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Leibniz Algebras

» Definition A left Leibniz algebra £ is a C-vector space
equipped with a bilinear map [, | : £ x £ — £ satisfying the
Leibniz identity

[37 [b7 C]] - [[a’ b]? C] + [b7 [37 C]]

forall a,b,c € £.

» Examples

» (i) Every Lie algebra is a left Leibniz algebra.

» (i) Let G be a Lie algebra and let M be a skew-symmetric
G-module (i.e., [m, g] =0 for all g € G, m € M). Then the
vector space Q@ = G @ M equipped with the multiplication
[u+ m,v+n]=[u,v]+u-nisa left Leibniz algebra. Here,
u,ve G, mneM.



» Definition Let £ be a left Leibniz algebra over C. Let / be a
subspace of £. [ is a left (respectively, right) ideal of £ if
[£,1] C I (respectively, [/,£] C I). I'is an ideal of £ if it is
both a left and a right ideal.

» Example: We define

Leib(£) = Span{ [u,u] |ue L}
= Span{ [u,v] + [v,u] | u,v € £}.

Leib(£) is an ideal of £. Moreover, for v, w € Leib(£),
[v,w] =0.



» Definition Let (£,[, ]) be a left Leibniz algebra. The series of
ideals
LcePcece
where £(1) = [¢, £], £0+1) = [2() ¢()] is called the derived
series of £.

A left Leibniz algebra £ is solvable if £(™ = 0 for some
integer m > 0.

As in the case of Lie algebras, any left Leibniz algebra £
contains a unique maximal solvable ideal rad(£) called the
radical of £ which contains all solvable ideals.

» Example: Leib(£) is a solvable ideal.



» Definition
> A left Leibniz algebra £ is simple if [£, £] # Leib(£), and {0},
Leib(£), £ are the only ideals of £.

» A left Leibniz algebra £ is said to be semisimple if
rad(£) = Leib(£).



» Remarks [Demir-Misra-Stitzinger]
» The Leibniz algebra £ is semisimple if and only if the Lie
algebra £/Leib(£) is semisimple.
» However, if £/Leib(£) is a simple Lie algebra then £ is not
necessarily a simple Leibniz algebra.
» Also, £ is not necessary a direct sum of simple Leibniz ideals
when £/Leib(£) is a semisimple Lie algebra .



Examples [Demir-Misra-Stitzinger]

» For a positive integer m, we set V,, to be an irreducible
sh-module of dimension m. Then sh @© V,, is a simple Leibniz
algebra with Leib(sh @ V) = V.

» Next, we set U =V, ® V,,. A vector space £ =sh P U is a
Leibniz algebra with Leib(£) = U.

» Clearly, U, Vp,, V, are all different ideals of £.

» Hence, £ is not a simple Leibniz algebra although £/Leib(£) is
a simple Lie algebra.

» Furthermore, observe that £ can not be written as a direct
sum of simple Leibniz ideals.



» Theorem [Barnes, Demir-Misra-Stitzinger]

Let £ be a left Leibniz algebra.

» (i) There exists a subalgebra S which is a semisimple Lie
algebra of £ such that £ = S+rad(£). As in the case of a Lie
algebra, we call S a Levi subalgebra or a Levi factor of B.

» (i) If £ is a semisimple Leibniz algebra then
L= (51D S ® ... Sk)+Leib(L), where S is a simple Lie
algebra for all 1 < j < k. Moreover, [£, £] = £.

» (iii) If £ is a simple Leibniz algebra, then there exists a simple

Lie algebra S such that Leib(£) is an irreducible module over
S and £ = S+Leib(L).



» Definition Let £ be a left Leibniz algebra. A left £-module is a
vector space M equipped with a C-bilinear map
£x M — M;(u,m)— u-m such that

([uyv])) m=u-(v-m)—v-(u-m)

forall u,v e £ me M.

The usual definitions of the notions of submodule,
irreducibility, complete reducibility, homomorphism,
isomorphism, etc., hold for left Leibniz modules.

» Remark Leib(£) acts as zero on M.



1-Truncated Conformal Algebras and Vertex Algebroids

» Definition [Gorbounov-Malikov-Schechtman]

A I-truncated conformal algebra is a graded vector space
C = Gy ® (; equipped with a linear map 9 : Gy — C; and
bilinear operations (u, v) +— u;v for i = 0,1 of degree —i — 1
on C = Cy @ (; such that the following axioms hold:

» (Derivation) for a € Gy, u € Cy,

(0a)o =0, (0a)1 = —ag, O(upa) = upda;
» (Commutativity) for a € Gy, u,v € Cy,
upa = —apu, Upv = —vou—+ A(urv), wv = wviu;
» (Associativity) for a, 8,7 € Co ® Cy,

aofBiy = Biaoy + (f)iv-



» Definition [Bressler, Gorbounov-Malikov-Schechtman]
Let (A, %) be a unital commutative associative algebra over C
with the identity 1. A vertex A-algebroid is a C-vector space I'
equipped with

1.

k0N

a C-bilinear map Ax T — T, (a,v)+— a-v such that

1-v = v (i.e. a nonassociative unital A-module),

a structure of a Leibniz C-algebra [, |: T x T —T,

a homomorphism of Leibniz C-algebra 7 : I — Der(A),

a symmetric C-bilinear pairing (, ): T ®cl — A,

a C-linear map @ : A — T such that w0 @ = 0 which satisfying
the following conditions:

a-(a'-v)—(axa) -v=mn(v)(a) 9(a)+r(v)(a)-9(a),
[u,a-v]=m(u)(a) - v+a-[uv] [uv]+][v,u] =0((u,v)),
m(a-v)=an(v), (a-u,v) =ax(u,v)—7(u)(r(v)(a)),
m(v)((v1,v2)) = ([v, 1], v2) + (v, [v, v2]),
daxad)=a-0(d)+a -9(a),

[v,0(a)] = d(w(v)(a)), (v,0(a)) = m(v)(a)

fora,a € A u,v,vi,wn erl.



Proposition[Li-Y.]

Let (A, %) be a unital commutative associative algebra and let B be
a module for A as a nonassociative algebra . Then a vertex
A-algebroid structure on B exactly amounts to a 1-truncated
conformal algebra structure on C = A® B with

aia =0, upv = [u,v], t1v = (u,v),

upa = w(u)(a), apu = —upa
for a,a’ € A u,ve B, i=0,1 such that

a-(a-u)—(axad) u=(ua) 03 + (upd) - da,
up(a-v)—a-(uv) = (wa) - v,

up(a*a') = ax (upd') + (upa) * @,

ag(a - v) = a * (apv)

(a-u)iv=ax(u1v) — upwa,

daxad)=a-0(a)+a -0(a).



From now, we assume that

(i) (A, ) is a finite dimensional unital commutative associative
algebra with the identity 1.

(ii) B is a finite dimensional vertex A-algebroid.

(iii) A is not a trivial module of the Leibniz algebra B.



Theorem
Let B be a simple Leibniz algebra such that Leib(B) # {0}.

» Assume that its Levi factor S = Span{e, f, h} such that
eof = h, hge = 2e, hof = —2f, and e;f = k1 € (C1)\{0}.

» Then
» ()ere=fAf =eh=FfHh=0, k=1, hh=21
» (i) Ker(9) = C1
> (iii)
> Leib(B) is an irreducible sh-module of dimension 2.
> A s a local algebra. Moreover, as a sh-module, A is a direct
sum of a trivial module and an irreducible sh-module of
dimension 2.



> (iv) Let Ao be an irreducible sh-submodule of A that has
dimension 2.

» Let ap be the highest weight vector of Aq of weight 1 and let
a; = foap. Hence, the set {ag, a;} forms a basis of A, the
set {1,a0,a1} is a basis of A, and the set {(ap),d(a1)} is a
basis of Leib(B).

Relationships among ag, a1, e, f, h,0(ap), (a1) are desribed
below:

(0(a0))1e = 0, (9(a0))1f = a1, (9(a0))1h = ao,
(0(a1))1e = a0, (9(ar))1f =0, (9(a1))1h = —a1,
a-e=0, ag-f=09(a1), ao- h=09(ao), ao - 9(a;) =0,
a-e=0(a), a1-f =0, a;-h=—-0(a1), a1-9(a;)
ajxaj=0foralli,je{0,1}.

0,



Theorem Suppose that B is a semisimple Leibniz algebra such that
Leib(B) # {0}, and Ker(0) = {a€ A | upa =0 for all u € B}.

» Assume that the Levi factor S = Span{e, f, h} such that
eof = h, hoe = 2e, hof = —2f and e;f = k1 € C1\{0}.
» We set A= C1 @}:1 N/ where each N\ is an irreducible
sh-submodule of A.
» Then
(i) ere = Af = eth=fih =0, k=1, hh = 21;
(ii) Ker(9) = Ci;
(iii) For j € {1,...,/} dim N/ =2, and dim Leib(B) = 2/,



(iv) Ais a local algebra.

For each j, we let aj ¢ be a highest weight vector of N/ and

aj1 = fo(ajo). Then {1,a;; | j€{1,....1}, i €{0,1}} is a basis
of A, and {0(aj;) | j € {1,....,1}, i € {0,1}} is a basis of Leib(B).
Relations among a; ;, e, f, h,0(a; ;) are described below:

ajixajj =0,

ajo-e=0, aj1-e=0(aj0),
ajo-f=0(a1), aj1-f=0,
ajo-h=0(ajp), aj1-h=-0(aj1),
aji-0(apir) =0,

0(aji)ie = epaji = (2 —i)aji-1,
Aajihf = foaji= (i +1)ajis1,
0(aji)1h = hoaj; = (1 — 2i)aj ;.



We set Anng(A) ={ b€ B | bpa=0 for all a € A}.

Corollary
» Anng(A) = 0(A) = Leib(B);
» B/Anng(A) is isomorphic to sk as a Lie algebra.



N-graded Vertex Algebras

Proposition [Gorbounov-Malikov-Schechtman]
If V= ]1,en Y(n) is @ N-graded vertex algebra then

> (i) V(o) is a commutative associative algebra with the identity
1 and V(y) is a Leibniz algebra.
> (i) In fact, V(o) ® V(1) is a 1-truncated conformal algebra.

> (iii) Moreover, V(1) is a vertex V(g)-algebroid.



» Proposition
Let V = @72, V() be a N-graded vertex algebra such that
V(o) is a finite dimensional commutative associative algebra
and dim V(O) > 2.

If V{o) is a local algebra then V' is indecomposable.



» Remark It was shown by Dong and Mason that if V is a
N-graded vertex operator algebra then

V is indecomposable if and only if V4 is a commutative
associative local algebra.

Note that in order to prove this statement one needs to have a
Virasoro element.



Proposition
Let V = @72,V be a N-graded vertex algebra that satisfies the
following properties

» (a) 2 <dim Vo) < 00, 1 <dim Vq) < o0;
> (b) Vo) is not a trivial module for a Leibniz algebra V(y),
uou # 0 for some u € V(y);
> (c) the Levi factor of V(1) equals Span{e, f, h}, eof = h,
hoe = 2e, hof = —2f, and e;f = k1. Here, k € C\{0}.
Assume that one of the following statements hold.
> (1) V{q) is a simple Leibniz algebra;
> (II) V(1) is a semisimple Leibniz algebra and
Ker(D) N Vi) = {a € V(o) | boa =0 for all b € V(1)}. Here,
D is a linear operator on V such that D(v) = v_51 for v € V.

Then V is indecomposable.



Next, we recall definitions of a Lie algebroid and its module.
» Definitions
» Let A be a commutative associative algebra. A Lie A-algebroid
is a Lie algebra g equipped with an A-module structure and a
module action on A by derivation such that

[u,av] = a[u, v] + (ua)v, a(ub) = (au)b
forall u,v e g,a, be A
» A module for a Lie A-algebroid g is a vector space W equipped
with a g-module structure and an A-module structure such that

u(aw) — a(uw) = (va)w, a(uw) = (au)w

foracA ueg we W.



Example Let V' = @[V, be a N-graded vertex algebra such that
dim V(O) Z 2.

> Vi1)/Anny, (V(o)) is a Lie V(g)-algebroid.

> Vo) is a module of the Lie V(g)-algebroid V(1)/Anny,,,(V/q))



Theorem
Let V = @72, V(n be a N-graded vertex algebra such that

» 2 <dim V(o) <00, 1<dim V(l) < 00, and
» V is generated by V(g) and V(y).

If V' is simple then V/q) is a simple module for a Lie V|g)-algebroid
Viny/Annvi, (Vo)



Theorem
Let V = @72,V be a N-graded vertex algebra that satisfies the
following properties

» (a) 2 <dim V(o) < 00, 1 < dimV|3) < oo, V is generated by
V(O) and V(l);

> (b) V{o) is not a trivial module of a Leibniz algebra V/(y),
uou # 0 for some u € V(y);

> (c) the Levi Factor of V(1) equals Span{e, f, h}, eof = h,
hoe = 2e, hof = —2f and e;f = k1. Here, k € C\{0}.
Assume that one of the following statements hold.
> (i) V(1) is a simple Leibniz algebra;
> (i) V(1) is a semisimple Leibniz algebra and
Ker(D) N V(o) = {a € V() | bpa =0 for all b € V(1)}. Here,
D is a linear operator on V such that D(v) = v_51 for v € V.

Then V is indecomposable but not a simple vertex algebra.



Vertex Algebras associated with Vertex Algebroids

» Let A be a commutative associative algebra with the identity 1
and let B be a vertex A-algebroid.

» Let Vg be a N-graded vertex algebra associated with the
vertex A-algebroid B constructed by Gorbounov, Malikov and
Schechtman.

» We have (Vg)) = A and (Vg)1) = B, and Vp as a vertex
algebra is generated by A @ B. Furthermore, for any n > 1,

(Ve)(y = span{bl, .. bk, 1| b €B,

—n

m>..>ne>1n+..+n=n}



Proposition [Li-Y.]

The set of representatives of equivalence classes of simple N-graded
Vg-modules is equivalent to the set of representatives of
equivalence classes of simple modules for the Lie A-algebroid
B/AOA. Here AD(A) = Span{a-0(d') | a,a’ € A}.



Theorem

Let A be a finite-dimensional commutative associative algebra with
the identity 1 and dim A > 2.

Let B be a finite-dimensional vertex A-algebroid such that A is not
a trivial module of the Leibniz algebra B.

Let S be its Levi factor such that S = Span{e, f, h}, esf = h,
hoe = 2e, hof = —2f, and e;f = k1. Here, k € C\{0}.
Assume that one of the following statements hold.

> (1) B is simple Leibniz algebra;

» (I1) B is a semisimple Leibniz algebra and
Ker(0) ={a€ A | bpa=0 for all b e B}.



We then have the following results:

» (i) Vp is indecomposable but not a simple N-graded vertex
algebra.

» (ii) The set of representatives of equivalence classes of
finite-dimensional simple sh-modules is equivalent to the set of
representatives of equivalence classes of simple N-graded
Vg-modules N = &7 4N,y such that dim Ny < oo.



Theorem

Let A be a finite-dimensional commutative associative algebra with
the identity 1 and dim A > 2.

Let B be a finite-dimensional vertex A-algebroid that satisfies the
given conditions in the previous theorem.

Let (e_1€) be an ideal of Vp that is generated by e_je.



Then
> (i) (e_1e) N A= {0}, and (e_1e) N B = {0}. Consequently,

(Ve/(e-1€))0) = A, and (Vg/(e-1€))1) = B.

> (i) VB/(e—1€) is an indecomposable but not simple N-graded
vertex algebra.

> (iii) Vg/(e_1e) satisfies the Cp-condition.

» (iv) There are only two representatives of equivalence classes

of simple N-graded Vg-modules N = &7 (N, such that



