of maps, satisfying the Leibniz rules (cf. the right Leibniz rule above):

Y)\o ..... An(a0®.-.®bici®...®an)

= +(e920)Yayn, (00 @ ... R ® ... D ay)

+ (9% ¢)) Yoy n, (a0 ® ... 0b;® ... R ay).

Again, an odd X € Wy, (ITV) defines by formula (8) a A-bracket,
satisfying all axioms of a PVA, except for the Jacobi identity, and the
Jacobi identity is equivalent to the equation [X, X] = 0.



This point of view on LCA and PVA cohomology was developed in
[De Sole, VK, 2013] for the needs of the theory of integrable
Hamiltonian PDE, but we were unable to extend it to vertex algebras
(VA) at the time.

Why PVA cohomology is important for integrable systems of
Hamiltonian PDE? Given a PVA V and [h € V/9V, the
corresponding Hamiltonian PDE is

7}

d—];:{thf}h:O’fev. (11)

It is called integrable if there are infinitely many integrals of motion
in involution [ hy,,n € Z, :

{hm x [} \_y =0, m,n€Zy, [ho= [h. (12)



Theorem

Let V be a PVA with X-bracket {.5.}. Suppose that H*(V,V) =0 and
{[ ho AV} =0 =0, i.e. [hg is a Casimir element. Suppose V is
bi-Poisson, i.e. there is “another” PVA X-bracket {.n.}1 such that any
its linear combination with {.5.} is again a PVA A-bracket. Then one
can construct [ hy,n € Z, such that (12) holds.



We have succeeded recently, in collaboration with Bakalov and
Heluani [BDSHK18], to built a cohomology of vertex algebras along
these lines, by analyzing the construction of the Beilinson-Drinfeld
chiral operad, associated to a D-module on a smooth curve X. We
showed that for X = F and the D-module translation invariant, this
operad admits a simple description, which is an enhancement of the
operad, used for the construction of the LCA cohomology.



To describe this construction, let
*,T -1
On1 =Flzi — 2, (i — 25) ™ o<icj<n:

Given a vector superspace V with an even endomorphism 0, the
Z-graded Lie superalgebra

Wa(V) = @ Wi, (V)

j=z—1

is constructed as follows. Let Wi, (V) be the superspace of linear
maps
Vvt o 0:T 5V, 4,

13
V..., @Ff =Yy, A (00®...0v,R f), 43

which are invariant w.r. to simultaneous permutation of factors in
V@@t the \;’s and the z;’s, and which satisfy the following two
sesquilinearity properties:



YV (01 @... 0 0+ A0 ® ... Qup ® f)

20500y2 7]
= YA[;),,.I.'..,’A: (Uo X...0U, ® / > ,

[“)zi
Y,\Z(?fz (M ®- vy, ® (2 — 24)f)
0 0 2050320
— <5)\i — a)\J) Y/\S,m’/\n (V® ...V, ® f).

Note that for f =1 the first sesquilinearity property turns into the
one for Wyca(V), so that Wica (V) C Wya (V).

The bracket on Wy (V) is defined through the box product as in (2),
and the box product is defined by a formula, similar to (8), a typical
term is further decorated by the z;’s as follows.



Let X € Wi (V), Y € Wi (V), and f € O:F .. We can write f in
the form f(zo,..., Zm+tn) = h(20,- -, 2m)g(20, - -, Zm+n), Where

he O, geO;L 1, and g has no poles at z; = z; for

0 < j < j < n. Then a typical term in the box product is (cf. (7))

Zig s imtn Zig s Rim

PRI VLS VR VN Y)\io—{)zio,...,)\l ~o., (Vi ® - 03, ®
h(zlo’ teey Zim)) Y Vi1 ®...Q Vit ® 9(2107 ’sz+n))

Zig = ... =2, = O) .

Then an odd element X € Wi, (IIV) C Wya (IIV) defines on V an
integral of A-bracket (cf. (3)):

A

/ fugoldo = (—1PO X557 (u Sv® ) RGP

Z1 — 20



Recall that, according to [De Sole,VK06], one of the equivalent
definitions of a (non-unital) vertex algebra structure on a vector
superspace V with an even endomorphism 0 is given by an integral

/A[UUU] do =:uv : +/O/\[ugv] do,

which satisfies the axioms of an LCA under the integral. We show
that formula (14) satisfies the axioms of sesquilinearity and
skew-commutativity of the A-bracket under the integral, and the
equation [X, X] = 0 is equivalent to the Jacobi identity under the
integral.



Thus, again we obtain a cohomology complex

Cya = @PCYx.ad X |, where CF, = Wi (TIV).
J=0

It cohomology is called the vertex algebra cohomology. We show that
this cohomology satisfies the expected properties [BDSHK12]. In
particular, Hi,, (V, V) for i = 0, 1,2 describe the Casimirs, derivations
of V modulo inner derivations, and first order deformations,
respectively.

We developed a method of computing the VA cohomology via
majorizing of it by the corresponding PVA cohomology, which goes as
follows.



Recall that if V' is a vertex algebra with an increasing filtration by
F[0]-submodules

0=FVcF'V)cF}V)c..., (15)
such that
C(F'V)(FIV) . FHV, [F'VAFIV] C (FH7IV) [, (16)
then the associated graded grV is a PVA.

Taking the increasing filtration of O} by the number of divisors,
combining with (15), we obtain an increasing filtration of

Ven @ 05T, This filtration induces a decreasing filtration of the Lie
superalgebra Wy (TIIV).



On the other hand, in [BDSHK18] we introduced, for a vector
superspace V' with an even derivation 9, the closely related Z-graded
Lie superalgebra We,(V'), which “governs” the PVA structures on V.
The vector superspace W, (V) consists of linear maps (cf. (13))

Y VO @Gn) =V, v@l — Y (v),

where G(n) is the space with even parity spanned by oriented graphs
with n vertices, subject to certain conditions. Then odd elements
X € WL(IIV) with [X, X] = 0 parameterize the PVA structures on V

by (cf. (8)):
ab= (~1)P VX7 (a@b), [axb] = ()" VX37\p(a @ D).



Assuming that V is endowed with an increasing filtration by
F[0]-modules, we obtain a canonical Lie superalgebra map

er WVA(HV) — ch(gl‘ HV)

We prove that this map is always injective, and that it is an
isomorphism, provided that the filtration on V is induced by a
grading by F[0]-modules. If, in addition, the filtration on V' is such
that grV inherits from the vertex algebra structure on V, given by X,
a PVA structure on grV (see (16)), we obtain that

dim H{s (V, V) < dim Hyy(gr V, gr V). (17)



Finally, the obvious inclusion of Lie superalgebras

Wpya (IIV) — W (IIV), by taking disconnected graphs, induces an
injective map on cohomology, and we prove that this map is an
isomorphism, provided that as a differential algebra, V' is an algebra
of differential polynomials. We prove this, using the HKR theorem
and Harrison cohomology. Hence, under the above condition, we
obtain from (17):

dim Hy, (V, V) < dim Hpys (g Vigr V). (18)

Thus, we obtain the following

Theorem

Let V be a vertex algebra with a filtration by F[0]-modules, such that
grV is PVA, which, as a differential algebra, is an algebra of
differential polynomials, then (18) holds.



In our recent paper [BDSK19] we developed methods of computing
PVA cohomology, similar to that for the LCA cohomology. The
additional ingredient is the Virasoro element, which exists in all of the
most important examples.

Namely, given an LCA R, the symmetric superalgebra S(R) over the
vector superspace R inherits, by Leibniz rules, a PVA structure
(Kirillov-Kostant like structure).

Basic examples of PVA:
» Virasoro PVA of central charge c € F: Vir® = S(\//l\r)/(C —c)
» Affine PVA of level k € F : V*(g) = S(Curg)/(K — k), where

“hat” stands for the universal central extension of the LCA.



A Virasoro element L in a PVA satisfies:
[LAL] = (9 +2)\)L + 5A%, [Laa]|x=0 = Oa, E := ‘& [Ly.]|r=0

is diagonalizable. (Note that Vir = F[O]L + FC, where C is a central
element.)

The operator F, called the energy operator, acts consistently on both
the PVA cohomology and the basic PVA cohomology, and is
diagonizable there.

Theorem [BDSK19]
(a) Zero is the only eigenvalue of E on the basic PVA cohomology

(b) The only eigenvalues of E on the reduced PVA cohomology are 0
and 1.

Proof.
(a) follows from Cartan’s formula (9). (b) follows from (a) and the
cohomology long exact sequence. O



From this theorem we can deduce the following results.

Theorem

(a) Let a PVAV be, as a differential algebra, a finitely generated
algebra of differential polynomials, and let L be a Virasoro
element, such that E has positive eigenvalues on V, except for

E1=0. Then dim Hp 4 (V, M) < oo for all n > 0.
(b) dim Hpy, (Vir®, Vir®) =1 for n =0,2,3; =0 otherwise.
(c) Hpya(VE(g),V"(0)) = H"(g,F) ® H" (g, F),n > 0, if k # 0.

Proof.
(a) is deduced from the previous theorem. The proof of (b) uses the
Virasoro element L. The proof of (c) uses L = o= 3. a? (the Sugawara

construction), where {a;} is an orthonormal basis of g.
O



Using the inequality (18), we obtain results on the vertex algebra
cohomology.
Theorem

(a) Let V' be a freely and finitely generated vertex algebra by elements
of positive conformal weight, including a Virasoro element (in

particular, V.= W¥(g, f)). Then
dim Hy4 (V, V) < oo for allm > 0.

(b) Cohomology of the freely generated vertex algebras Vir® and
Vk(g) with k # 0 is the same as for the corresponding PVA. In

particular, all their Casimirs are trivial, all derivations are inner,
and all first order deformations are the obvious ones.

So computation of cohomology of freely generated vertex algebras is
by now well understood, but for their simple quotients, or the lattice

VA, the problem is widely open.



The simplest example of a vertex algebra is when 0 = 0. Then a
vertex algebra V' is just a unital commutative associative algebra. Let
M be a module over this algebra.

Theorem
Hya(V, M) = HH(V, M).

If T # 0, but V is commutative the situation is more complicated.



