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Definition

@ Frenkel, Lepowsky and Meurman (1988): Twisted modules
associated to automorphisms of finite orders of a vertex
operator algebra.

@ H. (2009): Twisted modules associated general
automorphisms of a vertex operator algebra.

@ Twisted vertex operators contain logarithm of the variable
when the automorphism does not act semisimply.

@ V: A grading-restricted vertex superalgebra (a vertex
superalgebra with a compatible Z-grading satisfying the
two grading restriction properties). .

@ g: an automorphism of V.
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@ Data of a lower-bounded generalized g-twisted V-module:
o A C x Zy x C/Z-graded vector space

— sife]
w= J[  wp™
neC,s€Zy,[a]eC/Z
o A twisted vertex operator map:
YS9 Ve W — W{x}logx],

Ve w— Yi(v, x)w ZZ (Y ) nix"(log x)k
neC keN

e Operators Ly (0) and Lw(—1) on W.
e An action of gon W.
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@ Axioms:
e The equivariance property:
(Y (gv. z)w = (YR)P(v, 2)w.
e The identity property: Y, (1, x)w = w.
e The duality property: The series
<Wl7 (ng)p(u, Z1)(Yﬁ/)p(v7 22)W>»
(=MW (YR)P(v. z) (Y3 )P(u, z1)w),
W, (Y )P(Yv(u, 21 — z2)v, 22)w)
are absolutely convergent in the regions |zy| > |zz| > 0,
|z2| > |z1| > 0, |z2| > |21 — 22| > 0O (also
|arg zy —arg z2| < %), respectively, to
N

> awe™ e ® y(2) p(2) (21 — z2) .
i.j,k,I=0
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@ More axioms:

The Lower-boundedness condition: There exists B € R
such that Wj,; = 0 when R(n) < B.

The L(0)-grading condition: For w € Wy,

(Lw(0) — m¥w = 0.

The L(0)-commutator formula:

d
[Lw(0), Y}, (v,2)] = z Yy, (v,z) + Y5, (Ly(0)v, 2).
The g-grading condition: (g — €™ )"w = 0.

The g-compatibility condition and Z,-fermion number
compatibility condition: gYj,(u, x)w = Y§,(gu, x)gw and
Y5, (u, x)w| = |u| + |w]|.

The L(—1)-commutator formula:

%Yﬁ,(v,x) = [Lw(=1), Y (v, x)].
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A Jacobi identity

@ Jacobi identity for twisted vertex operators (a reformulation
of the Jacobi identity obtained by
Frenkel-Lepowsky-Meurman, Bakalov, H.-Yang): Write the
automorphism g as g = €2™'£9. Then

1 (X=X
x015( 1x0 2) Yo, (U, x1) Y, (v, x2)

X+ x
_ (_1)|UHV|XO 15 (2)(()1) YgV(V, X2)Y3V(U, X1)

c
_1 Xo + Xo Xo + Xo 9
=x'6 <X1> Yy, (YV <<x1> u, x0> v, x2> .
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The problem

@ The problem: Give a general, direct and explicit
construction of (universal lower-bounded generalized)
g-twisted V-modules based on algebraic assumptions on a
graded space and some operators on the space.

@ General: Not just for special classes of vertex algebras
(lattices, tensor powers of a vertex algebra, etc.) or special
classes of automorphisms (permutation automorphisms or
automorphisms of finite order, etc.).

@ Direct: Not from modules for the twisted Zhu’s algebras
given by Dong-Li-Mason in the finite order case, the
twisted zero-mode algebras given by H.-Yang or the
twisted Zhu’s algebra given by H.-Yang in the general case.

@ Explicit: Not just a proof of the existence.
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Why is it important to have such a construction?

@ The universal g-twisted V-modules are analogues of the
Verma modules for finite-dimensional Lie algebras.

@ We can use such modules to prove the existence of
g-twisted V-modules.

@ This construction will be useful even for the construction
and study of (untwisted) modules for vertex algebras
obtained as kernels of the screening operators.

@ In fact, the exponentials of screening operators on a vertex
algebra are automorphisms of the vertex algebra one
starts with. The kernels of the screening operators are the
same as the fixed point subalgebras of these
automorphisms. One way to construct modules for the
fixed point subalgebras is to construct twisted modules for
the larger vertex algebra and then take the generalized
eigenspaces for the automorphisms.
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Orbifold theory conjectures

@ Conjecture: For a suitable vertex operator algebra V and
a finite group G of automorphisms of V, the category of
g-twisted V-modules for all g € G has a natural structure
of G-crossed modular tensor category satisfying additional
properties.

@ A stronger Conjecture: Twisted intertwining operators
among g-twisted V-modules for g € G satisfy associativity,
commutativity and modular invariance property.

@ In the case of g = 1, this stronger conjecture is a theorem
(H., 2002, 2003).

@ This theorem in the case of g = 1 indeed gives a modular
tensor category (H., 2005).
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@ ForveVandwe W,
(Y9 (w, x)v

— (—)WIwWlXw(=1) y9 (v V\w
( ) W( 7y) yn=em™nixn log y=log x-+mi

@ The twist vertex operator map:
(YOW, - WV — W{x}logx],
w e v (YOl (w, x)v
@ Twist vertex operator map is the twisted intertwining
operator of type (1) obtained by applying the

skew-symmetry isomorphism Q. to the twisted vertex
operator map Yj,,.
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Main properties

@ The duality property: The series

(W, (YR)P (U, 20)((YO) i) (w, 22)v),
(=)W (YO )P (w, 22) Yy (u, 21)v),
W, (YO P=((YR)P (U, 21 = z2)w, 22)v)

are absolutely convergent in the regions given by
|z1| > |z2| > 0, |22| > |z1| > 0, |22| > |21 — 22| > O,
respectively, to suitable branches of the multivalued
analytic function

N

s
Z AjkmnZ} 2, (21 — 22)%(log 22)" (log (21 — 22))".
Jsk,m,n=0
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@ Jacobi identity: Recall that g = /£9.

Xo

(YO (W, x2) Yy <<_X2+X1>£g U,X1> v

Xo

=x'6 <X2 +XO> (YO Wy (YS, (u, o) W, x2) v.
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@ The generalized weak commutativity: For u € V and

w € W, there exists My w € Z4 such that

(1 = %)™ Y (1 = x2)"ou, x1) (YO) v (W, xa) v
= (1)1 — 30 (YO iy (w, 3.
Yy((—Xe + x1)%9u, xq)v.

@ Let N be the nilpotent part of Lg. Then for u € V1o, the

generalized weak commutativity can be rewritten as:

(%1 = xe)* Mo (g — X )0 Y7, (U, 1) (1 — x2) Vo (YO) y (w, xp) v

= (=DM (g 43 ) Mo (YO (W, )

(X2 + )N Yy (U, xe) (< xe + xi) Mo,
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® Assume that V = [ .p, VIl where VI°l is the generalized
eigenspace for g with eigenvalue > and is generated by
¢/ (x) for i € I of weights wt ¢’ and Z-fermion numbers |¢/|.
Also assume that for i € Z, there exist o/ € Py and
Ny(i) € I'such that €2™S9¢/(z)e2™S = €27 ¢(z) and
Vg, ¢'(x)] = ¢"Vo()(x), where Sy and Ny are the
semisimple and nilpotent, respectively, parts of L.



A construction of twisted modules for a grading-restricted vertex (super)algebra
A construction theorem

The algebra and the space

® Assume that V = [ .p, VIl where VI°l is the generalized
eigenspace for g with eigenvalue €™ and is generated by
¢'(x) for i € I of weights wt ¢' and Z-fermion numbers [¢'|.
Also assume that for i € Z, there exist o' € Py and
Ny(i) € I'such that €2™/S0¢/(z)e 2% = €2 ¢/(z) and
Vg, ¢'(x)] = ¢"Vo()(x), where Sy and Ny are the
semisimple and nilpotent, respectively, parts of L.

@ Let ]

S|
w= I W
neC,s€Zy,[a]eC/Z

be a C x Zy x C/Z-graded vector space such that
W[,,]_ = Hsezz,[a]e_C/Z W[f,,’][a] = 0 when the real part of nis
sufficiently negative.
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The fields and operators

° G.enerating twisted fields: For i € |,
oy (x) € x*'(End W)[[x, x~"]][log x] such that for w € W,

Ki
W:Z Z (¢’W)n7kwx*”*1(logx)k.

k=0 nca/+N—N
@ Generator twist fields: For a € A,
Y(X) € Yocp, XO‘Hom(V W)[[x, x~"][log x] such that for

v e Vi ya (x V_Z D (Wi )nkvx " (log x)".
k=0 neN;—N
@ An action of g on W and an operator L5 on W such that
g = e?mils,

@ Two operators Ly(0) and Ly (—1) on W.
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The assumptions

o Lw(O) = Lw(O)S + Lw(O)N where Lw(O)s and Lw(O)N are
semisimple and nilpotent. For i € |,
[Lw(0), by (x)] = x &y (x) + (wt )¢}y (x). For ae A,
there exists (wt 1{},) € C and, when Ly (0)n93(x) # 0,
there exists Ly (0)n(@) € A such that

w(O)R() — ¥R ()LV(0)
= X SUR00 + (R0 + 0 OO x),

where 15 O%@) (x) — 0 when Ly (0)xd, (x) = 0.
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o Lw(O) = Lw(O)S + Lw(O)N where Lw(O)s and Lw(O)N are
semisimple and nilpotent. For i € |,
[Lw(0), by (x)] = x &y (x) + (wt )¢}y (x). For ae A,
there exists (wt 1{},) € C and, when Ly (0)n93(x) # 0,
there exists Ly (0)n(@) € A such that

L) (x) — X)Ly (0)
= X SUR00 + (R0 + 0 OO x),

where 15O (x) — 0 when LW(O)Nwa( )=0.
oFor/eI[Lg( 1)¢’()]— ¢ly(x) and for a € A,

Ly (=1 (x) = v3(x)L (—)—de()
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o Lw(O) = Lw(O)S + Lw(O)N where Lw(O)s and Lw(O)N are
semisimple and nilpotent. For i € |,
[Lw(0), by (x)] = x &y (x) + (wt )¢}y (x). For ae A,
there exists (wt 1{},) € C and, when Ly (0)n93(x) # 0,
there exists Ly (0)n(@) € A such that

L) (x) — X)Ly (0)
= X SUR00 + (R0 + 0 OO x),

where 15O (x) — 0 when LW(O)Nwa (x) = 0.

@ Foriel, [LY,(—1),¢l(x)] = &gl (x)and for a € A,
Ly (=195 (x) = 3 (x)Ly (-1 ) = SUH ().

@ Forac A, ¢, (x)1 € W[[x]] and its constant terms
limy_0 9§ (X)1 is homogeneous with respect to weights,
Z»-fermion number and g-weights.
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@ The vector space W is spanned by elements of the form

(¢l|1/v)n12/1 --'(<Z5'§v)nk7lk(1/’5y)n,/‘/f°r i,...,ik€l,ae Aand
mear+7Z,...,nea+Z,neC, ly,.... Ik, eN,veV.



A construction of twisted modules for a grading-restricted vertex (super)algebra
A construction theorem

The assumptions

@ The vector space W is spanned by elements of the form
(¢l|1/v)n12/1 o '&v)nmlk(l/’ﬁy)m/‘/ foriy,...,ikel,ae Aand
mear+7Z,...,nea+Z,neC, ly,.... Ik, eN,veV.

@ Let Sy and Ny be the semisimple and nilpotent parts,
respectively, of Lg. (i) Fori € I, goy ' (2)g~" = 6(2). (ii)
For i € I, ¢l (x) = xNo (¢}, )o(x)xo and for a € A,

i, (x) = (13 )o(x)e~™Nox—No where (¢}, )o(x) and
(¥8,)o(x) are the constant terms of ¢}, (x) and {,(x),
respectively, viewed as a power series of log x. (iii) For
iel, eZﬂ'ISggZ)IVV(Z)e'—27I’ISg - ezﬂa,qb’W(Z) and

Ny, ¢\y(2)] = ¢AV§Q(')(Z). (iv) For a € A, there exists

a? € [0,1) such that (¢/{})no1 forne —N — 1 are _
generalized eigenvectors for g with the eigenvalue 2",
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The main assumptions

@ Fori,j € I, there exists Mj € Z such that

(xi — %)Ml (x1) &y (x2)
= (%1 — x)Mi(—1 |¢H¢/|¢J (X2)dw(X1)-



A construction of twisted modules for a grading-restricted vertex (super)algebra
A construction theorem

The main assumptions

@ Fori,j € I, there exists Mj € Z such that
(x1 — x)Migshy (x1) &y (x2)
= (X —x2) i(—1 |¢H¢’I¢J (X ¢W(X1)
@ Forie land a € A, there exists Mj; € Z, such that
(x1 = x2) " T™Ma(xy — Xxo)No gty (x1) (X1 — x2) Noufy (xo)
= (—Xp + X;)%itMa(—1 )|¢’H¢a\.
8 (xe)(— X2 + X1 Voo (1) (= X2 + x1) e
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The twisted vertex operator map

Theorem

Forie | andp € Z, let ¢2(z) be the p-th branch of ¢i,,(z). The
series

(W, owf(21) - S5 (z)w)
is absolutely convergent in the region |z{| > --- > |zx| > 0 to an
analytic function of the form

N

B CIEA S R
ny,...,nx=0

“(Ip(21))™ - - (Ip(2K))"™

where fn,..n (21, ..., 2) are ratiqna/ functions with the usual
poles, and denoted by FP({(W', ¢\,(21) - - - 1, (2K ) W)).
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A construction of twisted modules for a grading-restricted vertex (super)algebra
A construction theorem

The twisted vertex operator map

e ForweW,weW,iy,....ikel,my,... mx €Z,
(W (Y)P (D, - b9 1, 2)w)
— Res&:O v ResgkzoquH e g;{nk

CFP((W, 08 (&1 + 2) - Ol (& + Z2)w)).
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A construction theorem

The twisted vertex operator map

e ForweW,weW,iy,....ikel,my,... mx €Z,

<W,7( Yﬁ/)p(¢%1 e g[);,;U(‘l ’ Z) W>
— Res;, o -Res§k:o§f11 .. .glf("k.

CFP((W, 08 (&1 + 2) - Ol (& + Z2)w)).

o If o )\p¢f;:¢ . -¢i€£1 =0,thenforw’ ¢ W, we W

M

mt mt
ZAMRGS&:O - -Resg,—0ly | &k
u=1

FP((W, 63y (€1 + 2) -+ 0l (& + Z)W)) = 0.

In particular, Yy, is well defined.
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A construction theorem

The main theorem

Theorem

The pair (W, Yﬁ,) is a grading-restricted generalized g-twisted
V-module generated by (Y3/)nkv forac A,n€ a+Z, v € Vel
and o € Py. Moreover, this is the unique generalized g-twisted
V-module structure on W generated by (1§, )n kv for a € A,
nea+27, ve Vdanda e Py such that Yy(¢' (1,2) = ¢iy(2)
forie I.

v




A construction of twisted modules for a grading-restricted vertex (super)algebra

An explicit construction

Outline

e An explicit construction



A construction of twisted modules for a grading-restricted vertex (super)algebra

An explicit construction

Twisted affinization




A construction of twisted modules for a grading-restricted vertex (super)algebra
An explicit construction

Twisted affinization

o Let V19 = [, ken(CNES 1@ tCt, t ")) @ CLo® CL_y,
where Ly and L_4 are two abstract elements.
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o Let V19 = [, ken(CNES 1@ tCt, t ")) @ CLo® CL_y,
where Ly and L_4 are two abstract elements.

o Let T( \7(;[59]) be the tensor algebra of \A/d[)g].
o Let ‘Z";A/(J[bg] (X) =X neairz(xNogl 1) @ tM)x—"" for i € I.

° gb’;A/[g] (x) for i € I can be viewed as formal series of
¢

operators on T( \A/(},g]). Also Ly and L_4 can be viewed as
operators, on T ( \7(][59]).
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An explicit construction

Twisted affinization

o Let V19 = [, ken(CNES 1@ tCt, t ")) @ CLo® CL_y,
where Ly and L_4 are two abstract elements.

o Let T( \7(;[59]) be the tensor algebra of \A/d[)g].
o Let ‘Z";A/(J[bg] (X) =X neairz(xNogl 1) @ tM)x—"" for i € I.

° gb’;A/[g] (x) for i € I can be viewed as formal series of
¢

operators on T( \A/(},g]). Also Ly and L_4 can be viewed as
operators, on T ( \7(][59]).

@ We denote Ly and L_4 viewed as operators on T( \A/d[)g]) by
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@ Fori,j e I, let M;; be the smallest positive integer such that
”Y (d)’ 1,x ¢f 11is a power series in x.
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An explicit construction

Weak commutativity for qb"v (Lg](x)

@ Fori,j e I, let M;; be the smallest positive integer such that
”Y (d)’ 1,x ¢f 11is a power series in x.

° Let J( Vq[ﬁg]) be the ideal of T( Vq[j’]) generated by the
coefficients of the formal series

(x1 = x2) "1 (X1)0 1 Ox2)
¢ ¢
= (106 — ) ) (1)

. . d .
Lo¢l\7<5)9](x)_¢’\7§>91(X)L0_Xa¢,\7[9]( ) = (we o) v[gl( )

; ; d
Lf1¢'\7ég] (x) - ¢’Vd[)g](X)Lf1 ~ 'V[g]( )

fori,jel,
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Weak commutativity for qb"v (Lg](x)

o Let U(VI = T(V19)/u( V),

@ In U( \A/q[bg]), we have the following weak commutativity,
L(0)-commutator formula and L(—1)-commutator formula:
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An explicit construction

Weak commutativity for qb"v (Lg](x)

o Let U(VI = T(V19)/u( V),

@ In U( \A/q[bg]), we have the following weak commutativity,
L(0)-commutator formula and L(—1)-commutator formula:

(x1 — Xz)M”¢';7¢[>g](X1 W@g} (x2)

= (=110 — x)M .\A/[g](x2)¢l;7ég](x1)y
b
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An explicit construction

Weak commutativity for qb"v (Lg](x)

o Let U(VI = T(V19)/u( V),

@ In U( \A/q[bg]), we have the following weak commutativity,
L(0)-commutator formula and L(—1)-commutator formula:

(x5 = )16, 1q (1), 15 (X2)
é O ' .
= (=011 0a — X)) g ()0 a (1),
[ ]
L%gl(o)ﬂﬁ';yég] (x) - ¢"\7¢[79](X)L\7(L91(0)

d - o
= Xa‘#p[gl (x) + (wt ¢') I\“/(Ebg] (x),

@
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An explicit construction

Weak commutativity for qb"v (Lg](x)

o Let U(VI = T(V19)/u( V),
@ In U( \A/q[bg]), we have the following weak commutativity,
L(0)-commutator formula and L(—1)-commutator formula:

(x5 = )16, 1q (1), 15 (X2)
]

v
b
= (_1)|¢,H¢I|(X1 - XZ)M” V;g](x2)¢l;7ég](x1)v
L%gl(o)ﬂﬁ';yég] (x) - ¢"\7¢[79](X)L\7(L91(0)

d .
:xacﬁ’%g]( )+ (wt ¢I) V[g]( ),

: d
V[g]( 1)¢V[g]( ) — ¢I\74[>91(X)L\7§§](_1):&gbl\“/f](x)‘
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@ Let M be a Z,-graded vector space (graded by Z,-fermion
numbers).

@ Assume that g acts on M and there is an operator Ly(0)
on M.

@ Assume that there exist operators Lg, Sg, N such that on
M, g = €¥™'£s and S, and N are the semisimple and
nilpotent, respectively, parts of Lg.
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An explicit construction

A space of generators

@ Let M be a Z,-graded vector space (graded by Z,-fermion
numbers).

@ Assume that g acts on M and there is an operator Ly(0)
on M.

@ Assume that there exist operators Lg, Sg, N such that on
M, g = €¥™'£s and S, and N are the semisimple and
nilpotent, respectively, parts of Lg.

@ Also assume that Ly (0) can be decomposed as the sum of
its semisimple part Ly,(0)s and nilpotent part Ly(0)y and
that the real parts of the eigenvalues of Ly,(0) has a lower
bound. In particular, M is a direct sum of generalized
eigenspaces for the operator Ly,(0).
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A space of generators

@ We call the eigenvalue of a generalized eigenvector w € M
for Ly(0) the weight of w and denote it by wt w.

@ Let {w?},c4 be a basis of M consisting of vectors
homogeneous in weights, Z,-fermion numbers and
g-weights (eigenvalues of Ly) such that for a € A, either
Ly (0)yw? = 0 or there exists Ly(0)n(a) € A such that
Ly (0)yw@ = whuOn(a),
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@ We call the eigenvalue of a generalized eigenvector w € M
for Ly(0) the weight of w and denote it by wt w.

@ Let {w?},c4 be a basis of M consisting of vectors
homogeneous in weights, Z,-fermion numbers and
g-weights (eigenvalues of Ly) such that for a € A, either
Ly (0)yw? = 0 or there exists Ly(0)n(a) € A such that
Ly (0)yw@ = whuOn(a),

@ For simplicity, when Ly (0)yw? = 0, we shall use wtm(On(a)
to denote 0. Then for a € A, we always have
Ly (0)yw? = wim(On(a),
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An explicit construction

A space of generators

@ We call the eigenvalue of a generalized eigenvector w € M
for Ly(0) the weight of w and denote it by wt w.

@ Let {w?},c4 be a basis of M consisting of vectors
homogeneous in weights, Z,-fermion numbers and
g-weights (eigenvalues of Ly) such that for a € A, either
Ly (0)yw? = 0 or there exists Ly(0)n(a) € A such that
Ly (0)yw@ = whuOn(a),

@ For simplicity, when Ly (0)yw? = 0, we shall use wtm(0n(a)
to denote 0. Then for a € A, we always have
Li(0)yw? = wim(0)n(a)

@ For ac A, let o? € C such that R(a?) € [0,1) and ™" is
the eigenvalue of g for the generalized eigenvector w?.
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M9l is a left U( \A/(E)g])-module.
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o Let Mld = | \A/(z[)g]) ® (M ® toC[t, t~]) ® VIol. Then
M9l is a left U( \A/(E)g])-module.
o for i € I, we denote the action of ¢/, (x) on Ml by
¢

;\7[91 (x). Then %7[91 (x) for i € I satisfy the same weak

commutativity, L(0)-commutator formula and
L(—1)-commutator formula as those for ¢’Vd[)g] (x).



A construction of twisted modules for a grading-restricted vertex (super)algebra
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The graded space

o Let Mld = | \A/(z[)g]) ® (M ® toC[t, t~]) ® VIol. Then
M9l is a left U( \A/(E)g])-module.
o for i € I, we denote the action of ¢/, (x) on Ml by
¢

L (%) Then oL (x) for i € / satisfy the same weak
commutativity, L(0)-commutator formula and

L(—1)-commutator formula as those for ¢’;74[)g] (x).

@ Foriel,let K’ € N such that V"¢ ;1 =0and we
denote the actions of the elements S (Ao 1) @ 17 for

nea+Zandk=0,...,K of U(V) on M by (¢ .
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The graded space

@ Forac A ac Pv,n6a+ZandkeN we denote the
linear map v — & 1) (w2 ® t") @ Nk v from VIl to MI9] by
(42 5)nk and extend it to a linear map from V to M9l by
mapping VI[®1to 0 for o/ # a.
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An explicit construction

The graded space

@ Forac A ac Pv,n6a+ZandkeN we denote the
linear map v — & 1) (w2 ® t") @ Nk v from VIl to MI9] by
(42 5)nk and extend it to a linear map from V to M9l by
mapping VI[®1to 0 for o/ # a.

@ Then Ml9l is spanned by elements of the form
((ﬁ%,[g])m,lq T (¢X7I[g])n/7k/(Ll\7l[g]( )) )(wM[g])n,kv7

foriy,....iel,mea"+7Z,...,neca+17,

0<ki <Kt ..0<k<Ki,m=0-1,geN,acA,
nea+70<k<K,ve Vel qec Py, where K e N
satisfying Vg " 'v = 0.
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The graded space

° Letyf,(x) Z > Wpa)nevx " (log x)".

k=0 nea+7Z
@ Let B € R such that B < R(wt w?) for a € A. Let Jg(M9))
be the U( \A/Q[sg])—submodule of Ml generated by elements
of the following forms: (i) ( %[g]),,,m forac A, and
n ¢ —N — 1; (ii) homogeneous elements such that the real

parts of their weights are less than B.
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The graded space

° Letyf,(x) Z > Wpa)nevx " (log x)".

k=0 nca+7Z

@ Let B € R such that B < R(wt w?) for a € A. Let Jg(M9))
be the U( \A/Q[sg])—submodule of Ml generated by elements
of the following forms: (i) ( %[g]),,,m forac A, and
n ¢ —N — 1; (ii) homogeneous elements such that the real
parts of their weights are less than B.

@ Since Jg(M9) is spanned by homogeneous elements
M9l Jg(MI91) is also graded. In addition, M9l /Jg(MI9]) is
lower bounded with respect to the weight grading with a
lower bound B.
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@ Foricland ae A,' let M 5, € Z. be the smallest ofmeZ
such that m > wt ¢' — 1 + R(wt w?) — B — R(a).
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@ Foricland ae A,' let M 5, € Z. be the smallest ofmeZ
such that m > wt ¢' — 1 + R(wt w?) — B — R(a).

o Let J(M!9l/Jg(Ml9)) be the U(V/!')-submodule of
M9/ Jg(M19]) generated by the coefficients of the series
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The graded space

@ Foricland ae A,' let M 5, € Z. be the smallest ofmeZ
such that m > wt ¢' — 1 + R(wt w?) — B — R(a).

o Let J(M!9l/Jg(Ml9)) be the U(V/!')-submodule of
M9/ Jg(M19]) generated by the coefficients of the series

(x1 — %) tMia(xq —Xz)Ngéf?%,,[g]( 1) (x1 — xp) e S (x2)v
*(*1 )|UHW‘( X2 + X4 )a +M’ awM[g]( )
(X2 x) V96 () (xe + xa) Mo,
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The graded space

@ Foricland ae A,' let M 5, € Z. be the smallest ofmeZ
such that m > wt ¢' — 1 + R(wt w?) — B — R(a).

o Let J(M!9l/Jg(Ml9)) be the U(V/!')-submodule of
M9/ Jg(M19]) generated by the coefficients of the series

(x1 — %) tMia(xq —Xz)Ngéf?%,,[g]( 1) (X1 — Xz)_Ng%Z),%[g] (x2)v
(=) (—xp + xp) 2 My ().
(X2 + X N0 (1) (—x2 + x1) Nov,
Lina (0)92 , (x)v —¥&  (x)Ly(0)v

% vz — Oy,

X wia XV = (we w2 (x)v — 9
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The graded space

@ Foricland ae A,' let M 5, € Z. be the smallest ofmeZ
such that m > wt ¢' — 1 + R(wt w?) — B — R(a).

o Let J(M!9l/Jg(Ml9)) be the U(V/!')-submodule of
M9/ Jg(M19]) generated by the coefficients of the series

(x1 — %) tMia(xq —Xz)Ngéf?%,,[g]( 1) (X1 — Xz)_Ng%Z),%[g] (x2)v
(=) (—xp + xp) 2 My ().
(X2 + X N0 (1) (—x2 + x1) Nov,
Lina (0)92 , (x)v —¥&  (x)Ly(0)v

% vz — Oy,

X wia XV = (we w2 (x)v — 9

d
M[g]( 1) M[g]( )V_ %[g](X)LV(_1)V_a /é\i/’[g](x)v
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The graded space

o Lot M) — (M /J(M91)) /J(MI9) / Jg(191)).
@ In I\A/I,[Bg], we have
(x1 — X2)ai+M”a(X1 —Xz)Ng¢iA[g1(X1)(X1 - Xz)_Ngzbi’[g] (x2)v
MB MB
= (=) (—x + xq )O‘UFM"’W,%[BQ] (x2)-

(=x2 + x1 )V 8 (x1)(—x2 + x1) Nov,
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The graded space

o Let M) = (M Jg(M1S))) /(RS / Jp(MIS1)).
@ In I\A/I,[Bg], we have
(X1 — xp)* Mia(xq —x2)N9¢5\71[B§,](x1)(x1 - Xz)_Nglb%gg] (x2)v
= (1)1 (g ) M )
(e + )06 () (< + x1) Mo,

M[g]( )wa[g]( ) _w,%,gz](x)LV(o)V

d
= X g Ui (00 (W W) (X) + 0P o)
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The graded space

o Let M) = (M Jg(M1S))) /(RS / Jp(MIS1)).
@ In I\A/I,[Bg], we have
(X1 — xp)* Mia(xq —x2)N9¢5\71[B§,](x1)(x1 - Xz)_Nglb%gg] (x2)v
= (1)1 (g ) M )
(e + )06 () (< + x1) Mo,

M[g]( )wa[g]( ) _w,%,gz](x)LV(o)V

d
= X g Ui (00 (W W) (X) + 0P o)

Lipa (=1 )¢:7§;](X)V - ¢:7E](X)LV(—1)V = ai/’,%}ggl (x)v.
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The lower-bounded generalized twisted module

Theorem
The twisted fields d)%/’ g fori € | generate a twisted vertex
operator map ’

Yn%gg] Ve M9 — M x}[log x]

such that (I\A/I,[Bg], YA% ) is @ lower-bounded generalized g-twisted
V-module. MoreovBer, this is the unique generalized g-twisted

V-module structure on /\7}99] generated by the coefficients of
(Y2 4)(x)v forac Aandv € V such that
MB

YA%E,](¢L11,Z) = ¢>;%g] (z) forie .
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The universal property I\A/I,[ag]

Theorem

Let (W, Y},) be a lower-bounded generalized g-twisted
V-module and My a Z»-graded subspace of W invariant under
the actions of g, Sq, Ng, Lw(0), Lw(0)s and Ly (0)n. Let Be R
such that Wi,y = 0 when R(n) < B. Assume that there is a
linear map f : M — My preserving the Z-fermion number
grading and commuting with the actions of g, Sg, Ng, Lw(0)
(LA[g]( )), LW(O)S (LM[BQ](O)S) and Lw(O)N (LME](O)N) Then

there exists a unique module map f : A7I,[3~C’] — W such that
flu="F. Iffis surjective and (W, Y}, is generated by the
coefficients of (Y9) W, (wo, x)v for wo € My and v € V, where
(Y9)W,, is the twist vertex operator map obtained from Y,
then f is surjective.
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Lower-bounded generalized twisted modules as

quotients

Corollary

Let (W, Y},) be a lower-bounded generalized g-twisted
V-module generated by the coefficients of (Y9) W, (w, x)v for
w € M, where (Y9)W, is the twist vertex operator map
obtained from ng and M is a Z»-graded subspace of W
invariant under the actions of g, Sg, Ng, Lw(0), Lw(0)s and
Lw(0)n- Let B € R such that W,y = 0 when ®(n) < B. Then

there is a generalized g-twisted V -submodule J of I\A/I,[_:f’] such
that W is equivalent as a lower-bounded generalized g-twisted
V-module to the quotient module M,[BQ] /J.
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A linearly independent set of generators and

consequences

The lower-bounded generalized g-twisted V-module I\A/I,[Bg] isin
fact generated by (2) k101 = LME,](—1 )"(1/;%,@]),1701 for
B

B
a € A and k € N. Moreover, this set of generators is linearly
independent.
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A linearly independent set of generators and

consequences

Theorem

The lower-bounded generalized g-twisted V-module I\A/I,[Bg] isin
fact generated by (2) k101 = L’V’E’](q )"(1/;:7,[g]),1701 for
B

B
a € A and k € N. Moreover, this set of generators is linearly
independent.

| A\

Corollary

The lower-bounded generalized g-twisted V-module I\A/I,[Bg] is not
0. In particular, there exists nonzero lower-bounded
generalized g-twisted V-modules.
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Existence of irreducible lower-bounded generalized

g-twisted V-modules

The twisted Zhu's algebra A4( V') or the twisted zero-mode
algebra Zy(V) is not 0.
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Existence of irreducible lower-bounded generalized

g-twisted V-modules

Corollary

The twisted Zhu's algebra A4( V') or the twisted zero-mode
algebra Zy( V) is not 0.

Theorem

Let W be a lower-bounded generalized g-twisted V-module
generated by a nonzero element w (for example, ME’] when M
is a one dimensional space and B is less than or equal to the
real part of the weight of the elements of M). Then there exists
a maximal submodule J of W such that J does not contain w
and the quotient W /J is irreducible.

| \

A
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Existence of irreducible grading-restricted
generalized and ordinary g-twisted V-modules

@ In the case that V is simple, C»-cofinite and g is of finite
order, Dong, Li and Mason proved in 1997 the existence of
an irreducible ordinary g-twisted V-module.
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Existence of irreducible grading-restricted
generalized and ordinary g-twisted V-modules

@ In the case that V is simple, C»-cofinite and g is of finite
order, Dong, Li and Mason proved in 1997 the existence of
an irreducible ordinary g-twisted V-module.

@ Their proof used genus-one 1-point functions. Thus the
simplicity and C,-cofiniteness of V and the finiteness of the
order of g are necessary in their approach.
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Existence of irreducible grading-restricted
generalized and ordinary g-twisted V-modules

@ In the case that V is simple, C»-cofinite and g is of finite
order, Dong, Li and Mason proved in 1997 the existence of
an irreducible ordinary g-twisted V-module.

@ Their proof used genus-one 1-point functions. Thus the
simplicity and C,-cofiniteness of V and the finiteness of the
order of g are necessary in their approach.

@ Using our construction of the universal lower-bounded
generalized g-twisted V-modules, we successfully
removed the simplicity and C»-cofininess of V and the
finiteness of the order of g, under some very weak
conditions.
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Existence of irreducible grading-restricted

generalized and ordinary g-twisted V-modules

Theorem

Let V be a Mébius vertex superalgebra (a grading-restricted
vertex algebra with a compatible slo-module structure and g an
automorphism of V. Assume that the set of real parts of the
numbers in P(V) has no accumulation point in R. If the twisted
Zhu’s algebra Ag( V) or the twisted zero-mode algebra Zy(V) is
finite dimensional, then there exists an irreducible
grading-restricted generalized g-twisted V-module. Such an
irreducible grading-restricted generalized g-twisted V-module is
an irreducible ordinary g-twisted V-module if g acts on it
semisimply. In particular, if g is of finite order, there exists an
irreducible ordinary g-twisted V-module.
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Twisted extensions of modules for the fixed-point

subalgebra

Let Wy be a lower-bounded generalized V9-module (in
particular, Wy has a lower-bounded grading by C (graded by
weights) and a grading by Z, (graded by fermion numbers)).
Assume that g acts on Wy and there are semisimple and
nilpotent operators Sy and Ny, respectively, on Wy such that

g = €?™'ta where Lgq = Sg + Ng. Then Wy can be extended to a
lower-bounded generalized g-twisted V-module, that is, there
exists a lower-bounded generalized g-twisted V-module W and
an injective module map f : Wy — W of V9-modules.

v
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